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Introduction

The usefulness of various types of orthogonal polynomials like Laguerre, Hermite, Legendre
and Chebyshev polynomials can never be over — emphasized. This is evidenced in the works of
many earlier scientists like Gauss, in his popular integration method called Gauss Quadrature
formula, where he derived the nodes for any given problem by equating to zero the polynomial

of equivalent order, mostly Legendre. Lanczos (1938, 1956) elucidated more on the properties

of these polynomials and came to the conclusion that Chebyshev polynomial is the best,
considering the mini — max property of the latter in the error propagation. Fox (1962) and Fox

and Parker (1972) concentrated on the analysis of Chebyshev polynomials of the first and
second kind.

In Yisa (2015a), it was reported that although Chebyshev polynomial has its usefulness as
emphasized by Lanczos and some other scientists, but Legendre polynomial in certain instances
could out-perform it. Yisa (2015a) was not the first to maintain this p051t_|on,_but rather it was
the position maintained by Ortiz (1975). In the present work, the attention is focused on the
relativity in accuracy of the results obtained when the four kmd.s of Chepyshev pc_)lynomlals are
used as bases functions within the same interval [0, 1], that is when it was shifted from the
usual interval [-1, 1] to a more usable interval [0, 1]. Similar efforts were made in tl_'me R_ecursive
formulation of the Tau method (see Yisa (2015b)). The The beauty of extending it to the
Differential Formulation is that of showing that the other kinds of Chebyshev polynomial can as
Well be used to get results with acceptable level of accuracy.

Application of the Four Kinds of Chebyshev Polynomials in the Differential
Formulation of the Tau Method

he applications of these polynomials as bases functions were made to the class of general
Mth order ordinary differential equation (ODE)
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where m is the order of the ODE, N, and F are non — negative integers and
x, %,, f., P_,, are given real numbers.

Application of Chebyshev Polynomfal of the First Kind |
In solving (2.1), we consider an approximant
n

Vo = Z a.x”, n<+® (2.2)
which Tszct)he exact solution of the corresponding perturbed problem
F _ :
Ly, (x) = Z £+ Hy(x) (23)
r=0 .
where the perturbation term ‘
m
H (x) = Z T T sy (%) _ (2.4)
k=1
and ]
2x—a—b y
T (x) = csc {r cos ™3 %}} = Z ¢z (25)
k

=0
is the rt/1 degree Chebyshev polynomial valid in the interval [a, b] (assuming that (2.1)is

defined in this interval).
After obtaining Tg(x) = 1and Ty (x) = 2x — 1 (when the interval is narrowed in (25t

[0, 1]), the subsequent terms are generated recursively from

Tp1(x) = 2T7 () T3 () — Ty 4(x), =n>1 @) |
Thus, using all these in (2.3), the tau system is now written as
r m n—k+1

(@)= ) fx" + Y5y P 27)

r=0 k=1 =0
When expanded, (2.7) generates a system of equations from which the values of € |
unknown constants and those of the free tau parameters T,,7 = 1(1)m are obtained.

Application of Chebyshev Polynomial of Second Kind
In this case, (2.4) takes the form .
H,(x) = Xi=, T.Un_i4q (x) (2'8) |
where U,(x) is defined as
sin(r + 1)6

U (x) = sin 6 (29)
as can be found in Mason and Handscomb (2013). 0
In(29) x=cos8, Uy(x)= 1ang Up(x) = 2x. But with the interval shifted ©" 1)

1], Ug(0) = 1and U}(x) = 42— 2. sypce ined from the &
reenmence Formil quent members are obtained
Up 41(x) =2(2x— 1)Uy (x) - u? 1(x) n>

n+1h n n-1(x), >1 (2.10)
Equations (2.10) and (2.8) are used in equati , > 4 Tau syste™
The Tau system thus obtained is solveq ?ouratt;‘c;n el ol il
parameters.

Application of Chebyshey Polynomial of Thirg Kind

Chebyshev polynomials of the third ki : _ ihe
trigorrometric relation € third kind is generated in Mason et al.(2013) using
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1 ) -
)= 50 &) \
L‘u(") € .: ) = l and Ir' (‘1) — V- (..1 lvl
R 74 (x) = 1 2X =1, and the equji . _
ch 91V = oth quivalents in [0, 1] are ¥y (x) =
o v (x) = x5 Th e. er’members are generated recursively f|I:’0 Jere fle=a
0 (1.)42(2:"“1)1"‘ () = Vi (3) =0 (7T7
e 2.12)

Cheb\éS od will be solved as usual to get the values of the unknown Juiadlara o

evel
?au parameters:

Application of Chebyshev Polynomial of Fourth Kind

The giferential formulation of the tau method equally admits the use of Chebyshev

po|yn0mia| of the fourth kind as a basis function. This kind is generated in Mason and

Handscomb (2013) from the trigonometric relation

1
sin(n +2)8
Ww=—1, + "=0 (213)
Ve sin=8 s

trom where we get W,(x) = 1and W,(x)=2x+ 1. When the interval is shifted from [-
L 1]to[0, 1], Wp(x)and Wy (x) are now derived as

wr()=1and Wyx)=4x—1 (214)
and the general recursive form of generating other members as
p ()= 2Qc—-DW(x) - W _,(x)., n21 (2.15)

This is again used in (2.7) to develop the required tau system in terms of Chebyshev
polynomial of the fourth kind. The system thus developed is solved for the unknown
constants and the free tau parameters.

Numerical Experiments

To demonstrate what was discussed in the preceding sections, four numerical problems
were considered, namely: first order variable coefficient homogeneous initial value problem
(IVP); first order constant coefficient non - homogeneous IVP; third order constant

Coefficient homogeneous IVP; and second order constant coefficient non — homogeneous
IVP,

Problem 3,1
Consider the following first order variable coefficient initial value problem
1+x)’vr+ }’: 0) xX€ [0) 1]

*ject to y(0) = 1.

e _ o .
Not ®Xact solution of this problem is ¥(*) = i3
e ; .

1.0, that this problem and the remaining three Were handle
Z:fjt_ the remaining three problems were solved for y, (x) (the approximg\t:no; numerical
Err;:n) With n = 5(1)10. The table of results presents the absolute errors gi y

h each\ ¥(x) =y (x)] for n=5(1)10.

wse ecase, the approximate solution is written fo

r all the problems when n=5, just to

" 128
}a(l'.): 1 2339 » 11232 932 12 et

= i et ® T 44T

e Y. | —_ 4 T
eong King: BT T T M 1171
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| 2441 1168 , 94 e 0t2 e 128
ys(a) = 1-omrw T ooe T Taas” 12250 1225
Third Kind: 29378 27728 21568 , 11008 o 2560 s
k -4 - — s ————X -
ys(0) =1-Sc 3%V 20543 20543 720543 29543
Fourth Kind:
19442 18992 , 16192 9472 . 3560 .
¥ =155 ¥ T Toasy " 194577 19457 19457
Problem 3.2
Consider the followmg first order constant coefficient non = homogeneous Ivp
—2y=-22*-3, x€[0,1]

éubject to the initial condition y(0) = 2.
The exact solution is

y(x) = —(9 == g

The approxnmate solution for n = 5 for the four kinds are as shown below
First Kind:

+ 6x +6x% + 4x?).

1327 169 , 48 16

=2 - et —x¥——a®
¥ (1) * 1328" + 166 33 83
Second Kind:
447 43 . 4 | 4
=2+—ax+—x*+-x*——x
ys () 2+4481+ : g +7~c =
Third Kind: .
, 241 2521 . 635 . 64 ., 256
= : - x x* - x
ys() =2+ ooxt ooy Y ot T 1211
Fourth Kind: ‘
, 2953 2083 . 901 . 64 . 256
ys(x) =2+ oo xdooed® Tt 17t 19t
Problem 3.3

ore

y -y =y +y=0

Consider the following third order constant coefficient homogeneous 1VP

xe[0, 1]

Subject to the initial conditions ¥(0) =2, ¥ (0)=1, v (0) =
The exact solution is y(x) = —e* (x — 2).
The approximate solution for n = 5 for the four kinds are:
First Kind:

27480800 8786176
yela) =24 % - 28— e 7956608 .

. 158536731 158536731 158536731
Second Kind:
vo(x) = 24 x_ 16422064 . 35224064 10727168 .
5 C T 647668537 saTe = ol
Third Kind: 8587 21588529
, 37750544 1 2.

¥ ) = 2 e teEY T %%ﬂx’ e
Fourth Kind: 59315039 196575195

11
yo(6) = 2+ x - 023008, 46329728 . 31322368 |,

698944299"  698944299"  233944200"
Problem 3.4

Solve the following second order constant coefficient non —
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P f!\fl”f' v = xel’ - x,_ . 5 . ‘\‘6[0'1]
[=2 pe initial conditions ¥(0)=0,y(0)=0

Ct tO . 1 v.‘ z = 3— —_— ') 4
<act solution is y(x) =5 (-12+12e% —gx_ g 0

y
gubje ;
e € +xde).

. exponenti’ajlcte::d03;2;1%2‘; ?Sa’;cé rfide' of the IVP was expanded using Taylor series u
e term X e, it will be impossible to apply the tau method o

ve it ion for th ‘
SOB appr0><'mate solution for the four kinds when n = 5 are:

' Kind:

st KNS D 0444 246607 | 3537003

()= "1577829 ¥ 3681601 ~TeETe ) s
il 157782 132537636 265075272

d Kind:
0771100100, 15591755 . 53724095

— _’_—.——————_’ G . ——————————
1 (1) = T 67109687 201329061 805316244 T
Third Kind:

279753527
16106372488

647828 , 7450859 9687637 . 92597431

S

W)= —Toseais1” T 5o004am3” Sl -
T 196681 e 53 78672604 472035624
Fourth Kind:

5

X 3

223356, 504209 , 16905437 , 282127621
%) = T75g27781 13346079 907533372° 1815066744

)

Table I: Absolute Error for Problem 3.1

n First Kind Second Kind Third Kind Fourth Kind

5 1.111950E-4 9.555480E-5 1.688811E-4 7.720191E-5

6 1.671442E-5 1.667203E-5 2.934306E-5 1.277401E-5

7 2.778982E-6 2.883493E-6 5.099220E-6 2.135890E-6

8 4.831527E-7 5.003264E-7 8.763733E-7 3.581129E-7

9 8.157911E-8 8.470255E-8 1.501434E-7 6.069182E-8

10 1.361626E-8 1.487140E-8 2.595823E-8 1.027940E-8
Table IT: Absolute Error for Problem 3.2

n First Kind Second Kind Third Kind Fourth Kind
5 1.543975E-4 2.421037E-4 5.889893E-4 1.076266E-4
6 8.538861E-6 1.874403E-5 3.900965E-5 6.597075E-6
7 4.861735E-7 1.093217E-6 2.391575E-6 4.110882E-7
8 2.490964E-8 6.394749E-8 1.272931E-7 2.097047E-8
20 1.163636E-9 3.055830E-9 6.325908E-9 1.243225:?1
10 4.957146E-11 1.430382E-10  2.792939E-10 0

Table IT1; Absolute Error for Problem 3.3

.  FirstKind Second Kind ThlrdQI;gIEC_iB g%%;tghsgé?f
: 2.769667E-3 2.111608E-3 5.83291254 S
] 5.946880E-4 5.946880E-4 3.092815}3_5 e
s 3-541969E-6 5.898922E-6 ]"285130E-7 4 099256E-8
] 1.078388E-7 1.078388E-7 ?-8873 by 1 299457E-9
p  2503951E-9 8.427159E-9 L 37410 3 265788E-11

7.845502€E-11 2.602425E-10 :
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Table IV: Absolute Error for Prob

- Third Kind
2 Second Kind i Fourth i
- e 3 2.055562E -3 1"2??333531 3"‘5612;('5ntj
2 1'3581685 4 9.222670E -5 2.050510E -4 2'3752555‘4
-  STinin 1.967308E -4 857980E -4 893637 !
Ay ol 1.875189E -4 1875603 4 Lo
) L879ggggz4 1.875466E -4 1.875102E 4 18753415 4
?0 1.2321115—4 1.875106E -4 - 1-875111E_:

ﬁisacllutshsei%':oblems considered, the first and fourth kinds Ceayshiss Polynomialg

: ' i ; or
very well with errors of the same order, with the fourthdkll(pdd;aeggrr]r:g;% "r;'at'VEIV Petty m:d
the first in most cases. Next to these two was the secon h In . oy \gere Mostly CIosen
but not as accurate. The tabulated results also exposed the we.e:j nezs CI; ! ebyshev ol N
of the third kind in terms of accuracy for all the problems considered. Problem 3 4 Javer

. : - SSulty

A o e ases up to n = 8. From that nq
with peculiarities. The errors were reducing as n Incre . point,
errorpwas still decreasing though, but the order remained the same for whateye, Valuei

considered for n, even with increase in the number of_ tgrms retained in _the Taylor's Serie
expansion of the exponential term. The situation was similar for the four kmds.of ChebYShev
polynomials considered. This strange behavior was as a rgsult of the €xponential term j, the
non —homogeneous part of Problem 3.4, because the situation was not llkg that for Problem 3)
despite it was also non — homogeneous type, but with the right hand side terms completgy
polynomial.

Conclusion _
From the foregoing, it is very clear that the Chebyshev polynomials of the first and fourth kinds
are the best in terms of accuracy, while the second kind is also good. The third kind performeg

least and may not be recommended for numerical purposes. And this corroborates the author
positionin Yisa (2015b).
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