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ON COEFFICIENT BOUNDS OF A SUBCLASS OF
UNIVALENT FUNCTIONS

OPOOLA T.O0.*, BABALOLA X.0., FADIPE-JOSEPH 0.A., AND RAUF K.

ABSTRACT. Let T,2(8) denote the class of functions f(2) =2+ 300, ap2®. univa-
lent and analytic in the unit disk U = {z : || < 1} such that Re(D"[f(2)?]/z" >
B, zelU ne{0JUN, a>0 0<3<1and D" is the Salagean differential
operator, in this paper, we establish some coeflicient bounds for functions of the
class T2(73).

1. Introduction.
Let A denote the class of functions of the form

oo
(1.1) f{z)=z+zakzk,
k=2

that are analyt-i;: and univalent in the unit disk U. Also let P denote the class
consisting of analytic functions p(z) of the form:

(1.2) P(z) =1+ a2,
k=1
such that Rep(z) > 0, z € U Furthermore, let T2(8) denote the class of functions in
A such that
DUE |

(1.3) , 2 €U

-
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n=012...,a>0, 0 <t D"is the ¢al-gean differential operator defined
as follows:

D"f(2) = L(D*' f (<)) = 2{D" " £(2)]

where D" f(z) = f(2).

The cless T%(8) was studied by Opoola. (3] as well as by Ntatin [4]. Some mter-
esting properties of the class were established. Among other things, it was shown
that if f{z) belongs to the class T;Y(f), then

2(1 - 8)a™?
(1.4) o] < P a>0
(1.5) :
o1 — B)a™ (a4 )* —(@=1)a" 1 =A)(@+2)"] g.4<1
o+ o)(et )T
lova] < )
21— e a1l
(x+2)" =

In this paper, we obtain further properties of functions of the class . In particular
we obtair. bounds for |as| and jas|.

2. Main Results

In this section, we state and prove our main results.
Theorem 2.1 Let f(z) € T(8), then

F+F+F, ac(0,1)
|(14l£{ F1+F3+F4, GG[I,?)

\ A + F3, a € [2,00)

where
F=21-08)(a+ 3)~mo" -1
F =4(1-8)*(1—-a)(a+ 1) (a+ 2) "2
Fy =4{1—0)%(a-1)*(a+ 1) ¥raled
Fy=%1- B)3(a-1)(2—ala+ 1) 20q i3
and
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F1+F2+F4+F5+P'5+F3= (].'E(O,l)

las] £ Fy+ F+ F;, _ a € [1,2)
L) R+ F+ Fy+ Fg, &6[2,3)
F!+F2+F3, 06[3,00)

where
Fi=2(1-B8)(a+4)"a"!
F=12(1 - 3)*a - 1)(a+ 1)"(a+2)"a*?
F,=2(1-38)a—-1)*(a-2)(a+ 1)yt
Fy = 10(1-8)*(1—a)}(a+1)"*a’* F; = 4(1-8)*(1—a)(a+1)"*(a+3) ™a®*2
Fs =2(1 — 3)%(1 — a)(a +2)~*a??
Fr=4(1 - 38)}a—1)(2 —a)(a + 1) (a + 2) a®®
F=231-38)(a—-1)(a-2)B—a)(a+1)*"a*

Proof Let f € TS(3), , define

E DH Z (¢4 aﬂza _‘3 :
(21) - p(2) = |f(1)_|ﬁ —=1l+pz+p2’+--
(22) - f(z)* = 2% ll + 3 aj(asz +az2> +---)

j=1 |

where in (2.2),
n :
= e ) =123

hence
N A 2142 2 3A; 3 -
p(z) =1+ a1"Fasz + [mas + a3 G2’ + [aas + 2020203 + aa3] G
(2.3)
+|aras + az(2azaq + a3) + 3azalas + ma;]%‘z‘ SR
In (2.3), @; is as defined in (2.2), 4; = (a+7)", 7=1,2,3,--- and B = a™(1-3).
Comparing cocfficients in (2.1) and (2.3), we obtain

_ Bp
0'1A1

(2.4)
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. Bps asB’p}
O‘]Ag 0?4?

(2.5) 3

_ Bpy _ 2B’pipecs | 203B°p  a3B°py
01A3 Q?Al.‘lg Q-E‘A? G{A?

(2.6) ay

and

_ Bpy |, 6a2B%pips | basasBpl  2a,B%
G ks TAAA T oA oS A, As
2.7 :
0 _eB%pi  3a3Bpipy  0uB'py

aj A3 ajATA, ay A3

It is known that if p € P then

(2'8) |p1'i|..<—2? ?::1,2,3:...
Hence we have,
(2.9) ' las] €201 = B) (@ + 1) "™, @ >0

201 — A(a+2)"+ (1 —a)(a + 1y~ *a™ e, a€ (0,1

(2.10) |as] < { 251 - J;}i + ‘2))"”0-“'1(, : | ae fl- :x):}
which are results of Opoola and Ntatin in [4]. Now substituting for B, «; and A;
in (2.6) we obtain

ap = ED — 7D 4 5 g

where

F'=(1-3)(a+3)™"a" "ps

FP = (1-3)%a—(a+1)™a+2) "o *np,

FY =1(1- 8)*(a— D*(a+ 1) "™ p

FY =11 -8 (a—1)(a—2)"(a+ 1)~ "> n.

We consider the intervals (0, 1), [1,2) and [2,00) for the estimation of a; and by
applying (2.8), we have

F1+F3+F3, CI.E(O,].)
(21]) |I'l.;[ < F1+F3+F4, &'E[]._.?.)

Fi + F3, a € [2,00)
where

F=2(1-3)(a+3)"a™!
F=4(1 - 8)*(1 - o)(a+1)™(a +2)"a™?
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F3 =4(1 - B)*(a — 1)*(a + 1)~*a®3
Fi=({1-38"%(a-1)2-a)(a+1)3"a*3
as required and in (2.7)
a5 = F(ll F{"] xS F(S] Fs(-l) (5) F{ﬁ) FS(T) _ FS(S)
where,
{i) (1—- 3)(a+4)™a™ p,
F? = 3(1— 8)(a — 1)*(a + 1)"(a + 2) o> pip,
F5(3} = %(1 o S)-I(a . 1)2(a . 2)((! e I)miu dn— 4}'3‘%
F" = 31— 8)4(a - 1)}(a+ 1) "o ~4p}
F = (1-8)%a - D(a+1)"™(a + 3)"a® 2p,p,
F® = 1(1 — 8)%a — 1)(a + 2)"a™2p?
Fén = 2(1 —3a-1)(a—2)(a+1)""(a+2)™ a’3pip,
Y = L(1 - 8 (a — 1)(a - 2)(a — 3)(a + 1)—inain—ip!,
Thc coefficient bound |a5| thus depends on a| in the intervals (0, 1), [1,2),[2,3)
and (3, oc). hence applying (2.8) we have
F1 +FQ+F4 +F5+F5+Fg, a e (0‘1)

F1+F2+FT- 06[12)
2.1 < '
(2.12) sl <\ P 4 B+ F + @€ (2,3

F1+F2+F8:- ae[2’w)
where

Fi=2(1—-3)(a+4)""a"!

E=12(1-8)a —1*(a+1)"(a+ 2) a3
F3=2(1-3)*(a - 1)*(a —2)(a + 1) *rqin—
F;=10(1 - .;3)"’(1 —a)’(a+ 1) 4ngin4
Fs=4(1-8)*(1—-a)(a +1)™(a + 8) a2

F =2(1— ;3)2(1 — a)(a + 2)" a2
Fr=4(1-8)*(a—1)(2 — a)(a + 1) *(a + 2) a3
Fg= —(1-B)*‘(a—1 (@ —2)(3 — a)(a+ 1) ingin—4
and this completes the proof
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3. Corollaries

We consider some special cases of equivalent classes of I=(8).

3.1 The class Sy = Go = T (0). Let f € T2(0), then lax| <2, k=2,3,4,5.

3.2 The class B(3) = T3(8). Let f € T}(3), then la]| <2(1—8), 0<8<1. k=
2,3,4,5.

3.3 The class 6(8) = T}(8). Let f € T}(B), then |ax| < A 0< B <1, and
k=2,3,4,5. _

3.4 The class By(a) of Bazilevic functions which are equivalent to 72(0). Let
f € T;'(O): then la2| < (13_,1)- _

The above corollaries are easy te see from (2.9) to (2.12). In particular (3.1) and
(3.4) are in agreement with earlier results of Kanas et al [2].
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