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ABSTRACT

In this paper we obtain bounds on some early coefticients of analytic functions which have the form f(z) =z +

a’z" +... and which satisfy certain geometric conditions in the open unit disk £ = '{: eC: }:| < l},

INTRODUCTION
Let A be the class of functions
f(E)y=z+ az:: + ...

which are analytic in the unit disc E = {: eC :’:l < 1}. We denote by S. the subclass of . consisting of il

univalent functions only. Let P be the class of functions. e
' P(z)=l4c,z+cyz" +...

which are also analytic in the unit disk £ and satisty Re p(z) > 0.z ¢ E. A

function £ is said to be of bounded turning (whose derivative has positive real part) if

Re f'(z)>0. A function f is said to be starlike if it maps the open unit disk £ onto a starlike domain. The

family of starlike functions is denoted by S*. Analytically. f'e S* if and only if

oL ly - Ve B AN
Ref-/—;(—) >0.

/)

a'&

Several subclasses of the class S have been introduced and investigated by researchers over the years. Onyls ¢
important such subclasses is the family of Bazilevic functions introduced by Bazilevic (1955). which ha:
many other known sub-classes of univalent functions as particular cases. One such subclass of those**-

(Bazilevic functions) is B, (a) which was considered by Singh (1973). He said: a function /¢ A belongs to “

B,(«) if and only if

. a-1 '
() f'(2)
RCL— g
where & > 0 is a real number. If « =0 . the class B, («) reduces to the class 8% of starhke functions. while
tor a = 1. the class I)’] (¢e) reduces to the class of functions whose derivatives have positive real parts n the
open unit disk £.

In this paper we consider a class. J,, . of analytic functions f € 1 defined by the geometnie condition
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Re L@@, (1.1
Sf(2) 5

It is to be noted that J,, consists of functions in 4 which satisfy
N
re(Z2] >0
/(@)

and are subclasses of S* as proved by Babalola ( 2013) while J ,' consists of analytic functions satisfying

o e
@

We shall derive estimates for some early coefficients of functions in the class J,,

“The condition (1.1) suggests the existence of a function p(z) in the class P of functions with positive real

P}‘\rt such that

7@ S L@
@ s

\ﬂ& shall rely on this relationship in our investigations in this paper. In the next section we state the
prp_{iminary results we shall depend on. In Section 3, we state and prove the main result.

PRELIMNARY LEMMAS

I,\ {k(s section, we recall some Lemmas which are useful in proving our main results.
¢ mma 1 (Duren, 1983).
IfpeP. Then|c,|<2,k=12,...
Equality is attained for the Moebius function
14z
Liz)= i

Lemma 2 (Leutwiler & Schober. 1973).

Letpe P. Then
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The inequality is sharp.

Corrolary 1. Let p € P. Then for any real number G we have the sharp inequalities

2(1—0') ifo <0
< 2 if0<o<?2
Ao-1) ifoz2

Proof. The proof follows as in case k = 1 proved by Babalola & Opoola (2008)

Lemma 3(Livingston, 1969).

IfpePandsisa natural number, then lc" —c cl€2, n=2s5n=1,2,3, ..

WSS,

Corollary 2. Let p € P. Then for any real number @ we have the sharp inequalities

2(3-20) ifo <l
C" S O'cn—scs S 2 I_fO' = 1’
220 -1) ifozl.

Proof. We write |C, — OCHCS‘ as

&, — or, e} Sl0, — 6 FECy oc,. .C|

So, by triangle inequality, we have

n-s .\'\

|Cu H O-Cn-.\'csl = |Cu i Cn—scs’ it \Cu—scs —oc ¢
Thus using the preceding lemma we have
e, = oc, | <2+41- ol

Now, if |- 0 |> 0, we have the first inequality and if 1- b £0 the third inequality results. The secor
inequality is obtained itl-a =0. L
Lemma 4. Ifp ¢ P. Then

2(3-20) ifo<0
< 6 if0<o <2

220-1) ifoz2.

R
€
C3—O'"—'
2
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3 3
€ 4
=le, — €6y + €6y — O —

C, =G>

Proof.

< Ic_‘ “=eras ik ]c,

c,l
c, —o—
ki 2

Applying Lemma 1, Corollary 1 and Lemma 3 we obtain the result.

RESULTS

In this section, we present the main results of this paper.
Theorem 1. Let f €.J,. Then

2
azis

a+2

—‘”2*(3;‘6—)““ 1'f0<0(5———————_3+\/1_7
’“[S (a+2)'(a+4) 2

5l . e T

ifa ==—
a+4 2

520’ +472a” +1208a° 489604288 5433

6(cr +2) (@ + 4)Ya +6) s
o] :
T4a’ +96a +232 l_fa>—5+@
3a+2)a+4)a +0) e 2

14a® +236a* +1348a” +2976a° +2160a +1024 ‘f L7y sy
(04

< ( +2) (a +4) (@ + 6 ) +8) e
T 4o’ +74a’ +584a’ +2152a +3072 =
= 2 ifog 2 ——

(a0 + 2N +4) (2 + 6 )ax +8)

Proof. Since
Re () L) /(2)
(&

e, = > 0,

then for some p ¢ P> we have

;"/' (=) 1) : }/ U p(2).
J(= =

Therefore
e I =)

2414



Nig. J. Pure & Appl. Sci. Vol. 26 (2013)

F.M. Jimoh, M.A. Gaﬁi)-‘u. C.N. Ejieji and K.O. Babalola

Equating the coefficients
(@+3)a; =a, +¢ (.1
P+5a+2
(@ +5)a, +ﬁ——§i—az‘ =d, +#8;C; +C5 3.2)
2 ¥
k) g fgim '_6
(0(+7)a4 +(@ +7a+da,a; + 2 +6a6 - alJ
=a,+a,¢, +a,C, +C; (3.3)
) ‘48 +a-10
(a+9)a; +(a® +9a +6ha, + 2 8a2+a s 2
a’+9a+8 ., a'+6a’-13a’ -18a+24
+ a, 3.4)

a,

2

Applying Lemma 1 to equation (3.1), we have

24
=a,+a,c +a;c, +a,c; +¢,

2

<
a+2

a,

Eliminating a, from equation (3.2) using equation (3.1), we have

so that

which can be written as

where

(a +4}a5|$ {i(l—a

LT T, B
o s gy - KT 60
( ko Jit (@+2) 2

a’+3a-2¢’
o R (L L B i
(a +4)a,|=|c, b 2
(a+41(13|=03—o‘-SL
2
.
(ar+2)2

ifa =z

which gives the second inequality.
Eliminating cc and ¢ from equation (3.3) using equations (3.1) and (3.2) we obtain
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2at ¥17a% +310” ——8a+12C;
o

(a0 +6)a, =c, - A—Q—égz—clcj + :
 lai2fmea) 6(c +2) (a +4) (15)
Now.if a° +5a — 2<0, thatis a éj : :\/37‘1 , then we have
2-a’ -5a 2a +17¢° +3la” —8a+12|
+6 < + £ 7
@+ ol <lel+ gl 6(a +2) (a +4) i
(3.6)

Applying Lemma 1 we have,
|52a* +472a° +1208a° + 896 + 288|

[04| SI 6(a + 2y (a + 4 a + 6)

. = 5433 ; . . . ;
If 2 —2— ; then rearranging (3:5) and using the triangle inequality

y. we obtain
3¢° + 4la’ +110a +52 ¢,

a+10 '
a+6)a,|<le, —c,c.| + ————=lelle, - =
( Joul<les —aic (a+2)(0(+4); "! 3 e +2) (a +10) 2
Appling Lemmas | and 3 with Corollary 1. wc have »
A 2 |
I”-s[g 14a” +90a + 232 3.7)
3(a + 2fa + 4fa +0)
Combining (3.6) and (3.7) gives the required result.
Using equations (3.1). (3.2)and (3.3)mn (3.4) we have
a +la a’+7a-2
(a +8)t, =, ——~ —ey - 6,6,
Aa +4) -~ ((1+2)(a+6) 3.8)
A(a) o B(a) 4
: G Cges 3 P )
¥ 24(cr +2)' (o + 4)* (a +0)

+ 5
20 +2) (o +4) (a +06)
where

Ma)=2a" + 33t +175a° +304a’ +60a + 128

and
Bla)=06a +121a" + 892" +2935¢" +4258x° +3124a” + 3448 + 768

g = Gt/ 5 :
W™ +7a -2<0 thatis. @ < —-~~-—;--\-/— - . then equation (3.8) can be written as
R T . 2« —Ta
B AR - e
Ha+4) = (e+2)a+06)
;I(a) , Blee) W
il e 5 PR e e Al el S
LR (e 2) @+ 4) (4 6) I

e +2) (e +4) (e +6)

%
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Rearranging, we have

o £ 70 2y | ~ Dl =T i
(a+8]a5| e (01+4)2 kS i (a+2)(a+6)‘6'“63\
Ala) of < B(c) _C_l_

¢

5

¥ 2(05 + 2)2(0( +4) (a + 6)
Using Lemma 1 with Corollary 1, we obtain
14’ +236a* +1348a’ +2976a’ +2160a +1024
(+2) (e +4)(a+6)
which gives the first part of the inequality.

6(c +2) 4la) 2

(a +8)a,| <

Ot sther biand it (a—_%oi_—é) >0 thatis a2 :l%@ then equation (3.6)
a+2Na+
can be written as
a’+7a Alar) )
a+8la.l<le, —c eyl +—|65€) — = = s
(s Blasl e 2(oz+4)21 e 2(a+2)‘(a+6)(a'+7a) ;
o e, = B(a) o
(@+2) (a+6) 15 " e+ 2 @+ 4) (@ +14)

Applying Lemmas 1 and 4 with Corollary 1 to the abeve, we obtain

4ot + 740> +584a’ +2152a + 3072
(a +2) (a +4)2(a +6)

.

(a+81a5|£

leading to the second part of the inequality.

Corollary 3. Let f € J,. Then

3 29
i<, la3lﬁz, la, s?s—, las| <2
Corollary 4. Let feJ,. Then
alel s S a =0 AR
g e s e
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