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Abstract

[n this paper, the technique of Galerkin weighted residual method is used
to obtain the numerical solution of second order linear boundary value
problems. By the use of Linear transformation, the problem was first
converted from its original form and interval to its equivalent form in the
interval of the chebyshev polynomial used as basis of the trial solution.
Then the converted form of the problem is solved using the Galerkin
weighted residual method. Three numerical examples with Neumann
boundary conditions were considered. The approximate solutions of the
examples compared favourably with the exact solutions on using a very
few Chebyshev polynomials.The method is very effective and accurate.

Keywords: Neumann boundary conditions, Galerkin weighted residual
method, Chebyshev polynomials.

j Introduction

Many second order linear and nonlinear boundary value problems arising
in science and engineering can be solved either analytically or
numerically. Thus, many authors have attempted solving second order
Boundary Value Problem (BVP) to obtain a more accurate results by using
a numerous methods, such as least square method, finite difference
method, Sinc-Galerkin method, and also some other methods invoving
polynomial and non-polynomial spline functions.
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Sipu" ic piccewise polynomials can be differentiated and integrated
casily. They can be used to approximate any function to any accuracy
desired. So Bernstein polynomials have been studied by many authors,
spline functions have been studied extensively for solving only linear
BVP. Arshad Khan, (2004) obtained a parametric cubic spline solution of
two-point boundary value problems , Feng and Li, (2010) solved a second-
order Neumann boundary value problem with singular non-linearity for
exact three positive solutions, Also Lima and Carpentier, (2000) obtained
a numerical solution of a singular boundary-value problem in non-
Newtonian fluid mechanics, Rashidinia and Jalilian, (2010) introduced a
spline solution of two point boundary value problems, Viswanadham et al.
(2010) obtained a numerical solution of a fourth order boundary value
problems by Galerkin method with Quintic B-splines basis, Das et al.
(2010) produced a method for solution of nonlinear second order multi-
point boundary value problems, Bhatti and Bracken, (2007) solved linear
and non-linear differential equation numerically by Galerkin method in a
Bernstein polynomials basis, recently Islam and Shirin, (2011) solved
linear and non-linear differential equation numerically by Galerkin method
in a Bernoulli polynomials basis and Rahman et al, (2012) solved linear
differential equation numerically by Galerkin method in a Hermite
polynomials basis. But none has attempted, to the knowledge of the
present authors, to solve second order Boundary Value Problem using
Chebyshev polynomials. Therefore, the purpose of this paper is to use
Chebyshev polynomials as trial function for solving linear second order
BVP exploiting Galerkin weighted residual method.

In this paper we give a short description of Chebyshev polynomials first
in section 2. Then the formulation is derived in section 3 to solve second
order boundary value problem with Neumann boundary conditions, in
details, in section 3. Finally, three examples of Neumann boundary value
problems are solved to verify the proposed formulation.

2. Chebyshev Polynomials

The Chebyshev Polynomials of the first kind is denoted as 7, (x), and
defined as one of the solutions of the Chebyshev differential equation:

(1 —-xz)y”——xy'+n2y= 0, xe[-L1] ., (1)

42



N. B. lzuogu et al,
where »n 2 0and ne N,
T, (x) = cos {n cos 'xy,n>0 (2)
Putting x = cos 6 in (2) we have
T, (x)=cos n0 € [-1]] 3)
The recurrence relation is given by
T . (x)=2xT,(x)-T, (%) (4)
2.1 Chebyshev Polynomials in the interval [a,b]

The Chebyshev polynomial on [a, 5] is defined by

T (x)=cos [n cos "](E—xb:‘:i)-j; aexsb ‘ (5)
-a

And the recurrence relation on [a, 5] is given as

2x—a-—>b
Tn+l(x) = 2'— z - _‘Tn(x)—Tn-l(x) (6)
e

Thus, the first few terms of Chebyshev polynomial on the interval (0,11 1is

given below.

T,(x) =1
Tl(x) = 2 =]
T,(x) =8x —8x+I

*

T, (%) 32 x - 48x +8x-1 )
T,(x) =128 Lt - 256 x° +160 x* —32x+1
T,(x) =512 L5 1280 x* +1120 x° — 400 x4+ 50x-1
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A Galerkin Weighted Residual Method

. Cony ersion of Second Order Boundary Value Problems into
Matrix Form

We consider a general second order linear boundary value problem given

by

d ( _ ifu_ ‘ -
d\‘\p(.\) 5 +qg(x)u =r(x) ; a<x<b (8)

Subject to the boundary conditions
au(@)+au' @)=y ,  Bu®d)+pu®)=vy ©)
2
where p(x), g(x) and r(x) are given functions and y ,y are constants
1 2
and u(x) is the unknown function to be determined.

To use Chebyshev polynomials over [0, 1], we convert the boundary
value problem to an equivalent boundary value problem on [0, 1].

3.2Conversion of boundary value problem over arbitrary finite
domain [a, 5] into its equivalent form over the interval [0,1] .

Using the linear transformation

X =mx +n (10)
and solving for x , we get

x=(b-a)X +a (11)
Now differentiating (1 1) with respect to x , We have

1= (b-a) %—— (12)
That is

o= (b-aydX (13)
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Substituting (11) and (13) into (8) and (9) and after simplification we get

d 1 du
X L(h _";"-;; p((’l - u).\ “+ ”):i;— + q(( b -~ H)X ' “)u r((h -0 )X +a)

(14

Subject to the boundary conditions

Ay u'(1) .E, (15)

a'l '
a,u@ + u'0 = Fas pu(l) +

(b-a) (b—a
(14) and (15) are rewritten as
d (2 e 1 2 2
— px)y— 1+ gx)u=r(x); 0<x<1 (16)
dx L dX

Subject to the boundary conditions

h o=y, N

au@ + = '@ =7 , Bu) +
(b—a) : (b-a)
where
2 1 2 2
PlE )= 2Jr:v((b*a)XMf), g(x)=q((b—a)X +a),
(b—a)
and r(x) = r((b-a)X +a)
Now, consider
_fl_( du\+q(x)u—~r(x)=0 ; 0sx<l (18)

- kp(x);;

Subject to the boundary conditions
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a . n ““ o - ”’ !.._._.. T '(0) = J/ /f (l) —..—[II F V (
0 . ' “ b -
(h—n) ! : ' (J'J-a)" a ’ (l))

We want to solve the BVP of the form (20) by Galerkin weighted residual
llxelhoq using the polynomials, described in Section 2, as basis functions.
For this, we assume the approximate solution of the differential equation

(20) as

i (x) =3¢, (x) (20)
where T, (x) are Chebyshev polynomials of degree i and ¢, are unknown

constants, to be determined.

Using (20) in (18), the Galerkin weighted residual equations
corresponding to the differential equation (20) is given by

[ ( 2\ 1-

| g 1?2 du 2 ol e g
j|—| p(x)— |+ g(x)u |T,(x)dx = j r(x)T,(x)dx (21)
0 cit I dx l 0

SN Lol
Subject to the boundary conditions

2

& u' () =7 B,u(l) + A w'@) =7y, (22)

a. u(0) +
0() b-a

b-a

Equation (21) is splited into:

T A du | " :
[ ] —| p(x)—=||T,(x)dx + Lq(x)u T, (x)dx
q [dxt dx JJ (23)

2

= j;r(x)Tj(x)dx

The first term of (23) is integrated by parts. For convenience, let
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| '
| :l'[' th\]l

| p(x)— | |T,(x)dx =
| & | pLx)— \‘u,a. ydx = I(x) (24)
]

so that (23) becomes

2 2
\ 2

1(x)+ Lq(x)u 'I’}(x)d,\' = L r(x}TJ(x)dx (25)

On integrating, we have
1
2 2

‘ diu 1 2 d u de
[y = pLT =, = [ PI=——" (26)
dx . dx dx

0

2

2 . 2 N 12 dydT,
)= p(OT,M W) = pOT,@F O - [ PO 27)
0 dx dx
Consider (22)
2 a 2 2 ﬁl 2
a,u(0) + L' =¥ B,ul) + u'(l) =v
b—a ‘ b-a :
Making »'(1) the subject of formula, we have;
2 4 (b—a)—ﬁo(b—a)u(l)
w(ly = —> (28)
B,
Then
y (b-a) b—a)u(l
e i G BR (29)
ﬂ| ﬁl
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Similarly;
~y =« 8D ayb-a)i )
u'(0) = = Mg
&, 2 (30)
Therefore (27) becomes,
’ [y (b=-a) e
I(x) =pM)T,)| = Sl Bl |
Bl ﬂ] _l
2 [y (b-a) Loavadny
- pO T, ——- 2L DD 31
g a, |
IS du dT (x)
= p(x) ——
0 dx dx
On expansion we have
: F R J (b= )i (1)
I(x) «=pyI (1) —lﬂ——- p()T,(1) < e
2 y (b-a) 2 b— a)u (0
—p(O)Tj(O) S LTS P(O)TJ(O) a,( a)u (0) (32)
O.'l Ofl
1 2 du dT}(-’f)
- p(x)—
g dx dx
substituting (32) into (26) we obtain
2 y (b—a) 2 g (b-a)u(l) * }’](b—a)
2 i . - p(O)T (0) —
p(M)T,(1) __—_—ﬁl p(HT, (1) 5 p(0)T,(0) y
2 b—a)u (0 L# du dT (x)
PO T, a,(b—a)u(0) o=t ;x ‘

1

2 2 2

F[LgouT s = [[rT ()
(33)
From (20) we have that
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e e Ta() (34)

Also substituting x = 0 and x =1 in (20) we obtain

PO =Yel,® ad A =Yl (35)
i=0 i=0
On putting (20), (34) and (35) into (33), we get v
2 y (b-a) 2 ﬁo(b_a)‘z-:’chl(l) 2 o s yl(b—-a)
POT, M= - p(T,() i ~ BT 0=
: ab-aeh® [ . . o, 26}
+ p(0)T,(0) a'l"' + jolL— Zoc 52 bompren
O 1 S
+q(x)Y eI, ()T, (x) ldx = J‘n r(x)T,(x)dx
By simplification we get, -
, {l 2. g dr, @ o p()T,(1) By (b - a)T,(1)
- — T,(x)T,(x))dx =
o e 7
2 | a
)T (0 2 p(DT, ()7 (b-a) (37)
. p©)T,(0)a,(b-a)T, (0 I}= [T, (o2 - :
al l 8 ﬁl
)
p(O)T,© 7 (b-a)
+
al
or equivalently in matrix form
(38)

ZC:K:,J st 1S o 012 Ln
i=0
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where

[ a ’
e dar; * 1 T ’
Kog = L | P("');:—c;-’—+ q(x)T,(x)T,(x) ldx - ALK el 41,
| ' | s, (39)
" p(O)T,(0) &, (b - a)T,(0)
al
and
2 2
2 p()T )y (b—a) pO@OT,©Q 7y (b-a)
F, = [ r(0T,(x)ds - D i ANES (40)
B, @, .

d the values of the constants

Solving the system (38), we fin
ese parameters in (20), we get the

¢ (i=012 Ln), and then substituting th
approximate solution of the BVP (18).

The absolute error, £ of this formulation is defined by

E=u(x)-u(x)l’

0.0.4 Discussion of the Boundary Condition used
0.0.5 Neumann Boundary Conditions

The boundary condition given by
au(@)rap(@=r , - Bu@®)+ B )Y,
is said to be Neumann boundary conditions if

a,=0, 2, #0, pg,=0, p,#0

he differential equation (18) consisting of

The approximate solution of t
can be obtained by substituting

Neumann boundary conditions

a,=0,and P, =0 in equation (39) and (40) as
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'-“t"Ku = I:’ v )= 0,12 Ln (41)
Where
. =‘f{—2( e g 1
i DL p(x) - —dx—+ q(x)TJ(x)Tj(x)Jth (42)
and
12 pMT, My (b-a) pOT,0 7 (b-a)
Fo= Jor(x)TJ.(x)dx - : + 1 (43)

A i

1

4. Numerical Examples

tocsubsectionNumerical Example Example 1

Consider the boundary value problem

4B e e el (44)
35 | )

Subject to the boundary conditions
u'(0) =0, u'(10) =0 (45)

The exact solution is

10

10 +%9e 1 L Lz
u(x)=_cos : cos x — —sin x + —e (1+J¢:)2 (46)
2 sin 10 2 2

0.0.6 Solution

An equivalent boundary value problem (44) over [0,1] is given as

2

: du+u=100 xle™*, 0<x<1 47)

100 dx’

ol
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Subject to the boundary conditions

u'(0) = 0, w'(l)y =90 (48)

And the exact solution is

-10
) ke cos 10 + 99 ¢

cos le—l—sin 10 x + l—.e*"”(l +10 x)* (49)
2sin 10 2 2

By the procedure of the method, we have:

quM=Fﬂ j=012 Ln (50)

Where

K, = Il{— L, a0 s +T|.(x)T.(x)1dx (51)
ol 100 dx dx ! J

and

F,= Lﬁoo x'e” T (x)dx (52)

solving the system (50) for » = 12 , we obtain the approximate solution

1043252849 40353 x 1618316846 9250217 x'' 1233926347 24902891

u(x)= = % 10
1374389534 72 4398046511 104 1759218604 4416
5196704812 92309885 o 5176698080 86855225 ¢ 2630640853 652094511 B
= X + X - X
7036874417 7664 7036874417 7664 2814749767 10656
3814795717 9731660087 ¢ 0791710317 1843228687 ;1251458691 620333121 4
+ X = X + X
4503599627 370496 1801439850 9481984 2251799813 685248
3752532456 407501161 , 1482092425 3324395527 : 2878021799 7922187
+ X + X + X
2882303761 51711744 1152921504 606846976 4611686018 427387904
1231526856 219145437
4611686018 427387904
(53)
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tocsubsecti ;
sectionNumerical Example Example 2

Consider '
der the linear boundary value problem

i_ du
a6 1 T eoe N (S xygs (54)

Subject to the Neumann conditions
W) =0, w5 =0 . (55)

The exact solution is

1
I(—6c0525 +2+10 cot 5+ cot 5sin 10 + 2 cos 10) cos x
(56)

3 ' : .
+ —(2¢cos X+ 2xsin x + sin x sin 2x)

The boundary value problem (54) over [0.1] is equivalently to the

boundary value problem

1 d’u

25 dx’

(57)

+ u = COS 5x, 0<xs1

Subject to the Neumann boundary conditions

u'(0) =0, uw'(1) =0 (598)

The exact solution is

—1—-(—-6 00525 + 2 +10 cot 5+ cot 5sin 10 + 2 cos 10) cos 5x
4 (59)

1 ; '
+—(2c0535x+10xsin 5x + sin Sxsin 10 x)

4

By the procedure of the method we have:
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Ye K = F
:‘» ' ! i? =012 Lan
where
_ [ 1 dar, gl . 1
- T
and

-

1
= L cos 5xT (x)dx

24. No. 1 (2018)

(60)

(61)

(62)

solving the system (60) for » = 12 , we obtain the approximate solution

o 1428537820 072213 1996674976

Foey= NE 4365953, 4784493111 4979425
S x
5629499534 21312 1125899906 842624 1125899906 842624
5167948587 58403053 , 1555364510 432048671 , . 6540868682 55745695 -
= e X, = X
1801439850 9481984 7205759403 7927936 7205759403 7927936
2636861630 191266279 ¢ 2813420005 114082735 , 2148660982 6391780028 71
+ x - -
3602879701 8963968 4611686018 427387904 3689348814 7419103232
4653733638 90600223 , 1143284318 0031340572 65
- x4+ %
7378697629 4838206464 7378697629 4838206464
3501146970 858437 1131159252 3446880722 89
” S
1180591620 7174113034 24 4722366482 8696452136 96
(63)
tocsubsectionNumerical Example Example 3
Consider the linear boundary value problem
d ( du
L iges -1 0gxsl (64)
dx \ dx ) -
subject to the boundary conditions
1-cos I 1-cos 1
r — I
W) = —, u'(l) =-— (65)
sin 1 sin 1
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[he ‘oxni sollition e

¥ \ 1ox
(&) ="c6g" v —-Q-oii\m ’

SHMY]r (Gfij‘

i o
3y tHe proced i O tHe mutHbd/ weHaes

f_‘.u‘ -'.: = F}‘; jA= {},%'L:zz Lyt (6’7}
vHer
JF af, i, 2 ]

; I[ - AT ()T (lx)der (683
and’
] i L.— 514 —~
= [ =7, (et +—fir; (1))+— — IT (0y1(69),

: s ]! s ]

solving: thessysterm (64) for n==10", we-obtaimthe approximate solution

58863443377 1677359 1 49463123388 7640388984 1 6269 3

X +* p <
1888896599, 14185568851 7244 31669185600 5705735037 © 4175801344
1566655536¢ 8850544222/ 0034215 W 8588309538 1827012858 66349 ;

AA

ui{ x9)=

++
66338350001 14414700044 8335660288¢ 79928163311 4264337593 543950336
(4401660799 94338935183 669238873 o 0923566400 4179699184 620340767 ;
X X
331693285600 53055336677 44778601444 2008820060 3651670423 9472512860 16

(1659000077 58300588533 41383320681 650 (166934361 9835449047 8410711880 53
X

v —
X

40566819200 73063346827 88946033200 312 1066681920 7303340847 8945025720 32
40666839200 79533728800 1§336615544 999 ,, 5663129403 6517539555 1643496047 5497

xXr +
S11206333)1 4400661ES5: 7980055440 641 1003R4SETT] 7069655257 0609926584 40192

1386336020( 9#5534239

o

20769783133 41393105147 1219883168% 860844

(7o)
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5. Table of Results

Table 1: Table of Results for Example 1

" e Approximate | Absolute Error Absolute Error
Chebyshev Polynomial, 12 Hermite, 12
00 |- - 6488 x1071
0:2670446232000020 2670448 1859740|1-93397406 088 X
8
y . 5 -1
& 0.09941258867978310.099373341901 18| 3- 92467785 9690195  x 10 [5213348 - x10
6
: -2
- 1863 10 [£.9251515  x 10
0.47356325458709200.47351089141173)3-23631753 5561863
6
10"
&% 6882204 x 10[2.8328132
1.087104964438696(1.08715954795056|>- 43835118
5
1 x107"
' 1 7868058 x 10 [3-805269
0 1.108720558635556(1.10868211426737)3-8444368
' 7
15.0792232 x10°"
476112 3796066 x10 |°-
P b 38316362915037810.38316559391150( - 7647
b
60 |- ! 50932753 8302500 x 10 °[6.3392590 x10°
' 0 536056278303779(0 87764184034942
5
-1
70 |- . 520032753 8302500 x 10 ~°[5.6018947 x10
' 0.877589747074042{0 87764184034942 .
S .
-1
80 |- ) 501247518 9103416 x 10 ~°|5.5869004 x10
' 0. 369487868273324/0.36943774352143
3
-5 152580667 x10°'
15996907 : 360687565 5037811 x 10
I 0.49895274724035 ‘
7
- 10~
00 196311288 6693708 x 10 7 [5:3035772  x
' 0.918362556053612/0.91836275236490
1
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. ‘( ) 2' T i -
lable 2: Table of Results for Example 2
. Exact :
bl Approximate | Absolute Error Absolute Error
Chebyshev Polynomial, 12 Hermite, 12
00 - :
0.239532288831(0.23953228883 | 12933995 3157542
864 1873
Cok ) 0 =107
0.090352975037(0.090352993 18| -81441136 2661711 67277990
181 1597
20 -
1316277 x 10
0.29131564441800.29131566725| 252 /2826 0279711 2 x
219 5802
30 .
13334725 x 10
0.731177396132(0.73117737296| >3 1627558 2441958
015 9259
40 -
. 40138 4.8501662 10
1.008978031073[1.00897804856| 74911776 1740
058 5136
50 , v
50073134 3171083 2.5722287 10
0.93998994404410.93098993954 | +-7007313¢ :
937 4206
60 =
413274 305 3.5905097 x 10
0.448815180726/0.44881517131 |- 1327465 9753057 x
876 3601
70 - " .
: 1.9719354  x 10
0.389559034758/0.38955901788| 68733957 9170555 9 x
166 4770
30 |- : _
1.357036238030[1.35703625515| 17 1204783 6832653 5.1685119
049 0527
90 |- ; -
). 148950364432]2. 14895035304 |1 13833159 0768139 53573739 x 10
671 . B15s
00 - " -
h 4652569391962.46525693919| 821724893 7900877 5.3107857 x 10
901 6895

a7



Table 3:

( ‘o e ] "
entrepoint Journal Volume

Table olj Results for Example 3
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N Exact o
Approximate Absolute Error Absolute Error
Chebyshev Polynomial, 10 Bernoulli, 10
00
0.000
0.0000000000000 0.000000000000001) S I
10 = |
0.0495434093618(0.049543409361801 | +-21028103 7539698 x 10 11.932482  x 10
00
.20 -1 10 - 14
0.0886001279101[0.088600127910183| 21433543 9641036 10 12.672862
83
30 —~ -
10
0.1167799138238(0.116779913823847| 27355936 6969494 =10 11992850
47 -
40 - 14 14
1.013079 x 10
0.133801203996900.133801203996942 |1+ 11022302 4625157 10 X
42
50 1626409 x 10 ~'{2.942091 =10 "
1394939273245 10, (3045500 7534548 |- 200722 | 1626400 X
49 -
.60 1.11022302 4625157 x10 ~'91.010303 x10 "
0.1338012039969/0.133801203996942
42 -
.70 6.10622663 5438361 x 10 7'91.981748 x10 "
0.1167799138238(0.116779913823847 x 10 X
47
80 ) -1 -4
0.0886001279101(0.0886001279 1018332006907 3875470 <10 2.670086 x 10
43
90 -1s - 14
49543 409361810:049543409361801 | +37190313 961554 %10 11,542890 x 10
00
00 0.000000000000000 0.0000000000
0.00000000000000.000000000000000
00
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Discussion of Result

Tables 4.1 « ~
e d;ll§e4.2fdlsplay the results of example 1 and 2 respectively
. gree of the chebyshev polynomial, n =12, and it is clearly

seen that the method with ch -
of Hermite polynomial. chebyshev polynomial perform better than that

giitzlisl 4.3 display t.he result of example 3 for » =10 and itis clearly seen
v 'meth'od with chebyshev polynomial perform better than that of
Bernoulli basis

6. Summary and Conclusion

We have discussed in this paper, in details, the formulation of a linear
Secpnd order boundary value problems into matrix form by Galerkin
weighted residual method to obtain an approximate solution to the second
order Neumann boundary value problems using Chebyshev polynomials
as our trial functions. Three numerical examples Wwere tested. The
approximate solutions compared favourably with the exact solutions.
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