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Abstract

In this paper, variational iteration method and Adomian decomposition method are applied to
certain initial value problems with varied nonlinearities. The two methods are equally applied to
linear problems just to demonstrate their effectiveness in handling such category of problems
too. The two methods give identical results which closely estimate the exact solution whenever
such exist, in all cases, for both linear and nonlinear problems.
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Introduction

Most real world problems, when modeled mathematically, results in ordinary differential
equations which are mostly nonlinear in nature. The task of solving such equations is enormous
to the extent that it mostly defies the well known analytical methods of solution approaches.
Thus, numerical methods are resulted into. Example of such numerical approaches is that
discussed in Issa, et al. (2017) which involves linearization of the nonlinear problem before
applying the Tau method to solve it.

Nonetheless, analytic approximation approaches (otherwise referred to as semi — analytic
methods) provide better approximations to the exact solutions, whenever exact solution exists
in closed form. Of all the analytic approximation techniques, the present work concerns itself
with the Adomian decomposition method (ADM) introduced by Adomian (1994), and variational
iteration method (VIM) introduced by He (2000). These two methods generate solutions to
nonlinear problems in sequences which easily converge. The determination of the components
of the sequence is robustly carried out with little or no stress. Unlike other strictly numerical
methods, semi — analytic methods give closed form solutions, whenever such exists.

Statement of Problem
The class of problem considered in this work is given as

Ly+Ry+N@) = f(x), (2.1a)
with the associated initial conditions
y(0) =g, ¥(0) = oy, ..., y@D(0) = ¢4 (2.1b)

where L is the highest order linear differential operator, R is the remaining linear term, N(y) is
the nonlinear term and f(x) is the inhomogeneous source term.

The nonlinear problem given in (2.1a) and (2.1b) is solved in this work tailoring the solution
after Wazwaz [(2011), (1999) and (1997)], He (2000) and Hermann and Saravi (2016). The
major task accomplish here is the application of the algorithm in the references cited above to
problems of various category of nonlinearities.
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Adomian Decomposition Method

This method entails decomposition of (2.1a) into its linear and nonlinear components, with the
existence of the inverse of the highest order linear differential operator L as L~! applied to both
sides of (2.1a). Here,

y(x) = yo(x) = L' (Ry) — L"Y(N()) (2.2)
where the first member of the sequence is y,(x) and is given by Hermann and Saravi (2016) as
Yo(x) = 9o (x) + g(x), (2.3)
where
2
Yo() = y(©) + xy (@) + 57 © + .. e
and
g(x) = LTH{f(x)} (2.5)

The other components of the infinite sequence is obtained from
Yn(x) = _L_l(Ryn—l(x)) - L_l(An—l(x)): (2.6)

where 4,,_, (x) are the Adomian polynomials corresponding to the nonlinearity in (2.1a). This
can be generated recursively as stated in Wazwaz (2011), Hermann and Saravi (2016) and
many other authors as

oo
A =lﬂN Ak n=0,1.2 (2.7)
n n'aln }’k ) 1,4, ... .
k=0

The applications of ADM to nonlinear problems are shown in the sequel.

Numerical Experiments Using ADM for Nonlinear IVPs
In this section, implementation of ADM on selected nonlinear problems is demonstrated.

Problem 1 (Issa et al., 2017)
Consider the variable coefficients nonlinear homogeneous IVP
y () + Rx—1Dy®)?=0, y(0)=1, xe[0,1] (3.1)
Solution
Here,
Ly = % , Ry =0, N(y) = (2x — 1)y? and f(x) = 0.
From (3.1) the ADM solution is of the form

Y = o) + glx) — f @21 - DN((D)dr 3.2)
0
where
Po(x) =1
and
9= [ f@ar=o,
0
Then,

Yn(x) = — jx(ZT — 1A, _1(7) dr, n=123,..., (3.3)
0

where 4,_,(x), n=1,2,3,... are the Adomian polynomials corresponding to the nonlinearity
N(y) = (2x — 1)y?,and can easily be obtained from (2.7) as:
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Ay = (2x — 1)y, Ay =22x — Dyoy1, A, = (2x — 1) (2yoy; + ¥1),
Az = 2x — 1D Q2yoys + 2y1Y2),
etc.

Yo(x) =1, .
y1(x) = —f (2t —1DAy(r) dt
0
That is
700 = - [ @ - Dy@?dr
0
yi(x) =x— x?

7,00 == [ 20 - Dy@n@ds
0
yo(x) = x? — 2x3 + x*

Following similar procedure, we get
y3(x) = x3 — 3x* + 3x° — x°
ya(x) = x* — 4x> + 6x° — 4x7 + x8

The final solution is given as

) = D ),
n=0

which is
yx)=1+x—x3—x*+x%+x7 ...

. 1
This result eventually converges to

1-x+x2

which is the exact solution.

Problem 2 (Hermann and Saravi, 2016)

Consider the third order nonlinear inhomogeneous IVP

y ) + y () + y'(x)* = 1~ Cos(x) (3.4)
with the initial conditions y(0) = y(0) = 0 and y(0) = 1.

Solutio3n
Ly = 22, M) = (3% N,() = ()% Ry =0 and f(x) =1 Cos(x),
where L is the highest order linear operator, N,(y) and N,(y) are the nonlinear terms, R is
the remaining linear term, and f(x) is the inhomogeneous source term.
Now the ADM is set up as follows:
X T t X T t
y@ =) +9) - | [ | m@azdedr ||| m@dedear @5)

The triple integral sign in (3.5) is as a result of the fact that the highest order linear differential
operator in the given problem is of order three. Following the earlier explanation in Problem 1,
Polx) = x.
Also,

X T ot

glx) = J J f (1 — Cos(é)) dédtdr

0o J0 J0

This gives
3
glx) = % + Sin(x) — x.
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Thus,

3
x
Yo(x) = x+z+5in(x) -x,

which gives
3

x
Vo(x) = — + Sin(x).

Yu() = — f f f Anr (€)dEdtdr — f f f By ()dedtdr, n=12,.. (3.6)

To simplify matters, y,(x) is separated into two components h,(x) = Sin(x) and h,(x) = %3
such that
y(x) =
hl (X) ‘}; hz (X) —
X rT
Iy o Jy An-1(§)dédrdr —
Iy Iy Iy Baoa (©)dgdtd,
n=12.. a7

This adjustment is done whenever the ‘noise — term’ (that is the occurrence of two identical
terms with opposite signs) is noticed while implementing the ADM. Thus, the new equation we
have is adopting the implementation of Wazwaz (1999) called modified Adomian decomposition
method (mMADM).

The Adomian ponnomlaIs correspondlng to the nonllnearlty Ny (y) = (y”)? are:

Ag = (Vo) AL =2Yo¥1, Ay = 2Y0Y, + (1), As = 2y Y3 + 2y1y,, etc.

The Adomian polynomials corresponding to the nonlinearity N,(y) = (y)? are:

By = (¥0)% B1 =2Yoy1, B2 = 2yoy2 + (¥1)?, B3 = 2y0y5 + 2y1,, €tc.

Thus, yo(x) = hy(x) = Sin(x),

Y1(x)—hz(x) ST IS Ag(©dgdtde — [ [T [7 By ()dédtds,
7o =5 — [ LT [ @) dededr — [ [T [1(y(£))2dEdtds,

x

ne) =g NNNG Sm(f))zdfdtdf f i f (Cos(§))2dédtdr,

y1(x) = ? g - g - —Cos(x)Sm(x) —Z—= + Cos(x)Sm(x)
x3 x3
ne)=—--—+
y1(x) =0
y2(x) =0

Therefore,

y(x) = Y5 (%) + ¥, (%) + y,(x) + -+
y(x) =Sin(x) +0+0 +--

y(x) = Sin(x)

Problem 3 (Hermann and Saravi, 2016)
Consider the second order nonlinear IVP

y () + Cos(y(x)) = 0, y(0) =0, y (0) = (3.8)

Solution
The nonlinearity involved here is a trigonometric function, Cos(y). To handle this effectively, we
shall use Taylor’s series expansion of the function, and this gives
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2 4 6
I A A A
Cos(y) =1 > +24 720+ (3.9
Now, (3.8) becomes
77 yZ y4 4 Vs
y )+=-,=1 y0)=0,y(0) ==, (3.10)

making use of the first three terms of the expansion.
From (3.10), we obtain

Ly=y", Ry=0, N(y) = y;—% and f(x) =-1.
Thus, we have
Yolx) = x
and
g = [ [T f(®) dtdr

gx) = Jox for(l) dtdt
2

X
gx) = 7
Therefore,
T x?

Yo(x) =Po(x) + g(x) = X5

The y;(x), y,(x), y;(x) and so on, are obtained from the recurrence relation
1 1

10 =35 Jy M) dde = 2 [ 7 No (v (D)) ditd, (3.11)
where N;(y) and N,(y) represent the nonlinearity y(x)? and y(x)* respectively.
The Adomian polynomials corresponding to the respective nonlinearities are:
N =y Ay =5, AL = 2Y0y1, Az = 2Y0y2 + Y1, Az = 2Y0ys + 2y1Y,, €tc.
N,(¥) = y* Ao =3, AL =4Y5y1, Ay = 4Y5y2 + 6Y1Y5, A3 = 4Y3ys + 12y1y,5 + 4yi v, etc.
Using these polynomials in (3.11), we have

10 =3 5 Jy yo(®)? dedr — — [ [T yo(6)* dtdr

This gives
() = Tt xt nt
Y1 ~ 96 80 ' 240 11520

In a similar manner, the subsequent results are obtained as
(x) = m3x7 _ 117%2x8%  mx® _ m3x®
Y2 - 8064 53760 8640 276480 ’
_ oa*x10 19m3x1l | 1363m2x 12
y3(x) = 774144 7096320 @ 63866880

And finally, the solution is obtained from
y(x) = XnZoyn(x)

Thus,
) = mx x? +7T2x4 x> N x© 4 +7T3x7
Y =572 796 T80 ' 240 11520 ' 2688

Numerical Experiments Using ADM for Linear IVPs
In this section, ADM is implemented on some selected linear initial value problems, for the sake
of completeness.
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Problem 1(Yisa and Adeniyi, 2014)
Consider the third order inhomogeneous constant coefficient IVP

y (%) + 2y (x) — 9y (x) — 18y(x) = —18x% — 18x + 22
Subject to the initial conditions y(0) = —2, y'(0) = =8 and y "(0) = —12

Solution
The solution is obtained from the ADM process as follows

y(x) =1o(x) +g(x)

-2 fox fOT foty “(©)dé dtdr + 9 fox fOT foty “(&)d¢ dtdr + 18 fox fOT foty “(&)d¢ dtdr

The triple integral here is the inverse of the third order linear differential operator contained in
the problem. Thus, it follows that

o) = y(0) + 2y (0) + 2y (0).
Po(x) = =2 — 8x — 6x2.
And

g(x) = fo ) fo ' fo 'y (©dg ddr

g = [T [ [(~1882 — 18¢ + 22) d¢ dtdc

11 3 3
gx) = ?x3 - ZX4 - Exs

From the foregoing, y,(x), is derived as
Yo(x) = o (x) + g(x)
Therefore,

yo(x) = =2 — 8x — 6x2 +11 3 34245

3
X ——X".
4 10

The other results are obtained from the recurrence relation

X T t . i
Yu(x) = j j j(—Zyn_1(5>+9yn_1<$>+18yn_1<f))dfdtdr
0 0 Y0

X T t L, ,
1) = f f f(—2yo<f>+9yo<f>+18yo<f))dfdtdr
0 0 0

Thus,

0wy 35 e 9 0 9
y1() = —14x% — x4 oox® 4 o0 70" T 560"

Subsequent iterations give

) 728 4 17, 321, 243 3

Y2 X) =7 =50 X "0 % T280F T2240F T 11207
o s, 23 o 277 , 407 7843

y3(0) = = x® + gt b pa’ —ox® -

The solution

Yy = ) 3@
n=0

gives

() = —2— g 627 31, 73 , 259 ; 697
)= AT T T T 60 360
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Problem 2 (Yisa and Adeniyi, 2014)
Consider the second order variable coefficient homogeneous IVP

YO -1-y®+yx) =0, y0)=1 yO=1

Solution
Following the algorithm demonstrated in the solution to problem 1, we have
Yo(x) =1+ x.
V() = [ 5 (1 = OYp_1(6) = Yyuoe (D) dtdr, n=123,.. (3.12)

From (3.12),
1) = f f (1 = Oyg(O) — yo()) dede
0 30

Q) = X
yl x) - 3 )
x*  x°
y2(x) _E E’
x> x® X7
y3(x) = _%-{_E_ﬁ’
etc.
The final solution is obtained as
3. x4 x5 46 o7
yx)=1l4+x————=+—=+——-=—..,

3 12 20 45 252
which closely estimates the exact solution
2

y(x) = e 7,

Variational Iteration Method

The algorithm of variational iteration method (VIM) entails partioning of the given nonlinear
problem into three. These include, the linear differential operator part, the nonlinear part and
the inhomogeneous source term. After which the correction functional is developed for it as
follows

Y1 (0) = () + jo ADLIn@ + NG@) = f@)dr, n=012,..  (&1)

where L and Nare the linear and nonlinear operators respectively, f(x) is the inhomogeneous
term, and 1is the Lagrange multiplier which was rigorously established by Wazwaz (2011),
Hermann and Saravi (2016) and the references cited in the two works, as

A(x) = ((;l?;, (t—0)™1 m=123, .., (4.2)

where m is the order of the given differential equation.

Also, y,(x) in (4.1) is also in the authorities cited shortly as
2

Yo() = y(0) + 27 (0) + 57 © + .. (43)
The principle of restricted variation is applied in (4.1) to get the recurrence relation, from which
the solution is given as

y() = lim y, () (44)
The algorithm is implemented on some nonlinear problems in what follows.
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Numerical Experiments Using VIM for Nonlinear IVPs

In this section, VIM is used to analytically approximate the solution of selected nonlinear
problems that were solved earlier in 3.0 using ADM. The reason for using the same problems is
just to facilitate easy comparison.

Problem 1(Issa, et al., 2017 )
Consider the variable coefficients nonlinear homogeneous IVP
y' () + 2x — Dy(x)? =0, y(0) = 1, xe[0,1] (4.5)

Solution
Ly =57, N) = (2x~Dy? and f(x) =0.
The corresponding correction functional is

Yr1 (0 = y() + f 2D G (D) + 21 = Dyu(0)?) de (4.6)
0

The optimal value of the Lagrange multiplier is obtained from (4.2) as 1(x) = —1. Also, the
starting value y,(x) is also obtained from (4.3) as y,(x) = 1.

To kick start the iteration, we make use of the A(x) and y,(x) in the correction functional (4.6),
hence we have

Y100 = yo(x) — j @ + @1 - Dyo(0)?) de
0

yi(x)=1- fox(ZT —1dt
yi(x)=14+x..
The results of other iterations are as follows
y,(x)=1+x—x3...,
ys(x)=1+x—x3—x*...,
ya(x)=1+x—x3—x*+x%...,
ys(x)=1+x—x3—x*+x°+x7 ..,
(n + 1terms are used for subsequent iterations , where n is the number of iteration. Thus, the
solution is
y(x) = lim y, (x)
n—-oo
That is,
yx)=1+x—x3—x*+x°+x7 —x% —x10 + x12 + x13
And this result readily captures the exact solution
y() = 1—x+x?
Problem 2 (Hermann and Saravi, 2016)
Consider the third order inhomogeneous nonlinear initial value problem
y ) +y ()% +y(x)? =1~ cos(x),
with the initial conditions y(0) = y “(0) = 0 and y (0) = 1.

Solution
The correction functional corresponding to the problem is

Yne1(X) = ¥n(x) + f AD O () + 9, (1) + (D)% = 1 + cos (D)) dr, (4.7)
0

where n in (4.7) admits positive integral values only.
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Following the algorithm as we did in Problem 1, we have A(x) = —@ and y,(x) = x.
Subsequent iterations give
y1(x) = sin(x),
yZ(x) = Sin(.X'),
y3(x) = sin(x),
etc.
Thus,
y(x) = lim y,(x) = sin(x).
n-oco
Problem 3 (Hermann and Saravi, 2016)
Consider the nonlinear IVP
77 7 T[
y (x)+ cos(y(x)) =0, y(0) =0, y (0) = 3
Solution
For effective handling of the given IVP, the series expansion of the nonlinear term is given thus:
2 4 6
y y y
cos(y) = 1—7+ﬁ—m+

Here, we shall retain the first three terms of the expansion, since additional terms in the
expansion do not adversely affect the desired accuracy. In addition, it facilitates effective
comparison with the earlier result from ADM.
The IVP now becomes
3'( )2 y(0)*
y (%) 4

, T
=-1,  y@=0 y©0)=5
Thus,

_ ¥,
L dz,N(y) —7+Zand f(x)=—1.
Going through the entire process as explained earlier gives
x? mw?x* mx® x®  w*x® m3x7

YO = 3X =+ 5 " 80 T 240 11520 T 2688

Numerical Experiment Using VIM for the Solution of Linear IVPs

Here again, for the sake of completeness, VIM is applied to some linear IVPs that were earlier
considered in section 3.1, to facilitate easy comparison. The aim of applying VIM to linear IVPs
is emphasize that the method equally performs creditably well in handling such category of
problems too.

Problem 1(Yisa and Adeniyi, 2014)
Consider the third order constant coefficient inhomogeneous IVP

y (%) + 2y "(x) — 9y (x) — 18y(x) = —18x2 — 18x + 22,
subject to the initial conditions y(0) = —2, ¥'(0) = —8 and y "(0) = —

Solution
The correction functional corresponding to the given IVP is

Yns1(0) = ¥ () + [; 2@ (3 (@) + 27, (1) = 9y (7) — 18y, (2) + 1872 + 187 — 22)dr.
The optimal value of the Lagrange multiplier is

_ 2
1 = -

and
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Yo (x) = —2 — 8x — 6x2.

The result obtained is

() = —2—8x — 6x? — iy _Bpa 259
yXx) = X X 3x 12X 60x....
And this result agrees reasonable with the exact solution

y(x) = e 2 — 1 — 2e3% + x2,

Problem 2 (Yisa and Adeniyi, 2014)
Consider the second order variable coefficient homogeneous IVP

y () —1-x)y ) +yx) =0, y(0) =1, y(0)=1.

Solution
Following the procedure highlighted in the earlier examples, we arrive at
=14 3 x4+x5+x6 x’ 11x8+
Y AT T 720" 45 252 3360
which closely estimate the exact solution
xZ
y(x) =e*Z.

Discussion of Results

The two analytic approximation methods considered in this work for the solutions of nonlinear
initial value problems of different categories of nonlinearities have proven to be very efficient
and mostly estimate the exact solutions whenever such solutions exist in closed form. The
applications of both ADM and VIM to linear problems have also shown to produce very accurate
results as shown in the numerical experiments in sections 3.2 and 4.2. The two methods do not
require any form of linearity of the nonlinear problems before solving them, thereby preserving
computer memory and computation time.
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