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Abstract

Electric power is a fundamental part of the infrastructure of contemporary society fsince mosl ol'.tuda?‘s dai‘ly
activity based on the assumplion that the desired electric power is readily available. In this z!rllcie‘ the
charac'lcrizalion of the proposed mathematical model of electric power generaling sysicm by Bamlgb_o]a and
Aderinto (2009) was analyzed via oplimal control approach. Existence and uniqueness of the solution was
established. Application to real life data was carried out for better understanding of the system.
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i. Introduction

Electric power and its availability play on essential role in the advancement of modem
society, because it serves as a fundamental resource for heating, cooling, as well as powering
of computers and machineries that underpin the manufacturing process, communication and
transportation sectors, to mention a few. In real life situations, continuous optimal control
problems arise mostly in every aspect of human endeavour. Among these are the electric

power systems, mainly the generation, transmission and distribution of electric energy.
Optimal flow of electric power systems as an optimization method for an energy management
centre was developed in the 1960’s Dommel and Tinney (1968). Since then a great number of

research has been done and various optimization techniques have been used in order to find

efficient solutions to these problems, Adcjumobi (2005) looked at the effectiveness and
cfficiency of electrical power distribution system in Nigeria using power system securty

approach. Zhang and Tolbert (2005) studicd the survey of reactive power planning model

Dmylr'o et al. (2007) looked at the model of clectric power supply with

fuel supply V1@
variational mequalities. &
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Bouktir and Sliman (2005) worked on optimal power flow of clectrical network, Aderinto
and Bamigbola (2012) qualitatively study electric power generating system model, Salaudeen
and Aderinto (2014) looked at the itcrative method for solving load flow analysis in clectric

power systems.

[n thc same vein, some researchers have worked on the applications of optimal control in
different areas, Bhunu er al. (2008) analyzed the tuberculosis transmission model via optimal
control. Nacvadal (2003) looked at the solution of time optimal control probiem via spreacd
sheer approacii. Adams ct al. (2004) studied multidrug therapies for HiV using optimal
control approach. Burden et al. (2003) looked at the application of optima! control io
immunotherapy using cancer model as a case study. Fister ef ai. (1998) used optimal contzol
approach to characterize an HIV model. Stengel e al. (2002) looked at the application of
optimal control to immune response, Agusto (2008) applied optimal control to oxygen
absorption in aquatic system. But little or no attention has been paid lo the application of

optimal control to electric power system.

The present effort is to use the optimal control approach to characterize a mathematical
model of an electric power generation system for better understanding of the system in an

attempt to generate at minimum cost and minimum losses.

2. Material and Methods
2.1. Establishment of the Model

Consider the mathematical model

) _ (7, + 1)kl ac0G-1.00. )

“'—i{i’—) = (s+y)—1,xC(1)+rC(1)G(1)+T.L(1) (2.2)
]

)=a0<a <u <h <] Bamigbola and Aderinto (2009)

with G(0)= GU,C(U) Cos(Pup + Pir

inimi ctional:
The problem to study is to find the controls u; 1> that minimizes the cost fun

_—
)
o

e

T
2+, ]df
J(ny,u;) j[ )+
. 0
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. : is the actual
; rticular ume. ¢ 1
time t and C(/) is the cost of production / generation at a pa

i is the total
. . of generalion, q
mechanical / electrical energy from the turbine, k is the rate E

ru 1 S i ur cost at a
nning cost, T 1 15510 is the labour
ng L, Ty 18 the rate of encrgy loss dunng {1

m i i of eenerator, T is the fuel
particular time, y is the cost of maintenance, X 15 the capacity rate oI g - ) . i
1 i shedding rate, u; is th
cost rate, T, is the total cost of transmission. The control u; 18 the load ’

i i tion. and 77, are to
generator actual capacity rate. § is the unit of power gencraling sta 1, n

balance the size of the control.

3. The Optimality System

We obtain the optimality systems (3.1) — (3.6) by applying the Pontryagin Minimum /
Maximum Principle, Barbu (1994) to equation (2.1) and (2.2) and define the Langrangijan

which is the Hamiltonian augmented with penalty terms for the constraints.

dG(t)

—

ol (P +R,)- m{m{av;?l,gkc;' (;)},b, }kG(t)+ gC(r)G(r)-T,C(r), (3.1)

dG

—_—

.

1) =(s+y)- m'm{max{a, ,Ej}jﬂij'({)},b; }J'C(’)+ rC(r)+ T,Clr),
A =-2, [—min{max{a, , 5717? AkG® (r)}, b, }k +4C(r)-T, ]—Az [rc(e))

A, =—5—£,qG(!)—zL,[-min{m&x{

4

| .
a'nM'_' ‘
5 A,xC (r)}, b, }H:r; + rc;(;)}

=G Cl=c, 1c[g T}
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(3.5)
uy (1)= min{max {az,-zln—;ﬁxc*' (,)}_ b }

ILORIN JOURNAL Of SCIENCE

3.1 Uniqueness of the Optimality System

bounded. Hence, there exista D > 0 such that

|4} <D for i=12 on [o,7]

The following assumption in form of a lemma will be needed in proving the next theorem,

Lemma 3.1: The function u'(s):nﬁn(max(s,a),b) is Lipschitz continuous in S, where
a <b are fixed positive constants.

Proof: Angelo (2005), Fister ef al. (2000).

A real valued function f is called a Lipschitzian on a set MCR"

,if there is a constant
L= L(f,m)> 0.Such that 1/ ()= s () < e - s, vx, y € M.

Consider $,,§, as real numbers and a,b as fixed positive constants, show that the Lipschitz

continuity holds in all possible cases for max (s,a) Similar argument holds for
min(max(s,a),b) as well.

Case (i): Let 5, 2 a,5, 2 a
|max(s,, a)— max(s,,a) =[s, - s

(i) 5, 2 a,s,<a

|max (s,a)— max(s,,a) = s, — | < s - s.|
(iii) 5, <a,s, 2 a

193

= e et (L

Scanned by“CamScanner

a



e, 0O
SR TOIAN M e

Aderinto & b - 1LOR|N JOURN/—\L OF SCIENCE
erinto & Bamighola
\‘“BK(S“G) - ‘mx(sl’“l =|a- 51\ <ls - 5|
(W) s\ pS 0,51 <a
\max(s,,) - max{s,a) =|a = =0 <15 -3
Hence \max (s, a)— m(32,01 < \s, - 51‘ and u is Lipschilz continuous 0
Theorem 3.1.
ptimality system (3.1)- (3.6) is umique.

For T sufficiently small the solution to the 0

Proof that (G C.A ,11) and (6 E; ,—1, A-,J are two distinct solutions to the optimality
roof: suppose that \&, L%, Ly,

system equation (3.1)3.6)

Let m> 0 be chosen such that G = e"h,
G=c"h, C=¢e"}, A= e, A= ez

In addition, lel

u ()= min{max {a,,-;?l k(wh)}, bl}
)= maf ot}

and

lr)= nﬂn{mﬂ{aﬁ%’hk(ﬁ)}, b,}

;;(:)=min{m{“vzlr,z ‘ﬂ"(;})}""}

Now substitute G = ¢’

rr." :
1 into the first ODE of the optimality system (3.1) and obtain

h +mh= (Pm, +R,J,)e"”’ +qe™ hj :
=T, h- 1
L min| max al’_zp_rk(e-”” C!Jh))‘ hijkh (37)
1
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similarly, for C=e"j, A4 =¢™g and 2, = ¢

=0 Z,

we obtain

f+m.l'=(3+J’)e""'J'+"e""fh+7}j-min(ma)<(

1
oo

2
[ [ 1
@ +me «{qe f== T mm{nlax{a,,-z;k(mh)]bl}k}re“zj
1

2

—z+mz=8"+e™qoh+ 2| T +re™h—mi Lo,
[ c min< max GZ,E-X(ZJ) ,b2 xl. (310)

Similarly for G,C, A, and A,,we have

h +mh=(P,, + PL)e™ + qe""Z} - TLE - nﬂn(max[a“%k a;h)],bl}kz, (3.11)
h
Jlmj= (s+y)e™ +re™ jh+T,j—min {mu{az,z—]—x(;})},bz}r} (3.12)
.
—0 +ma = Zl[qe""}—TL —min {max {al,zl—k(zl};)} b.}ki\+ re™z (3.13)
yi :
and
L - |
_z' +mz= 6enu +emrth + 2[7: + r(,’""h _ min{]“ax {a:, -_—)——.T (2_}')],!’1}_\} (314)

= % i da.
The next step is to subtract the equation for G andG, VandV, AdandX, A andia

. , : rom 010 T. Usin
~ Multiply each new equation by an appropriate difference of functions and integrate from Oto g

l.emma 3.1, we obtain:
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ok

\ X 4. TH

L \\ ; \"\-——;—,,,. ..i"i

Hlence, Wwe obiain huh hidt

il h‘dl*T lh —‘d”kﬂu’h "

hqp Inj - Rifh -
[ i —111

Y mfl- .}mw(m)jl; ;1dr+rﬂ; - df+rIe“‘|f"-5'5lU'f1d’ y
:ri*% - pescfi-A kAl -1 b1 o= -
fo- Ho)mj - m}dz-r:je “ley - @i~ o +T, ”a) dt+kﬂu,m u.a';“w ald
”je-F,--:,ﬁm-q.ﬁsc,i[lh i vfo-of Jrece j[, 7 +fo-f +l- o P

['Hﬂ\ﬂ' ""[ o+ 3l (3.15)

=l
+ ) - t‘ I[' C’

.;

3(}!“’*‘3 'l' "i

-
Ol Farseferk o aferon-f-Fa ol
ofepr- qw,.,_-,,,], s ffi-T oo T o
+c,e:~![p, T o=+l (3.18)

To complete the proof for the uniqueness of the optimal control, the integral representations of

(h - E)(J - ;l (a)— a_)) and \z - 5) are combined, and the estimates gives the following:

$l-A 30T 03 lo-af O+ 2 -ZF @) m{fs-7F + (-5 + -2 + - b

uv .

S(C'., +C,,,r""r]]:[{h—z)z + [;—;)' "r({l‘)—-(:'.'): & (; -)‘]g, (3.19)

Thus we have
T 5] -1
o=t e T +l-TF o3 oo
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where C, and C,o depend on the coefficient and bound on h,j,o,z

If we choose m such that m—(C9+Cme’”")> 0, then ln(m—co

10

] > (3m)T, since natural
logarithm is an increasing functions.

Hence, if m > C, + C,,it implies that:

= i@ = - — =
T<—1-1ﬂ M sthenh=h,j=jo=wz=7
Im C

10

Hence, the solution to the optimality system is unique for small T. The uniqueness for a small
time interval is usual for boundary value problems due to opposite time orientations, the state

equations have initial conditions and the adjoint equations have time conditions. The optimal
controls #;and u; are characterized in terms of the unique solution of the optimality system.

See Barbu (1994), Fister ef al. (1998) and Fister ef al. (2000) for the proof of a similar
uniqueness result,

4. Numerical Application

Mathematics has a vital role in solving practical problems in electric power gencrating
systems as well as improving on its advancement. In this section, we obtained solution to the
electric power generating system model using real life data via a numerical method. There arc
two types of systems of differential equations in the optimality sysicm including one with
control. An iterative method with fourth-order Runge-kutta scheme is used in solving the
system, The controls are updated at the end of each iteration using the formula for optimal
conirols. Jain,(1983), Hotking ef al(1996), Fingpuig (2009).The following tabulated values

were obtained from the National Control Centre, Ageria
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Tab. 4.1: Generator Parameters for a three-generit
Bamigbola (2012). ___________f_{,l_,"zl_....—»-—.-——-——j
e | Va
_—____n——'_—-'—_'_‘- v
/_T Meaning
b a _____——————_
e ___—d—————’-‘“"l bl Wr |{mMW,80Mw
_——-—-———-'—_._———-——-—"‘""—'—'_ ooy available .
a actual mechanical 7 electrical encrgy aval , o
[rom the turbine G, £ 100MW, G2 =
LOOMW, G $80MW,
_F__,_._’-——"'_—-—-‘._—
0.3217 #0.3112, 0.3120c1
e} . = )
Q tota} mnning cost iy
N e ———"TT73478 cach per wnil
- R fiel cost rate o
I S —T0606. 0502, 0.402
X actual capacity rate
. . I ]
K rate of cnergy loss during transmission 0.002 MW each per unit
S labour cosl 70 per h (assumed)
Y maintenance cost 50 per h (assumed)
Y Cost of transmitting from generating station 0.3421 per unit
u generator actual capacity rate (control) agush,
03<u<09,a=0.0,b
=1.0
) unit of power penerating station 1 each
H Parameters (o balance the size of the control, 3
.(Number of hours for which the machines can
be on)

Tl i
e optimal control problem under consideration js minimize

I

J(u )=j[5fc(r)+q i }Ir,

.

subject to
(1)
ar =(Ii+q(t)qici(’)_lwc(f)
dr _(“-+"‘-)+ “i (’)’;Gr(l]_”, (f).\],(?il (r)+}fc(,)
198

(@)

Scanned by CamScanner



& Bamighola

Aerinto ILORIN JOURNAL OF SCIENCE

il
“‘"h (.;, Uu ) = Uu » C‘l ({0 ) = Cn ' ”I .\ ”l :: hl

By the introduction ol Langrangian operators, we have

L('G.(.‘.H. A Ay M, N): I‘S-r(:r + ’7”: ”l.l + All(‘rt +C, ({)(ff(;i (!)-—/;,(J" (")J

+ 4 [(Sf + J'a‘)“‘ e (’) +1,C, (1)G, (() + }'-'C(’)]

) M, (b=u,)+N,(u,-a,)

=1
where M. .M, N, ., N, 20 are penalty multipliers satisfying
M, {b,—1)=0.N, (1,-a)=0, ar 1

Thus, using the data in table 4.1, the computations for the solution arc obtained as follows;

Aderinto and Bamigbola (2012)

Tab. 4.2: Solution for a threc-gencrators clectric power model £ =0.05,u = 0.2,0.3,04,...,0.9,
s=Ln=3,i=123

: Joat t;=1 Jat ;=6
2 CI Cz C3 al 1y :
0.2 186.95889 186.63370 186.32130 560.27389 3361.64336
0.3 187.90813 187.56171 186.38327 562.66311 3375.97864
0.4 188.86003 188.20629 187.57888 566.08521 3396.51124
0.5 189.81461 189.33645 188.20943 569.63048 3417.78290

0.6 190.63340 189.78621 188.84115 572.50077 3435.00463

i , g 5

0.7 191.73181 190.57893 189.47405 576.19479 3457.1687

' ' 94538 |
0.8 191.91594 191.37349 190.10813 579.15756 3474.9

. ‘ 19074339 | 58 3499.42155

23692 ;
0.9 193.11363 192.16990 19().74339 583.236
i .
I ———
S ]
Gl 99.900 _
G2 99.850 s ]
77520
G2 : g ,_,___,,L___f .
___,EL_,/,_,___,_F——J—a
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=0.05, =0.3, 0.4,...,0.9;

rs electric powe! model A

Tab. 4.3: Solution for a three-generalo
| = i Tﬂbh? 4-2 //"‘ l i = 6
5'-:1.!?:3 ,:-—1,2,3,(‘.,, C,, Cyin — lf=l T at by
U u u, ty
| 3394.94311
_6'4__'_— 0.5 565.82385
" . . L] 3402.22534
0.5 0.6 567.03764
. i
> - el 3434.24923
0.5 0.6 0.7 572.37487
- ‘ - — | 7 3454.74280
0.5 0.6 0.7 0.8 575.7904
. - b= 69 3478.01215
0.6 0.7 0.8 0.9 579.668
. . .67021
0.7 0.8 03 0.7 572.61170 3435.6
0.8 0.9 0.8 0.5 577.79656 3466.77933
0.9 0.8 0.6 08 576.73028 3460.38170
0.9 0.9 0.5 579.10297 3474.61780
0.8 0.7 0.5 574.84430 3449.06581

4.1. Discussion of Resulls

The results obtained shows that for efficiency and effective functioning of the generating
“machines in each station, monitoring of the control is very essenlial. Therefore, the choice of
u;is greatly dependent on the number of generating machines that are available and the
number of hours or the duration in which the generation is to be carried out. Thus ;= 0.8, 1>
= (.7, and u3= 0.5 is recommended for the three generators system above with J = 574.84430
at tr=I and J=3449.06581 at t;=6. Aderinto and Bamigbola (2012).

5. Conclusion

In this work, opli j i
ptimal control theory is applied 1o (he mathematical model of clectric power

senerating s i - : :
gencrating system n an attempt to characterize . Optimality of the system is analyzed.

Uniqueness of optimali i
q s of optimality solution 1o (he System is established. and (he oplimality system was

found to be unique for sn i
q r small T. Finally, numerical solution to the optimality system 18

be interpreted by saying that, the

eleciric power generating systems ¢
g sy an be expresseq mathematically by using mathematical
. (=]
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