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ABSTRACT ARTICLE HISTORY
Adiscrimination procedure, based on the location model is described Received 5 September 2013
and suggested for use in situation where the discriminating vari- Accepted 25 November 2015

ables are mixtures of continuous and binary variables. Some pro- KEYWORDS
cedures that have been previously employed, in a similar situation, Location model: error rate;
like Fisher’s linear discriminant function and the logistic regression discriminant
were compared with this method using error rate (ER). Optimal ERs

for these procedures are reported using real and simulated data

for the case of varying sample size and number of continuous and

binary variables and were used as a measure for assessing the per-

formance of the various procedures. The suggested procedure per-

formed considerably better in the cases considered and never did

produce a result that is poor when compared with other proce-

dures. Hence, the suggested procedure might be considered for such

situations.

1. Introduction

Multivariate analysis consists of a collection of methods that can be used when several
measurements are made on each individual or object in one or more samples. Most bod-
ies of data involve observations associated with various facets of a particular background,
environment or experiment, thus in a general sense, data are always multivariate in char-
acter [9]. Many areas of biometry involve the collection of multivariate data in which the
variates measured range from continuous to unordered categorical. Examples can be found
in soil science (where such continuous laboratory measurements as soil pH may be mixed
with such categorical attributes as soil color or texture) and in medicine (where continuous
laboratory measurements may be included with such categorical variables as site of tumor
and presence/absence of a certain symptom for each patient). If the categorical variables are
ordered, the simplest and conventional procedure, the linear discriminant function (LDF),
is to assign an arbitrary numerical score to each possible state of the variable and proceed
as if all variables are continuous Truett et al. [22]. Consequently, many workers faced with
data comprising wholly or partly of categorical (including binary) variables are tempted to
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ignore its discrete nature and proceed with continuous variable techniques. This implies
that a certain amount of misrepresentation and distortion is likely to be introduced by treat-
ing categorical variables as if they are continuous. Various procedures have been proposed
as alternatives to classical discriminant analysis [13]. The location model is a discriminant
function derived from a probabilistic model for mixed categorical (including binary) and
continuous variables.

The aim of this paper is to suggest a discriminating procedure for classification in a two
group discrimination problem with mixed continuous and binary variables, and to inves-
tigate the performance of the suggested model (hereafter referred to as location model) by
comparing it with the conventional Fisher’s Linear Discriminant Function (FLDF) and the
logistic discrimination using their various error rates (ERs) under varying sample sizes and
varying number of continuous and binary variables.

A review of few related literature will be continued in this section. The methodology
will be presented in Section 2 wherein the model shall be introduced together with its
parameter estimation and allocation rule. In Section 3, some practical examples using both
real and simulated data will be applied to the suggested procedure and the other available
procedures. Result of Section 3 will be discussed in Section 4 and then a conclusion to end
the paper.

The most widely used method of discrimination, introduced by Fisher [8] assumes that
x is distributed according to the multivariate normal distribution, the covariance matrix
being the same whether x arises from IT; or IT; but the vector of means being different [17].
In the discriminant analysis, if categorical variables are ordered, the simplest procedure is
to assign an arbitrary numerical score to each possible state of the variable and proceed as
if all variables are continuous [15]. If such scoring is not possible, then one can perhaps
categorize the continuous variable and use a categorical variable technique on all the data
Cochran and Hopkin [5]. Alternatively, one can separate the two types of variables and per-
form two separate analyses using the appropriate technique for each analysis [16]. Another
common method of discrimination is that described by Warner et al. [23], which has
found considerable favor among statisticians engaged on diagnostic applications, assumes
that each variable may take only two values, corresponding to a symptom recorded sim-
ply ‘Present’ or ‘Absent’, and that the separate variables are independent. Although both
methods of discrimination have been used successfully in many problems, they are not
always suitable [15]. Olkin and Tate [20] proposed the location model which is a probability
model for the dichotomous and continuous variables. Aitchson and Aitken [1] suggested a
method based on the kernel approach to estimating densities [21]. Krzanowski [14] derived
a model of likelihood ratio based on the location model. Anderson [3] advocates the use
of logistic discrimination in which the probability of group membership is assumed to be
a logistic function of the observed variates. James and Sandra [12] found logistic regres-
sion with maximum likelihood estimates outperforming the classical linear discriminant
analysis though not by a large amount. Thus, Halperin et al. [11] puts it this way, ‘use of
the maximum likelihood method would be preferable, whenever practical, in situations
where the normality assumptions are violated, especially when many of the independent
variables are qualitative’. Cochran and Hopkins [5] identified some problems relating to
the discriminant analysis involving mixtures of categorical and continuous variables irre-
spective of the approach used in the analysis. Some of the problems he identified include:
the effect of the initial sample sizes on the performances of the proposed classification rule,
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the relative discriminating power of qualitative and continuous variates and use of classifi-
cation experience for improvement of the rule. It is in the light of these identified problems
that this paper would compare the performance of few available techniques alongside the
suggested techniques under various sample sizes and number of discriminating variables.

2. Methodology

It is assumed that we have r explanatory variables x1, x2, . . ., x,, for a two-group discrimi-
nant analysis problem. Let IT; denote the first group and IT, the second group, assuming
that IT; and IT, are exhaustive groups of the population of interest. Let the prior probabil-
ity for I'; be the ratio of occurrence of Iy among the population, let this be denoted by p;
implying that p = 1 — p; for the other group IT,. We also assume that our approach for
discrimination is based on a sample containing both the population groups. Our objective
is to predict through the use of an allocation rule.

2.1. The model

Description of the location model method for mixtures of binary and continuous variables
is done as described by Krzanowski [14]. Suppose that we have an available set of n; indi-
viduals known to have come from the first group, I1;, and a set of n, individuals known to
have come from the second group,I1,, and we wish to set up a discriminant rule between
IT; and IT; on the basis of a vector of binary variables denoted by x and a vector of contin-
uous variables denoted by y. The vector of the binary variables has g components and that
of the continuous variables has p components each of variables observed on each indi-

vidual. The g binary variables can be treated as a multinomial Z’' = (z1, 2, . . ., zx) with
k = 21 states. Thus, each distinct pattern of x defines a multinomial cell uniquely, with
x = (x1,%2,. .. » Xq) falling in cell m. Generally, we would assume that the probability of

obtaining an observation in cell m is pj,, for population IT1; (i = 1, 2). For the problem of
classifying an observation w' = (x,y’) to one of two populations,I1; and IT,, the model
may be generalized by assuming that y has a multivariate normal distribution with mean
;L('”) incell m m=1,2,...,k) and common dispersion matrix X in all cells of both
population groups, i.e.

D/zm=12=0,j#m=12....k ~Nu™, % (1)

in IT;(i = 1, 2). Also, the probability of obtaining an observation in cell m is pj,, for pop-
ulation IT;(i = 1, 2). While the conditional dispersion matrix of y given x are the same in
IT; and I, the dispersion matrices of y are not.

2.2. Estimation of the parameters of the location model

For the estimation of the parameters in the optimum allocation rule in Equation (1), the
frequencies of occurrence of each possible pattern of x for each initial sample may be
written as a g-way contingency table containing k = 21 cells. Let 1y, and ny,, denote the
number of observations falling in cell m of the tables from IT; and IT5, respectively, and let

yjim ) denote the vector of continuous variables associated with the jth observation in cell
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m of the sample from IT;, if
Nim
7= () 2
im
(m)

then the maximum likelihood estimates of the population parameters P, u; and X are
given by

m ni >
A(M) _ ;,I(m)’
1 2 k Nim
(m) rn) (m)  —(m)ys
LYY Y e i -7
_ ji i
(1 +mny —2k) <= *— =1

(i=1,2%m=12...,k).

In practice, however, unless 7} and n; are large relative to k, it is very possible or probable
that some #;,, will be either small or zero. As such, the corresponding parameter estimates
will at best be poor, and at worst unobtainable. Hence, for the allocation rule to be of more
practical use, it is therefore necessary to seek an approximation which will yield parameter
estimates for all possible cells. Such an approximation may be obtained by imposing some
further structure on the distribution of the variables. Using the information contained in
the binary variables, the initial samples may be written in the form of contingency tables.
The log linear model is one of the most frequently used for the analysis of such arising con-
tingency table [14]. The maximum likelihood estimation of the parameters in this model
can be effected by means of a simple iterative procedure called iterative scaling [7]. An
algorithm readily available for carrying out this procedure is called the Haberman’s iter-
ative algorithm [10]. Fitting the full model would lead to recovery of the observed cell
frequencies. The simplest structure which can be imposed on the mean vectors and which
is compatible with the location model is a linear additive model, with components which
may be interpreted as main effects of each binary variable and interactions between the
binary variables of all order up to g. Thus, to estimate u, the mean continuous variable
vector in I1; may be written as

(m) =+ Z az]x( m 4 Z Z ﬂ,]kx(m) T+ Vijk.. qx(m) (m),...,xém). (2)
j<k

And the conditional mean vector in cell m, u;™ is obtained by inserting the values of the
binary variables in cell m into the right hand side of Equation (2). In practice, an approxi-
mation may be obtained by treating all high-order terms of Equation (2) as residual/error
and estimating the remaining parameters. The estimates of the parameters can be obtained
using the multivariate multiple regression [2]. For consistency with the estimation of the
multinomial probabilities, it is proposed that the order of model fitted is the same in both
cases. The model is said to be of second order if only main effects and the first-order inter-
actions have been retained in both the log linear model for the incidence tables and the
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linear model for the multivariate regression. If only main effects are included throughout,
then only single x; terms will appear in the multivariate regression and the model is said
to be of first order. In this case, we write

V/ = (1,X1,X2,...,Xq) (3)
and

Ri= (Vi 013,005 .., 0g0), (4)

where a is the coefficient of the main effect of each of the binary variable x. Thus, maximum
likelihood estimates of the unknown parameters are given by

B,_CiA; " (5)
and
2 n;
A A A/
(m +m)x = Z yjiy]/'i — BiAB; |,
i=1 j=1
where

nj
/
Ci=) v
=1

nj
/
A,‘ = Z VijV ij-
j=1

Thus, estimates of all parameters are readily available for the restricted model, and the
appropriate allocation rule is constructed by replacing all parameters by their estimates.

2.3. Optimum allocation rule of the location model

It is assumed that all population parameters are known, in which case the optimum alloca-
tion rule can be derived readily from the general theory of classification. Let X1, X, and S
denote the sample means and sample covariance matrix, respectively, based on two samples
ny and n, from IT; and IT,, respectively. Anderson [2] classification statistic is given by

1 - _ Y _ _
W= {x -5 - Xz)} ST (X1 — Xa). (6)

If Pi(w) is the probability density of w in I1; (i = 1, 2), it can be shown that the opti-
mal rule (assuming equal costs and equal a priori probabilities) is to assign w to IT;
if P1(w)/P2(w) > 1, and otherwise to IT,. Now P;(w) = P;(x,y) = Pi(x)-Pi(y/x) (i = 1,
2). Conditioning first on x, we suppose that the observation falls in cell m. Thus,
Pi(x,y) = Pim-Pi(y/z). Hence, using Equation (1), we deduce that the allocation rule for
observation (X, ') is as follows:
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Allocate to IT; if

1
(ﬂgm) - M;m))'z_l {Y - —(uﬁ’”) + ﬂgm))} > log (PZ_m) ) (7)
2 le
and otherwise to IT, with cutoff points determined in each case by the discrete component
of the model. The probabilities of misclassification p(2/1) and p(1/2) from I1; and I,
respectively, associated with location model may be derived from Equation (7) by writing

Dy, = ("™ — wd"YE ™ — S (8)
for the Mahalanobis squared distance between I1; and IT, conditional on the observation
falling in multinomial cell 7 and noting that the overall probability of misclassification

from IT; is the sum of the probabilities of misclassification for each multinomial cell of IT;
weighted by the probability of its occurrence. Thus

k
2\ (log(pam/p1m) — (1/2)D;,)
p (I) = n;le@ { o } , 9)
k
1y (log(p1m/pam) — (1/2)D?%)
p (5) = r’;pzmﬂ { D, } ) (10)

The utility of an allocation rule can be assessed by the probabilities of misclassification,
or ER that it gives rise to. When parameters are known in the location model, the ERs are
obtained by adding Equations (9) and (10). When the parameters are unknown, various
other types of ER estimation can be considered. This is very essential so as to have a mea-
sure of its utility and to be able to assess its performance relative to other allocation rules. A
method that is achievable and amenable to the location model is that proposed by Lachem-
bruch and Mickey [18] in which each unit of the initial samples is classified in turn, using
the remaining n; + ny — 1 units to obtain the allocation rule. The ER from each population
is then estimated by the proportion of units/observation misclassified in each sample using
this method. The overall ER is the sum of ERs from each population. A great deal of work
would be required, even for small samples, if the whole iterative scaling and multivariate
regression had to be repeated whenever a sample point is omitted from the calculation of
the ER. However, a simplification can be achieved by the matrix inversion approach sug-
gested by Bartlett [4]. Lachembruch’s method for estimating the ERs using the allocation
rule derived from the location model is computationally feasible. However, a drawback
encountered in practice is that resulting in zero cell estimates whenever a unit is omitted.
In such circumstances, the original estimates of p;,, and py,, from the sample have been
taken. This will introduce some bias, but the circumstances have been sufficiently rare in
practice for this bias to be negligible. Alternatively, rather than formulating another rule,
it is easiest to consider such an individual as contributing .5 to the overall ER [15].

3. Application
3.1. Data used

Real and simulated data were used. The real data are surveys on hypertensive and diabetic
patients carried out at The Federal Medical Centre, Bida, Niger State, Nigeria. Data-set I
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comprises 32 individuals (19 hypertensive and 13 non-hypertensive) with 4 continuous and
3 binary variables. Data-set II comprises 80 individuals (36 diabetic and 44 non-diabetic)
with 5 continuous and 4 binary variables. Data-set ITI comprises 153 individuals (86 hyper-
tensive and 67 non-hypertensive) with 3 continuous and 2 binary variables. These three
different data-sets would represent different situations under which comparison shall be
made and from them we shall obtain parameters for simulation. The simulated data com-
prise samples of size n = 30, 50 and 100 representing small, medium and large sample
sizes, respectively, in each of the situations been considered. A careful setup was used to
generate multivariate continuous normal and uniformly distributed binary data using the R
statistical package for various sample sizes and corresponding analysis carried out accord-
ingly. The setup was such that a cross validation analysis (using methods amenable for
each model) was done to assess the ER produced by each model. The ER for each tech-
nique is obtained by counting the number of observations misclassified in each group by
each technique in each sample and this number is divided by the corresponding sample
size.

4, Discussion of result

From Table 1, analysis using the real data, in data-set 1, the location model performed
better than both the FLDF and logistic regression with the FLDF providing the poorest
result. In set 2, the location model also performed better than the other two methods with
a larger sample size and number of both continuous and binary variables than we had in
set 1. In set 3, with an increased sample size and lesser number of continuous and binary
variables, the logistic regression method performed better while the location model had an
equal performance with the FLDE

From Table 2, the analysis of the simulated data, a general look at Table 2 will reveal
a better performance of the location model on comparison with the FLDE. The logistic
regression method performed better than the location model in few cases, the two methods
had comparably equal performance in a large sample of set 2, however, the location model
performed better than the logistic regression and FLDF in the medium and large samples
of set 1 and set 2. The logistic regression also performed better than the FLDF in all the
cases considered. The analysis using the location model was difficult and therefore was not
performed in a small sample of set 2, reason being that most of the cells had no observations
falling in them due to the number of binary variables involved in the data-set. The number
of k = 21 cells that requires estimating probabilities is more than the sample size observed
and available. The performance of the location model on the average increased positively
with relative increase in sample size when compared with the FLDF except for set 1 where

Table 1. Number of misclassification and the ERs obtained in the three data-sets using the real data.

Location model FLDF Logistic regression
Sample
Data sets sizes N I, I1, ER IT, I1; ER 14 11, ER
1 32 2 3 156 7 6 406 3 4 213
2 80 7 7 175 15 13 35 12 8 25

3 154 21 16 243 22 15 213 13 21 222
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Table 2. Number of misclassification and the ERs obtained in the three data-sets from the simulation

study.
Location model FLDF Logistic regression
Sample
Data sets sizes N I, I, ER IT, I, ER I1,4 I, ER
1 30 9 3 400 7 3 333 4 2 .200
50 9 7 322 12 13 .500 9 9 .360
100 23 13 .360 29 19 480 15 30 450
2 30 ** ** ** 6 4 333 1 1 .067
50 3 7 .200 9 12 420 7 8 .300
100 12 25 370 21 32 530 23 14 370
3 30 4 6 333 6 8 467 4 4 267
50 1" 7 .360 13 12 .500 1 7 360
100 22 17 .390 30 20 .500 3 32 .350

Note: **Analysis was not possible.

its performance reduced. The FLDF had a performance that appears to be approximately
the same with and/or without increase in sample size.

Therefore, we can deduce that the performance of any allocation rule varies from sample
to sample. This result agrees with Cochran and Hopkins [5]. Hence, varying sample sizes
could be said to have effect on the performance of any allocation rule. Also, the location
model, though was not consistently better in all the cases considered yet has not yielded any
poor result, it rather performed alongside with the supposed ‘classical and best’ methods.
The location model provides a method that is considerably better than the distortive tech-
nique of the FLDE. The performance of the logistic regression could possibly be attributed
to the fact that the logistic discrimination analysis procedure ensures that variables are
treated the way they are and it does not make any assumption about the distribution of
the observed data, if it does, perhaps, the performance might not be this better. This result
agrees with Ognian and Krzanowski [19] and Efron [6]. The varying number of variables
has not significantly reduced the performance of the location model owing to a limit to the
possible number of binary variables it can handle and cope with.

5. Conclusion

The location model so far has performed considerable and satisfactory for situations where
we have mixtures of binary and continuous variables. The method that has been suggested
and applied here will cope with mixtures of all types of variables in the discriminant anal-
ysis without altering the natural form of the data-set by either making transformations or
assigning scores and codes to the observed data. It will do so without making any unrealis-
tic assumptions implicit whenever a categorical variable is converted into a numerical one
by arbitrary scoring. Effort was not made in this work to compare this result with other
proposed methods of dealing with categorical (including binary) and continuous variables
in the discriminant analysis; however, it has addressed this issue using some common and
widely used methods as a benchmark. Thus, the suggested method might be considered
as an alternative when the analysis involves mixtures of continuous and binary variables
with lesser number of binary variables and a larger sample size. The logistic discrimina-
tion would have been considered in any case but due to its weakness in terms of making
assumption about the distribution of the data, it might not be a better option. The FLDF
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though has often been used conventionally, might not be considered for use in this sit-
uation especially with large sample size but since we interested in the distortions caused
by using the FLDF to treat binary variables as if they are continuous, it might not also be
considered. Our proposed method is computationally feasible and produces a reasonable
advantage in terms of time and effort required.
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