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Abstract 
The Poisson model has been widely used for modelling raters agreement using 
loglinear models. Mostly in all life or Social Science researches, subjects are 
being classified into categories by raters, interviewers or observers and most 
of these tables indicate that the cell counts are mixtures of either too big 
values and too small values or zeroes which are sparse data. For these kinds 
of tables, there are tendencies for overdispersion and assuming Poisson 
models means we are imposing the mean-variance equality restriction on the 
estimation. This will effectively required the variance to be less than what it 
really is, as a result, we will underestimate the true variability in the data. For 
these reasons, we modelled the Negative Binomial, which has a variance 
function, for raters agreement most especially, when the table is sparse. We 
observed that assuming Negative Binomial as the underline sampling plan is 
better for modelling raters agreement when there are sparse data in a limited 
number of examples.  
 
Key words:- Overdispersion, chance and beyond chance agreements. 
 
1. Introduction 
In most analyzes on categorical data, like any cross-classified table between 
two raters, the researchers frequently prefer assuming Poisson distribution as 
the underlying sampling plan rather than using binomial, multinomial, or 
hypergeometric or any other distribution because of its added advantage of 
having the same mean and variance. The two major assumptions on Poisson 
distribution for count data are assumptions of independence and of constant 
rates (Breslow, 1984, Adejumo, 2005). In this paper we propose Negative 
Binomial as a better underlying assumption for modelling raters agreement 
especially when the resulted cross-classified table of ratings is sparse. A 
square table can be used to display joint ratings of two raters or observers. If 
the reliability test between two raters has been satisfied, it is highly expected 
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that some of the cells counts in the diagonal will be very big while, those off 
the diagonal will be very small or zero, which leads to sparse data. In a 
situation like this, there is a very high tendency of observing overdispersion 
which is one of the main causes of lack of fit. Overdispersion refers to the 
situation that the variance of the outcome or response exceeds the nominal 
variance under the given model. McCullagh and Nelder (1989) said that 
overdispersion is the rule rather than the exception. Overdispersion has two 
major adverse effects. First, the summary statistics have a larger variance than 
anticipated under the simple model. Secondly, there is a possible loss of 
efficiency in using statistics appropriate for the assumed distribution. 
Deviance and Pearson Chi-square divided by the degrees of freedom are used 
to detect overdispersion or underdispersion in the Poisson regression. Values 
greater than 1 indicate overdispersion, that is, the true variance is bigger than 
the mean, values smaller than 1 indicate underdispersion, the true variance is 
smaller than the mean. Evidence of underdispersion or overdispersion 
indicates an inadequate fit of the Poisson model. We can test for 
overdispersion with a likelihood ratio test based on Poisson distribution and 
this Negative Binomial distribution. This tests the null hypothesis, that equates 
the mean to the variance as imposed by the Poisson distribution, against the 
alternative hypothesis that the variance exceeds the mean. See also Cameron 
and Trivedi (1990) for more on overdispersion. 
 
Before the introduction of modelling in raters agreement many authors have 
described various testing procedures and various modifications of kappa liked 
statistic for raters agreement measures Barnhart and Williamson (2002); 
Shoukri (2004) and so on. Many categorical scales are quite subjective and 
reliability assessment which has to be conducted at the initial stage depends on 
evaluation of agreement between the raters, interviewers or observers involved 
in the measurements or tests. This is necessary to assess the level of variability 
in the measurement procedure to be used in the final tests. Due to the fact that 
most of these authors have described raters agreement using generalization of 
Cohen's kappa, some authors like Tanner and Young (1985a); Maclure and 
Willett (1987); Adejumo (2005) showed difficulties with summarizing 
agreement between two raters by a single measure. These difficulties includes: 
loss of information from summarizing the table by a single number; sensitivity 
of value to the form of the marginal distributions; and subsequence dangers in 
comparing values of kappa between two tables. These authors then proposed 
modelling the structure of agreement between raters. This modelling involves 
loglinear and latent class models. In this research work, modelling approach to 
raters agreement will be considered with attention on ordinal scales data.  
 
To these effects, in place of Poisson, we propose a natural variance function 
distribution called Negative Binomial as an underlying sampling plan for 
modelling raters agreement when there are sparse data. Negative Binomial 
model was proposed because it is a parametric model and more dispersed than 
Poisson, it allows the spread of the counts in the table (Cameron and Trivedi 
1998). 
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We used generalized linear model (GLM) approach to fit both Poisson and 
Negative Binomial models, the algorithms for these models can be executed 
with any of Splus or R-program. In sections 2 and 3, we present models, their 
properties, estimation of parameters as well as modelling. In section 4, we 
have various empirical examples on ordinal categorical scale data followed by 
the summary of results and conclusion in section 5.  
 
2. Models and their properties 
The Poisson model can be used to model the number of occurrences of an 
event of interest or the rate of occurrence of an event of interest, as a function 
of one or more independent variables or factors. The Poisson distribution can 
be expressed in terms of a linear regression model with dependent variable Y, 
cell frequency or number of occurrences of an event, and independent 
variables or factors Xi, i=1,…,p, Cameron and Trivedi (1998). So Poisson 
distribution for a random variable y given Xi, i=1,…,p is given as 
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The mean and the variance of Poisson distribution are equal, that is, 
E(Y)=V(Y)=λ. The Poisson model for yi assumes that the yi are independent. 
Suppose that y ~ Poisson(λ), but λ itself is a random variable with a gamma 
distribution. Suppose 
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Then it is easy to show that the unconditional distribution of y is the Negative 
Binomial, 
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  (3) 
This distribution has mean 

E(Y)=E[E(Y|λ)]=E(λ)=αβ 
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and variance 
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For building a regression model, it is natural to express the 
Negative Binomial distribution in terms of the parameters 
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Notice that the variance function is quadratic. Therefore, the 
distribution of y is then 
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  (6) 
which approaches Poisson(μ) as k → 0, see Adejumo (2002) for details. k is 
not a dispersion parameter, large value of k correspond to greater amounts of 
overdispersion. Anscombe (1949) had worked on estimation of parameter k 
for single samples and for several samples. See also Santos-Silva (1997), 
Cameron and Trivedi (1998), Adejumo (2005) and others for more on 
Negative Binomial models. 
 
3. Modelling and estimation of parameters 
Loglinear models have been used to model agreement in terms of components, 
such as chance agreement and beyond chance agreement by displaying 
patterns of agreement among raters, Tanner and Young (1985). They 
expressed statistical independence of the ratings or chance agreement and 
agreement beyond chance respectively when there are rr raters through the 
following loglinear models, 
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where vij...l is the expected cell counts in the ij...lth cell of the joint rr-
dimensional cross classification of the ratings, u is the overall effect, uRi  is the 
effect due to categorization by the rth raters in the cth category (r=1,...,rr; 
c=1,..., m),  
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0....1  and parameter δij...l represents 
agreement beyond chance for the ij...lth cell. 
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Based on Tanner and Young (1985), for a two dimensional cross classification 
of ratings, the independence model with agreement beyond chance will be 
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... mjiuuuv ij

R
j

R
ilij     (9) 
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This illustrates the fact that model (9) is sensitive only to discrepancies that 
are present on the main diagonal. 
 
We also considered the uniform association model proposed by Goodman 
(1979) under the assumption of Poisson model also, given as 
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where u1 < u2 < … < um or v1 < v2 < … < vm are fixed scores assigned to the 
response categories so as to reflect the category ordering. 
 
In addition to these, Agresti (1988) also proposed a model of agreement plus 
linear-by-linear association, which is the combination of the model of Tanner 
and Young (1985) and the uniform association model of Goodman (1979) for 
bivariate cross-classifications of ordinal variables. The model is 
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u1 < u2 < … < um or v1 < v2 < … < vm are fixed scores assigned to the response 
categories, and u, ui

R1, uj
R2 and vij are as defined in equation (7). 

 
In the same way, instead of assuming Poisson as we have in the above models 
of Tanner and Young (1985) and Agresti (1988), let the distribution of yij, the 
count frequency, follow a Negative Binomial in equation (6), with parameters 
µij and k. In particular, it implies that, relaxing the assumption of Poisson on 
equality of mean and variance, since the mean and variance of Negative 
Binomial are not the same whenever k>0 in equation (5). That is, 
 

),(~ kNegbiny ijij   
 
Based on the generalized linear model (GLM) approach, let us assume that 
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where g is a link function, xij contains (n x p) covariates, where n is the 
number of cells and p is the number of parameters involve in the model. The 
most common choice for g is the log link, see McCullagh and Nelder (1989) 
and Fahrmeir and Tutz (2001). 
 
The log likelihood function is 
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where θ subsumes all of the θi. It could also be written as a function of β and Ø 
because (given the xi), β determines all the θi. The main way of maximizing β 
is by maximizing (16). 
 
Early approaches to raters agreement measurement before the introduction of 
modelling, have focused on the observed proportion of agreement, suggesting 
that chance agreement can be ignored. To these effect, just like Tanner and 
Young (1985), the log link for g will be structured in such a way that this 
chance agreement and beyond shall be accommodated but under the Negative 
Binomial sampling plan. 
 
So the log link for g will be an independence model which can also 
incorporate agreement beyond chance given as 
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where µij is the expected cell count in cell i,j; λ0 is the intercept; λi

Rx
1 is the 

effect of raters 1 in the ith category; λj
Rx

2 is the effect of raters 2 in the jth 
category and αij can be homogeneous or non-homogeneous agreement effect 
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between raters 1 and raters 2 in i,j categories which we define just like the δij 
in (10) respectively as 
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However, the log link for g for ordinary statistical independence or chance 
agreement between the ratings of the two raters can also be expressed as 
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Also, for agreement plus linear-by-linear association model, as we have stated 
above, the corresponding model under this underlying assumption will be 
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u1 < u2 <…< um or v1 < v2 <…< vm are fixed scores assigned to the response 
categories, and 0 , 1Rx

i , 2Rx
j and ij  are as defined in equation (17). 

 
The fact that  ijxG )(  suggests a crude approximation estimate: regress 
G(y) on ijx , perhaps modifying ijy  in order to avoid violating range 
restrictions (such as taking )0log( ), and accounting for the differing variances 
of the observations. 
 
We shall consider these models under the families of Poisson and Negative 
Binomial in the algorithms for the following maximization of parameter 
estimates procedures. 
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Fisher scoring iteration is the widely used technique for maximizing the GLM 
likelihood over  . 
 
3.1. Negative Binomial model 
The loglikelihood contribution of a single observation is 
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For a fixed value of k, this has the form of a GLM. Therefore it can be fitted 
by Fishers scoring, iteration re-weight least square (IRWLS) method. One 
iteration is 
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As we usually do under the Poisson model, we regress u on X using the iu 's as 
weights to get the new estimate of   and continue these processes until the 
value of   converges. That is, the iteration is stopped when the consecutive 
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iteration values are close or the loglikelihood values are maximized. In most 
applications k will be unknown. We can find the ML estimate for k by grid 
search. For each value of k along a grid, we can find the maximized value of 
the loglikelihood. Plotting this profile loglikelihood versus k will allow us to 
identify the ML estimate k̂ . The estimated ̂  at  kk ˆ  is the ML estimate 
for . 
 
The ML estimates for k and   are asymptotically uncorrelated. This means 
that uncertainty in the estimate of k does little to affect the precision of k̂ . If 
we were to use expectation rather than observed information, it would make 
no difference whether we regard k as fixed at k̂  
 
3.2. Cases outlines 
The following cases shall be considered with the algorithm written based on 
the assumptions and properties of both Poisson and Negative Binomial models 
discussed in the previous sub sections. 
 
   Case 1:- When 0  and 0ij , this results to equation (20) 
   Case 2:- When 0  and 0ij , this results to equation (17) 
   Case 3:- When 0  and 0ij , this results to equation (21) 
 
 
4.0 Empirical examples 
Consider the data on cross-classification of two independent interpretations of 
Sputum cytology slides for lung by two observers taken from Becker (1990) 
based on the following categorical scales: 1=Negative, 2=Ambigious cells, 
3=suspect, 4=positive and 5=technically unsatisfactory. We present this in 
Table 1 and all the results under cases 1 to 3 in Tables 2 to 7 in the Appendix 
of this paper. 
 
Also consider the data arising from the diagnosis of multiple sclerosis reported 
by two neurologists, on 69 patients of New Orleans , using the following 
categorical scales for diagnostic classes: 1=certain multiple sclerosis, 
2=probable multiple sclerosis, 3=possible multiple sclerosis, 4=doubtful, 
unlikely, or definitely not multiple sclerosis (Basu et al. 1999). We present this 
in Table 8 and all the results under cases 1 to 3 in Tables 9 to 14 also in the 
Appendix of this paper. 
 
5.0 Results and Conclusion 
5.1 Results 
We present the summary of the working examples' results obtained using 
Poisson as well as the Negative Binomial as the underlying sampling plans for 
all the three cases in Tables 15 to 20. We also present summary table of results 
for ij  and   under each distribution as underlying sampling plan for only 
cases 2 and 3 in Tables 21 and 22 in the Appendix. 
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By considering the descriptive statistics of each of the data in the examples 1 
and 2, it is clearly shown that there are sparse due to their respective large 
percentages of very small values in the cell counts. Also, their respective 
variance is greater than their mean, which indicates the existence of 
overdispersion. In Tables 15 to 20, the estimates of their respective Pearson's 

2 and likelihood ratio 2G  under Poisson model assumptions for all the cases 
are greater than their respective estimates under Negative Binomial model 
assumptions with the same number of degrees of freedom. This shows that 
Negative Binomial has better fit than its Poisson counterpart.  This also means 
that Negative Binomial is a good substitute to Poisson for raters agreement 
data which have sparse data. Tables 21 and 22 give the estimates for 
parameters ij  and   under Cases 2 and 3 which can be used to test the null 
hypothesis Ho: 0ij  against the alternative hypothesis H1: 0ij  for case 
2 and the null hypotheses H0: 0ij  and H0: 0  against their respective 
alternative hypotheses H1: 0ij  and H1: 0 , under each of the Poisson 
and Negative Binomial models as underlying distribution. Based on the p-
values from Tables 21 and 22, we observed that for Case 2 parameter ij  is 
significant in all the examples under the two distributions. However, for Case 
3, ij  is only significant in examples 1 for both distributions, and   is only 
significant in example 2. This implies that, under case 3 whenever   is 
significant ij  will not be significant and vice versa. In addition to these 
results, we used two different data arising from the study reported in 
Holmquist et al. (1967) that investigated the variability in the classification of 
carcinoma in situ of the uterine cervix in which seven pathologists were 
requested to separately evaluate and classify 118 slides, we used (path A and 
path C) as well as (path E and path F) and we used also one other one on 
dysplasia assessments data by two different pathologists as presented by 
Barnhart and Williamson (2002). From all these we have the same conclusion 
that Negative binomial model fits better for raters agreement data that are 
sparse than Poisson model.  
 
5.2 Conclusion 
We observed that when there are sparse data, relaxing the assumption of 
Poisson model and assuming a Negative Binomial model that allows the 
spreads of the observations of the ratings between two raters is better. In other 
word, modelling Negative Binomial model instead of Poisson model for raters 
agreement data that exhibit a large number of small values or zero cells is 
better in order not to underestimate the true variability in the data and the 
standard errors. Also, not to overestimate the degree of precision in the 
coefficients as well as in the estimates of the underlying statistics. Lastly, 
Negative Binomial model is a better substitute to Poisson for modelling 
agreement of ratings between two raters with sparse data in the arising table. 
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Appendix 
 
Table 1. Cross-classification of two independent interpretations of Sputum 
cytology slides for lung of 100 patients 
 
  2nd Observer     
 Category 1 2 3 4 5 total 
 1 26 19 1 0 7 53 
1st 2 2 11 5 3 4 25 
Observer 3 0 1 6 6 0 13 
 4 0 0 0 4 1 5 
 5 1 1 0 0 2 4 
 Total 29 32 12 13 14 100 
 
 
Table 2. Parameter estimates under Poisson model for case 1 on Sputum 
cytology data with (G2 = 89.3338 and X2 = 79.2964) 
 
 
Coefficients Value Std. Error t-value p-value 
Intercept 
Rater1 
Rater2 

2.7886 
-0.7093 
-0.2517 

0.1681 
0.0936 
0.0736 

16.59 
-7.58 
-3.42 

<0.0001 
<0.0001 
 0.001 

 
 
Table 3. Parameter estimates under Poisson model for case 2 on Sputum 
cytology data with (G2 = 59.3106 and X2 = 55.6819) 
 
Coefficients Value Std. Error t-value p-value 
Intercept 
Rater1 
Rater2 
Α 

1.9895 
-0.6931 
-0.0469 
1.2789 

0.2318 
0.0979 
0.0866 
0.2339 

8.58 
-7.08 
-0.54 
5.47 

<0.0001 
<0.0001 
 0.588 
<0.0001 

 
 
 
Table 4. Parameter estimates under Poisson model for case 3 on Sputum 
cytology data with (G2 = 54.9287 and X2 = 49.3268) 
 
Coefficients Value Std. Error t-value p-value 
Intercept 
Rater1 
Rater2 
α  
β 

2.3595 
-0.2120 
-1.0129 
1.0043 
0.1553 

0.2868 
0.1212 
0.1918 
0.2711 
0.0741 

8.23 
-1.75 
-5.28 
3.70 
2.10 

<0.0001 
 0.08 
<0.0001 
<0.0001 
 0.036 
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Table 5: Parameter estimates under Negative Binomial model for case 1 on 
Sputum cytology data with (G2 = 49.8358 and X2 = 38.3347) 
 
 
Coefficients Value Std. Error t-value p-value 
Intercept 
Rater1 
Rater2 

2.5074 
-0.6710 
-0.1189 

0.3114 
0.1253 
0.1112 

8.05 
-5.35 
-1.07 

<0.0001 
<0.0001 
 0.285 

 
Table 6: Parameter estimates under Negative Binomial model for case 1 on 
Sputum cytology data with (G2 = 34.0581 and X2 = 30.2818) 
 
Coefficients Value Std. Error t-value p-value 
Intercept 
Rater1 
Rater2 
Α 

 1.8611 
-0.7200 
 0.0150 
 1.4171 

0.3493 
0.1351 
0.1223 
0.3672 

 5.33 
-5.33 
 0.12 
 3.86 

<0.0001 
<0.0001 
 0.9020 
<0.0001 

 
Table 7: Parameter estimates under Negative Binomial model for case 1 on 
Sputum cytology data with (G2 = 32.7313 and X2 = 28.6627) 
 
Coefficients Value Std. Error t-value p-value 
Intercept 
Rater1 
Rater2 
α  
β 

 2.1944 
-0.1390 
-0.9684 
 1.2132 
 0.1179 

0.4891 
0.1921 
0.2780 
0.4226 
0.1067 

 4.49 
-0.72 
-3.48 
 2.87 
 1.10 

<0.0001 
 0.469 
<0.0001 
 0.004 
 0.269 

 
Table 8: Cross classification table of multiple sclerosis assessment for 69 
patients. 
 
   Neurologist2                       
 Category 1 2 3 4 Total 
 1 5 3 0 0 8 
Neurologist1    2 3 11 4 0 18 
 3 2 13 3 4 22 
 4 1 2 4 14 21 
 Total 11 29 11 18 69 
 
Table 9: Parameter estimates under Poisson model for case 1 on diagnosis of 
multiple sclerosis data with (G2 = 60.8985 and X2 = 60.8701) 
 
Coefficients Value Std. Error t-value p-value 
Intercept 
Rater1 
Rater2 

 1.0146 
 0.2537 
 0.0174 

0.2855 
0.1106 
0.1077 

3.55 
2.29 
0.16 

<0.0001 
 0.022 
 0.872 
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Table 10: Parameter estimates under Poisson model for case 2 on 
diagnosis of multiple sclerosis data with (G2 = 43.9031 and X2 = 47.2775) 
 
Coefficients Value Std. Error t-value p-value 
Intercept 
Rater1 
Rater2 
Α 

 0.7300 
 0.2747 
-0.0669 
 1.0417 

0.2775 
0.1168 
0.1155 
0.2477 

 2.63 
 2.35 
-0.58 
 4.21 

 0.009 
 0.019 
 0.563 
<0.0001 

 
 
Table 11: Parameter estimates under Poisson model for case 3 on diagnosis of 
multiple sclerosis data with (G2 = 36.8981 and X2 = 44.4871)  
 
Coefficients Value Std. Error t-value p-value 
Intercept 
Rater1 
Rater2 
α  
β 

 1.6201 
-0.6466 
-0.1952 
 0.5029 
 0.3353 

0.4128 
0.2581 
0.2180 
0.3262 
0.1309 

 3.93 
-2.50 
-0.90 
 1.54 
 2.56 

<0.0001 
 0.012 
 0.370 
 0.123 
 0.010 

 
 
Table 12: Parameter estimates under Negative binomial model for case 1 on 
diagnosis of multiple sclerosis data with (G2 = 34.3501 and X2 = 31.7901)  
 
Coefficients Value Std. Error t-value p-value 
Intercept 
Rater1 
Rater2 

 1.0711 
 0.2909 
-0.0608 

0.3746 
0.1513 
0.1492 

 2.86 
 1.92 
-0.41 

 0.004 
 0.054 
 0.684 

 
Table 13: Parameter estimates under Negative binomial model for case 2 on 
diagnosis of multiple sclerosis data with (G2 = 25.5948 and X2 = 26.3745) 
 
Coefficients Value Std. Error t-value p-value 
Intercept 
Rater1 
Rater2 
Α 

 0.7432 
 0.3157 
-0.1242 
 1.0512 

0.3860 
0.1587 
0.1572 
0.3621 

 1.93 
 1.99 
-0.79 
 2.90 

 0.054 
 0.047 
 0.429 
 0.004 

 
Table 14: Parameter estimates under Negative binomial model for case 3 on 
diagnosis of multiple sclerosis data with (G2 = 20.7266 and X2 = 26.0728)  
 
Coefficients Value Std. Error t-value p-value 
Intercept 
Rater1 
Rater2 
α  
β 

 1.8496 
-0.8443 
-0.2930 
 0.4586 
 0.4213 

0.5778 
0.3551 
0.2996 
0.4609 
0.1850 

 3.20 
-2.38 
-0.98 
 0.99 
 2.28 

 0.001 
 0.017 
 0.328 
 0.320 
 0.023 
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Table 15: Summary table of results for case 1 (When β=0 and αij = 0) using 
Poisson as underlying distribution. 
   Poisson Model  
Example Mean Variance Pearson’s  

   X2                                   
Like. Ratio 
     G2 

 df 

    1    4 39.9167 79.2964 89.3338   12 
    2     4.31  19.8292 60.8701 60.8985   13  
 
Table 16: Summary table of results for case 1 (When β=0 and αij = 0) using 
Negative Binomial as underlying distribution. 
   Negative Binomial Model  
Example Mean Variance Pearson’s  

   X2                               
Like. Ratio 
     G2 

 Df   
k̂  

    1    4 39.9167 38.3347 49.8358   22 0.25 
    2     4.31  19.8292 31.7901 34.3501   13  0.203 
 
 
Table 17: Summary table of results for case 2 (When β=0 and αij ≠ 0) using 
Poisson as underlying distribution. 
   Poisson Model  
Example Mean Variance Pearson’s  

   X2                                   
Like. Ratio 
     G2 

 df 

    1    4 39.9167 55.6819 59.3106   21 
    2     4.31  19.8292 47.2775 43.9031   12  
 
 
Table 18: Summary table of results for case 2 (When β=0 and αij ≠ 0) using 
Negative Binomial as underlying distribution. 
   Negative Binomial Model  
Example Mean Variance Pearson’s  

   X2                                   
Like. Ratio 
     G2 

 df   
k̂  

    1    4 39.9167 30.2818 34.0581   21 0.25 
    2     4.31  19.8292 26.3745 25.5948   12  0.203 
 
Table 19: Summary table of results for case 3 (When β ≠ 0 and αij ≠ 0) using 
Poisson as underlying distribution. 
   Poisson Model  
Example Mean Variance Pearson’s  

   X2                                   
Like. Ratio 
     G2 

 df 

    1    4 39.9167 49.3268 54.9287   20 
    2     4.31  19.8292 44.4871 36.8981   14  
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Table 20: Summary table of results for case 3 (When β ≠ 0 and αij ≠ 0) using 
Negative Binomial as underlying distribution. 
   Negative Binomial Model  
Example Mean Variance Pearson’s  

   X2                                   
Like. Ratio 
     G2 

 df   
k̂  

    1    4 39.9167 28.6027 32.7313   20 0.25 
    2     4.31  19.8292 26.0728 20.7266   11  0.203 
 
 Table 21: Summary table of results for αij and β under Poisson as underlying 
distribution for Cases 2 and 3. 
 Case 2  Case 3    
Example αij p-value αij p-value Β p-value 
   1 1.2789 <0.0001 1.0043 <0.0001 0.1553 0.0741 
   2 1.0417 <0.0001 0.5029  0.123 0.3353 0.010 
 
Table 22: Summary table of results for αij and β under Negative Binomial as 
underlying distribution for Cases 2 and 3. 
 Case 2  Case 3    
Example αij p-value αij p-value Β p-value 
   1 1.4171 <0.0001 1.2133  0.004 0.1179 0.269 
   2 1.0512  0.004 0.4586  0.320 0.4213 0.023 
 
 
 
 Matrix of fitted Poisson for case 2 on Sputum cytology data 
 























1.3612    0.3971   0.4162   0.4362    0.4571     
0.7578    2.8531   0.8323   0.8723    0.9142     

1.5154    1.5882   5.9801   1.7445    1.8283     
3.0307    3.1763   3.3289   12.5342   3.6564     
6.0611    6.3523   6.6574    6.9773    26.2714   

 

 
 
Matrix of fitted Negative binomial for Case 2 on Sputum cytology data  

 
 

     

1.5813       0.3776   0.3720   0.3664   0.3609      
0.7875       3.2003   0.7642   0.7528   0.7416      

1.6180       1.5938   6.4769   1.5466   1.5236      
3.3242      3.2746   3.2257   13.1083  3.1302      
6.8296       6.7277   6.6273   6.5284   26.5295    






















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Matrix of fitted Poisson for Case 2 on diagnosis of multiple sclerosis data 
 



















10.968998   4.138391    4.424780    4.730988  
2.940832    8.910991    3.361944    3.594601  
2.234442    2.389072    7.239108    2.731175  

1.697727    1.815215    1.940833    5.880904

 

   
 
Matrix of fitted Negative binomial for Case 2 on diagnosis of multiple 
sclerosis data 
 

  



















10.685914   4.228959    4.788341    5.421714   
2.723745    8.823640    3.491963    3.953859   
1.986328    2.249068    7.285912    2.883406   

1.448557    1.640164    1.857115    6.016170 
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