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ABSTRACT: Multivariate Adaptive Regression Splines
(MARS) are a generalization of stepwise linear regression
method that is often employed to improve the efficiency
of regression models. It is a useful tool to identify
linear/nonlinear and interactions effects between a set of
metrical and categorical covariates in regression models.
In this study, the use of a modified Cox-Snell Residuals to
Survival Analysis with MARS was proposed. The
proposed method was compared with Martingale Residual
in the Survival MARS setting. These two residual types
were used as responses in the Cox proportional hazard
modeling in the MARS implementations. Results from
simulation studies revealed that the proposed method
fitted the data better than the Martingale residual
(gcax—sne!! = 0.5747 < dygrringale = 0.8356 ).
However, further results from Monte-Carlo experiment
showed that the two residual types performed better than the
classical Cox Proportional Hazard (CPH) method. These
methods were applied on real life dataset on Pneumocystis
Carinii Pneumonia and all the results obtained actually
validated those got from the simulation studies.
KEYWORDS: MARS, Martingale Residual, Modified
Cox-Snell Residual, PCP and CART.

1. INTRODUCTION

Multivariate adaptive regression splines (MARS) are a
useful tool to identify linear and nonlinear effects and
interactions between two or more covariates in
classical regression models ([B+84]). This approach
has been embraced to the area of survival by few
researchers. The use of standard analysis of covariate
effects such as Cox proportional hazard function can
be misleading and difficult to interpret if we have both
continuous and binary predictors in the model at the
same time. Due to the limitations of these standard
methods of analyzing survival models, the MARS
technique was embraced as an alternative means of
analyzing survival data ([Kri07]).

In contrast to the global parametric modeling
technique of Linear Regression Model (LRM), the
MARS technique developed by Friedman (1991) is a
nonparametric  modeling  approach  of the

fom¥Y=FCI+€  where ¥ is a response

T
variable, * = ENENPNES . is a vector of P

predictors and € is an additive stochastic
component which is assumed to have zero mean and
finite variance ([W+12]).

In recent years, MARS has been successfully
applied to many areas of science and technology.
These include predicting object-oriented software
maintainability by Zhou et al. ([ZL07]), waste water
treatment by Tsai ([TCO5]) and species distributions
from presence-only data by Elith et al. (JELO7]). It
also has applications in speech modeling, credit
scoring, breast cancer pattern determination, and
examining the impact of information technology
investment on productivity ([W+ 12]).

Among the recent applications of MARS to survival
analysis was that of Kriner ([Kri07]) in which
MARS was applied to Survival Analysis through the
use of both martingale and deviance residuals. In the
present work, interest is set on using the Cox-Snell
residual to model Survival data with MARS.

2. SURVIVAL ANALYSIS

Survival analysis is basically concerned about
waiting time until a particular event of interest
occurs. This may be a terminal incident such has
death, relapse and so on, but more generally, the
event must be a well-defined circumstance ([YUOQ9;
YD15]). Survival analysis is sometimes referred to
as part of statistical theory that focuses on
examining the lifetimes. The waiting time can be
discrete or continuous random variables. In this
work, emphasis was more on the continuous time
random variable.

2.1. Continuous Lifetimes

Let T be the random variable representing the
lifetime under study. The distribution function F

and the survivor function® of T are defined by the
following probabilities:
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Fit)=P(T <t} 5(t)=P(T > 1) )
Hence, FEI+SUI=1 for all t . 1t should be
noted that F®) is an increasing and S{) 4
decreasing, function of ¢ .Normally, FC will rise
from0to 1, and S{ will fall from 1 to 0, over the
range of t . The density function F( is defined as

drir)  ds)

=== o)

F(e) = ffcs]azs

Correspondingly, and

s = ” (=)ds
-[ ! ([Cro12)).
2.2. The Hazard Function

The hazard function is defined as
h(t)=lim&™'P (T <t +§} r)

&lo a T
The right-hand side can be expressed as

lm61{5(8) - 5(t + 6))
S(t)
dIagS[t}

limﬁ_lP(T£f+§} r):

Gla T
[ﬂ)

Y65

In different contexts B{t)is variously known as the
instantaneous failure rate, age-specific failure rate,
age-specific death rate, intensity function, and force
of mortality or decrement ([YUOQ9; Crol2]).

2.3. Some Continuous Survival Distributions

A number of distributions are known to be suitable
to model survival times depending on the situations
and preference by the users. The most common
among these are the Exponential, Gompertz, Log-
logistic, Gamma, Normal and Log-Normal
distributions. In this study however, interests were
focused on the Exponential, Weibull and Gompertz
distributions. The reason for this choice lies in the
fact that these three distributions, unlike some of
their other parametric counterparts, shared the
assumption of proportional hazards of the Cox
regression model ([Lee92]). Further details on these
distributions are provided in what follows within the
context of usage in this work.

2.3.1. The exponential distribution

The exponential distribution is the most frequently
used distribution in survival analysis. This is mainly

due to its flexibility. Lifetimes (T) that are
exponentially distributed have density function
defined by

f&]:{j,e"kj fort=0A=0

otherwise (3)

1
E(M == Vv
with () A and ar(l) = AT e

say that the variables are unit exponentlally dlstrlbuted.

The reliability function R{t) which is the probability
that a device or system will perform its intended
function for a given interval of time under specified
operating conditions is defined by

R =e™,  fort>0 @)
One of the main things to notice about the

exponential distribution is that the hazard rate
function is constant

fe) _ ae7i

R() ot =4

R{t) =

This again leads to the memory less property of the
exponential distribution. The conditional reliability
function is defined as the probability that an item

will survive for an additional time * , given that it
has survived up to t:

R(xfr)= P(T = 1L-I_x!';r“
_ PT >t +x)
O P(T>1)

AE‘_‘J'(“'I)
SEORE T e

}r]

Thus, the relationship PT > x} = RGxY s yrivial
from the above.

The consequence of result (5) is that an old item is
as good as a new item. The memory less property is
a reason for why the exponential distribution is so
easy to work with, but this is also its weakness since
it is not realistic that an item will have the same
hazard function throughout its lifetime ([RYO15]).

2.3.2. The Weibull distribution

The Weibull distribution, named after the Swedish
professor Waloddi Weibull, is also one of the most
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used distributions in survival analysis. It has the
density function given by

) = { g,lffrﬁ’—le‘ﬁﬂu,for t=04A>0
0, if otherwise (6)

E(M 1r ! 1)
with A and

Var( = %{FG_ 1)- (r@— 1))}

Here, @ is the shape parameter, A s the scale

parameter and IC.D is the gamma function. The
reliability function of the Weibull distribution is
defined by

R(t) = e~40% fort=0 )

If @=1 the Weibull distribution in (6) reduces to
the exponential distribution in (3). Thus, the
exponential distribution is therefore a special case of
the Weibull distribution.

2.3.3. The Gompertz distribution

Gompertz distribution is an illustration of extreme

values distribution. Let T be a lifetime that is
independently and identically distributed. If the

probability  density  function of r goes
exponentially towards zero when® = ®  the
limiting distribution of a normalized version of
Up = Ty = min{T1, T2, ... Tn} s known to be

=)
F - v}
Frg,@d=1-¢7" for —00 < T < 00 (8)

where a > 0 (the mode) and v (the scale parameter)

are constants. If the lifetimes are standardized as
T —vw

e, this produces the cumulative density
function of the standardized Gompertz distribution
of the smallest extreme given by

A4 —a¥
0 =1-¢" 4w <y <o )

which consequently yielded the following density
function

N — ¥ a—e¥ ~
Fray =€ ¢t —m <y <o (10)

-
F

T
Varly,]= —
with [¥il1=-v 1 6 and V¥V =

0.5772... is the Euler’s constant. The reliability
function of the Gompertz distribution is defined by

R} = e® < v < 00 (11)
2.4. The Cox Proportional Hazards Model

The Cox proportional hazard (PH) regression model
([Cox72]) assumes  that  the covariates
multiplicatively shift the baseline hazard function

and assert that the hazard rate for the /t&  subject in
the data is

h(f/Xj) = ho(tdexp(f.X;)

(12)

where the regression coefficients Bx are to be
estimated from the data ([CGGO4]). The baseline
hazard represents the hazard of an ‘average’ subject
of the data, thus the hazard of a particular subject is
just a multiple of the baseline hazard. In the Cox
model the most important assumption is the
proportionality of the hazard rate. That is, for any

given input factor X} with two binary levels (0,1),
the hazard rate is given by;

h(r/XJ.) _ ho(t)exp(BxX;) _

NG exp(BxX;)
h(VX;' = ") (13)

independent of time £ . This means that the hazard
rate of a particular subject remains the same over the
whole observation time. That is, the influence of all
the covariates in the model is independent of the

survival/observational time £ ([Kri07; YU09]).

3. THE MODELS’ DEVELOPEMENT

The MARS techniques had been so far actualized
and utilized for continuous and binary responses.
The aim of this work is to extend this method to
survival time information in which the Cox-Snell
residuals of a Cox PH model shall be used as
response variable in a typical MARS approach.

In spite of the semi-parametric nature of the Cox PH
model which makes it different from the standard
parametric model with less assumption on the
survival time, there exists a number of diagnostic
test that can be employed to check the model’s
adequacy, misspecification, outliers and influential
points just to mention a few. These diagnostics tests
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include the test based on re-estimation (the Link
test), the tests based on residuals (Schoenfeld
Residuals,  Cox-Snell  Residuals, Martingale
Residuals and Deviance Residuals) and the graphical
diagnostic methods (see [Hes95] and [Gar97] for
more detail).

Of the above residual types of the Cox PH model,
the Martingale and Deviance residuals have been
successfully employed as response variables in the
common MARS implementations ([Kri07]). In this
work therefore, a model that used the Cox-Snell
Residual for survival analysis with MARS is
proposed. Results from this new model were
compared with those that employed the Martingale
residuals with MARS technique.

3.1. The Cox- Snell (CS) Residual

Basically, the Cox-Snell (CS) residual like its other
counterparts is often employed as a measure of
goodness-of-fit of the Cox PH model. Under the
generalized residual settings, the Cox PH model
using the survivor function

S(t:X;) = (S, P E=)

is fitted to the data. In terms of hazard, the model
fitted is of the form

h(t. X;) = ho®exp(BxX;)

Therefore, for each person with covariates Xj , the
estimated survivor function is

. . g):p(,ﬂxxj)
See. x;) = [[510 (¢ ]

(&%) = [[S1o (8 "
This gives a predicted survival probability at each

time T in the dataset.
Then, the CS residual is calculated by

A5 = —log [EET;: XJ]] (15)

Additionally, CS residual can be used to examine the
overall fit of the Cox PH model by computing

r
k()= Holtexp (z bk«“fjk) j=1,..n

k=1

where bk:(bv“"bﬂy is the Maximum

Likelihood Estimator (MLE) of £ and Hol) is
the MLE of the baseline cumulative hazard function
(IKMO3Y)).

Within the framework of MARS technique, the

whole space of the input variable is divided into k
sub-regions or groups. MARS defines a different
mathematical equation for each group. This equation
relates each sub-region of input variable to the
output variable.

The CS residual is then computed using the
following quantity;

(16)

~1
where Mol) is the estimated cause-specific
cumulative hazard function which is computed by

1 _ rlikdN,, (5)
Rt = [ 5 an

where N1k(®) and Yx(f) are the number of the
event observed and the number of subjects at risks at
time t ingroup ¥ respectively.

MARS uses the following two-sided truncated
power functions as splines basis functions:

[—(x _ rj]i ={[t—x]q, ifx<t

0, otherwise
i1 (- ifx=t
[ (x —t) ] + {ﬂ, atherwise

where 9 is the power and ' is the number of knots.
This gives rise to the final model

m
z Qm Bm(x)
m=1 (18)

?:F[I:l:ﬂn_

-

where ¥ is the output variable, * is the input

variable, @e is the constant term, ™ is the number
of the splines functions, and @m and Bm are the

me splines  function and its coefficient
respectively.

3.1.1. The MARS Algorithm

The execution of the MARS technique follows the
following algorithm as adapted from Hastie et al.
(HTFO1)):

i. Stage-wise forward selection: Keep the
coefficient the same for variable that existed in
the current model, select a new basis function
pair that produces the largest decrease in the
training error. Repeat the whole process until
some termination condition is met, for instance:
a. reached the maximum number (pre-
determined) of predictors;
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b. adding any new predictor changes the R-
Square by less than 0.001;
c. Reached a very high R-Square value.

ii. Backward Algorithm: For preventing over
fitting, redundant basis functions are deleted
from the model. MARS adopts Generalized
Cross-Validation (GCV) to delete the redundant
basis functions. The expression of GCV is given

by:

%E}-‘LI[K — flx )P

GCV =+
=)

where N is the number of data points and c(B)
is the complexity penalty that increases with the
number of basis function (BF) in the model and
is defined as: C(B)=(B +1)+dB  \where @

is a penalty for each BF included in the model
and B is the number of the basis functions in
the model.

3.2. The Martingale Residuals

Martingale residuals are used to examine the
functional form of a given covariate in order to make
the best use of it to explain its influence on the Cox
PH model. If the test tells us that we could not
introduce a covariate into the model linearly, we
might need to transform the covariate X into

log(X).exp(X).XlogX o even discretized
version of the covariate. Suppose we have a vector
K@) of possible time-dependent covariates. Let

Ni®) have a value equals to 1 at time t if this
individual has experienced the event of interest and
0 if the individual has yet to experience the event of

interest. Let 11t be the indicator that individual j is
under study at a time just prior to time t. Finally, let

b be a vector of regression coefficients and Ha{t) be
the Breslow estimator of the cumulative baseline
hazard rate ([Bre72]). Then, the martingale residual
is defined ([MO03]) as

M; = N;(o0) - J' Y;(Dexp(b X ,(T))d He(t)
n L
_j'I: l,..-,'n-. (19)

When the data is right-censored and all the
covariates are time-independent, the martingale
residual reduces to

i)
M; = & — H(T))exp (Z Xk bk)

k=1 (20)

M =§j—rpj=1,...n

where Gj is indicator of censoring for j individual
and TJ is the corresponding Cox-Snell residual.

3.3. The Deviance Residuals

Martingale residuals are defined on the interval (—oo,
1] and thus is highly skewed. To determine whether
this Skewness does in any way affect the outcome,
the new method was also applied to a transformation
of the martingale residuals, namely deviance
residuals, which are symmetrically defined on the
interval (—o0, o). If all covariates are time-fixed, the

deviance residual for subject J s defined as

N; - M
.'"n'11'

4

ﬁ = sign (ﬁ_) —ﬁ — N;log

(21)
4. SIMULATION STUDIES

Simulation studies are an important statistical tool
often employed to examine the performance, power
and other properties of a new statistical method or
approach. Thus, various schemes employed for the
Monte-Carlo experiment in this study were
presented in this section.

4.1. Simulating Survival Times

Survival times were simulated from the three
selected distributions; i.e. Exponential, Weibull and
Gompertz distributions - as earlier remarked in
Section 2.3. Table 1 shows the methods employed
for generating the survival times across these three
distributions. ~ Various  results  from  these
implementations were provided in the Appendices
A, B andC.

Some general considerations employed in the
Monte-Carlo experiment are based on the following:
The survival function of the Cox PH model is given

SC4) = exp|—H(Hexp( f(x)]]
and the cumulative survival function is defined as

Ft/)=1 -5/

H () = f;.n[u}atu

where o , is the cumulative
baseline hazard function ([YUO09]).
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Table 1: Statistics for generating survival times across the specified distributions

Distribution
Exponential Weibull Gompertz
Scale parameter 4 = 0 Scale parameter 4 = 0
Parameter A=0
Scale parameter Shape parameter V' = 0 Shape parameter @ € (—oo,00)
log(u) : 1 loglu)
oglu v o loglu
Survivaltime | T=-—o"' _ | togtw) T = log|1———or|=
Aexpl700) Aep(F) a 8" Zexp( ()
Hazard _ _ i _
function () = Zexp(f(x)) | h(t)= Aexp{f(x))vt R(t) = Aexp( f(x)) exp(at)

Five covariates *a: -+ %s were simulated over n =
1000 samples from different distributions as follows:

x,~U[30,75] xg~binn, 0.5), x3~N(0,1)
xg~U[0,10] gng xs~binfn, 0.7 with u~U[0,1]

In the simulation of survival times (% ) under the
three distributions (Exponential, Weibull and
Gompertz) employed in this work, only the linear,
nonlinear and interaction effects of covariates *1

and Xz on the response variables (%) were
considered. The other covariates *z:*s and *s
were introduced into the model as nuisance
covariates that are expected to be identified by the
survival MARS model itself. This concept was first
introduced by Friedman ([Fri91]) and later by Kriner
([Krio7]).

Therefore, for the Exponential distribution, the

survival time © was simulated according to the
scheme adopted by Kriner ([Kri07]) using the
relation:

— log(u)

2
0.5 exp [0.04 (&) - 6z + u.1x1x2]

t=

For the Weibull distribution, the survival time t
was simulated from the relation

—log(w)

1
v
t= S
Aexp [u.m (33) —6x, + D.lxl:xE]

with the shape parameter ¥ =2 and the scale
parameter 4 =3 (See [Kri07]).
For the Gompertz distribution, the density and

survival functions of this extreme value distribution
with parameters A and a are given by

foltd = Aexplat) exp (— i exp[rxt})
: (22)

S =exp (— i exp[rxt})
4 (23)

with the expressions for the mean and variance
given by;

E(M)=puy = —é(lnge)+}’) 24)

-
i

V) = of = —
(Tee (25)

where ¥ ¥ 0.5772 is the Euler’s constant
and T = 3.14159  golving equation (24) and (25)
T

o =
V6a,

for Aand a gives
A=aexp(—y — aug)

The values of @ ,'1 and ¥ determined above were
used to compute the approximate parameters of the
Gompertz distribution independence on the mean
and variance of the considered survival time. The
adopted scheme is similar to that of Bender et al.
(2005) by setting the mean life expectancy He at
Mo = 66.86 years with a standard deviation of

Oo = 6 years. By this, the values of A and @ were
explicitly determined to be 4 = 7x10°® and & =

0.2138. Hence, the survival time T was simulated
from the relation

t=
1 0.21381ogu)
02138 %8|t~ PRE
= 0.0000007 exp([l.ﬂ*l-(ﬁ) —6x, + u.1x1x2)

5. SIMULATION RESULTS

In the Monte-Carlo experiment, 1000 simulation
cycles were computed for four different values of
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the penalizing parameter d , d:€12,3,4, 5},With
martingale and Cox-Snell residuals as responses.
Also, three different censoring rates of low (25%),
moderate (50%) and high (85%) were considered in
the analysis.

At each fit of survival MARS model on the
simulated data, the amount of non-linear influence
of the covariate “*1 detected by the models
(expressed in %) as well as that of its interaction
with *z at different values of the penalizing
parameters were determined under the Cox-Snell
and Martingale residual responses.

Also, the amount of false basis function (in %)
chosen by each model was also determined under
the two residual types.

Tables 2, 3 and 4 presented the results of the
simulation studies under the three selected distributions
employed for simulating the survival times.

The implications of the results in Table 2 regarding
the behavior of predictor variables *1 and *z in the
proposed (Cox-Snell) and the existing (Martingale)
models under the Exponential survival times were
clearly shown by the graphs (Figs. 1 to 4) in
Appendix A at the selected values of the penalty
(tuning) parameter d = 2 and 5 with low (25%) and
high (85%) censoring rates.

It was found that both models identified the inherent
linear relationship of the nuisance variables

X3, %4 and *s with the response variable (%).
However, structure displayed by the various graphs
showed that the survival MARS model with Cox-
Snell residual (proposed model) was able to capture
the linear, nonlinear and interaction effects of the
covariates ®*1 and =z better than the survival
MARS model with Martingale residuals (existing
model) (see Figs. 1 to 4).

Table 2: Results of Survival MARS with Exponential distributed survival time. The amount of non-linear effects of
covariates ¥1 (in %) and its interactions with ¥z with Martingale and Cox-Snell residuals as responses were

reported
Martingale Residuals Cox-Snell Residuals
d | Censoring | Yoknots(x; % XX %false | Censorin | %oknots(x; % X1, %false
rate ) basis g rate ) basis
25% 70% 100% 50% 25% 80% 100% 50%
2 50% 100% 100% 0% 50% 100% 100% 30%
85% 100% 80% 70% 85% 90% 30% 80%
25% 70% 100% 40% 25% 80% 100% 40%
3 50% 100% 100% 0.0% 50% 100% 100% 0.0%
85% 100% 50% 60% 85% 100% 100% 20%
25% 40% 100% 60% 25% 60% 100% 50%
4 50% 100% 100% 0.0% 50% 100% 90% 30%
85% 100% 80% 30% 85% 50% 0.00% 100%
25% 20% 100% 80% 25% 50% 100% 50%
5 50% 90% 100% 10% 50% 100% 100% 0.0%
85% 100% 30% 70% 85% 50% 0.0% 100%

Table 3: Results of the simulation studies on Weibull distributed (' = 2,A=35 ) survival time with Martingale and
Cox-Snell residuals

Martingale Residuals Cox-Snell Residuals
- - 5
d | Ce rg(z ermg 9bknots(x) | % xuxs O/tt;zasllisée Cge rfgt::n /okn;)ts (X1 Yox 1o "/Iggaglisse
25% 80% 100% 50% 25% 100% 100% 40%
2 50% 100% 100% 50% 100% 100% 50%
85% 100% 50% 70% 85% 100% 50% 60%
25% 40% 100% 60% 25% 100% 100% 0%
3 50% 100% 100% 10% 50% 100% 90% 30%
85% 100% 50% 60% 85% 100% 60% 60%
25% 10% 100% 90% 25% 100% 100% 50%
4 50% 100% 90% 20% 50% 100% 80% 50%
85% 90% 30% 80% 85% 90% 40% 50%
25% 0% 100% 100% 25% 100% 100% 0%
5 50% 100% 100% 30% 50% 100% 60% 40%
85% 100% 40% 60% 85% 100% 50% 50%
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Table 4: Results of the simulation studies on Gompertz distributed survival time with Martingale and Cox-Snell

residuals
Martingale Residuals Cox-Snell Residuals
d | Ce r:;(t):ng %knots(x1) | YoXiX2 O/BZZIiSse Cg m;:t';n %kn;) sl Y0X1X2 C?;aslisse
25% 60% 80% 50% 25% 80% 60% 70%
2 50% 90% 30% 80% 50% 90% 50% 70%
85% 70% 10% 100% 85% 90% 30% 80%
25% 60% 100% 70% 25% 90% 40% 80%
3 50% 60% 60% 70% 50% 80% 10% 90%
85% 80% 40% 60% 85% 80% 0% 100%
25% 40% 80% 80% 25% 70% 30% 100%
4 50% 30% 10% 90% 50% 80% 0% 100%
85% 80% 0% 100% 85% 60% 20% 90%
25% 30% 80% 70% 25% 60% 20% 80%
5 50% 50% 10% 90% 50% 50% 0% 100%
85% 50% 0% 10% 85% 40% 0% 100%

Furthermore, the graphical presentation of the results
for Weibull distributed survival times was also
presented in appendix B (Figs. 5 to 8). These
graphical results equally provided information on
the implication of the results in Table 3 at penalty
parameter values d = 2 and 5 with low (25%) and
high (85%) censoring rates. Results from the graphs
(Figs 5 to 8) showed that both the Cox-Snell and
Martingale models identified the nuisance variables
Xz Xy and *s to be linearly concomitant to the

response variable (%), but the interaction effect of
covariates *1 and “*z is tighter (under the Cox-
Snell model) at large value of the penalty parameter
(d = 5) than at low values of d (d = 2) especially at
high censoring rate.

Finally, the results from the survival MARS under
the two residual types with Gompertz distributed
survival times followed similar patterns like those
earlier presented. The graphical summary of the
non-linear effects of the predictor variables *1 and
Xz as well as their interactions were clearly shown
by the graphs Appendix C (see Figs. 9 to 12). The
linear association between other covariates
Xz, %4 and *s with survival time was also obvious
from the various graphs.

6. APPLICATION TO PNEUMOCYSTIS
CARINIIP NEUMONIA DATA

To validate the results from the Monte-Carlo study
presented in Section 5, the survival MARS models
with Cox-Snell and Martingale residuals were both
fited to a published real life dataset on
Pneumocystis Cariniip Neumonia (PCP). These data

had been previously analyzed by Lee and Wang
([ILwaQ3]). The PCP, a life-threatening disease, has
been reported to be the most common opportunistic
infection in HIV-infected patients ([LWO03]). Many
North Americans with AIDS have had one or two
episodes of PCP during the course of their HIV
infection. The PCP has therefore become a factor of
considered in mortality and morbidity modeling
while its recurrences are often common.

The data consist of time to recurrence (in months) of
PCP with four categorical predictors — gender (male,
female), race (white, black, others), Homosexuality
practice (yes, no) and two metrical (continuous)
covariates - CD4 count and Weight. The outcome
(status) variable is categorized as 1 if there was a
relapse and 0 if no relapse occurred (censored).
Results in Table 5 showed that the Survival MARS
model with Cox-Snell residual performed better than
the Martingale residual model using the standard
errors of the estimated parameters as assessment
criteria.

To allow broader comparison of the efficiency of the
proposed survival MARS model using Cox-Snell
residual with the classical Cox PH model, the Cox
PH model was fitted to the data and the results
obtained were equally reported in the Table 5. From
the results in Table 5, it can be observed that the
Cox-Snell residual model was more efficient than
the Cox PH model on the real life data as well. In the
three cases, the standard errors of the estimated
parameters by the Cox-Snell survival MARS model
were relatively smaller than those provided by both
the Cox PH and Martingale residual models.
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Table 5: Results of Survival MARS models using Cox-Snell and Martingale residuals on real life (PCP) data.
Results of the classical Cox PH model fitted to these data were also reported in the table

Predictors Coefficient (8 ) | Standard Error of 8
Survival MARS with Martingale residual
CD4 count -0.00014 0.00025
Gender (Female = Ref.) 0.15814 0.10750
Race (white=1) (Other = Ref.) 0.01463 0.05310
Race (black=2) (Other = Ref.) -0.01044 0.05880
Weight 0.00053 0.00053
Homosexuality (No = Ref.) -0.01291 0.04868
Survival MARS with Cox-Snell residual
CD4 count 0.00005 0.00005
Gender (Female = Ref.) -0.01774 0.02511
Race (white=1) (Other = Ref.) 0.02390 0.01226
Race (black=2) (Other = Ref.) -0.30309 0.01354
Weight -0.00006 0.00012
Homosexuality (No = Ref.) 0.00422 0.01133
Classical Survival Analysis (Cox PH Model)
CD4 count 0.99900 0.00215
Gender (Female = Ref.) 2.85x 107 3760
Race (white=1) (Other = Ref.) 1.21000 0.7480
Race (black=2) (Other = Ref.) 0.98500 0.84200
Weight 1.00000 0.00434
Homose xuality (No = Ref.) 0.73600 0.37700

7. DISCUSSIONS

The main objective of this work was to examine the
efficiency of a new technique for modeling survival
MARS with Cox-Snell residuals relative to some of
the existing methods (the Cox PH and Martingale
residual methods) under three different distributions
of survival times — Exponential, Weibull and
Gompertz distributions.

Monte-Carlo experiment was carried out to examine
the behaviors of some metrical covariate in the two
modeling structure in which the Cox-Snell and
Martingale residuals were used as responses in the
survival MARS models under low, medium and high
censoring rates at different values of penalty (tuning)
parameters.

Numerical results from the fitted survival MARS
models with Cox-Snell and Martingale residuals on
the simulated data were presented in Tables 2 (for
Exponential survival times), 3 (for Weibull
distributed survival times) and 3 (for Gompertz
distributed survival times). Graphical summaries of
the implication of the results in Tables 3, 4 and 5
were presented by Figs 1 to 12 in Appendices A (for
Exponential survival times), B (for Weibull
distributed survival times) and C (for Gompertz
distributed survival times) respectively.

It was observed from the simulation results in Table
2 that for Exponentially distributed survival times,

the proposed Cox-Snell residual model detected the
nonlinear influence of *1 and its interactions with
Xz more than the Martingale residual (existing)
model at the penalizing parameter d = 2 and at low
(25%) and medium (50%) censoring rates. However,
the Martingale residual model detected the nonlinear
influence of *1, its interactions with *z and the
amount of false chosen basis functions (in %) at the
high (85%) censoring rate more than the Cox-Snell
residual model.

Further results from Table 2 showed that, when the
penalized parameter is 3 and the censoring rates
were low, medium and high the Cox-Snell residual
model detected the non-linear influence of *1, its
interaction with ¥z and the amount of false chosen
basis function than the Martingale residual model.
Without loss of generality, it was found that the
efficiency of the Cox-Snell residual model increases
in term of its ability to detect the non-linearity of *1
and its interaction with *z as the value of the
penalized parameter increases, although at high
censoring rate.

Similar results were obtained from the survival
MARS models with Cox-Snell and Martingale
residuals for Weibull and Gompertz distributed
survival times.

Finally, the proposed survival MARS model with
Cox-Snell residuals, the survival MARS model with
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Martingale residual and the classical Cox PH models
were applied on a real life dataset to validate the
results from Monte-Carlo studies. The results
obtained showed that the proposed Cox-Snell
residual model was more efficient than both the
existing Martingale residual survival MARS and the
classical Cox PH models.

CONCLUSION

In this work, the use of (modified) Cox-Snell
Residual to Survival analysis with MARS was
proposed. The proposed method was compared with
Martingale Residual Survival MARS modeling
technique and the classical Cox PH model. Both the
modified Cox-Snell and Martingale residuals of a
Cox PH model were used as responses ina common
survival analysis with MARS.

All the results from simulation studies and real life
application reveal that the proposed survival MARS
model with Cox-Snell residuals fitted the data more
appropriately than either the Martingale residual
survival MARS and the classical Cox PH model.

It can therefore be concluded that the use of Cox-
Snell residual in Survival analysis modeling with
MARS technique has immensely improve the
efficiency of the existing technique for modeling
time-to-event data irrespective of the distribution of
the survival times under consideration.
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Appendix A: Graphs of Survival MARS results for Simulated Exponential Survival Times with
Martingale and Cox-Snell Residuals at different penalty parameters
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Fig. 1: Graphs of Survival MARS results under Exponential Survival times with penalized parameter d=2 g
low (25%0) censoring rate for Martingale (left graph) and Cox-Snell (right graph) Residuals.

Inferaction between x1and x2 Variable x1 Interaction between x1and x2 Variable x1

Martingale Residual
o 2 a
=
Martingale Residual
oo o=
Cox-Snell Residual
o =2 a
;/
Cox-Snell Residual
o2 o=

kil L} il 60 0 k] L] Ll 60 0 k] o 5 60 0 N L] 5 60 0
it i it il
_ Variable x2 _ Variable x3 Variable x2 Variable x3
E g 3 3
2, ) i i
[ A ] [
¢ v 1 ]
[a] (L] ¢ r
g g = =
o q d ] P
o o ! £ c
E ] é ] ”‘l ] w )
';n T T T T T T ; ! T T T T T T 30T T T T T T F T T T T T T
00 02 04 06 08 pll 1 1 0 1 2 3 ¢ 00 02 04 06 08 10 ¢ 3 2 1 0 1 2 3
v J4 X J¢
~ Variable x4 4 Variable x5 Variable x4 Variable x5
[ T 7 7
; ; :
[} [ ] (] [
g g = =
£ [ [ g
? o ? o ’ g [}
: £ ) !
g T T T T T T g T T T T T T [ T T T T T 30T T T T T T
3 3 0 0
0 2 4 6 8 0 00 02 04 06 08 10 0 2 4 6 8 0 00 02 04 06 08 10
W b} i ]

Fig. 2: Graphs of Survival MARS results under Exponential Survival times with penalized parameter d=2 g
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and Cox-Snell Residuals at different penalty parameters

Appendix B: Graphs of Survival MARS results for Simulated Weibull Survival Times with Martingale
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Fig. 5: Graphs of Survival MARS results under Weibull Survival times with penalized parameter d=2 atlow
(25%0) censoring rate for Martingale (left graph) and
Cox-Snell (right graph) Residuals
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Appendix C: Graphs of Survival MARS results for Simulated Gompertz Survival Times with Martingale
and Cox-Snell Residuals at different penalty parameters

_ Interaction between x1and x2 _ Variable xL Interaction befween xL and x2 Variable x1
g g 3 5
2 2 3 ER
it ; i 3o
T [ I ¢
I} v o = =0
T O T 30 ]
) o €
] ‘ —_ £ 8 0 ’ — 0 g
g’ Eh T T f T g 9T T T T T 50 T T T T ¥ o T T T T
0 0
@ 4 % & n o ° » 0 o ki 0 i il n ki 0 i il n
i i il il
5 Variable x2 5 Variable x3 Variable x2 Variable x3
H 3 3 .
g " g0 ) 0
¢« ¢« ¢ H
9 9 [ r -
g g 3 ]
fo S G i
] T T T T T T ] T T T T T T T T 5 0 x 0
L) 0 o 0 0 R T S R S S B T § ‘ ‘ ‘ ‘ L3 ‘ T ‘ Lo ‘
00 0 04 06 08 10 3 2 1 0 1 1 3
x B
X b4}
Variable x4 Variable x5
% 3 Variable x4 Variable x5
T fo ] ]
ﬁ ﬁ g0 L)
" “ 4 g
2 2. [ i
% 0‘1 T T T T T T % 0‘1 T T T T T T ﬂ 0 w\ 0
2 2 3 T T T T T 3T T T T T T
0 2 4 6 8 i 10 02 04 06 08 10 by §
0 2 4 6 8 0 00 02 04 06 08 10
i 05
x b}

Fig. 9: Graphs of Survival MARS results under Gompertz Survival times with penalized parameter d=2 atlow
(25%0) censoring rate for Martingale (left graph) and Cox-Snell (right graph) Residuals

Interaction between x1and x2 Variable x1 Interaction between x1and 2 Variable x1

-0.0s 0.10

Martingale Residual
o 2 a
=
Martingale Residual
0.00 o©.10
Cox-Snell Residual
o 2 a
Cox-Snell Residual

ki) L 50 60 0 ki) L 50 60 ) ] 490 50 60 ] kil 1] 50 60 0
xl X X X
_ Variable x2 _ Variable x3 Variable x2 Variable x3
; ; :
7] 7 ] T o 2 0
@] o]
'3 1 4 1 1 i
9 "] © ] ¢ A % ]
2 27 R o]
£ ol £ o] 0 A a4
g ' T T T T T T g ' T T T T T T T x 04 x 04
s b 0 T T T T T T 0 T T T T T T T
00 02 04 06 08 10 3 2 1 0 1 2 3 0 20 ) 0 0 08 I 0 3 ) | 0 1 ) 3
0 3 P Jil
i il ¢ i Vaatle 5 Variable x4 Variable x5
2 2 E E
" " 8 g 1
g 5 $ 4 i 3]
: : i 7]
[k T T T T T R T T T T T 4 4 Wl
Y ool
2 2 3 T T T T T T g T T T T T
0 2 4 6 8 10 00 02 04 08 08 10 0 0
0 2 4 6 8 0 00 02 04 06 08 10
i 5
x4 B

Fig. 10: Graphs of Survival MARS results under Gompertz Survival times with penalized parameter d=2 g
high (85%0) censoring rate for Martingale (left graph) and Cox-Snell (right graph) Residuals
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Fig. 11: Graphs of Survival MARS results under Gompertz Survival times with penalized parameterd =5 atlow
(25%0) censoring rate for Martingale (left graph) and Cox-Snell (right graph) Residuals
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Fig. 12: Graphs of Survival MARS results under Gompertz Survival times with penalized parameter d=3 a
high (85%0) censoring rate for Martingale (left graph) and Cox-Snell (right graph) Residuals






