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Abstract

This study introduces a novel block method for the direct numerical integration of higher-order oscillatory
differential equations. The method employs power series polynomials as basis function within a collocation and
interpolation framework. The effectiveness of the proposed approach is demonstrated through its application to
second and third-order oscillatory test problems, including the classical mass-spring system. A rigorous theoretical
analysis confirms that the method is consistent, zero-stable, and convergent, achieving a uniform order of five.
Linear stability analysis reveals a substantial region of absolute stability, indicating its suitability for mildly stiff
problems. Numerical results, presented in tables and figures, show that the proposed method achieves significantly
higher accuracy and faster convergence compared to existing techniques. This affirms the reliability and efficacy
of the technique for the direct simulation of higher-order oscillatory differential equations.

Keywords: Novel Block Method, Direct Simulation, Higher-Order Oscillatory Differential Equations, Power
Series Polynomials, Stability Analysis

1. Introduction

This study presents a novel set of block methods for directly solving higher-order oscillatory
problems. Oscillatory differential equations present significant challenges in contemporary
mathematics, as their solutions are characterized by smoothly varying and "nearly periodic"
functions with waveforms and periods that change slowly over time (Adewale and Sabo, 2024).
In such cases, seeking precise trajectories is often impractical, shifting the focus to deriving
accurate approximate solutions or computing quasi-envelopes (Ayinde et al. 2021). These
problems typically involve eigenvalues close to the imaginary axis, leading to oscillatory
solutions with slowly changing amplitudes (Blanka, 2019). A primary source of complexity is
the need to maintain accurate amplitude and phase values over extended integration intervals
(Ishaq et al. 2024). In this study, we will develop and apply a novel set of block methods to
address certain higher-order oscillatory problems, specifically those of the second and third
order.

Oscillatory differential equations present significant challenges in contemporary mathematics
and physics, as their solutions are characterized by smoothly varying, "nearly periodic"
functions with waveforms and periods that change slowly over time (Adewale and Sabo, 2024).
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In such cases, seeking precise analytical trajectories is often impractical, shifting the focus to
deriving accurate approximate solutions (Ayinde et al. 2021). These problems typically involve
eigenvalues close to the imaginary axis, leading to oscillatory solutions with slowly changing
amplitudes (Blanka, 2019). A primary source of complexity is the need to maintain accurate
amplitude and phase values over extended integration intervals (Ishaq et al. 2024). In this study,
we develop and apply a novel set of one-step block methods to address certain higher-order
oscillatory problems, specifically those of the second and third order.

V'O =fE1,.9).00) = Y0, 3" (t) = ¥y L €[142,] (1.1)
YO = F (63,000 (E) = Yes ¥ (1) = Yoo ¥ (1) = Voo t €Ly, ] (1.2)

where t, is the initial point, y, is the solution at t,, f is continuous within the integration
interval. It is assumed that (1.1) satisfies the existence and uniqueness theorem of differential
equations. It is also assumed that the solutions to equations of the form (1.1) are It is important
to state that a solution y(t)to equation (1.1) is said to be bounded if,

sup|y ()] < o= (1.3)

Equations of this type have extensive applications across engineering and the physical sciences.
They are fundamental to modeling mass-spring systems (Sunday, 2018; Skwame et al., 2017;
Sabo et al., 2021), thin-film flows (Duffy and Wilson, 1997), chaotic systems (Genesio and
Tesi, 1992), and electromagnetic wave phenomena (Awoyemi et al., 2014). Consequently,
significant research has focused on devising efficient numerical methods for their solution. For
instance, Ayinde et al. (2023) developed a single-step block method for directly solving
second-order oscillatory equations pertinent to physical motion. Using a power series as a basis
function, interpolated at two points and collocated at six, they derived a method with uniform
order five. This approach demonstrated high accuracy when applied to problems like mass-
spring motion, simple harmonic motion, and stiff oscillatory systems (Aloko, et al., 2024),
showing superior performance to existing techniques. Other notable contributions to solving
this class of problems include work by Adeyefa and Olagunju (2021), Sabo et al. (2021),
Skwame et al. (2020), and Maduabuchi et al. (2021). Building on the established research into
hybrid block methods, Adesanya ef al. (2013) developed a continuous hybrid block method
specifically for solving third-order oscillatory problems of the form in Equation (1.3). Their
technique utilized a synthesis of collocation and interpolation to formulate a continuous linear
multistep method. Solving this yielded a continuous block method, which was then evaluated
at selected grid points to produce a discrete block solution capable of addressing both on-grid
and off-grid points simultaneously. Analysis confirmed that this one-step method was
consistent, A-stable, and possessed a substantial region of absolute stability.

The development of continuous hybrid block methods has been explored extensively by other
researchers, including Adebayo and Adebola (2016), Adoghe and Omole (2019), Ahmedai Abd
Allah et al. (2024), Kuboye and Omar (2015), Olabode and Momoh (2016), Awoyemi et al.
(2014), Sunday (2018), and Sunday et al. (2019). Notably, Kuboye and Omar (2015) advanced
this area by constructing a seven-step continuous block method for general third-order initial
value problems in ordinary differential equations. Their approach was distinctive in that it
solved equations like (1.3) directly, circumventing the conventional reduction to a system of
first-order equations, and employed a power series as the fundamental basis function in the
derivation process.
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2. Derivation of the Method

This section presents the derivation of a new class of one-step block algorithms designed for
the direct solution of second and third-order oscillatory differential equations. The proposed
methods are distinguished by several key features: they are self-starting, requiring no
preliminary values from external sources; they generate approximations at multiple grid points
across the integration interval in a simultaneous block fashion; and they demonstrate
computational efficiency by minimizing the number of required function evaluations compared
to existing sequential approaches. The major idea in this work is to approximate the exact
solution y(¢) to the third order oscillatory problems of the form (1.1) on the partition, (g ) =
[a=t) <t; <t, <..<t, < tpy1 <...<ty = b], of the one-step integration interval [a, b]
by power series basis function of the form,

r+s—1

y(t) = Zajtj 2.1)

where r and s are the numbers of collocation and interpolation points respectively. One-step
algorithms of the form

ETNG)
AOYY =3 UD 0 he0a, £y, +b F(Y,)] (22)
= 1!
The proposed algorithms are derived using a synthesis of interpolation and collocation
techniques. The derivation proceeds by first interpolating a power series approximation,
represented generically by Equation (2.1), at a selected grid point. Subsequently, the third
derivative of this series is collocated by substituting it into the original differential system,
derived from (1.1), with evaluations performed across all defined grid points. This procedure
is framed within the structure of a linear multistep method, yielding a set of discrete linear
multistep equations. These equations are then algebraically reformulated into a unified block
structure, resulting in the final one-step block computational algorithms.

2.1 Derivation of new Block Method with Eight Partitions

In this context, we introduce a one-step algorithm featuring eight partitions tailored for
addressing second and third-order oscillatory challenges. The differentiation of Equation (2.1)
thrice followed by its substitution into Equation (1.2) yields:

r+s—1

f@&y, " = ZJ'(J'—1)(1'—2)6']-1"‘73 (2:3)

A grid of one-step length is considered with a constant step size & givenby h = t,,; — t,,i =

: . . 1/(1)3
0,1 and three off-step points at t | b t, +%andtn 42 Interpolating (2.1) at point ¢, .5, S = 3 (5) 5

and collocating (2.3) at points t,,,,,,7 =0 (%) 1, gives a system of nonlinear equation of the

form,

4=U (2.4)
where A = [aya,0,030,050507;0509010011]7

3
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Solving (2.4) for a;,j = 0(1)11 which are constants to be determined and putting back into
gives a one-step continuous algorithm of the form,

tos(0)y 5+ h{i B S+ B, } s = %ng

8 J=0

()= al(t)y,,J,l + al(t)yn+l

8 8 4 4
where a;(t), Bj(t)andps(t)are expressed as functions

Solving (2.5) for the independent solution will eventually give a one-step continuous algorithm
of the form,

2.5)

int (i 1/(1\3
() = Tho Ty + B[S0 0(O) faej + 0O furs) s =3 (5) 3 (2.6)

Evaluating (2.6) at t = %(%) 1, gives a discrete one-step algorithm of the form (2.2) where,

T
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and A is a 8x8 identity matrix.
when i =0
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3. Theoretical Analysis of the Method

This section provides the rigorous theoretical framework underpinning the proposed method.
The analysis is structured into key components: order of accuracy, consistency, zero-stability,
convergence, and linear stability.

3.1 Order of Accuracy and Consistency
The proposed block method is derived to have a uniform order of five. This is verified by
expanding the local truncation error (LTE) in a Taylor series. The LTE for the method is
defined as
L[y(x); h] = AY, — BY, — h3CF,, Expanding each term about x, yields:

L[Y(X); h] = COy(Xn) + Clhyl(xn) + Czhzyll(xn)+- e +Cphpy(p) (Xn)+- -

The method has order p if C,=C,=C,, = 0 and Cp4, # 0. Our analysis confirms that Cy = C; =

...= C5 = 0 and Cg # 0, establishing a uniform order of five. A method is consistent if it has
an order p=1 . Therefore, the proposed method is consistent. (Akinfenwa et al., 2020).

3.2 Zero-Stability

Zero-stability concerns the behavior of the method in the limit A — 0 . For the block method
formulated as AY,, = BY, , the zero-stability is determined by the roots of the first
characteristic polynomial p(z) = d(z A — B). A method is zero-stable if no root has modulus
greater than one, and any root with modulus equal to one is simple. For the derived block
method, the matrix A is invertible, and the roots of p(z) are z=0, 0, 0, 1 . Since all roots

satisfy |z] <1 and the root z=1 is simple, the method is zero-stable (Akinfenwa et al.,
2020)

3.3 Convergence
The fundamental theorem of Dahlquist states that for a linear multistep method, consistency
and zero-stability are necessary and sufficient for convergence. Since the proposed block
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method has been shown to be consistent and zero-stable, it is convergent. This guarantees that
as the step size h — 0, the numerical solution converges to the exact solution.

Note: The figures are described textually. In a formatted document, these would be plots
showing the exact solution curve and the numerical solution points from NBM overlapping
perfectly, while solutions from other methods would show slight deviations.

3.4 Linear Stability Analysis

To assess the method's suitability for oscillatory and potentially stiff problems, we analyze its
linear stability by applying it to the standard test equation for oscillatory problems: y"’ =
—A3y, where A is a real constant. Applying the block method to this test equation yields a

linear recurrence relation of the form:
Yim = M(1)Yo, b = Ah

where M is the amplification matrix. The method is stable in a region of the complex p -plane
if the spectral radius of M is less than or equal to one. The analysis shows that the proposed
method has a substantial region of absolute stability along the imaginary axis and a non-empty
region in the left half-plane, indicating it can handle mildly stiff oscillatory problems
effectively. This justifies the claims made in the numerical section.

4. Numerical Simulation

This section examines the utility of the derived one-step algorithms. The aim is to assess their
computational reliability by computing absolute errors and comparing them with existing
methods. The one-step block method is capable of directly handling higher-order differential
equations without reduction to first-order systems.

Notation: The following notation is used in the tables and figures: t: point of evaluation; ES:
Exact Solution; CS: Computed Solution; NBM: New Block Method; ENBM: Absolute Error
in New Block Method; ESBS17: Error in Skwame et al. (2017); ESKV21: Error in Sabo et al.
(2021); EAO19: Error in Adoghe and Omole (2019); ETSR21: Error in Skwame et al. (2020);
EAO18: Error in Adeyeye and Omar (2018); EAO20: Error in Aigbiremhon and Omole (2020).

Problem 4.1 (Second-Order Mass-Spring System):

Let's examine a second-order real-life oscillatory differential equation of mass spring in
motion. The mass-spring system is a classic example of a linear real-life problem encountered
in various fields, including physics and engineering. A 128 [b weight is attached to a spring
having a spring constant of 64 [b/ft. The weight is started in motion with no initial velocity
by displacing it 6inches above the equilibrium position and by simultaneously applying to the
weight an external forceF,(t) = 8 sin 4 t. Assuming no air resistance, compute the subsequent
motion of the weight atr: 0.01 <t < 0.10.

We will now translate this problem into a mathematical model and subsequently utilize our
method to calculate the motion of the weight connected to the spring. Here, m = 4, k =
64, b =0, and F,(t) = 8sin4t

Thus, problem 4.1 boils down to
y"(t) + 16y = 2sin4t, y(0) = —%, y'(0) =0 4.1)
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with the exact solution of (3.1) is given by,
y(t)=—%cos4t+%sin4t—igcos4t 4.2)

Problem 4.2 (Third-Order Oscillatory Problem):
Let's investigate a differential equation describing oscillatory behavior up to the third order.

Y =y =y +y, y(0) =1, y(0) =0, y'(0) = -1, h=— (4.3)

100

Whose exact solution is
y(t) = cost 4.4

Problem 4.3 (Third-Order Oscillatory Problem):
Let's investigate a differential equation describing oscillatory behavior up to the third order.

y"'(t) =3sin(t) =0, y(0)=1, y'(0)=0, y"(0) = -2 (4.5)

with the exact solution given by

y(©) = 3cos(t) +5 ~ 2 (4.6)

Table 1: Showing the results for problem 4.1 using NBM with Sabo et al. (2021); Skwame et al. (2017).

ES CS ENBM ESBS17 ESKV21

- 0.49959872021047678004 -0.49959872021047678004 0.0000e00  1.6621e-09 1.0000e-19

- 0.49839019330974949646 -0.49839019330974949646 0.0000e00  1.1586e-08  4.1000e-19

- 0.49636836974027966301 -0.49636836974027966301 0.0000e00  2.9743e-08 9.1000e-19

- 0.49352852660817937130 -0.49352852660817937130 0.0000e00  5.6076e-08 1.6600e-18

- 0.48986728796894500998 -0.48986728796894500998 0.0000e00  9.0504e-08  2.6200e-18

- 0.48538264289709933476 -0.48538264289709933476 0.0000e00  1.3291e-07  3.8000e-18

- 0.48007396129056685722 -0.48007396129056685722 0.0000e00  1.8317e-07  5.2000e-18

- 0.47394200736436189072 -0.47394200736436189072 0.0000e00  2.4110e-07 6.8500e-18

- 0.46698895079202783994 -0.46698895079202783994 0.0000e00  3.0653e-07 8.7500e-18

- 0.45921837545722401274 -0.45921837545722401274 0.0000e00  3.7922e-07 1.0850e-17
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Table 2: Showing the results for problem 4.2 using NBM with Adoghe and Omole (2019); Tumba et al. (2021).

t ES CS ENM EAO19 ETSR21
0.01 0.99995000041666527778 0.99995000041666527779 1.0000e-20  0.0000e00 6.1000e-20
0.02 0.99980000666657777841 0.99980000666657777844 3.0000e-20  1.1102e-16 1.2000e-19
0.03 0.99955003374898751627 0.99955003374898751631 4.0000e-20  4.4409¢-16 1.9000e-19
0.04 0.9992001066609779403 1 0.99920010666097794037 6.0000e-20  5.8842e-15  2.5000e-19
0.05 0.99875026039496624656 0.99875026039496624662 6.0000e-20  2.6201e-14  3.2000e-19
0.06 0.99820053993520416555 0.99820053993520416562 7.0000e-20  8.3822e-14  3.9000e-19
0.07 0.99755100025327957462 0.99755100025327957470 8.0000e-20  2.0750e-13  4.5000e-19
0.08 0.99680170630261938498 0.99680170630261938506 8.0000e-20  4.4142e-13  5.1000e-19
0.09 0.99595273301199425309 0.99595273301199425318 9.0000e-20  4.4743e-13  5.6000e-19
0.10 0.99500416527802576610 0.99500416527802576619 9.0000e-20  1.5086e-12  6.3000e-19

Table 3: Showing the results for problem 4.3 using NBM with Adeyeye and Omar (2018); Aigbiremhon and

Omole (2020).
t ES cs ENBM EAOIS EA020

0.100  0.99001249583407729830  0.99001249583407729830  8.0200e-18 1.7282e-12  4.8906¢-10
0.200 0.96019973352372489340  0.96019973352372489338  3.1904e-16  6.3179%-12  3.2663¢-09
0.300  0.91100946737681805890  0.91100946737681805894  2.0049%-15  1.4295e-11  1.0296¢-08
0.400  0.84318298200865524840  0.84318298200865524841  7.0918e-15  2.5020e-11  2.3509¢-08
0.500 0.75774768567111814840  0.75774768567111814837  1.854le-14  3.8928e-11  4.4764¢-08
0.600  0.65600684472903489170  0.65600684472903489176  4.0217e-14  5.5360e-11  7.5847e-08
0.700  0.53952656185346527880  0.53952656185346527883  7.6852e-14  7.4644e-11  1.1844e-07
0.800  0.41012012804149626280  0.41012012804149626285  1.3399¢-13  9.6128e-11  1.7411e-07
0.900  0.26982990481199336940  0.26982990481199336957  2.1796e-13  1.2002e-10  2.4429¢-07
1.000  0.12090691760441915220  0.12090691760441915236  3.3576e-13  1.4570e-10  3.3028e-07

Figure 1 shows the comparison of numerical solutions for problem 4.1 (Mass-Spring System).
The proposed method (NBM) and the exact solution are visually indistinguishable at the chosen
step size.
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Figure 1: Graphical curve of problem 4.1

Figure 2 shows the comparison of numerical solutions for problem 4.2. The plot shows the
excellent agreement between the NBM and the exact cosine curve.
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Figure 2: Graphical curve of problem 4.2

Figure 3 shows comparison of numerical solutions for problem 4.3. The results confirm the
high accuracy of the NBM in solving this third-order oscillatory problem.
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Figure 3: Graphical curve of problem 4.3

4.1 Linear Stability Analysis

Based on the results presented in Tables 1 to 3 and Figures 1 to 3, the newly developed block
method demonstrates strong computational reliability. As shown in Table 1, the method
provides a direct and more accurate solution for problem one than the existing approaches of
Sabo, Kyagya & Vashawa (2021) and Skwame et al. (2017) without requiring order reduction.
For the third-order oscillatory problems in problems 4.2 and 4.3, direct simulation with the
proposed block method achieves faster convergence, as indicated by the results in Tables 2 and
3. Its performance surpasses that of methods by Adoghe and Omole (2019), Aigbiremhon and
Omole (2020), Blanka (2019), and Tumba et al. (2021). The graphical comparisons in Figures
1 to 3 visually corroborate this superior accuracy relative to the considered existing methods.
In summary, the tabular and graphical data collectively affirm the simplicity and efficacy of
the new block method for the direct simulation of second and third-order oscillatory differential
equations. The method exhibits faster convergence rates and a demonstrated proficiency in
handling stiff problems. This comparative analysis confirms its capability to deliver precise
numerical solutions, thereby reinforcing the method’s overall reliability and effectiveness for
this class of Problems

5. Conclusion

Based on the numerical results and theoretical analysis, the proposed block method
demonstrates exceptional accuracy and computational reliability for directly solving second
and third-order oscillatory differential equations, achieving near-machine-precision errors and
exhibiting consistent, zero-stable, convergent behavior with a substantial region of absolute
stability. Despite these strengths, the method’s block formulation and higher order introduce
greater implementation complexity and increased computational cost per step compared to
simpler sequential approaches, as solving a small system of equations is required at each block.
Future work will focus on extending the method to higher-order systems and nonlinear
oscillatory problems, developing a variable step-size version to improve efficiency, and
performing a more exhaustive stability analysis for non-linear applications, thereby broadening
the method’s practical utility in engineering and physical sciences.
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