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ABSTRACT 

Probability distributions have been used in describing and predicting real life phenomena. 

The inability of existing distributions to fit diverse nature of the data sets has necessitated the 

development of more flexible distributions for real life data set. Recent studies on developing 

new families of distributions from existing ones have helped in describing data better. The 

inability of exponential distributions to properly fit skewed data has been a serious concern. 

This study therefore aimed at developing a new tractable distribution that will fit data that are 

positively or negatively skewed. The objectives of the study were to: (i) derive a new 

distribution and its statistical properties. (ii) examine the effect of the shape and scale 

parameters on the distribution; and (iii) compare the performance of the proposed distribution 

with the existing ones using simulated and real-life data sets. 

The generator employed in developing the proposed probability distribution function is the 

Exponentiated Generalized Family of distribution using the Exponentiated Exponential as the 

baseline distribution. The properties of the distribution such as mean, median and their 

deviations, quantile, Renyon entropy, skweness and kurtosis were obtained using analytical 

and simulation method. Simulated and real life data were used to assess and compare the 

performances of the proposed distribution with the existing ones using Akaike information 

criterion (AIC), Bayesian information criterion (BIC), log-likelihood function and likelihood 

ratio test. 

 

The findings of the study were that: 

(i) the probability density function (pdf) and cumulative distribution functions(cdf) of 

the Exponentiated Generalized Exponentiated Exponential (EGEE)  were derived 

together with their properties such as moments, quantiles, skewness, kurtosis, etc.;    

(ii) Exponential (E), Exponentiated Exponential (EE) and Exponentiated Generalized 

Exponential (EGE) distributions were obtain by setting the shape parameters value 

to one; 

(iii) the mean, standard deviation and median are increasing functions of the scale and 

shape parameters of the proposed distribution while the skewness and kurtosis 

were unaffected by scale parameter but only by the shape parameters; and 

(iv) the proposed EGEE competed very well with other existing distributions for small 

sample sizes and even performed better as the sample size increases. 

The study therefore concluded that EGEE distribution can serve a better alternative 

distribution to the existing distributions (E, EE and EGE) in fitting skewed data. Therefore, 

the proposed EGEE distribution is preferred and recommended for fitting a skewed data. 
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CHAPTER ONE 

GENERAL INTRODUCTION 

1.1 Background to the Study 

Probability distribution functions generally are used in describing the real world phenomenal 

and are classified into discrete and continuous distribution functions, where the discrete is 

called probability mass function (PMF), and the continuous distribution is known as 

probability density function  (PDF). The PMF and PDF of the probability distributions are 

used in obtaining probability of every observation when the unknown values for the 

parameter(s) of the PMF or PDF are known. Probability functions could be empirical or 

theoretical in nature (empirical when it obtains function from data while the theoretical 

function generates the data) and are generally probable not functional like other models. The 

theory of univariate continuous probability distributions has become one of the most 

extensively studied theories within the vanguard of statistical modeling. Univariate 

probability distributions have been used in recent decades in the modeling of real-life random 

processes.  The inability of the classical univariate functions to adapt and fit some data sets 

lead to the development of flexible univariate probability functions, starting from the 

phenomenal work of Pearson (1895) down to the recent works of modern scholars. 

The introduction of procedure for deriving density function with the use of the system of 

differential equation by Pearson, (1895) resulted in the formulation of some univariate 

continuous distributions. The inability of the Pearson method to give analytic solution to the 

formulated density function has led to several methods for generating either probability 

density functions or distribution functions as appeared in the literature. The complex nature 

of data structure leads to the breakdown of classical continuous univariate distributions, 

which possesses one or two parameters. Indeed, the development of new univariate PDF is 
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based on one fundamental premise – the need to arrive at probability distributions capable of 

fitting real-life data adequately.  In the absence of constant hazard rate property arising from 

real-life processes, to capture the characteristics of such processes, it becomes inadequate to 

employ the exponential distribution. This circumstance resulted to the formulation of 

different generalizations of the exponential distribution so that it can handle processes with 

increasing and decreasing hazard rates. Generally, the development of new univariate PDF 

has been carried out either by adding extra -parameter(s) to an already existing or by merging 

more than one probability distributions to obtain a new one. 

The techniques for generating univariate PDF was reviewed by Lee et al (2013) and were 

placed into two-time epochs, namely: the pre-1980 and the post-1980 periods. These methods 

include the approach based on systems of differential equations (Pearson,1895; Burr, 1942), 

quantiles (Hastings et al., 1947; Tukey, 1960) and transformation (Johnson, 1949); Other 

methods  include the method for generating skewed distributions (Azzalini, 1985); method of 

adding parameter and generalization (Mudholkar and Srivastava; 1993; Marshall and Olkin, 

1997; Shaw and Buckley, 2009), method based on generators (Cordeiro and de Castro, 2011); 

composite method (Cooray and Ananda, 2005) , Exponentiated Generalized method, Cadeiro 

et al. (2013)  and the transformed – transformer method (Alzaatreh et al., 2013a; Aljarrah et 

al., 2014; Alzaatreh et al., 2014).  

The enhancement of flexibility to probability distribution by adding extra parameter(s) to 

existing continuous univariate through generalization or by combining it with another 

probability distribution is motivated upon the fact that more parameters in a distribution 

enhance the shape flexibility of such a probability distribution and this, in turn, makes the 

probability distribution to be more adaptive in fitting several data types such as 

environmental pollution in environmental science; machine life cycle in engineering, survival 

times of patients after surgery in the medical science, failure rate of software in computer 
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science and average time from marriage to divorce in the social science which generates data 

sets with various  degrees of skweness and kurtosis. 

The negative exponential distribution simply referred to as exponential distribution is a 

distribution that illustrates the time interval among events in a Poisson process. The 

exponential distribution is a popular statistical distribution, most likely, is a parametric model 

widely used in numerous fields (Lemonte et al., 2013). The attractiveness of this distribution 

can be clearly explained by the simplicity of its cumulative function, which involves an 

unknown parameter 𝜃 > 0, such that 𝐺(𝑥) = 1 − 𝑒−
𝑥

𝜃 for 𝑥 > 0 in addition to having 

constant hazard rate.  The Exponential distribution plays a vital role in real-life applications, 

it is mostly used in reliability analysis and applied lifetime distributions. The distribution is 

found applicable in various areas where events occur independently, at random but with mean 

rate 
1

𝜃
 per unit of time, distance, volume e.tc, for illustration, in modeling:   

(i) the interval of time amongst emissions of radioactive material; 

(ii)  the failure time of manufactured items; 

(iii) the length of queues at particular segments of the highway at different times; 

(iv) the inter-arrival times at ticket counters and 

(v) in insurance, the amount of insurance losses e.t.c. 

The fact that the exponential distribution is the only continuous distribution with a 

memory less property makes it plays a crucial role in probability and statistics.  

During the first half of the nineteenth century, Gompertz, (1825) and Verhulst, [(1838) and 

(1847)], formulated some cumulative distribution functions (CDF’s) in order to compare 

well-known human mortality tables which signify mortality growth. One of the CDF’s 

developed is 
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𝐺(𝑡) = (1 − 𝜌𝑒−𝜆𝑡)α                                              (1.1) 

for 𝑡 > 1
𝜆⁄ 𝐼𝑛𝜌. 

Where all parameters (𝜌, 𝜆, and 𝛼) in (1.1) are all positive real numbers.  Ahuja and Nash 

(1967), in twentieth-century, furthermore, considered (1.1) and made some additional 

generalization. The exponentiated exponential or generalized exponential distribution is 

defined as a particular case of the [Gompertz (1825), Verhulst, (1845) and (1847)] 

distribution function, when 𝜌 is one. Therefore, X is a two-parameter exponentiated 

exponential random variable if it has the PDF 𝐺(𝑥: 𝛼, 𝜆) = (1 − 𝑒−
𝑥

𝜃)k and CDF. 

𝑔(𝑥: 𝛼, 𝜃) =
𝐾

𝜃
(1 − 𝑒−

𝑥

𝜃)k−1𝑒−
𝑥

𝜃 where 𝜃 and 𝑘 play the role of the scale and shape of the 

distribution respectively. The generalized or exponentiated family of distribution express as 

𝐹(𝑥) = (𝐺(𝑥))𝑘 where 𝐺(𝑥) is a baseline cummulative distribution function and 𝑘 serves 

as the added shape parameter to the existing distribution. The properties and application of 

Exponentiated Exponential (EE) Distribution was studied by Kundu and Gupta (1998) and 

they established that it can serve as a substitute distribution to both Gamma and Weibull 

distributions. 

Furthermore, a class of distributions was proposed by Cadeiro et al., (2013) by adding two 

parameters to a univariate continuous distribution so as to extend the thought initially 

presented by Lehman, (1953) and thereafter considered by Nadarah and Kotz, (2006). This 

technique prompts to another class of Exponentiated Generalized Family (EGF) of 

distribution that can be considered as a dual construction of Lehmann alternative. The EGF 

distributions broaden the exponentiated form of distribution and obtained some of its 

structural properties. Given the CDF G(x), the CDF of class of EGF distributions is defined 

by 
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𝐹(𝑥) = [1 − {1 − 𝐺(𝑥)}𝛼]𝛽                                                 (1.2) 

and consequently the probability distribution function is obtained as; 

𝑓(𝑥) = 𝛼𝛽{1 − 𝐺(𝑥)}𝛼−1[1 − {1 − 𝐺(𝑥)}𝛼]𝛽−1𝑔(𝑥)          (1.3). 

where 𝛼 > 0 𝑎𝑛𝑑 𝛽 > 0 are added shape parameters. The Exponentiated Generalized Family 

has some properties that are tractable, particularly for simulations, since its quantile function 

can be expressed in a simple form:  

𝑥 = 𝑄𝐺 (1 − (1 − 𝑢
1
𝛽)

1
𝛼))                                                      (1.4) 

where 𝑄𝐺(𝑢) is the existing quartile function. The EGF class of distributions generates new 

probability function and allows greater flexibility to the tail of the existing distribution that is 

widely applicable in real-life situations. The additional parameters 𝛼 𝑎𝑛𝑑 𝛽 in the density 

function generate a new flexible distribution which can control both tail weights with heavier 

or lighter tail as appropriate. Also, the physical interpretation of the EGF distribution when 

𝛼 𝑎𝑛𝑑 𝛽 are positive integers are appealing (Cordeiro and Lemonte, 2014). Cordero et al., 

(2013) obtained several properties of the EGF class of distributions by illustrating its 

flexibility with some well-known univariate distribution such as Normal, Gamma, Gumbel 

and Frechet distributions. This therefore, provides motivations to adopt this generator.  

1.2  Statement of the Problem 

Different phenomena have been explained well by developing various classes of generalized 

distributions.  The basic property of these distributions is that they have additional parameter 

to the existing ones. This property of generalized distributions has prompted the interests of 

researchers in developing a robust distribution which have remained active in the statistics 

profession (Alzaatreh et al., 2013). Exiting classical distributions tend to perform poorly 
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when fitting data because of the diverse nature of the data. Johnson et al., (1994) affirmed 

that the application of a four-parameter distribution should be adequate for most realistic 

situations. The authors stated that at least four parameters are required, but they doubted any 

obvious improvement that can come up by including a fifth or sixth parameter. The failure of 

distributions to correctly describe both positive and negative skewed data is worrisome. 

Adding two parameters to the baseline distribution (Exponentiated Exponential) would 

generate a distribution that will serve as a better alternative distribution to Exponentiated 

Exponential, Exponentiated Generalized Exponential and Exponential distributions in fitting 

both negative and positive skewed data sets. This study therefore presented yet another 

flexible four parameters statistical distribution that will adequately capture skweness in data 

sets as compared to existing distributions. 

1.3   Justification of the Study 

A new method of adding two parameters to univariate continuous distribution was introduced 

by Cordeiro et al. (2013). The flexibility of the family was demonstrated by applying it to 

some well-known distributions. The Exponentiated Generalized Exponential (EGE), 

Exponentiated Exponential (EE) and Exponential (E) distributions which were developed 

over the years performed pretty better when fitting right-skewed data sets, but perform poorly 

when fitting left-skewed data set. The improved EE by Gupta and Kundu (1998) and EGE by 

Oguntunde et al. (2016) tend to have no significant difference when fitting some skewed data 

sets. This study therefore used Cordeiro et al. (2013) family of distribution to develop new 

probability distribution that will be suitable in fitting positively and negatively skewed 

datasets. The proposed distribution was then compared with other existing distributions using 

simulated and real life data sets. It is believed that the addition of two parameters to a 

baseline EE distribution which serves as substitute to Gamma and Weibull distributions will 

produce a new probability distribution with tractable properties that is appropriate to fit both 
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positively and negatively skewed real-life data. This study therefore presented yet a different 

flexible four parameters probability distribution that will fit both positively and negatively 

skewed data sets. 

1.4     Aim and Objectives  

This study aimed at developing a suitable distribution from an Exponentiated Generalized 

Family of distributions for modeling positively and negatively skewed data. The main 

objectives were to: 

(i) derive new statistical distribution and its properties that will be suitable to fit 

positively and negatively skewed unimodal data;  

(ii) examine the effect of the shapes and scale parameters on the distribution, and 

(iii)  compare the performance of the proposed distribution with existing distributions 

using simulated data and suitable sets of real-life data. 

1.5 Significance of the Study 

 Distribution theory has been widely used for modeling observed situations whose various 

characteristics as reflected by the data differ from those that would be anticipated under the 

simple component distribution. The improvement of existing classical distribution by adding 

one or two parameters with the help of an established generator has led to the flexibility and 

adaption of these classical distributions to different data sets. Thus, the inability of 

Exponential class of distributions to properly fit both left-skewed, right-skewed, and 

unimodal datasets makes the formulation of another distribution from EGF class of 

distribution a paramount task. It is believed that the research to development of a new 

distribution, which will serve as the best alternative distribution to existing distributions will 

provide a significant contribution in the area of study.  
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CHAPTER TWO 

LITERATURE REVIEW 

2.1 Introduction 

This chapter presents the review of the literature on methods of generating new univariate 

distribution and their respective drawbacks in obtaining their properties, expression, and data 

application. 

2.2 Statistical Distributions 

Eugene et al., 2002 stated that Statistical distributions are usually significant for parametric 

inference and application in describing real-life situation. Their theories have been 

extensively studied, and new probability distributions were generated from the existing ones. 

Some proposed procedures in eighteen century for generating continuous distributions 

include methods of differential equations (DE) proposed by Pearson (1895). Pearson (1895) 

did propose that for any member of PDF  𝑓(𝑥) satisfies DE; 

1

𝑓(𝑥)

𝑑𝑓(𝑥)

𝑑𝑥
=

𝑎 + 𝑥

𝑐𝑜 + 𝑐1 + 𝑐2𝑥2  
                  (2.1) 

𝑤ℎ𝑒𝑟𝑒 𝑎,  𝑐𝑜 , 𝑐1, 𝑎𝑛𝑑 𝑐2 𝑎𝑟𝑒 𝑡ℎ𝑒 𝑝𝑎𝑟𝑎𝑚𝑒𝑡𝑒𝑟𝑠 𝑤ℎ𝑖𝑐ℎ 𝑐𝑜𝑛𝑡𝑟𝑜𝑙 𝑡ℎ𝑒 𝑠ℎ𝑎𝑝𝑒 𝑜𝑓 𝑡ℎ𝑒 𝑑𝑖𝑠𝑡𝑟𝑖𝑏𝑢𝑡𝑖𝑜𝑛. 

 𝑇ℎ𝑒 𝑟𝑜𝑜𝑡𝑠 𝑜𝑓 𝑡ℎ𝑒 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛  

𝑐𝑜 + 𝑐1 + 𝑐2𝑥
2 

determine the solution to form equation (2.1) 

Pearson (1895) method was established in the literature for generating the Pearson type I – VI 

probability distributions, which were well known as beta, student t, generalized gamma or 

chi-square, inverse gamma, and beta prime or f-distributions respectively. The family of 
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Pearson (1895) subsumes some of the following distributions, the normal, exponential, and 

continuous uniform distributions. 

Dunning and Hanson (1977) generalized the Pearson (1895) frame work in (2.1) by 

expanding the DE as  

𝑑𝑓(𝑥)

𝑑𝑥
=

𝑎𝑜 + 𝑎1𝑥 + 𝑎2𝑥
2  + ⋯…𝑎𝑚𝑥𝑚  

𝑐𝑜 + 𝑐1𝑥 + 𝑐2𝑥2  + ⋯…𝑐𝑛𝑥𝑛  
                  ( 2.2) 

𝑤ℎ𝑒𝑟𝑒 𝑚 > 0 𝑎𝑛𝑑 𝑛 > 0. The generalized system proposed by Pearson in (2.2) becomes the 

Pearson (1895) system in (2.1) when 𝑚 = 1, 𝑛 = 2, 𝑎𝑜 = 𝑎, 𝑎𝑛𝑑 𝑎1 = 1.  It appears from the 

literature that attention has been paid to the study of the family PDF’s that can be derived as a 

solution to the generalized Pearson DE in (2.2), Chaudhry and Ahmad (1993), Cobb et al. 

Roy (1971)  and Dunning and Hanson (1977),  Lefevre et al. (2002), Sankaran et al. (2003), 

Stavroyiannis et al. (2007), Rossani and Scarfone (2009), Shakil et al. (2010), Hamedani 

(2011), Ahsanullah et al. (2013) and Shakil and Singh (2015) have all used the generalized 

Pearson to generate some distributions. 

Burr (1942) proposed a new system of generating probability distribution based on 

differential equation and expressed it as: 

𝑑𝐹 = 𝐹(1 − 𝐹)𝑔(𝑥)𝑑𝑥                                       (2.3) 

where  0 ≤ F ≤ 1 and g(x) > 0 

Base on some choice of 𝑔(𝑥), Burr, (1942) was able to arrive at twelve solutions to equation 

(2.3) in the form of CDF and became known as the Burr type 1-X11 distributions. The Burr 

(1942) system of the DE must satisfy the DE in (2.3) and base on some choice of 𝑔(𝑥). Fry, 

(1993) and Johnson et al. (1994) gave a detailed review of Burr system of distributions.   

Raqad, (1996) worked on the 𝑟𝑡ℎ order statistics of Burr X distribution, Mehment et al., 
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(2017) illustrated the Burr III distribution in real life situations and finance literature etc. 

Mohan and Todd, (2013, 2014) introduced a method of simulating univariate and multivariate 

to Burr type III, VII and XII distributions through methods of L-moments and L-correlation. 

The method base on the differential equation has its shortcoming when it comes to generating 

a new distribution; some of them are:  

(i)  the Pearson system does not include the logistic distribution for any of its 

solutions;  

(ii) obtaining solutions to the system of differential equations have proved to become 

a herculean task because many of the times analytical solutions do not exist for 

some chosen values of constants in the system; and 

(iii) apart from types I, III, X and XII of the Burr-distribution family, the properties of 

the some members are analytically not tractable hence their limited applications to 

real-life problems. 

Johnson (1949) developed a method of generating distributions based on normalization 

transformation and defined its general form as: 

𝑧 = 𝛾 + 𝛿𝑓 (
𝑥 − 𝜀

𝜆
)                                                  (2.4) 

where 𝑓(. ) is the transformation function, 𝑧 is the standard normal random variable while 

𝛾, 𝛿 𝜆, 𝑎𝑛𝑑 𝜀 are parameters.  Johnson, (1949) assumed 𝛿 𝑎𝑛𝑑 𝜆 to be positive and further 

defined three transformation functions as; 

i) the lognormal family 

𝑧 = 𝛾 + 𝛿𝐼𝑛(𝑋 − 𝜀)             𝑋 ≥ 0                         (2.4.1)                    

ii) the bounded distribution family  

𝑧 = 𝛾 + 𝛿𝐼𝑛 (
𝑥 − 𝜀

𝜀 + 𝜆 − 𝑋
)     𝜀 ≤ 𝑋 ≤  𝜀 +  𝜆                          (2.4.2)                           



30 
 

iii) the family of unbounded distribution  

𝑧 = 𝛾 + 𝛿𝑠𝑖𝑛−1 (
𝑥 − 𝜀

𝜆
)        − ∞ ≤ 𝑋 ≤ ∞                          (2.4.2)                                

Athayde, (2012) used the Johnson transformation to obtain the Birnbaum- Saunder 

distribution. 

Tukey, (1960) developed another method of transformation based on generating skew and 

heavy-tailed distribution known as the Tukey family. Fischer (2010) gave a more detailed 

review of the Tukey family as a generator. The general form of the Tukey family is expressed 

as 

𝑌 = 𝑍. 𝑇𝜃(𝑍)      𝜃𝜖ℛ                                                                     (2.5) 

where the function 𝑇(𝑍) is positive symmetric and strictly monotone increasing for 𝑍 ≥ 0.  

Tukey (1977) introduced another family of distribution by using two nonlinear 

transformations called  g − h distribution which stated as 

𝑌 = 𝑍. 𝑇𝑔,ℎ(𝑍) =
1

𝑔
(exp{𝑔𝑍} − 1) exp {

ℎ𝑍2

2
}      𝑔 ≠ 0, ℎ𝜖ℛ         (2.6) 

where 𝑍 is a standard normal distribution. The Tukey’s g-h family of distributions has more 

useful features because of its ability to produce a good number of the Pearson, (1895) 

distributions and can also create most of the well-known distributions, Martinez and Iglewics, 

(1984). The two major limitations of methods based on transformation are: 

i) well defined CDF and PDF of generated distribution are not made available by the 

method (Headrick et al., 2008); and 

ii) transformation function can only be positive symmetry and strictly monotone 

function. 
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Hastings et al., (1947) and Tukey, (1960) worked on the generalized lambda families of 

distribution which is defined in term of quantile function and expressed its general form as  

𝑄(𝑝) = 𝑄(𝑝: 𝜆1, 𝜆2, 𝜆3, 𝜆4) = 𝜆1 +
𝑝𝜆3 − (1 − 𝑝)𝜆4

𝜆2
    0 ≤ 𝑝 ≤ 1          (2.7) 

where 𝜆1𝑎𝑛𝑑 𝜆2 are location and scale parameters respectively while  𝜆3 𝑎𝑛𝑑 𝜆4 are shape 

parameters, the corresponding pdf is;  

𝑓(𝑥) =
𝜆2

𝜆3𝑝𝜆3−1 + 𝜆4(1 − 𝑝)𝜆4−1
         𝑥 = 𝑄(𝑝)                                  (2.8) 

The required condition for (2.8) to be a true pdf is that 𝜆2 and 𝜆3𝑝
𝜆3−1 + 𝜆4(1 − 𝑝)𝜆4−1 must 

have the same sign for all 𝑝 in (0,1). The extended form of generalized lambda distribution 

(GLD) was done by Karian et al., (1996) and incorporated the GLD and generalized beta 

distribution (GBD) with the pdf. 

𝑓(𝑥) = {
(𝑥 − 𝛽1)

𝛽3(𝛽1 + 𝛽2 − 𝑥)𝛽4

𝐵(𝛽3 + 1, 𝛽4 + 1)𝛽2(𝛽3 + 𝛽4 + 1)
𝛽1 ≤ 𝑥 ≤ 𝛽1 + 𝛽2                  (2.9) 

0,                                        𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

 

where 𝐵(… ) is complete beta function. A thorough review of the GLD and its extension was 

done by Karian and Dudewicz, (2000). 

Vort, (1992) combined the Pearson and Tukey lines of approach to define a system of S- 

distribution by differential equation;   

𝑓(𝑥) =
𝑑𝐹(𝑥)

𝑑𝑥
= 𝛼[(𝐹(𝑥))𝑔 − (𝐹(𝑥))ℎ],      𝐹(𝑥0) = 𝐹𝑜,                    (2.10) 

where 𝛼 is a scale parameter 𝑔 𝑎𝑛𝑑 ℎ are shape parameters, the initial value 𝑥𝑜 is 

equivalent to the 𝐹𝑜, quantile which is often taken to be 0.5 so that 𝑥0 is the median or the 

second quartile for 𝑓(𝑥) to be true density, it is required that 𝑔 < ℎ, if 𝑔 = ℎ and 𝑓(𝑥) =
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0 for all 𝑥 and 𝛼 ≠ 0 and without loss of generality 𝛼 > 0 the logistic distribution (𝑔 =

1, ℎ = 2) is a product of equation  2.10. Its limitation exists in the literature as:  

i) Freimer et al. (1988) did say that the GLD does not cover all skewness and 

kurtosis values; 

ii) according to Muino et al. (2006), the system of S- distribution only includes one 

symmetric distribution, the logistic distribution; and 

iii) the S- distribution system does not correctly accommodate distribution with a 

heavy tail, as well as the finite right tail, Muino et al., (2006). 

Generating a generalized distribution received less or no attention until the study of skewed 

symmetric distribution (SSD) and skewed normal distribution (SND) of Azzalini (1985) 

having probability distribution function (pdf). 

𝑓(𝑥) = 2𝑔(𝑥)𝐺(𝜆𝑥), −∞ < 𝑥 < ∞     𝜆𝜖ℛ                              (2.11) 

where 𝑔(. ) and 𝐺(. ) are PDF and CDF respectively of standard normal variable, 𝜆 is the 

skew parameter interpreted as the parameter of asymmetry. Kotz and Vicari, (2005) and Lee 

et al. (2013) gave a detailed summary and characterization of generalized SND.  

Azzalini (2005) improved equation 2.11 by defining the pdf as:   

𝑓(𝑥) = 2𝑔(𝑥)𝐺(𝑤(𝑥)),       𝑥 ∈ 𝑅                                                     ( 2.12) 

where 𝑔(𝑥) is symmetric about 0 , 𝐺(𝑥) and  𝑤(𝑥) are any odd functions. Arnold et al., 

(2000) and Arnold and Beaver, (2002) used other distribution other than the normal 

distribution adopted by Azzalini. An alternative method for introducing skewness to 

continuous univariate unimodal symmetry distribution was proposed by Fernadez and Steel, 

(1998) and defined the pdf as: 
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𝑔(𝑥) = {
𝑐𝑓(𝛼𝑥),         𝑥 ≥ 0          

 𝑐𝑓(𝑥 𝛼⁄ ), 𝑥 < 0 
                                                      (2.13) 

when  𝛼 ≠ 1 the distribution becomes skewed and:  

𝑐 = 2𝛼
1 + 𝛼2⁄  

is the normalization constant defined in order to make 𝑔(𝑥) a valid density function. Ferrreira 

and Steel, (2006) proposed another framework for introducing skewness to symmetric 

distributions based on the inverse probability integral transformation and defined the family 

as: 

𝑔(𝑥/𝑓, 𝑝) = 𝑓(𝑥)𝑝(𝐹(𝑥)), 𝑥 ∈ 𝑅                                            (2.14)   

if  𝑝 is uniform 𝑔 = 𝑓. The pdf 𝑔(𝑥/𝑓, 𝑝) is a weighted version of 𝑓(𝑥), with the weight 

function given by  𝑝(𝐹(𝑥)). All the methods of adding skewness to symmetric distributions 

have their shortcomings, such as: 

(i)  it only considers symmetric by adding skewness and not necessarily enhancing 

flexibility of shape of the distributions; and  

(ii) most of the developed (proposed) family of distributions using the method always 

produce distributions whose tails are thinner than that of normal distribution 

Azzalini (1985). 

Mudholkar and Srivastava, (1993) used an approach based on 𝑟𝑎𝑛𝑑𝑜𝑚 𝑣𝑎𝑟𝑖𝑎𝑏𝑙𝑒 𝑋 with 

existing CDF 𝐹(𝑥) to classify a new family of distribution expressed as: 

𝐺(𝑥) = (𝐹(𝑥))𝜃     𝑥𝜖𝑅     𝜃 > 0,                                             (2.15) 
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where 𝜃 is a shape and when 𝜃 = 1 equation 2.15 reduces to CDF of the baseline 

distribution. Gupta and Kundu, (1998), and Mudholkar and Srivastava used these approaches 

to transform the Exponential and Weibull distributions respectively.  

Another method for introducing a parameter to distribution within the context of lifetime 

analysis was proposed by Marshall and Olkin (1997) and is defined as: 

𝐺(𝑥) = 1 −
𝛼𝑆(𝑥)

1 − (1 − 𝛼)𝑆(𝑥)
 , 𝑥 ∈ 𝑅   𝛼 > 0           (2.16) 

𝑤ℎ𝑒𝑟𝑒 𝑆(𝑥) being a survival function of the existing distribution and 𝛼 is the additional 

parameter, when 𝛼 =1 equation (2.16) change back to the existing distribution. The case of 

Weibull and exponential distribution was examined by Marshall and Olkin, (1997). 

Shaw and Buckley, (2007) introduced quadratic rank transmutation map family which serves 

as an alternative approach and called it transmuted distribution defined by 

𝐺(𝑥) = (1 + 𝜆)𝐹(𝑥) − 𝜆(𝐹(𝑥))2ΙλΙ                     (2.17) 

when  𝜆 assumes the values −1, 0 𝑎𝑛𝑑 1 equation (2.17) reduces to exponentiated family in 

equation (2.15) (with 𝜃 = 2), the existing 𝐹(𝑥) and a quadratic form of the existing 

distribution 𝐹(𝑥) respectively. Shaw and Buckley, (2007), Das, (2015) and Bourguignon et 

al., (2016) studied the general characteristics of the family. Tahir and Cordero (2016) listed 

some transmuted family as defined by various authors. There are majorly two limitations to 

these methods.  

i) to state the properties of the distribution in a simple and analytical form can be 

very tasking. 

ii) the methods only accommodate the introduction of only one parameter to the 

existing distributions which may not improve the flexibility required.    
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Adamidis and Loukas, (1998) pioneered the method for compounding continuous distribution 

and discrete family of distribution using conditional and marginal CDF. The method 

considers a continuous positive random variable 𝑋 with CDF 𝐹(𝑥)  and discrete random 

variable N with probability mass function pmf 𝑝𝑛, truncated at zero. Given N, let [𝑋𝑖]
𝑁

𝑖=1
 be 

a sequence of independent and identical distributed (iid) random variable from the 

distribution of 𝑋. Suppose 𝑋𝑖 = min (𝑋𝑖=1
𝑁 ). The conditional CDF of 𝑋(1)/𝑁 = 𝑛 is given by 

𝑍𝑥(1)/𝑁=𝑛(𝑥) = 1 − ∏[1 − 𝐹𝑖(𝑥)] = 1 −

𝑛

𝑖=1

[1 − 𝐹𝑖(𝑥)]𝑛 

Adamidis and Loukas, (1998) defined a new class of distribution using the marginal 

cumulative distribution function of the distributions of 𝑋(1) by the cumulative distribution 

function: 

𝐺(𝑥) = ∑𝑝𝑛𝑍𝑥(1)/𝑁=𝑛(𝑥)     𝑥 > 0                         ( 2.18)

𝑛

𝑖=1

 

Several distributions have been compounded over the years. Adamidis and Loukas (1998) 

defined a 2-parameter Exponential-Geometric [EGT] by compounding the exponential 

geometric distributions. Kus, (2007), Tahmasbi and Rezael, (2008), Barreto-Souza et al., 

(2010a), Lu and Shi, (2011) and Rodrigues et al., (2011) defined the Exponential Poisson 

(EP), Exponential-Logarithmic (EL), Weibull-Geometric (WG), Weibull Poisson (WP) and 

Weibull Negative Binomial (WNB) distributions respectively. Tahir and Cordeiro (2016) 

gave a comprehensive survey of the compounded class of distributions.  The method based 

on compounding has following  its limitations: 

(i) the method only accommodates continuous distribution with positive intervals; 

(ii) only zero truncated distribution can be compounded; and 
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(iii) results obtained can only be expressed in infinite series or special functions. 

The family of the beta-generated class of distributions was proposed by Eugene et al.(2002). 

He utilized the property of random variable lies somewhere in the range of 0 and 1. The CDF 

of beta–generated distribution is expressed as follows; 

𝐺(𝑥) = ∫ 𝑏(𝑡)𝑑𝑡
𝐹(𝑥)

𝑎

                                                                        (2.19) 

where b(t) = 𝑡𝛼−1(1 − 𝑡)𝛽−1 𝑎𝑛𝑑 𝐹(𝑥) is the cumulative distribution of any random 

variable X. The PDF for beta-generated distribution is derived and expressed as follows:  

𝑔(𝑥) =
𝑓(𝑥)

ℬ(𝛼, 𝛽)
𝐹𝛼−1(𝑥)(1 − 𝐹(𝑥))𝛽−1    𝑎 > 0, 𝛽 > 0                     (2.20) 

𝑤ℎ𝑒𝑟𝑒 ℬ(𝛼, 𝛽) is the Beta-function. The equation (2.20) can generally be considered as order 

statistics (Jones, 2004, Eugene et al., 2002). They further examined the beta-normal 

distribution and its properties as a member of the beta generated class of distributions.  

Furthermore, the beta-normal distribution was shown by Famoye et al., (2004) that it could 

be unimodal or bimodal, which adds more flexibility in fitting real-life data. Famoye et al., 

(2005), defined the Beta-Weibull distribution and proved that the distribution is unimodal and 

find expressions for mean deviations and non-central moments.  Lee et al., (2007) did a 

further study to examine the Rẻnyi entropy and hazard function of the distribution, and 

imposed censored data so as to compare the performance of Beta-Weibull distribution to that 

of Exponentiated Weibull and Weibull distributions. Nadarajah and Kotz (2004) formulated 

Beta-Gumbel distribution and studied extremes order statistics with the shapes and showed 

that the hazard function is always growing. The expressions for the non-central moments 

were derived and recommended the method of maximum likelihood (MLE) for estimation 

(MLE) of the parameters of the distribution. 
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Nadarajah and Kotz (2004) also defined the Beta-Exponential distribution and derived 

mathematical expressions for the first four raw moments for the probability distribution. 

Thereafter, they estimated Rẻnyi and Shannon entropies, mean deviations, for the Beta-

Exponential distribution, and recommended the MLE for estimating the parameter of the 

distribution. Several other Beta-Generated distributions have been proposed in the literature 

which have been very adaptive to several applications. Distributions in this class include 

Beta-Gamma (Kong et al., 2007), Beta-Pareto (Akinsete et al., 2008), Beta-Generalized 

Exponential (Barreto Souza et al., 2010) and Beta-Generalized Pareto (Mahmoudi, 2011). 

Following the heels of the developers of beta generated class of distribution, Cordeiro and de 

Castro (2011), and Jones (2009) proposed the Kumaraswamy-generated (Kw-G) class of 

distributions, using the Kumaraswamy as the generator just like the beta distribution was 

employed as the generator in the beta-generated member of the distributions. The general 

expressions for the density function, moments and density of order statistics of the Kw-G 

were derived by Cordeiro and de Castro, (2011) in terms of its PDF and CDF. The family of 

Kw-G PDF and CDF are respectively defined as; 

𝑔(𝑥) = 𝛼𝛽𝑓(𝑥)𝐹𝛼−1(𝑥)(1 − 𝐹(𝑥))𝛽−1      𝑎 > 0, 𝛽 > 0                 (2.21) 

and 

𝐺(𝑥) = 1 − (1 − 𝐹(𝑥)∝)𝛽                                                                        (2.22) 

respectively. Some of the notable derived distributions under Kw-G family are  

Kumaraswamy-half normal by Cordeiro et al., (2012), Kumaraswamy Pareto distribution by 

Nadaraja and Eljbri, (2013), Kumaraswamy linear Exponential distribution by Elbatal,(2013), 

Kumaraswamy Lomax distribution by Sham, (2013), Kumaraswamy Weibull distribution 

Cordeiro by et al.,(2014), Kumaraswamy generalized Rayleigh by Gomes et al.,(2014), 

Kumaraswamy Marshall- Olkin family of distribution by Alizadeh et al.,(2015) 
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Kumaraswamy  Pareto IV Distribution by Tahir et al (2015) and Kumaraswamy-Exponential 

distributions among other.  The Kumaraswamy class of distributions was used to compare the 

fit of other member of the existing distributions such as Weibull, Exponentiated Weibull and 

Exponentiated Exponential.  

However using the methodology of Eugene el al., (2002) and Cordeiro and de Castro, (2011) 

Pescim et al. (2012) introduced a new class of Kummer Beta Generalized (KBG) family of 

distributions that is suitable in fitting skewed data. From an arbitrary parent or baseline 

distribution with CDF 𝐺(𝑥) of random variable 𝑋 and pdf 𝑔(𝑥), the KBG is defined by the 

following cdf: 

𝐹(𝑥) = 𝐾 ∫ 𝑡𝛼−1(1 − 𝑡)𝛽−1𝑒−𝑝𝑡𝑑𝑡                                              (2.
𝐺(𝑥)

0

23) 

𝑤ℎ𝑒𝑟𝑒 𝛼 > 0, 𝛽 > 0 𝑎𝑟𝑒 𝑡𝑤𝑜 𝑠ℎ𝑎𝑝𝑒 𝑝𝑎𝑟𝑎𝑚𝑒𝑡𝑒𝑟𝑠 𝑎𝑛𝑑 − ∞ < 𝑝 < ∞ is a scale parameter. 

The pdf of KGB is expressed by  

𝑓(𝑥) = 𝐾𝑔(𝑥)(𝐺(𝑥))𝛼−1{1 − 𝐺(𝑥)}𝛽−1𝑒−𝑝𝐺(𝑥)                            (2.24) 

For 𝑝 = 0 the KBG reduces to the beta generated family (see Pascim et al. (2012)).    

The beta-generated class defined in (2.19) and its alternative in (2.23) required the use of a 

generator (beta and Kumaraswamy distributions) which are defined on (0, 1).  

The class of the gamma-generated family (GG) utilizes the gamma distribution 𝐺𝑎𝑚(𝛼, 1) as 

the generator. Zografos and Balakrishnan, (2009) introduced a kind of 𝐺𝐺 family which is 

based on a baseline continuous or parent distribution 𝐺(𝑥) of a random variable X with 

parent survival function 𝐺̅(𝑥) and parent density 𝑔(𝑥). They defined the cumulative density 

and probability density functions of the 𝐺𝐺 family respectively as: 

𝐹(𝑥) =
1

Γ(𝛼)
∫ 𝑡𝛼−1𝑒−𝑡𝑑𝑡,                                              (2.25)

−log (1−𝐺(𝑥))

0

 

𝑓(𝑥) =
1

Γ(𝛼)
𝛾(𝛼,− log(1 − 𝐺(𝑥)) , 𝑥𝜖𝑅  𝛼 > 0                            (2.26) 
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and  

𝑓(𝑥) =
1

Γ(𝛼)
[− log(1 − 𝐺(𝑥))]𝛼−1𝑔(𝑥)                                         (2.27) 

where Γ(. ) is the gamma function and γ(. , . ) is the incomplete lower gamma function. 

Following related procedure, Ristic and Balakrishnan, (2011) proposed a more robust 

gamma-generator which is shown by the CDF as follows: 

𝐹(𝑥) =
1

Γ(𝛼)
∫ 𝑡𝛼−1𝑒−𝑡𝑑𝑡,

−log (𝐺(𝑥))

0

 𝑥𝜖𝑅  𝛼 > 0                        (2.28) 

while the resultant PDF is; 

𝑓(𝑥) =
1

Γ(𝛼)
[− log(1 − 𝐺(𝑥))]𝛼−1𝑔(𝑥)                                        (2.29) 

The beta-class distributions were further extended by Alexander et al., (2012), and the 

Kumaraswamy generated distributions by establishing a family of generalized beta generated 

(GBG) distributions using the density of a special case of GB1 as a generator. The beta-class 

of the Exponentiated distribution was compared with the GBG family. They further studied 

the general properties of the distribution and incorporated the proposition of expressions for 

the quantile functions and moments. They also used real-life data sets to compare the 

generalized-beta normal and the generalized-beta-Weibull distributions to other distributions. 

Alzaatreh et al., (2013a) suggested another method for generating new distributions the 𝑇 −

𝑋 class of distributions. They used a random variable T  defined on the range [𝑎, 𝑏], −∞ ≤

𝑎 < 𝑏 ≤ ∞  with CDF and PDF of 𝑟( 𝑡) 𝑎𝑛𝑑 𝑅( 𝑡) respectively and another random variable 

𝑋 with CDF F(x) and PDF f (x ). By transforming 𝐹 (𝑥 ) using W (𝐹 ( 𝑥)), a new class W(.) 

of distributions was defined by the CDF of the form of; 

𝐺(𝑥) = ∫ 𝑟(𝑡)𝑑𝑡
W (𝐹 ( 𝑥))

𝑎

                                                  (2.30) 
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where W (. ) satisfies the conditions ; 

i.) W(𝐹 ( 𝑥)) ∈ [𝑎, 𝑏] 

ii.) W is differentiable and monotonically non-decreasing,  

iii.) W(𝐹 ( 𝑥)) → 𝑎 𝑎𝑠 𝑥 → −∞ 𝑎𝑛𝑑 W(𝐹 ( 𝑥)) → 𝑏 𝑎𝑠 𝑥 → ∞ 

They called the distribution in (2.30) the “ 𝑇 − 𝑋 distribution." Several functions  W (. ) were 

defined by the authors, and a list of new families of distribution using 𝐹(𝑥)  as the random 

generator variable were outlined. Observe that the 𝐺 ( 𝑥) is a CDF since it satisfies the 

required conditions stated as follows for a distribution function:  

(i) 𝐺 is non-decreasing,  

(ii)   𝐺 is right-continuous,  

(iii) 𝐺 ( 𝑥) →  0 as 𝑥 → −∞   and  𝐺 ( 𝑥) → 1 as 𝑥 → ∞ 

Furthermore, let 𝑅(𝑡) and 𝑟(𝑡) represent the PDF and CDF respectively of the continuous 

random variable 𝑇 and let 𝑋 represents any continuous random variable with CDF and PDF 

𝐹(𝑥) 𝑎𝑛𝑑 𝑓(𝑥)  respectively and also take W (𝐹 ( 𝑥)) as the logit of the cdf  𝐹(𝑥) i.e. 

W(𝐹 ( 𝑥)) = 𝑙𝑛{𝐹(𝑥) (1 − 𝐹(𝑥))⁄ }, which also corresponds to considering it as the quantile 

function of the standard logistic distribution, then the cumulative distribution function on the 

basis of the logit function is presented as follows; 

∫ 𝑟(𝑡)𝑑𝑡
𝑙𝑛{𝐹(𝑥) (1−𝐹(𝑥))⁄ },

𝑎

= 𝑅(𝑙𝑛{𝐹(𝑥) (1 − 𝐹(𝑥))⁄ }),              (2.31) 

 The resulting PDF 𝑜𝑓 𝑡ℎ𝑒  𝑇 − 𝑋 𝑑𝑖𝑠𝑡𝑟𝑖𝑏𝑢𝑡𝑖𝑜𝑛 𝑖𝑛 (2.32) is derived by taking a 

differentiation of (2.31) with respect to 𝑥  to get   

𝑔(𝑥) = 𝑟(𝑙𝑛{𝐹(𝑥) (1 − 𝐹(𝑥))⁄ })
h(x)

F(x)
                                   (2.32) 

where h(x) =
𝑓(𝑥)

(1−𝐹(𝑥))
 is the hazard function of the random variable 𝑋 with CDF  𝐹(𝑥). 

Observe that  𝑅(𝑙𝑛{𝐹(𝑥) (1 − 𝐹(𝑥))⁄ }) = 𝑅( 𝑡)  
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⇒ {𝐹(𝑥) (1 − 𝐹(𝑥))⁄ } = t , 

 Therefore, 

𝑥 = 𝐹−1(𝑒𝑡 (1 + 𝑒𝑡)⁄ )    

hence , 

       𝑋 = 𝐹−1(𝑒𝑇 (1 + 𝑒𝑇)⁄                                       (2.33) 

The equation (2.33) is helpful for simulation of the random variable 𝑋 with CDF 𝐺( 𝑥) of the 

continuous distribution by simulating the random variable  𝑇 which serves as the generator 

and thereafter transformed accordingly. Equation (2.33) can also be applied to obtain the 𝑟𝑡ℎ 

non-central moment of the 𝑇 − X random variable X. Alzaatreh et al., (2013b) developed the 

Weibull-Pareto distribution as a part of the family. The limiting behavior, moments, shapes, 

and Shannon entropy for the Weibull-Pareto distribution were examined. Al-Aqtash et al., 

(2014) also developed the Gumbel-Weibull distribution which is also a member of the T-X 

family. They study some properties of the distribution, such as, the modes and mean 

deviations. The maximum likelihood method was used for to estimate unknown parameters 

of the distribution. The distribution was applied to six different data sets to illustrate the 

flexible nature of the distribution when fitting bimodal and unimodal data sets. 

Osatohanmwen et al. (2017) proposed Gumbel-Burr XII distribution using T-X family 

framework, Numerous properties of the distribution were examined, and its relationship with 

other distributions was compared. The drawbacks associated with the T-X family are: 

(i) the cumulative density function related with the class in a few cases add scale 

parameter to the improved distributions. 

(ii) the failure of T-X family to add not more than one shape parameter to existing  

distributions had made it less flexible. 

Amini et al., (2014) introduced two new general families of continuous distributions called 

log gamma generated families of distributions (LL-G). For any continuous parent  G(x) of a 
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random variable 𝑋 with corresponding parent pdf 𝑔(𝑥), Amini et al., (2014) defined the two 

new LL-G families with the following two pdfs 

𝑓1(𝑥) =
𝜎1

𝑐

Γ(𝑐)
[−𝑙𝑜𝑔𝐺̅(𝑥)]𝑐−1[𝐺̅(𝑥)]𝜎1−1𝑔(𝑥)                         (2.34) 

𝑓1(𝑥) =
𝜎1

𝑐

Γ(𝑐)
[−𝑙𝑜𝑔𝐺(𝑥)]𝑐−1[𝐺(𝑥)]𝜎1−1𝑔(𝑥)                             (2.35) 

Where 𝑐 and 𝜎1 are two positive shape parameters. The drawback associated with LL- G 

family, are;  

(i) obtaining the CDF and simulating data from the family is very tasking. 

(ii) stating the properties of the distribution in a simple and analytical form can be 

tasking. 

2.2 Appraisal of the Literature Reviewed 

Some methods of generating new univariate continuous distribution have been reviewed 

along with their different shortcomings. Majorly, seven different approaches have been used 

in the past decades to generate new distribution, which are the method of differentiation, 

method of addition of parameter, method base on quantile function, method base on survival 

function, method base on composite function, method generated from probability density 

function to methods generated from cumulative distribution functions.  However, among the 

methods studied since inception, it is only the method of Exponentiated Generalized Family 

of distribution that guarantees the following: 

(i) addition of two shape parameters with simplicity to baseline distributions; 

(ii)  provides tractable properties, especially for simulation; and  

(iii) create greater flexibility for heavy tail nature of real-life data sets. 
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CHAPTER THREE 

METHODOLOGY 

3.0 Introduction 

This chapter presents the theoretical structure of the Exponentiated Generalized Family 

(EGF) of distribution, existing distributions on EG, properties of proposed Exponentiated 

Generalized Exponentiated Exponential (EGEE) distribution and information criteria used to 

justify the additional parameters to baseline Exponentiated Exponential (EE) distribution. 

3.1 Theoretical Framework   

This study extended the work of Cadeiro et al., (2013) who proposed a family of distributions 

by introducing two parameters to an existing continuous distribution, by improving the idea 

initially proposed by Lehman, (1953) and studied by Nadarah and Kotz, (2006). This 

technique lead to a new family EGF of distribution that can be taken to be a double 

construction of Lehmann alternative.  The distributions broaden the Exponentiated type of 

distribution and derived some of its theoretical properties. Given a cumulative distribution 

𝐺(𝑥), we express the EGF family of distributions is expressed as follows;  

𝐹(𝑥) = [1 − {1 − 𝐺(𝑥)}𝛼]𝛽                                                                              (3.1) 

and 

𝑓(𝑥) = 𝛼𝛽{1 − 𝐺(𝑥)}𝛼−1[1 − {1 − 𝐺(𝑥)}𝛼]𝛽−1𝑔(𝑥)                               (3.2) 

where α > 0 𝑎𝑛𝑑𝛽 > 0  are the two added shape parameters. The quantile function of EGF 

has tractable properties, particularly for simulation because it exists in a simple form; 
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𝑥 = 𝑄𝐺 ([1 − (1 − 𝑢
1
𝛽)

1
𝛼

])                                                               (3.3) 

Where 𝑄𝐺(𝑢) is the baseline quartile function. 

3.2  Existing Distributions From Exponentiated Generalized Family (EGF) 

This study examined two existing distributions from EGF class of distribution. Two 

parameters were added to Frechet and Inverted Exponential distribution by Cordeiro et al., 

(2013) and Oguntunde et al., (2014) respectively by using Exponentiated Generalized Family 

 

3.2.1 Exponentiated  Generalized Frechet (EGFT) 

The CDF of the Frechet distribution (for 𝑥 > 0) is; 

𝐺𝜎,𝜆(𝑥) = exp {−(𝜎/𝑥)𝜆} 

where 𝜆 > 0 and 𝜎 > 0.  

The corresponding CDF of Exponentiated Generalized Frechet (EGFT) cumulative 

distribution (for 𝑥 > 0) from  (3.1) is express as; 

 

𝐹(𝑥) = [1 − {1 − exp {−(𝜎/𝑥)𝜆}𝛼]𝛽                                    (3.4) 

 

 

where 𝜆 > 0 , 𝜎 = 𝑠 > 0 , 𝛼 = 𝑎 > 0 and 𝛽 > 0.  

 

       Figure 3.1:  Cumulative Distribution Function of EGFT 
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The EGFT pdf is obtained from (3.4) as 

𝑓(𝑥) = 𝛼𝛽𝜆𝜎𝜆𝑥−(𝜆+1)exp {−(𝜎/𝑥)𝜆}[1 − exp {−(𝜎/𝑥)𝜆}]𝛼−1 × 

(1 − [1 − exp {−(𝜎/𝑥)𝜆}]𝛼)𝛽−1                                              (3.5)                   

 

The hazard function of EGFT 

ℎ(𝑥) =
𝛼𝛽𝜆𝜎𝜆𝑥−(𝜆+1)exp {−(𝜎/𝑥)𝜆}[1−exp {−(𝜎/𝑥)𝜆}]𝛼−1(1−[1−exp {−(𝜎/𝑥)𝜆}]𝛼)𝛽−1

1−[1−{1−exp {−(𝜎/𝑥)𝜆}}𝛼]𝛽
     (3.6)                                   

 

 

 

       Figure 3.2:  Probability Density Function for EGFT 

 

       Figure 3.3:  Hazard function of EGFT 
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3.2.2   Exponentiated  Generalized Inverted Exponential (EGIE) 

The PDF and CDF of the Inverted Exponential (IE) distribution were defined by Oguntunde 

et al., (2014) as follows: 

𝑔(𝑥) =
𝜆

𝑥2
exp (−

𝜆

𝑥
) 

and 

𝐺(𝑥) = 1 − exp (−
𝜆

𝑥
) 

where 𝑥 > 0, the scale parameter 𝜆 > 0.  Therefore, the EGIE distribution is obtained by 

substituting CDF of IE distribution in equation (3.1) to obtain: 

𝐹(𝑥) = [1 − {1 − exp −(𝜆/𝑥)}𝛼]𝛽                                                                                    (3.7)  

 

The equivalent PDF is 

𝑓(𝑥) = 𝛼𝛽𝜆𝑥2exp −(𝜆/𝑥){exp −(𝜆/𝑥)}𝛼−1[1 − {exp−(
𝜆

𝑥
)}𝛼]𝛽−1             (3.8) 

       Figure 3.4:  Cumulative Distribution Function of EGIE 
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where 𝑥 > 0, 𝛼 = 𝑎 > 0, 𝛽 > 0, 𝜆 > 0 

Hazard function of EGIE is expressed as; 

ℎ(𝑥) =
𝛼𝛽𝜆𝑥2exp −(𝜆/𝑥){exp −(𝜆/𝑥)}𝛼−1[1 − {exp− (

𝜆
𝑥)}𝛼]𝛽−1

1 − [1 − {exp −(𝜆/𝑥)}𝛼]𝛽
     (3.9) 

 

3.3   Proposed Distribution: Exponentiated Generalized Exponentiated Exponential 

(EGEE)  

The CDF and PDF of EE were defined by Gupta and Kundu (1998) in equations (3.10) and 

(3.11) respectively:   

       Figure 3.5:  Probability Density Function of EGIE 

 

       Figure 3.6:  Hazard function of EGIE 
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𝐺(𝑥) = (1 − 𝑒
−

𝑥
𝜃)𝑘                                                                                                        (3.10) 

𝑔(𝑥, 𝜃, 𝑘) = 𝑘/𝜃(1 − 𝑒−
𝑥
𝜃)𝑘−1𝑒−

𝑥
𝜃                                                                             (3.11) 

the (EGEE) cumulative distribution from (3.1) is defined as; 

𝐹(𝑥) = [1 − {1 − (1 − 𝑒−
𝑥
𝜃)𝑘}𝛼]𝛽                                                                                   (3.12) 

By inserting (3.10) in (3.1) and the corresponding p.d.f from (3.1) is 

𝑓(𝑥) =
𝛼𝛽𝑘

𝜃
𝑒−

𝑥
𝜃(1 − 𝑒−

𝑥
𝜃)𝑘−1{1 − (1 − 𝑒−

𝑥
𝜃)𝑘}𝛼−1[1 − {1 − (1 − 𝑒−

𝑥
𝜃)𝑘}𝛼]𝛽−1     (3.13) 

where 𝑥 > 0, 𝛼 > 0, 𝛽 > 0,    𝑘 > 0 and 𝜃 > 0 

3.3.1  Proof of Proposed EGEE Distribution 

∫ 𝑓(𝑥)𝑑𝑥 = 1
∞

0

 

∫
𝛼𝛽𝑘

𝜃
𝑒−

𝑥
𝜃(1 − 𝑒−

𝑥
𝜃)𝑘−1{1 − (1 − 𝑒−

𝑥
𝜃)𝑘}𝛼−1[1 − {1 − (1 − 𝑒−

𝑥
𝜃)𝑘}𝛼]𝛽−1 𝑑𝑥 = 1

∞

0

 (3.14) 

𝑙𝑒𝑡   𝑢 = 1 − {1 − (1 − 𝑒−
𝑥
𝜃)𝑘}𝛼 

then 𝑑𝑢 = [−𝛼{1 − (1 − 𝑒−
𝑥

𝜃)𝑘}𝛼−1] × [−𝑘(1 − 𝑒−
𝑥

𝜃)𝑘−1] × [−(−
1

𝜃
𝑒−

𝑥

𝜃)] 𝑑𝑥 

𝑑𝑢 = [−𝛼{1 − (1 − 𝑒−
𝑥
𝜃)𝑘}𝛼−1] × [−𝑘(1 − 𝑒−

𝑥
𝜃)𝑘−1] × [

1

𝜃
𝑒−

𝑥
𝜃] 𝑑𝑥 

𝑑𝑢 =
𝛼𝑘

𝜃
𝑒−

𝑥
𝜃(1 − 𝑒−

𝑥
𝜃)𝑘−1{1 − (1 − 𝑒−

𝑥
𝜃)𝑘}𝛼−1𝑑𝑥 

𝑑𝑥 = (
𝛼𝑘

𝜃
)
−1

[𝑒−
𝑥
𝜃(1 − 𝑒−

𝑥
𝜃)𝑘−1{1 − (1 − 𝑒−

𝑥
𝜃)𝑘}𝛼−1]

−1

𝑑𝑢 

Substitute for dx in 3.14  
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∫
𝛼𝛽𝑘

𝜃
𝑒−

𝑥
𝜃(1 − 𝑒−

𝑥
𝜃)𝑘−1{1 − (1 − 𝑒−

𝑥
𝜃)𝑘}𝛼−1[1 − {1 − (1

∞

0

− 𝑒−
𝑥
𝜃)𝑘}𝛼]𝛽−1 × (

𝛼𝑘

𝜃
)

−1

[𝑒−
𝑥
𝜃(1 − 𝑒−

𝑥
𝜃)𝑘−1{1 − (1 − 𝑒−

𝑥
𝜃)𝑘}𝛼−1]

−1

𝑑𝑢 = 1 

∫ 𝛽[1 − {1 − (1 − 𝑒−
𝑥
𝜃)𝑘}𝛼]𝛽−1𝑑𝑢

∞

0

 

Recall 𝑢 = 1 − {1 − (1 − 𝑒−
𝑥

𝜃)𝑘}𝛼 

∫ 𝛽[𝑢]𝛽−1𝑑𝑢
∞

0

 

𝛽 [
[𝑢]𝛽−1+1

𝛽 − 1 + 1
]
0

∞

 

𝛽 [
[𝑢]𝛽

𝛽
]
0

∞

 

[𝑢]0
∞ 

[1 − {1 − (1 − 𝑒−
𝑥
𝜃)𝑘}𝛼]

0

∞

 

[1 − {1 − (1 − 𝑒−
∞
𝜃 )𝑘}𝛼] − [1 − {1 − (1 − 𝑒−

0
𝜃)𝑘}𝛼] 

[1 − {1 − (1 − 0)𝑘}𝛼] − [1 − {1 − (1 − 1)𝑘}𝛼] = [1 − {0}𝛼] − [1 − {1}𝛼] = 1 

Therefore the p.d.f  is a true p.df. 

3.3.1.1  Sub-Distribution of the Proposed Distribution 

Some well-known existing distributions are Special cases of EGEE, if 𝛼 = 𝛽 = 1, the 

distribution decreases to EE distribution developed by Kundu and Gupta, (1998) with CDF 

and PDF in equation  (3.10) and (3.11) respectively as;    
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𝐹(𝑥) = 𝐺(𝑥) 

𝐹(𝑥) = (1 − 𝑒−
𝑥
𝜃)𝑘 

𝑓(𝑥) = 𝑘/𝜃(1 − 𝑒−
𝑥
𝜃)𝑘−1𝑒−

𝑥
𝜃 

which is the baseline distribution. 

For  𝑘 = 1 distribution reduced to EGE distribution developed by Oguntunde  et al., (2016), 

whose CDF and PDF are derived as; 

𝐹(𝑥) = [1 − {𝑒−
𝑥
𝜃}𝛼]𝛽 

𝑓(𝑥) =
𝛼𝛽

𝜃
𝑒−

𝑥
𝜃{𝑒−

𝑥
𝜃}𝛼−1[1 − {𝑒−

𝑥
𝜃}𝛼]𝛽−1 

For  𝛽 = 1 the distribution decreases to GE distribution whose CDF and PDF are expressed 

respectively as;  

𝑭(𝒙) = 𝟏 − {𝟏 − (𝟏 − 𝒆−
𝒙
𝜽)𝒌}𝜶 

𝑓(𝑥) =
𝛼𝑘

𝜃
𝑒−

𝑥
𝜃(1 − 𝑒−

𝑥
𝜃)𝑘−1{1 − (1 − 𝑒−

𝑥
𝜃)𝑘}𝛼−1 

For  𝛼 = 1 the distribution reduced to 3 parameters Exponentiated Exponential (3EE)   

distribution with CDF and PDF expressed respectively as;   

𝐹(𝑥) = (1 − 𝑒−
𝑥
𝜃)𝛽𝑘 

𝑓(𝑥) = 𝑘𝛽/𝜃(1 − 𝑒−
𝑥
𝜃)𝛽𝑘−1𝑒−

𝑥
𝜃 

Lastly, for 𝛼 = 𝛽 = 𝑘 = 1  the distribution reduces to Exponential (E) distribution CDF and 

PDF as presented below: 
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𝐹(𝑥) = 1 − 𝑒
−

𝑥
𝜃 

𝑓(𝑥) = 1/𝜃𝑒−
𝑥
𝜃 

3.3.2   The Hazard Function 

The function of measuring the lowest or highest chance of an event surviving a certain time 

based on its past survival time t is called hazard function. By definition, the hazard function 

or failure rate of a random variable 𝑋 with PDF 𝑓(𝑥) and a cumulative distribution function 

 𝐹(𝑥)  is given by; 

ℎ(𝑥) =
𝑓(𝑥)

1 −  𝐹(𝑥)
 

where 𝐹(𝑥) and 𝑓(𝑥) are given by equation (3.12) and (3.13), respectively. Using equations 

(3.12) and (3.13) the hazard function of EGEE is stated as follows;  

ℎ(𝑥) =

𝛼𝛽𝑘
𝜃

𝑒−𝑥/𝜃(1 − 𝑒−𝑥/𝜃)𝑘−1{1 − (1 − 𝑒−𝑥/𝜃)𝑘}𝛼−1[1 − {1 − (1 − 𝑒−𝑥/𝜃)𝑘}𝛼]𝛽−1

1 − [1 − {1 − (1 − 𝑒−𝑥/𝜃)𝑘}𝛼]𝛽
         (3.15) 

3.3.3 The Survival Function 

The survival function determines the probability that a device, patient or other objects will 

survive beyond any time t and is given as; 

𝑠(𝑥) = 1 − 𝐹(𝑥) 

It implies that 𝑠(𝑥) 𝑖𝑠 

𝑠(𝑥) = 1 − [1 − {1 − (1 − 𝑒−
𝑥
𝜃)𝑘}𝛼]𝛽                                                                                  (3.16) 
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3.3.4 The Reversed Hazard Function 

The reversed hazard function in recent time has drawn the attention of the researcher by 

providing additional information to that of hazard function with an interesting and useful 

feature, especially in reliability analysis. It is defined as the ratio of pdf over CDF and 

expressed as: 

𝑟(𝑥) =
𝑓(𝑥)

 𝐹(𝑥)
 

It implies that 𝑟(𝑥) for EGEE distribution is 

𝑟(𝑥) =

𝛼𝛽𝑘
𝜃

𝑒−𝑥/𝜃(1 − 𝑒−𝑥/𝜃)𝑘−1{1 − (1 − 𝑒−𝑥/𝜃)𝑘}𝛼−1[1 − {1 − (1 − 𝑒−𝑥/𝜃)𝑘}𝛼]𝛽−1

[1 − {1 − (1 − 𝑒−𝑥/𝜃)𝑘}𝛼]𝛽
        (3.17) 

3.3.5   The Odds Function. 

Odds function of EGEE distribution can be obtained by dividing CDF 𝐹(𝑥) with the survival 

function 𝑠(𝑥) 

𝑂(𝑥) =
 𝐹(𝑥)

 𝑠(𝑥)
 

Its implies that 𝑂(𝑥) 

𝑂(𝑥) =
[1 − {1 − (1 − 𝑒−𝑥/𝜃)𝑘}𝛼]𝛽

1 − [1 − {1 − (1 − 𝑒−𝑥/𝜃)𝑘}𝛼]𝛽
                                                                                (3.18) 

3.3.6 Special Cases of EGEE Distribution.  

• The E distribution is a special case of EGEE when α = 𝛽 = 𝑘 = 1. 

• When 𝛼 = 𝛽 = 1, the EGEE gives an EE distribution  

• When 𝑘 = 1, the EGEE gives a member of EGF which EGE distribution. 
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The PDF, CDF, hazard, survival, reverse-hazard, and odd functions plots of EGEE 

distribution along with its sub-distribution are presented in the following figures  

 

 

 

Figure 3.7:  PDF of EGEE, EE, EGE and E  

Figure 3.8:  CDF f EGEE, EE, EGE, and E 

Figure 3.9:  Hazard Function of EGEE, EE, EGE, and E 
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Figure 3.10:  Survival Function of EGEE, EE, EGE, and E 

Figure 3.11:  Reversed Hazard Function of EGEE, EE, EGE, and E 

Figure 3.12:  Odds Function of EGEE, EE, EGE, and E 
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Table 3.1 shows the possible distributions that can be obtained from the proposed 

distribution. The occurrence of all unknown parameters gives the proposed distribution 

EGEE while nonexistence of a shape parameter resulted to the EGE distribution, the absence 

of two shape parameters leads to EG distribution while the absence of all the three shape 

parameters gives an exponential (E) distribution. 

3.4   Properties of Exponentiated Generalized   Exponentiated Exponential (EGEE) 

Distribution 

The CDF and PDF of EE are stated respectively in (3.10) and (3.11) as. 

𝐺(𝑥) = (1 − 𝑒−
𝑥
𝜃)𝑘 

𝑔(𝑥, 𝜃, 𝑘) =
𝑘

𝜃
(1 − 𝑒−

𝑥
𝜃)𝑘−1𝑒−

𝑥
𝜃 

The properties of the proposed distribution are derived from the EGF distribution in (3.1) and 

(3.2).  

𝐹(𝑥) = [1 − {1 − 𝐺(𝑥)}𝛼]𝛽 
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𝜶 > 0, 𝛽 > 0, 𝑥𝜖ℝ 

𝑓(𝑥) = 𝛼𝛽{1 − 𝐺(𝑥)}𝛼−1[1 − {1 − 𝐺(𝑥)}𝛼]𝛽−1𝑔(𝑥) 

By expanding the density function, we have 

(𝟏 − 𝒛)𝜷−𝟏 = ∑
(−𝟏)𝝀𝚪(𝜷)

𝚪(𝜷 − 𝝀)𝝀!
𝒛𝝀      |𝒛| < 1, 𝛽𝜖ℝ

∞

𝝀=𝟎

                                            (𝟑. 𝟏𝟗) 

Hence, using related expansion on (3.10) 

𝐹(𝑥) = ∑
(−𝟏)𝝀𝚪(𝜷 + 𝟏)

𝚪(𝜷 − 𝝀 + 𝟏)𝝀!
{1 − 𝐺(𝑥)}𝛼𝜆

∞

𝝀=𝟎

 

considering 

{1 − 𝐺(𝑥)}𝛼𝜆 = ∑
(−𝟏)𝒋𝚪(𝛼𝜆 + 𝟏)

𝚪(𝛼𝜆 − 𝒋 + 𝟏)𝒋!
𝐺(𝑥)𝒋

∞

𝒋=𝟎

 

𝐹(𝑥) = ∑∑
(−1)𝜆+𝑗Γ(𝛽 + 1)Γ(𝛼𝜆 + 1)

Γ(𝛽 − 𝜆 + 1)Γ(𝛼𝜆 − 𝑗 + 1)𝑗! 𝜆!
𝐺(𝑥)𝑗

∞

𝜆=0

                 (3.20

∞

𝑗=0

) 

𝐹(𝑥) = ∑𝑤𝑗

∞

𝑗=0

𝐺(𝑥)𝑗                                                                                  (3.21) 

where 𝑤𝑗 = 𝑤𝑗(𝛼, 𝛽) = ∑
(−1)𝜆+𝑗Γ(𝛽+1)Γ(𝛼𝜆+1)

Γ(𝛽−𝜆+1)Γ(𝛼𝜆−𝑗+1)𝑗!𝜆!

∞
𝜆=0  

Differentiating equation (3.20) with respect to x gives the pdf 

𝑓(𝑥) = ∑𝑗𝑤𝑗𝑔(𝑥)

∞

𝑗=0

(𝐺(𝑥))𝑗−1                                                                (3.22) 

Putting equation (3.10) and (3.11) into equation (3.22) 
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𝑓(𝑥) = ∑𝑗𝑤𝑗

∞

𝑗=0

𝑘

𝜃
(1 − 𝑒−

𝑥
𝜃)𝑘−1𝑒−

𝑥
𝜃(1 − 𝑒−

𝑥
𝜃)𝑘(𝑗−1) 

𝑓(𝑥) = ∑𝑗𝑤𝑗

∞

𝑗=0

𝑘

𝜃
𝑒−

𝑥
𝜃(1 − 𝑒−

𝑥
𝜃)𝑘𝑗−𝑘+𝑘−1 

𝑓(𝑥) =
𝑘

𝜃
∑𝑗𝑤𝑗

∞

𝑗=0

𝑒−
𝑥
𝜃(1 − 𝑒−

𝑥
𝜃)𝑘𝑗−1                                                      (3.23) 

3.4.1 Quantile and Median of EGEE 

Quantile functions are used in theoretical aspects of probability theory, statistics applications, 

and simulation. Simulation methods utilize quantile function to produce simulated random 

variables for classical and new continuous distributions. Therefore, the quantile function for 

EGF distribution is presented in (3.3) as  𝑥 = 𝑄𝐺([1 − (1 − 𝑢1/𝛽)1/𝛼]) . Hence, the quantile 

function of EGEE distribution is expressed as 𝑄(𝑝) = 𝐹−1(𝑝) 

𝑝 = [1 − {1 − (1 − 𝑒−𝑥/𝜃)𝑘}𝛼]𝛽 

After simplification, the form the quartile function is; 

𝑥 = −𝜃

(

 
 

𝐼𝑛

[
 
 
 
 

1 − (1 − (1 − (𝑝)
1
𝛽)

1
𝛼

)

1
𝑘

]
 
 
 
 

)

 
 

                                                             (3.24)       

𝑤ℎ𝑒𝑛 𝑝 = 0.75, 0.5 𝑎𝑛𝑑 0.25, the third quantile, median, and first quartile respectively of the 

proposed  distribution (EGEE) are derived.  

 Specifically, 𝑄(0.5) = 𝐹−1(𝑢) is the median of the probability distribution expressed as 

𝐹(𝑥) = 𝑝𝑟(𝑋 ≤ 𝑚) = ∫ 𝑓(𝑥)𝑑𝑥 = 0.5
𝑚

0

                                         (3.25) 
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equating equation (3.12) to 0.5 gives the median of EGEE Distribution as follows 

𝐹(𝑥) = [1 − {1 − (1 − 𝑒−
𝑥
𝜃)𝑘}𝛼]𝛽 

[1 − {1 − (1 − 𝑒−
𝑥
𝜃)𝑘}𝛼]𝛽 = 0.5 

𝑀𝑒𝑑𝑖𝑎𝑛 = −𝜃

(

 
 

𝐼𝑛

[
 
 
 
 

1 − (1 − (1 − (0.5)
1
𝛽)

1
𝛼

)

1
𝑘

]
 
 
 
 

)

 
 

                                      (3.26)                         

3.4.2   The Moment of the Proposed (EGEE) Distribution 

The 𝑟𝑡ℎ moment of random variable X for the proposed (EGEE) is derived as follow 

𝜇𝑟 = ∫ 𝑥𝑟𝑓(𝑥)𝑑𝑥

∞

0

                                                                         (3.27) 

Using the expansion of equation (3.23), the rth moment of EGEE is expressed as  

𝜇𝑟 = ∫ 𝑥𝑟
𝑘

𝜃
∑𝑗𝑤𝑗

∞

𝑗=0

𝑒−
𝑥
𝜃(1 − 𝑒−

𝑥
𝜃)𝑘𝑗−1𝑑𝑥

∞

0

 

𝜇𝑟 =
𝑘

𝜃
∑𝑗𝑤𝑗

∞

𝑗=0

∫ 𝑥𝑟𝑒−
𝑥
𝜃(1 − 𝑒−

𝑥
𝜃)𝑘𝑗−1𝑑𝑥

∞

0

 

(1 − 𝑒−
𝑥
𝜃)𝑘𝑗−1) = ∑(−1)𝑚 (

𝑘𝑗 − 1

𝑚
)

∞

𝑚=0

𝑒−
𝑥𝑚
𝜃 = ∑

(−1)𝑚Γ(𝑘𝑗)

Γ(𝑘𝑗 − 𝑚)𝑚!

∞

𝑚=0

𝑒−
𝑥𝑚
𝜃  

𝜇𝑟 =
𝑘

𝜃
∑𝑗𝑤𝑗

∞

𝑗=0

∫ 𝑥𝑟𝑒−
𝑥
𝜃 ∑

(−1)𝑚Γ(𝑘𝑗)

Γ(𝑘𝑗 − 𝑚)𝑚!

∞

𝑚=0

𝑒−
𝑥𝑚
𝜃 𝑑𝑥

∞

0
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𝜇𝑟 =
𝑘

𝜃
∑ ∑

(−1)𝑚Γ(𝑘𝑗)

Γ(𝑘𝑗 − 𝑚)𝑚!

∞

𝑚=0

𝑗𝑤𝑗

∞

𝑗=0

∫ 𝑥𝑟𝑒−
𝑥
𝜃𝑒−

𝑥𝑚
𝜃 𝑑𝑥

∞

0

 

𝜇𝑟 =
𝑘

𝜃
∑ ∑

(−1)𝑚Γ(𝑘𝑗)

Γ(𝑘𝑗 − 𝑚)𝑚!

∞

𝑚=0

𝑗𝑤𝑗

∞

𝑗=0

∫ 𝑥𝑟𝑒−𝑥(
𝑚+1

𝜃
)𝑑𝑥

∞

0

 

𝑙𝑒𝑡𝑦 = 𝑥 (
𝑚 + 1

𝜃
) 

𝑥 =
𝜃𝑦

𝑚 + 1
 

𝑑𝑥

𝑑𝑦
=

𝜃

𝑚 + 1
 

𝑑𝑥 =
𝜃𝑑𝑦

𝑚 + 1
 

𝜇𝑟 =
𝑘

𝜃
∑ ∑

(−1)𝑚Γ(𝑘𝑗)

Γ(𝑘𝑗 − 𝑚)𝑚!

∞

𝑚=0

𝑗𝑤𝑗

∞

𝑗=0

∫ (
𝜃𝑦

𝑚 + 1
)

𝑟

𝑒−𝑦
𝜃𝑑𝑦

𝑚 + 1

∞

0

 

𝜇𝑟 =
𝑘

𝜃
∑ ∑

(−1)𝑚Γ(𝑘𝑗)

Γ(𝑘𝑗 − 𝑚)𝑚!

∞

𝑚=0

𝑗𝑤𝑗

∞

𝑗=0

∫ (
𝜃

𝑚 + 1
)
𝑟

𝑦𝑟𝑒−𝑦
𝜃𝑑𝑦

𝑚 + 1

∞

0

 

𝜇𝑟 =
𝑘

𝜃
∑ ∑

(−1)𝑚Γ(𝑘𝑗)

Γ(𝑘𝑗 − 𝑚)𝑚!

∞

𝑚=0

𝑗𝑤𝑗

∞

𝑗=0

(
𝜃

𝑚 + 1
)

𝑟+1

∫ 𝑦𝑟𝑒−𝑦𝑑𝑦

∞

0

 

∫ 𝑦𝑟𝑒−𝑦𝑑𝑦

∞

0

= Γ(r + 1) 

𝜇𝑟 =
𝑘

𝜃
∑ ∑

(−1)𝑚Γ(𝑘𝑗)

Γ(𝑘𝑗 − 𝑚)𝑚!

∞

𝑚=0

𝑗𝑤𝑗

∞

𝑗=0

(
𝜃

𝑚 + 1
)
𝑟+1

Γ(r + 1) 
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𝜇𝑟 =
𝑘𝜃𝑟

(𝑚 + 1)𝑟+1
∑ ∑

(−1)𝑚Γ(𝑘𝑗)

Γ(𝑘𝑗 − 𝑚)𝑚!

∞

𝑚=0

𝑗𝑤𝑗

∞

𝑗=0

Γ(r + 1)                 (3.28) 

The two infinite series in (3.28) is convergent for every  𝛽 > 0, 𝛼 > 0, 𝜃 > 0, 𝑘 > 0 𝑎𝑛𝑑 𝑥 >

0 ( Nasiru et al., 2017) 

The mean is obtained by making 𝜇𝑟 moment equal to one (𝑟 = 1) 

𝜇/
1 =

𝑘𝜃1

(𝑚 + 1)1+1
∑ ∑

(−1)𝑚Γ(𝑘𝑗)

Γ(𝑘𝑗 − 𝑚)𝑚!

∞

𝑚=0

𝑗𝑤𝑗

∞

𝑗=0

Γ(1 + 1) 

𝜇/
1 =

𝑘𝜃

(𝑚 + 1)2
∑ ∑

(−1)𝑚Γ(𝑘𝑗)

Γ(𝑘𝑗 − 𝑚)𝑚!

∞

𝑚=0

𝑗𝑤𝑗

∞

𝑗=0

Γ(2) 

𝜇/
1 =

𝑘𝜃

(𝑚 + 1)2
∑ ∑

(−1)𝑚Γ(𝑘𝑗)

Γ(𝑘𝑗 − 𝑚)𝑚!

∞

𝑚=0

𝑗𝑤𝑗

∞

𝑗=0

                                             (3.29) 

𝑤ℎ𝑒𝑛 𝑟 = 2  

𝜇/
2 =

𝑘𝜃2

(𝑚 + 1)2+1
∑ ∑

(−1)𝑚Γ(𝑘𝑗)

Γ(𝑘𝑗 − 𝑚)𝑚!

∞

𝑚=0

𝑗𝑤𝑗

∞

𝑗=0

Γ(2 + 1) 

𝜇/
2 =

𝑘𝜃2

(𝑚 + 1)3
∑ ∑

(−1)𝑚Γ(𝑘𝑗)

Γ(𝑘𝑗 − 𝑚)𝑚!

∞

𝑚=0

𝑗𝑤𝑗

∞

𝑗=0

Γ(3) 

𝜇/
2 =

2𝑘𝜃2

(𝑚 + 1)3
∑ ∑

(−1)𝑚Γ(𝑘𝑗)

Γ(𝑘𝑗 − 𝑚)𝑚!

∞

𝑚=0

𝑗𝑤𝑗

∞

𝑗=0

                                                        (3.30) 

The variance of is respectively derived from  (3.29) and (3.30): 

𝜎2 = 𝜇/
2 − (𝜇/

1)
2
                                                                                                     (3.31) 
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2𝑘𝜃2

(𝑚 + 1)3
∑ ∑

(−1)𝑚Γ(𝑘𝑗)

Γ(𝑘𝑗 − 𝑚)𝑚!

∞

𝑚=0

𝑗𝑤𝑗

∞

𝑗=0

− (
𝑘𝜃

(𝑚 + 1)2
∑ ∑

(−1)𝑚Γ(𝑘𝑗)

Γ(𝑘𝑗 − 𝑚)𝑚!

∞

𝑚=0

𝑗𝑤𝑗

∞

𝑗=0

)

2

 

2𝑘𝜃2

(𝑚 + 1)3
∑ ∑

(−1)𝑚Γ(𝑘𝑗)

Γ(𝑘𝑗 − 𝑚)𝑚!

∞

𝑚=0

𝑗𝑤𝑗

∞

𝑗=0

−
(𝑘𝜃)2

(𝑚 + 1)4
∑ ∑

(−1)𝑚Γ(𝑘𝑗)

Γ(𝑘𝑗 − 𝑚)𝑚!

∞

𝑚=0

𝑗𝑤𝑗

∞

𝑗=0

 

𝑘𝜃2

(𝑚 + 1)3
[2 ∑ ∑

(−1)𝑚Γ(𝑘𝑗)

Γ(𝑘𝑗 − 𝑚) 𝑚!

∞

𝑚=0

𝑗𝑤𝑗

∞

𝑗=0

−
𝑘

(𝑚 + 1)
(∑ ∑

(−1)𝑚Γ(𝑘𝑗)

Γ(𝑘𝑗 − 𝑚) 𝑚!

∞

𝑚=0

𝑗𝑤𝑗

∞

𝑗=0

)

2

] 

𝜎2 =
𝑘𝜃2

(𝑚 + 1)3
∑ ∑

(−1)𝑚Γ(𝑘𝑗)

Γ(𝑘𝑗 − 𝑚) 𝑚!

∞

𝑚=0

𝑗𝑤𝑗

∞

𝑗=0

(2 −
𝑘

(𝑚 + 1)
∑ ∑

(−1)𝑚Γ(𝑘𝑗)

Γ(𝑘𝑗 − 𝑚) 𝑚!

∞

𝑚=0

𝑗𝑤𝑗

∞

𝑗=0

) (3.32) 

3.4.3 The Moment Generating Function of Proposed EGEE Distribution 

𝑀𝑥(𝑡) = 𝐸(𝑒𝑡𝑥) 

𝐸(𝑒𝑡𝑥) = ∫ 𝑒𝑡𝑥𝑓(𝑥) 𝑑𝑥

∞

0

                                                                                           (3.33) 

∫ 𝑒𝑡𝑥
𝑘

𝜃
∑𝑗𝒘𝒋

∞

𝑗=0

𝑒−
𝑥
𝜃(1 − 𝑒−

𝑥
𝜃)𝑘𝑗−1

∞

𝟎

𝒅𝒙 

Using binomial theorem, 

(1 − 𝑒−
𝑥
𝜃)𝑘𝑗−1 = ∑(−1)𝑚 (

𝑘𝑗 − 1

𝑚
) 𝑒−

𝑥𝑚
𝜃

∞

𝑚=0

 

∫ 𝑒𝑡𝑥
𝑘

𝜃
∑𝑗𝒘𝒋 ∑(−1)𝑚𝑒−

𝑥
𝜃 (

𝑘𝑗 − 1

𝑚
) 𝑒−

𝑥𝑚
𝜃 𝒅𝒙

∞

𝑚=0

∞

𝑗=0

∞

𝟎
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∑𝑗𝒘𝒋 ∑(−1)𝑚 ∫
𝑘

𝜃
(
𝑘𝑗 − 1

𝑚
) 𝑒−

𝑥𝑚
𝜃

−
𝑥
𝜃
+𝑡𝑥𝒅𝒙

∞

𝟎

∞

𝑚=0

∞

𝑗=0

 

𝑘

𝜃
∑ ∑(−1)𝑚

∞

𝑚=0

𝑗𝒘𝒋

∞

𝑗=0

∫ (
𝑘𝑗 − 1

𝑚
) 𝑒

−𝑥(
𝑚+1−𝜃𝑡

𝜃
)
𝒅𝒙

∞

𝟎

 

𝑙𝑒𝑡 𝑦 = 𝑥 (
𝑚 + 1 − 𝜃𝑡

𝜃
) 

𝑥 =
𝑦𝜃

𝑚 + 1 − 𝜃𝑡
 

𝑑𝑥 =
𝜃𝑑𝑦

𝑚 + 1 − 𝜃𝑡
 

𝑘

𝜃

𝜃

(𝑚 + 1 − 𝜃𝑡)
∑ ∑(−1)𝑚 (

𝑘𝑗 − 1

𝑚
)

∞

𝑚=0

𝑗𝑤𝑗

∞

𝑗=0

∫ 𝑒−𝑦𝑑𝑦

∞

0

 

𝑀𝑥(𝑡) =
𝑘

(𝑚 + 1 − 𝜃𝑡)
∑ ∑(−1)𝑚 (

𝑘𝑗 − 1

𝑚
)

∞

𝑚=0

𝑗𝑤𝑗

∞

𝑗=0

                                       (3.34) 

To get the first moment from the mgf we differentiate (3.34) with respect to 𝑡. 

𝝁/
𝟏 = 𝑀/

𝑥(𝑡) 

𝑀/
𝑥(𝑡) =

𝜃𝑘

(𝑚 + 1 − 𝜃𝑡)2
∑ ∑(−1)𝑚 (

𝑘𝑗 − 1

𝑚
)

∞

𝑚=0

𝑗𝒘𝒋

∞

𝑗=0

 

𝑀/
𝑥(0) =

𝜃𝑘

(𝑚 + 1)2
∑ ∑(−1)𝑚 (

𝑘𝑗 − 1

𝑚
)

∞

𝑚=0

𝑗𝒘𝒋

∞

𝑗=0
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3.4.4     Order Statistics  

Order statistics appears in various fields of statistics, such as reliability and life testing 

situation. Let 𝑌1, 𝑌2, ……… . 𝑌𝑛 be independently and identically distributed (i.i.d) random 

variable with their corresponding cumulative function (CDF)𝐹(𝑥). Let 𝑋(1) be the smallest 

(first order-statistic) of  𝑌1, 𝑌2, ……… . 𝑌𝑛,   𝑋(2) is the second order-statistics  larger than 𝑋(1) 

and 𝑋(𝑛) is the greatest order-statistics. Thus, the order-statistics 𝑋(1) < 𝑋(2) …… . . <

𝑋(𝑛) corresponds to random variables 𝑌1, 𝑌2, ……… . 𝑌𝑛 (Kapur and Sexena, 1960).   

The pdf 𝑓𝑛:𝑖(𝑥) of the 𝑖𝑡ℎ order-statistics, for 𝑖 = 1,……𝑛, from iid random variable 

𝑌1 ……𝑌𝑛 is expressed as 

𝑓𝑛:𝑖(𝑥) =
𝑓(𝑥)

𝐵(𝑖, 𝑛 − 𝑖 + 1)
𝐹(𝑥)𝑖−1(1 − 𝐹(𝑥))

𝑛−𝑖
                               3.35 

where 𝐵(𝑖, 𝑛 − 𝑖 + 1) is the Beta function. 

3.4.4.1   Order-Statistics of EGF distribution 

Substitute p.d.f. and c.d.f. of EGF distribution in equation 3.35 produces  

𝑓𝑛:𝑖(𝑥) =
𝑓(𝑥)

𝐵(𝑖, 𝑛 − 𝑖 + 1)
𝐹(𝑥)𝑖−1(1 − 𝐹(𝑥))𝑛−𝑖 

𝑓𝑛:𝑖(𝑥) =
𝛼𝛽𝑔(𝑥)(1 − 𝐺(𝑥))𝛼−1(1 − (1 − 𝐺(𝑥))𝛼)𝛽−1

𝐵(𝑖, 𝑛 − 𝑖 + 1)
(1 − (1

− 𝐺(𝑥))𝛼)𝛽(𝑖−1) × (1 − (1 − (1 − 𝐺(𝑥))𝛼)𝛽)
𝑛−𝑖

 

𝑓𝑛:𝑖(𝑥) =
𝛼𝛽𝑔(𝑥)(1 − 𝐺(𝑥))𝛼−1

𝐵(𝑖, 𝑛 − 𝑖 + 1)
(1 − (1 − 𝐺(𝑥))𝛼)𝛽𝑖−1 × (1 − (1 − (1 − 𝐺(𝑥))𝛼)𝛽)

𝑛−𝑖
 

From binomial theorem, it becomes 
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 (1 − (1 − (1 − 𝐺(𝑥))𝛼)𝛽)
𝑛−𝑖

= ∑ (−1)𝑞 (𝑛−𝑖
𝑞

) (1 − (1 − 𝐺(𝑥))𝛼)𝛽𝑞𝑛−𝑖
𝑞  

𝛼𝛽𝑔(𝑥)(1 − 𝐺(𝑥))𝛼−1

𝐵(𝑖, 𝑛 − 𝑖 + 1)
∑(−1)𝑞 (

𝑛 − 𝑖

𝑞
) (1 − (1 − 𝐺(𝑥))𝛼)𝛽𝑞

𝑛−𝑖

𝑞

(1 − (1 − 𝐺(𝑥))𝛼)𝛽𝑖−1 

𝑓𝑛:𝑖(𝑥) =
𝛼𝛽𝑔(𝑥)(1 − 𝐺(𝑥))𝛼−1

𝐵(𝑖, 𝑛 − 𝑖 + 1)
∑(−1)𝑞 (

𝑛 − 𝑖

𝑞
) (1 − (1 − 𝐺(𝑥))𝛼)𝛽(𝑞+𝑖)−1

𝑛−𝑖

𝑞

 

From binomial theorem, it becomes 

(1 − (1 − 𝐺(𝑥))𝛼)𝛽(𝑞+𝑖)−1 = ∑(−1)𝑝 (
𝛽(𝑞 + 𝑖) − 1

𝑝
) (1 − 𝐺(𝑥))𝛼𝑝

∞

𝑝

 

𝑓𝑛:𝑖(𝑥) =
𝛼𝛽𝑔(𝑥)

𝐵(𝑖, 𝑛 − 𝑖 + 1)
∑∑(−1)𝑞+𝑝 (

𝑛 − 𝑖

𝑞
) (

𝛽(𝑞 + 𝑖) − 1

𝑝
) (1 − 𝐺(𝑥))𝛼(𝑝+1)−1

∞

𝑝

𝑛−𝑖

𝑞

 

From binomial theorem, it becomes(1 − 𝐺(𝑥))𝛼(𝑝+1)−1 = ∑ (−1)𝑙(𝛼(𝑝+1)−1
𝑙

)𝐺(𝑥)𝑙∞
𝑙  

𝑓𝑛:𝑖(𝑥) =
𝛼𝛽𝑔(𝑥)

𝐵(𝑖, 𝑛 − 𝑖 + 1)
∑ ∑ ∑(−1)𝑞+𝑝+𝑙 (

𝑛 − 𝑖

𝑞
) (

𝛽(𝑞 + 𝑖) − 1

𝑝
)

∞

𝑙=0

∞

𝑝=0

𝑛−𝑖

𝑞=0

(
𝛼(𝑝 + 1) − 1

𝑙
) 𝐺(𝑥)𝑙 

Let   𝑠𝑙 = ∑ ∑ (−1)𝑞+𝑝+𝑙 (𝑛−𝑖
𝑞

) (𝛽(𝑞+𝑖)−1
𝑝

)∞
𝑝

𝑛−𝑖
𝑞 (𝛼(𝑝+1)−1

𝑙
) 

𝛼𝛽

𝐵(𝑖, 𝑛 − 𝑖 + 1)
∑𝑠𝑙𝑔(𝑥)𝐺(𝑥)𝑙

∞

𝑙=𝑜

                                                               (3.36) 

3.4.4.2  Order-Statistics of EGEE 

Order-statistics of EGEE distribution can be derived by substituting the CDF and PDF of EE 

into (3.36) 
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𝛼𝛽

𝐵(𝑖, 𝑛 − 𝑖 + 1)
∑𝑠𝑙

𝑘

𝜃
𝑒−

𝑥
𝜃 (1 − 𝑒−

𝑥
𝜃)

𝑘−1

((1 − 𝑒−
𝑥
𝜃)

(𝑘−1)

)

𝑙∞

𝑙=𝑜

 

𝛼𝛽

𝐵(𝑖, 𝑛 − 𝑖 + 1)
∑𝑠𝑙

𝑘

𝜃
𝑒−

𝑥
𝜃 (1 − 𝑒−

𝑥
𝜃)

𝑘−𝑙+𝑘𝑙−1
∞

𝑙=𝑜

 

From binomial theorem, it becomes 

(1 − 𝑒−
𝑥
𝜃)

𝑘−𝑙+𝑘𝑙−1

= ∑(−1)𝑑 (
𝑘 − 𝑙 + 𝑘𝑙 − 1

𝑑
) 𝑒−

𝑥𝑑
𝜃

∞

𝑑=0

 

𝛼𝛽

𝐵(𝑖, 𝑛 − 𝑖 + 1)

𝑘

𝜃
∑ ∑(−1)𝑑 (

𝑘 − 𝑙 + 𝑘𝑙 − 1

𝑑
)

∞

𝑑=0

𝑠𝑙𝑒
−𝑥(

𝑑+1
𝜃

)

∞

𝑙=𝑜

 

𝛼𝛽

𝐵(𝑖, 𝑛 − 𝑖 + 1)

𝑘

𝜃
∑ ∑(−1)𝑑

Γ(k(𝑙 + 1) − 𝑙)

Γ(k(𝑙 + 1) − 𝑙 − 𝑑)d!

∞

𝑑=0

𝑠𝑙𝑒
−𝑥(

𝑑+1
𝜃

)

∞

𝑙=𝑜

 

Therefore the order-statistics for EGEE distribution is given by 

∝ 𝛽

𝐵(𝑖, 𝑛 − 𝑖 + 1)

𝑘

𝜃

∗ ∑∑∑∑(−1)
𝑝+𝑞+𝑙+𝑑

Γ(n − i + 1)Γ(β(q + i)Γα(p + 1)Γ(k(𝑙 + 1) − 𝑙)

Γ(n − i + q + 1)Γ(β(q + i) − p)Γ(α(p + 1) − 𝑙)Γ(k(𝑙 + 1) − 𝑙 − 𝑑)d! q! p! 𝑙!

∞

𝑑=0

𝑒
−𝑥(

𝑑+1

𝜃
)

∞

𝑙=𝑜

∞

𝑝=0

𝑛−𝑖

𝑞=0

    (3.37) 

The four infinite series in (3.37) is convergent for 𝛽 > 0, 𝛼 > 0, 𝜃 > 0, 𝑘 > 0 𝑎𝑛𝑑 𝑥 > 0  

3.4.5    Skewness and Kurtosis of the EGEE Distribution  

Two methods are used to estimate the Skewness and Kurtosis of the EGEE distribution. 

These methods for the measures of both Skweness (SK) and Kurtosis (KU) are moments and 

quantiles based methods.  In the moments based approach,  

𝑆. 𝐾 =
𝜇3

/
− 3𝜇𝜇2

/
+ 2𝜇2

(𝜇2
/
− 𝜇2)

3/2
                                                                (3.38)    
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and   𝐾.𝑈 =
𝜇4

/
− 4𝜇𝜇3

/
+6𝜇2𝜇2

/
−3𝜇4

(𝜇2
/
−𝜇2)

2                                                                   (3.39) 

Galton (1883) and Moore (1988) both proposed some quantile approaches for obtaining 

skeweness (SK) and kurtosis (KU) of a distribution that it quantile function exist in closed or 

simple analytical form. The expression for SK and KU are expressed using the following 

relation respectively. 

𝑆. 𝐾 =
Q(6/8) − 2Q(4/8) + Q(2/8)

Q(6/8) − Q(2/8)
                                                                 (3.40) 

𝐾.𝑈 =
Q(7/8) − Q(5/8) + Q(3/8) − Q(1/8)

Q(6/8) − Q(2/8)
                                              (3.41) 

Since (3.24) of the proposed EGEE distribution exist in simple analytical form, then (3.40) 

and (3.41) can be used to obtain the SK and KU of the proposed EGEE distribution. 

 

Figure 3.13 Plot for EGEE Skewness 

 

 

Figure 3.14 Plot for EGEE Kurtosis 
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The quantile function of EGEE distribution was used in plotting Skweness and Kurtosis of 

3D plots in figures 3.13 and 3.34, for  𝛼 = 𝜃 = 1  while 𝛽 = 𝑘  takes the values from 2 to 12. 

3.4.6 The Mean and Median Deviation of EGF 

The deviation from the mean (for symmetric distributions) or deviation from the median (in 

the case of skewed distributions) can be use as a measure of spread in the population. Let 𝑋 

be an EGEE random variable with mean 𝜇 = 𝐸(𝑋) and median 𝑀. The mean deviation from 

both mean ( 𝐷(𝜇)) and median  (𝐷(𝑀)) are respectively as express follows  

𝐷(𝜇) = 𝐸{|𝑋 − 𝜇|} = ∫ |𝑥 − 𝜇|𝑓𝑥𝑑𝑥                              
∞

−∞

 

= ∫ (𝜇 − 𝑥)𝑓𝑥𝑑𝑥
𝜇

−∞

+ ∫ (𝑥 − 𝜇)𝑓𝑥𝑑𝑥
∞

𝜇

 

= 2𝜇1
/
𝐹𝑥(𝜇) − 2∫ 𝑥𝑓𝑥(

𝜇

−∞

𝑥)𝑑𝑥                                                       (3.42) 

Where 𝐹𝑥(𝜇),    𝜇1
/
 𝑎𝑛𝑑   ∫ 𝑥𝑓𝑥(

𝜇

−∞
𝑥)𝑑𝑥 ,  are cumulative function, mean and incomplete 

moment respectively 

𝐷(𝑀) = 𝐸{|𝑋 − 𝑀|} = ∫ |𝑥 − 𝑀|𝑓𝑥𝑑𝑥                              
∞

−∞

 

𝜇1
/
− 2 ∫ 𝑥𝑓𝑥(

𝑚

−∞

𝑥)𝑑𝑥                                                       (3.43) 

here  𝑀,   𝜇1
/
 and ∫ 𝑥𝑓𝑥(

𝑚

−∞
𝑥)𝑑𝑥  are median, mean  and incomplete moment respectively 

(Cordeiro et al., 2013). 

3.4.6.1    The Mean and Median Deviation of EGEE Distribution 

Equation (3.42) is used to obtain the mean deviation of the proposed EGEE distribution  

𝐷(𝜇) = 2𝜇1
/
𝐹𝑥(𝜇) − 2𝜇1

/
∫ 𝑥𝑓𝑥(

𝜇

0

𝑥)𝑑𝑥                                         
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𝐹𝑥(𝜇) is obtained from equation (3.12) as 

𝐹(𝑢) = [1 − {1 − (1 − 𝑒−𝜇/𝜃)𝑘}𝛼]𝛽 

while 

∫ 𝑥𝑓𝑥(
𝜇

0
𝑥)𝑑𝑥  

is gotten  from equation (3.28) as: 

𝑘𝜃

(𝑚 + 1)2
∑ ∑

(−𝟏)𝒎𝚪(𝑘𝑗)

𝚪(𝑘𝑗 − 𝒎) 𝒎!

∞

𝒎=𝟎

𝑗𝒘𝒋

∞

𝑗=0

 𝛄(𝟐, 𝛍) 

where γ(2, μ) is known as the lower incomplete gamma function. 

2
𝑘𝜃

(𝑚 + 1)2
∑ ∑

(−1)𝑚Γ(𝑘𝑗)

Γ(𝑘𝑗 − 𝑚)𝑚!

∞

𝑚=0

𝑗𝑤𝑗

∞

𝑗=0

[1 − {1 − (1 − 𝑒−𝜇/𝜃)𝑘}𝛼]𝛽

− 2∑ ∑
(−𝟏)𝒎𝚪(𝑘𝑗)

𝚪(𝑘𝑗 − 𝒎) 𝒎!

∞

𝒎=𝟎

𝑗𝒘𝒋

∞

𝑗=0

 𝛄(𝟐, 𝛍) 

           (3.44) 

The median deviation of EGEE distribution is derived from (3.43) 

𝜇1
/
− 2 ∫ 𝑥𝑓𝑥(

𝑚

−∞

𝑥)𝑑𝑥                                                                                

where ∫ 𝑥𝑓𝑥(
𝑚

0
𝑥)𝑑𝑥 is gotten from (3.28) by replacing  𝑚 for μ  

𝑘𝜃

(𝑚+1)2
∑ ∑

(−1)𝑚Γ(𝑘𝑗)

Γ(𝑘𝑗−𝑚) 𝑚!
∞
𝑚=0 𝑗𝑤𝑗

∞
𝑗=0  γ(2,m) 

𝑀 is the median of the EGEE distribution derived in equation (3.26) 

𝑘𝜃

(𝑚 + 1)2
∑ ∑

(−1)𝑚Γ(𝑘𝑗)

Γ(𝑘𝑗 − 𝑚)𝑚!

∞

𝑚=0

𝑗𝑤𝑗

∞

𝑗=0

− 2
𝑘𝜃

(𝑚 + 1)2
∑ ∑

(−1)𝑚Γ(𝑘𝑗)

Γ(𝑘𝑗 − 𝑚) 𝑚!

∞

𝑚=0

𝑗𝑤𝑗

∞

𝑗=0

 γ(2,m) 
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          (3.45) 

3.4.7     Asymptotic Behavior  

The study of the  behavior of the EGEE distribution was investigated using the expression in 

(3.13) , as 𝑥 → 0 and as 𝑥 → ∞. This involves considering lim
𝑥→0

𝑓(𝑥) and lim
𝑥→∞

𝑓(𝑥) 

lim
𝑥→0

𝑓(𝑥) = lim
𝑥→0

[
𝛼𝛽𝑘

𝜃
𝑒−

𝑥
𝜃(1 − 𝑒−𝑥/𝜃)𝑘−1{1 − (1 − 𝑒−𝑥/)𝑘}𝛼−1[1 − {1 − (1 − 𝑒−

𝑥
𝜃)𝑘}𝛼]𝛽−1] = 0 

[
𝛼𝛽𝑘

𝜃
𝑒−0(1 − 𝑒0)𝑘−1{1 − (1 − 𝑒−0)𝑘}𝛼−1[1 − {1 − (1 − 𝑒−0)𝑘}𝛼]𝛽−1] 

[
𝛼𝛽𝑘

𝜃
(1 − 1)𝑘−1{1 − (1 − 1)𝑘}𝛼−1[1 − {1 − (1 − 1)𝑘}𝛼]𝛽−1] 

[
𝛼𝛽𝑘

𝜃
(0)𝑘−1{1 − (0)𝑘}𝛼−1[1 − {1 − (0)𝑘}𝛼]𝛽−1] = 0 

lim
𝑥→∞

𝑓(𝑥) = lim
𝑥→∞

[
𝛼𝛽𝑘

𝜃
𝑒−

𝑥
𝜃(1 − 𝑒−𝑥/𝜃)𝑘−1{1 − (1 − 𝑒−𝑥/𝜃)𝑘}𝛼−1[1 − {1 − (1 − 𝑒−

𝑥
𝜃)𝑘}𝛼]𝛽−1] = 0 

[
𝛼𝛽𝑘

𝜃
𝑒−∞(1 − 𝑒−∞)𝑘−1{1 − (1 − 𝑒−∞)𝑘}𝛼−1[1 − {1 − (1 − 𝑒−∞)𝑘}𝛼]𝛽−1] 

[
𝛼𝛽𝑘

𝜃
0(1 − 0)𝑘−1{1 − (1 − 0)𝑘}𝛼−1[1 − {1 − (1 − 0)𝑘}𝛼]𝛽−1] 

[
𝛼𝛽𝑘

𝜃
0(1)𝑘−1{1 − 1}𝛼−1[1 − {1 − 1}𝛼]𝛽−1] = 0 

The above result shows that EGEE distribution exists with mode (Oguntunde el at., 2014). 

3.4.8    Renyi Entropy of the  Proposed  EGEE 

The entropy of random variable 𝑋 is a measure of the change in an uncertainty. Several 

entropy measures have been studied and discussed in the literature, but the most popular of 

them is the Renyi entropy, (Renyi 1961). The Renyi entropy of random variable  𝑋 with 

proposed EGEE probability density function is expressed as: 

𝐼𝑅(𝜌) =
1

(1 − 𝜌)
𝑙𝑜𝑔 (∫ 𝑔(𝑥)𝜌𝑑𝑥

∞

0

)                                                     (3.47) 
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𝑤ℎ𝑒𝑟𝑒 𝜌 > 0 𝑎𝑛𝑑 𝜌 ≠ 1 

Inserting equation 3.23 into  3. 47 

𝐼𝑅(𝜌) =
1

(1 − 𝜌)
𝑙𝑜𝑔 (∫ (

𝑘

𝜃
∑𝑗𝒘𝒋

∞

𝑗=0

𝑒−
𝑥
𝜃(1 − 𝑒−

𝑥
𝜃)𝑘𝑗−1)

𝜌

𝑑𝑥
∞

0

) 

 

𝐼𝑅(𝜌) =
1

(1 − 𝜌)
𝑙𝑜𝑔 (

𝑘𝜌

𝜃𝜌
∑(𝑗𝒘𝒋)

𝜌
∞

𝑗=0

∫ 𝑒−
𝜌𝑥
𝜃 (1 − 𝑒−

𝑥
𝜃)𝜌(𝑘𝑗−1)𝑑𝑥

∞

0

) 

∫ 𝑒−
𝜌𝑥
𝜃 (1 − 𝑒−

𝑥
𝜃)𝜌(𝑘𝑗−1)𝑑𝑥

∞

0

= ∑ (
𝜌(𝑘𝑗 − 1)

𝑏
) (−1)𝑏𝑒−

𝜌𝑥
𝜃 𝑒−

𝑥𝑏
𝜃

∞

𝑏=𝑜

 

∑ (
𝜌(𝑘𝑗 − 1)

𝑏
) (−1)𝑏𝑒−𝑥(

𝜌+𝑏
𝜃

)

∞

𝑏=𝑜

 

∫ ∑ (
𝜌(𝑘𝑗 − 1)

𝑏
) (−1)𝑏𝑒−𝑥(

𝜌+𝑏
𝜃

)𝑑𝑥

∞

𝑏=𝑜

∞

0

 

𝑙𝑒𝑡 y= 𝑥(
𝜌+𝑏

𝜃
) 

𝑑𝑥 =
𝜃𝑑𝑦

𝜌 + 𝑏
 

(
𝜌(𝑘𝑗 − 1)

𝑏
) (−1)𝑏

𝜃

𝜌 + 𝑏
∫ 𝑒−𝑦𝑑𝑦

∞

0

 

∑ (
𝜌(𝑘𝑗 − 1)

𝑏
) (−1)𝑏

𝜃

(𝜌 + 𝑏)

∞

𝑏=𝑜

 

Substitute in the expression above 

𝐼𝑅(𝜌) =
1

(1 − 𝜌)
𝑙𝑜𝑔 (

𝑘𝜌

𝜃𝜌
∑(𝑗𝒘𝒋)

𝜌
∞

𝑗=0

(
𝜌(𝑘𝑗 − 1)

𝑏
) (−1)𝑏

𝜃

(𝜌 + 𝑏)
)                  (3.48) 

 

3.4. 9 Method of Maximum Likelihood  
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In this section, the estimates of the parameters for the proposed EGEE distribution are 

derived using the Maximum Likelihood Estimates (MLE). The concept of the Maximum 

Likelihood Estimates (MLE) is to obtain the values of the unknown parameters that 

maximize the probability of the sample data (Mood et al., 1974). It starts with writing a 

mathematical expression known as the likelihood function of the sample data. The likelihood 

of a data is the probability of obtaining that particular set of data given the chosen 

probability distribution. The expression contains the unknown parameters of the distribution.  

The ML estimate is the value of these unknown parameters that maximize the sample 

likelihood (Elgarhy, 2017). 

For a random sample 𝑋1, 𝑋2 … .𝑋𝑛 of size 𝑛, from a distribution with PDF 𝑓(𝑥, 𝜃), the 

likelihood function 𝐿(𝜃) is expressed as: 

𝐿(𝜃, 𝑥) = 𝑓(𝑥1, 𝑥2, ……𝑥𝑛; 𝜃),   𝜃𝜖 Ω,                                                     (3.49) 

where Ω is the bound for the value of 𝜃. Where 𝑓(𝑥1, 𝑥2, ……𝑥𝑛; 𝜃) is the value of the joint 

PDF of the random variable 𝑋1 = 𝑥1, 𝑋2 = 𝑥2 … . 𝑋𝑛 = 𝑥𝑛. Hence, the objective of the 𝑀𝐿 is 

to maximize the likelihood function (LF) with respect to 𝜃. The value 𝑀𝐿 estimator of 𝜃 is 

the solution of equation 
𝑑𝐿 (𝜃)

𝑑(𝜃)
= 0. 

If the likelihood function contains 𝑝 parameters, it implies, the likelihood function is 

expressed as : 

𝐿(𝜃, 𝑥) = 𝑓(𝑥1, 𝑥2, ……𝑥𝑛; 𝜃1, 𝜃2 … . . 𝜃𝑝),   𝜃1, 𝜃2 … . . 𝜃𝑝𝜖 Ω, 

The 𝑀𝐿 estimators of the unknown parameters 𝜃1, 𝜃2 … . . 𝜃𝑣 is the value 𝜃1, 𝜃2 … . . 𝜃𝑝 in Ω 

which maximize  𝐿(𝜃1, 𝜃2 … . . 𝜃𝑝). These values are obtained by simultaneously solving the 

following  𝑝 equations (Mood et al., (1974)): 

𝜕𝐿(𝜃1, 𝜃2 … . . 𝜃𝑝)

𝜕(𝜃𝑖)
= 0    𝑖 = 1,2… . 𝑝 
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Since the maximum value 𝐿(𝜃) will occur at the same points as the maximum value ln 𝐿(𝜃), 

it will be easier to use the logarithm of the likelihood function.  

The major importance of the 𝑀𝐿 estimator is that the logarithm of the likelihood function is 

been utilized in constructing the Fisher information matrix or simply the information matrix, 

I, which is defined as follows: 

Let 𝑋1, 𝑋2 … .𝑋𝑛 be mutually independent and identically distributed (i.i.d.) random variables 

having a pdf 𝑓 (𝑥, 𝜃), where 𝜃 is a vector of parameters having 𝑝 components. Then the 

(𝑖𝑗) 𝑡ℎelement of the information matrix 𝐼𝑖𝑗 is 

𝐼𝑖𝑗 = −𝐸 (
𝜕2𝑙𝑜𝑔𝐿(𝜃; 𝑋)

𝜕𝜃𝑖𝜕𝜃𝑗
)|

0=𝜃̂

                                            (3.50) 

It is known that the Fisher information matrix is required to obtain the variance-covariance 

matrix of the estimators. The inverse matrix 𝐼−1, with the (𝑖𝑗) 𝑡ℎ element denoted by 𝐼𝑖𝑗, is 

the variance - covariancee matrix of the estimators 𝜃 ,s, so that 𝑉𝑎𝑟(𝜃𝑖) = 𝐼𝑖𝑖 and 

𝑐𝑜𝑣(𝜃𝑖𝜃𝑗) = 𝐼𝑖𝑗. Finally, the asymptotic variance-covariance matrix of the estimators 𝜃 ,s is 

expressed as 

𝐼−1 =

(

 
 

𝑉𝑎𝑟(𝜃1) 𝑐𝑜𝑣(𝜃1, 𝜃2)

𝑐𝑜𝑣(𝜃2, 𝜃̂1) 𝑉𝑎𝑟(𝜃2)
: :

𝑐𝑜𝑣(𝜃𝑃, 𝜃1) 𝑐𝑜𝑣(𝜃𝑝, 𝜃2)

… . 𝑐𝑜𝑣(𝜃1, 𝜃𝑝)

 … 𝑐𝑜𝑣(𝜃1, 𝜃𝑝)
… …… .
… . 𝑉𝑎𝑟(𝜃1)

)

 
 

 

Where 𝑐𝑜𝑣(𝜃𝑖 , 𝜃𝑗) is the covariance of  𝜃𝑖 and 𝜃𝑗   while 𝑉𝑎𝑟(𝜃𝑖) is the variance of the 

estimator 𝜃𝑖 . 

The form 𝜃
𝑑
→𝑁(𝜃, 𝐼−1(𝜃)) has a special interest in finding the confidence interval (CI) for 

the unknown parameters. A (1 − 𝛼)100% confidence interval (CI) for θi is: 

𝐶. 𝐼(𝜃𝑖) =   𝜃𝑖 ± 𝑍𝛼
2
√𝐼𝑖𝑖

−1                                                                   3.51 

where 𝐼𝑖𝑖
−1 is the 𝑖𝑡ℎ diagonal of 𝐼−1(𝜃). (Cohen (1965)). 
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3.4. 9.1 Maximum Likelihood of the proposed EGEE 

The log-likelihood function of four parameters EGEE is expressed at 𝑋1 = 𝑥1, 𝑋2 =

𝑥2 … .𝑋𝑛 = 𝑥𝑛. Consequently, the objective of the 𝑀𝐿 is to maximize likelihood function 

with respect to the unknown parameters related with proposed EGEE 

distribution 𝛼, 𝛽, 𝑘 𝑎𝑛𝑑 𝜃 is given by 

𝐿 = ∑ln (𝑓𝑥)

𝑛

𝑖=1

= ∑𝑙𝑛

𝑛

𝑖=1

(
𝛼𝛽𝑘

𝜃
𝑒

−
𝑥
𝜃(1 − 𝑒

−
𝑥
𝜃)𝑘−1{1 − (1 − 𝑒

−
𝑥
𝜃)𝑘}𝛼−1[1 − {1 − (1

− 𝑒−
𝑥
𝜃)𝑘}𝛼]𝛽−1) 

𝑛𝑙𝑛𝛼 + 𝑛𝑙𝑛𝛽 + 𝑛𝑙𝑛𝑘 − 𝑛𝑙𝑛𝜃 − ∑
𝑥𝑖

𝜃

𝑛

𝑖=1

+ 

(𝑘 − 1)∑ln (1 − 𝑒−
𝑥𝑖
𝜃 ) + (𝛼 − 1)

𝑛

𝑖=1

∑ln {1 − (1 − 𝑒−
𝑥𝑖
𝜃 )𝑘

𝑛

𝑖=1

} + 

(𝛽 − 1)∑ln[1 − {1 − (1 − 𝑒−
𝑥𝑖
𝜃 )𝑘

𝑛

𝑖=1

}𝛼] 

𝜕𝐿

𝜕𝛼
=

𝑛

𝛼
+ ∑ln {1 − (1 − 𝑒−

𝑥𝑖
𝜃 )𝑘

𝑛

𝑖=1

}

+
(𝛽 − 1)∑ [1 − {1 − (1 − 𝑒−

𝑥𝑖
𝜃 )𝑘𝑛

𝑖=1 }𝛼]𝑙𝑛{1 − (1 − 𝑒−
𝑥𝑖
𝜃 )𝑘}

[1 − {1 − (1 − 𝑒−
𝑥𝑖
𝜃 )𝑘}𝛼]

 

𝜕𝐿

𝜕𝛽
=

𝑛

𝛽
+ ∑ln [1 − {1 − (1 − 𝑒−

𝑥𝑖
𝜃 )𝑘

𝑛

𝑖=1

}𝛼] 

𝜕𝐿

𝜕𝑘
=

𝑛

𝑘
+ ∑ln (1 − 𝑒−

𝑥𝑖
𝜃 ) − (𝛼 − 1)

𝑛

𝑖=1

∑
(1 − 𝑒−

𝑥𝑖
𝜃 )𝑘𝑙𝑛 (1 − 𝑒−

𝑥𝑖
𝜃 )

{1 − (1 − 𝑒−
𝑥𝑖
𝜃 )𝑘}

𝑛

𝑖=1

+ 

𝛼(𝛽 − 1)∑
{1 − (1 − 𝑒−

𝑥𝑖
𝜃 )𝑘}𝛼−1(1 − 𝑒−

𝑥𝑖
𝜃 )𝑘𝑙𝑛 (1 − 𝑒−

𝑥𝑖
𝜃 )

[1 − {1 − (1 − 𝑒−
𝑥
𝜃)𝑘}𝛼]

𝑛

𝑖=1
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𝜕𝐿

𝜕𝜃
=

−𝑛

𝜃
+ ∑

𝑥𝑖

𝜃2

𝑛

𝑖=1

− (𝑘 + 1)∑
𝑥𝑖𝑒

−
𝑥𝑖
𝜃

𝜃2 (1 − 𝑒−
𝑥
𝜃)

+

𝑛

𝑖=1

(𝛼 − 1)∑
𝑘(1 − 𝑒

−
𝑥𝑖
𝜃 )𝑘−1𝑥𝑖𝑒

−
𝑥𝑖
𝜃

𝜃2 (1 − {1 − 𝑒−
𝑥
𝜃}

𝑘

)

−   

𝑛

𝑖=1

 

(𝛽 − 1)∑
𝛼𝑘(1 − 𝑒−

𝑥𝑖
𝜃 )𝑘−1𝑥𝑖𝑒

−
𝑥𝑖
𝜃 {1 − (1 − 𝑒−

𝑥𝑖
𝜃 )𝑘}𝛼−1

𝜃2 (1(−1 − {1 − 𝑒−
𝑥𝑖
𝜃 }

𝑘

)

𝛼

)

𝑛

𝑖=1

 

Solving the nonlinear system of the equation of  
𝜕𝐿

𝜕𝛼
= 0,

𝜕𝐿

𝜕𝛽
= 0,

𝜕𝐿

𝜕𝑘
= 0, 𝑎𝑛𝑑 

𝜕𝐿

𝜕𝜃
= 0  gives 

the ML estimates of the parameters 𝛼, 𝛽, 𝑘, 𝑎𝑛𝑑 𝜃, respectively. The observed 4 × 4 

information matrix for the proposed EGEE is obtained  through, 

(

𝛼̂
𝛽̂

𝑘̂
𝜃

) ~𝑁

[
 
 
 
 

(

𝛼
𝛽
𝑘
𝜃

) ,

(

 
 

𝑉̂𝛼𝛼 𝑉̂𝛼𝛽

𝑉̂𝛽𝛼 𝑉̂𝛽𝛽

𝑉̂𝑘𝛼 𝑉̂𝑘𝛽

𝑉̂𝜃𝛼 𝑉̂𝜃𝛽

𝑉̂𝛼𝑘 𝑉̂𝛼𝜃

𝑉̂𝛽𝑘 𝑉̂𝛽𝜃

𝑉̂𝑘𝑘 𝑉̂𝑘𝜃

𝑉̂𝜃𝑘 𝑉̂𝜃𝜃)

 
 

]
 
 
 
 

 

𝑉−1 = −𝐸

(

 
 

𝑉𝛼𝛼 𝑉𝛼𝛽

𝑉𝛽𝛼 𝑉𝛽𝛽

𝑉𝑘𝛼 𝑉𝑘𝛽

𝑉𝜃𝛼 𝑉𝜃𝛽

  𝑉𝛼𝑘 𝑉𝛼𝜃

𝑉𝛽𝑘 𝑉𝛽𝜃

𝑉𝑘𝑘 𝑉𝑘𝜃

𝑉𝜃𝑘 𝑉𝜃𝜃 )

 
 

 

where  

𝑉𝛼𝛼 =
𝜕2𝐿

𝜕𝛼2
, 𝑉𝛽𝛽 =

𝜕2𝐿

𝜕𝛽2
, 𝑉𝑘𝑘 =

𝜕2𝐿

𝜕𝑘2
, 𝑉𝜃𝜃 =

𝜕2𝐿

𝜕𝜃2
 

𝑉𝛼𝛽 = 𝑉𝛽𝛼 =
𝜕2𝐿

𝜕𝛼𝛽
  , 𝑉𝛼𝑘 = 𝑉𝑘𝛼  =

𝜕2𝐿

𝜕𝛼𝑘
, 𝑉𝛼𝜃   = 𝑉𝜃𝛼 =

𝜕2𝐿

𝜕𝜃𝛼
,   

𝑉𝛽𝑘 = 𝑉𝑘𝛽 =
𝜕2𝐿

𝜕𝛽𝑘
,   𝑉𝛽𝜃 = 𝑉𝜃𝛽 =

𝜕2𝐿

𝜕𝜃𝛽
 , 𝑉𝑘𝜃 = 𝑉𝜃𝑘 =

𝜕2𝐿

𝜕𝜃𝑘
 

The solution to the above inverse dispersion matrix yields the asymptotic variance and 

covariance of the maximum likelihood estimators 𝛼̂, 𝑘̂, 𝛽̂, and 𝜃. The confidence interval for 

𝛼, 𝛽, 𝑘, 𝑎𝑛𝑑 𝜃 is expressed as: 

𝛼̂ ± 𝑍𝛼
2
√𝑉̂𝛼𝛼  , 𝛽̂ ± 𝑍𝛼

2
√𝑉̂𝛽𝛽 ,     𝑘̂ ± 𝑍𝛼

2
√𝑉̂𝑘𝑘   ,   𝜃,±𝑍𝛼

2
√𝑉̂𝜃𝜃 
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where  𝑍𝛼

2
 is the 𝛼𝑡ℎ percentiles of the standard normal distribution. 

3.5     Measure Statistics  

The statistical measures used in comparing the proposed probability distribution and the 

existing sub-distribution are the Akaike Information Criterion (AIC), Bayesian Information 

Criterion (BIC), and Likelihood Ratio Test (LRT). 

3.5.1     The Akaike Information Criterion (AIC) 

One of the widely accepted information criteria, the AIC was introduced by Akaike (1973). 

The idea is to select the distribution that minimizes the negative likelihood penalized by the 

number of parameters as specified by the expression below: 

𝐴𝐼𝐶 = 2𝑘 − 2𝑙𝑛𝐿                                                     3.52 

where  𝑘 𝑎𝑛𝑑 𝐿  are numbers of parameters and likelihood function respectively of the fitted 

distribution.  

3.5.2 The Bayesian Information Criterion (BIC)  

The most commonly used information criterion is the BIC which was studied by Schwarz 

(1978). The BIC unlike the AIC is an estimate of the the Bayes factor for two competing 

distributions. The BIC is expressed as: 

𝐵𝐼𝐶 = 𝑘𝑙𝑛(𝑛) − 2𝑙𝑛𝐿                                                             (3.53)  

where 𝑛 in (3.53) is known as the random sample size. 

Specifically, AIC is aimed at obtaining the best-approximating distribution to the unknown 

correct data generating process. Apparently, BIC differs from AIC only in the first term, 

which depends on sample size n. Distributions that give the minimum BIC are selected. 

From a given data set, the BIC helps in choosing the most probable distribution with best 

description of the data set. 
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3.5.3    Likelihood Ratio Test (LRT) 

The superiority of the proposed EGEE distribution with other existing sub-distributions is 

compared using LRT statistics. The values of the restricted and unrestricted log-likelihood 

are used in constructing the likelihood ratio test statistics.  The hypothesis of the test 

statistics is given as 

𝐻0: Θ = Θ𝑜vs 𝐻1: Θ ≠ Θ𝑜 

The LR statistics use for testing H0vs H1 is  

𝜔 = 2(𝑙(Θ̂) − 𝑙(Θ̂𝑜))                                                      (3.54) 

Where Θ̂ and Θ̂𝑜 are the log-likelihood under 𝐻1and𝐻0, respectively. The statistic 𝜔 is 

asymptotically distributed as 𝜒𝑘
2, where  𝑘 is the dimension of the subset Ω of interest and 

degree of freedom. 𝐻0 is rejected at a significance p − values.  
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CHAPTER FOUR 

4.1   Introduction 

The estimation of parameters for the proposed EGEE distribution and other related existing 

distributions for both simulated and real- life data sets are presented in this chapter. The best 

distribution was also determined using the Akaike Information Criterion (AIC), Bayesian 

Information Criterion (BIC) , Likelihood Ratio Test (LRT), Log-Likelihood (LL) and   fitted 

plot.  

4.2 Simulation Study 

A simulation study was carried out using the quantile function of the proposed EGEE 

distribution in (3.24) with the help of R-statistics package. Data were generated from sample 

sizes 𝑛 = 10 and 100 with different shapes (𝛽 = 0.5, 5, 𝛼 = 0.5, 0.8, 5 𝑎𝑛𝑑 8 𝑎𝑛𝑑 𝑘 =

0.5, 0.8, 5 𝑎𝑛𝑑 8 ) and scale (𝜃 = 2, 𝑎𝑛𝑑 6 ) parameters combinations. 

The mean, standard deviation and median of the proposed EGEE distribution for different 

parameter values are shown in Tables 4.1 and 4.3, while the skweness and kurtosis values 

obtained for the same combination of parameters are given in Table 4.2 and 4.4 respectively. 

As part of the simulation study, sample sizes 𝑜𝑓  𝑛 = 10, 𝑛 = 50, 𝑛 = 100, 𝑛 =

200 and 350 were generated from Exponentiated Exponential (EE), Exponential (E) and 

Exponentiated Generalized Exponential (EGE) distributions and fitted on the proposed 

Exponentiated Generalized Exponentiated Exponential (EGEE), EGE, EE and E  

distributions respectively. Tables 4.5, 4.7, 4.9, 4.11, 4.13, 4.16, 4.18, 4.20, 4.22, 4.24, 4.27, 

4.29, 4.31, 4.33 and 4.35 show the estimated values obtained for the parameters and 

measured statistics for EGEE, EGE, EE and E distributions.  

Tables 4.6, 4.8, 4.10, 4.12 and 4.14, 4.17, 4.19, 4.21, 4.23, 4.25, 4.28, 4.30, 4.32, 4.34 and 

4.36 contained the likelihood ratio test results obtained from the aforementioned 

distributions, while Figures 4.1, 4.2, 4.3, 4.4, 4.5, 4.6, 4.7, 4.9, 4.10, 4.11, 4.12, 4.13, 4.15, 

4.17, 4.19, 4.21 and 4.23 shows the histograms of the simulated data sets along with the fitted 

plots.  
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Tables 4.1 and 4.3 show an increase in values of mean, standard deviation and media, when 

the value of scale parameter was increased (𝜃 = 2,4, and 6) while other parameters were 

fixed. Increase in the shape parameters (𝛼, 𝛽 and 𝑘) also increases the values of the mean, 

standard deviation and median when the scale parameter 𝜃 is held constant. Increasing a 

shape parameter and holding others shape parameters and scale parameter constant increases 

the mean, standard deviation and median. From Tables 4.2 and 4.4 it was observed that the 
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skweness and kurtosis values remained constant as the value of scale parameter was 

increased (𝜃 = 2,4, and 6) and that of the shape parameters (𝛼, 𝛽 and 𝑘) were fixed. The 

values of Skweness and Kurtosis from the simulated data reduce as the values of shape 

parameters (𝛼, 𝛽 and 𝑘) increase. An increase in one of the shape parameters while others 

and scale parameter are fixed reduces the values of skweness and kurtosis.  

 

4.2.1 Simulated Exponentiated Exponential for n=10 

A sample size of 𝑛 = 10 was simulated using shape and scale parameters values of 𝑘 =

1.5  and 𝜃 = 0.5 respectively. Data so obtained were fitted on EGEE, EGE, EE and E 

distributions. 

Table: 4.5: Maximum Likelihood Estimate of Parameters Standard Errors in      

        Parenthesis, Log-likelihood and Information Criteria of sample size 10  

Distributions 𝜶̂ 𝜷̂ 𝒌̂ 𝜽̂ 𝑳𝑳 AIC BIC 

EGEE 

3.93370 1.9366 1.4562 2.8926 
-

6.1233 
20.2467 21.4570 

(32.7117) 
(16.1031

) 
(0.6130) (19.4167)    

EGE 
9.3791 1.6927  4.9781 

-

6.1663 
18.3326 19.2404 

(NA) (NA)  (NA)    

EE 
  1.6928 0.5306 

-

6.1664 
16.3326 16.9378 

  (0.7668) (0.1918)    

E 
   1.3781 

-

6.7929 
15.5858 15.8884 

   (0.43579)    

Source: Simulated data from Exponentiated Exponential Distribution  

Table 4.5 shows the estimated parameters values for all the aforementioned fitted 

distributions. The information criteria AIC and BIC indicates that the best model is 

Exponential distribution with values 15.5858 and 15.8884 as compare to EE, EGE, and 

EGEE with AIC values of 16.3326, 18.3326 and 20.2467, while the BIC values are 16.9378, 

19.2404 and 21.4570 respectively. 

The LRT for the proposed EGEE distribution as against EGE, EE and E distributions are 

computed as and presented in Table 4.6 for LRT: 
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𝐿𝑅 = 2 (− 6.1233 −(−6.1663)) = 0.086 

𝐿𝑅 = 2(− 6.1233− (−6.1664)) = 0.0862 

𝐿𝑅 = 2(− 6.1233− (−6.7929)) = 1.3392        

Table: 4.6: Likelihood Ratio Test (LRT) Statistic for sample size 10 

Model Hypothesis LRT 𝒑 − 𝒗𝒂𝒍𝒖𝒆 

EGEE vs. 

EGE 
𝐻0: 𝛽 = 1 𝑣𝑠 𝐻1. ∶   𝑛𝑜𝑡 𝐻0 0.086 p>0.05 

EGEE vs. EE 𝐻0: 𝛽 = 𝑘 = 1 𝑣𝑠 𝐻1. ∶  𝑛𝑜𝑡 𝐻0 0.0862 p>0.05 

EGEE vs. E 𝐻0: 𝛽 = 𝑘 = 𝛼 = 1 𝑣𝑠𝐻1: 𝑛𝑜𝑡 𝐻0 1.3392 p>0.05 

Source: Simulated data  from Exponentiated Exponential Distribution  

The computed p-values from Table 4.6 indicate that there no significant difference between 

the proposed EGEE and the sub distributions. 

 
Figure 4.1: Fitted Plot of EGEE EGE, EE and E Models for sample size n=10  

The histogram of the simulated data set at sample size 𝑛 = 10 along with fitted distribution is 

shown in Figure 4.1. The plots showed that the Exponential (E) distribution fitted the data 

best than the other distributions. 

4.2.2 Simulated Exponentiated Exponential for n=50 

A sample size of n=50 was simulated from an Exponentiated Exponential (EE) distribution 

using shape and scale parameters values of 𝑘 = 1.5 and 𝜃 = 0.5, respectively. Data so 

obtained were fitted on EGEE, EGE and E distributions. 
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Table: 4.7: Maximum Likelihood Estimate of Parameters Standard Errors in  

        Parenthesis, Log-likelihood and Information Criteria of sample size 50  

Models 𝜶̂ 𝜷̂ 𝒌̂ 𝜽̂ 𝑳𝑳 AIC BIC 

EGEE 
2.8108 3.0702 1.5419 2.6262 -24.6366 57.2732 64.9213 

(29.4391) (32.1564) (0.4332) (10.5534)    

EGE 
8.1520 1.8581  3.7300 -24.9069 55.8138 61.5499 

(NA) (NA)  (NA)    

EE 
  1.8577 0.4575 -24.9069 53.8138 57.6378 

  (0.3822) (0.0721)    

E 
   1.5201 -29.0601 60.1202 62.0322 
   (0.2149)    

Source: Simulated data from Exponentiated Exponential Distribution  

Table 4.7 shows the estimated parameters values for all the aforementioned fitted 

distributions. The information criteria AIC and BIC indicate that the best model is 

Exponentiated Exponential distribution with values 53.8138 and 57.6378 as compare to E, 

EGE and EGEE  distribution with AIC values of 60.1202,  55.8138 and 57.2732, while the 

BIC values are 62.0322, 61.5499 and 64.9213 respectively. 

The LRT for the proposed EGEE distribution as against EGE, EE and E distributions are 

computed as and presented in Table 4.8 below for LRT: 

𝐿𝑅 = 2(−24.6366 − (−24.9069)) = 0.5406 

𝐿𝑅 = 2(−24.6366 − (−24.9069)) = 0.5406 

𝐿𝑅 = 2(−24.6366 − (−29.0601)) = 17.6940 

Table 4.8: Likelihood Ratio Test (LRT) Statistic for Sample size n=50 

Model Hypothesis LRT 𝒑 − 𝒗𝒂𝒍𝒖𝒆 

EGEE vs. 

EGE 
𝐻0: 𝛽 = 1 𝑣𝑠. 𝐻1: 𝑛𝑜𝑡 𝐻0 0.5406 p>0.05 

EGEE vs. EE 𝐻0: 𝛽 = 𝑘 = 1 𝑣𝑠. 𝐻1: 𝑛𝑜𝑡 𝐻0 0.5406 p>0.05 

EGEE vs. E 𝐻0: 𝛽 = 𝑘 = 𝛼 = 1 𝑣𝑠. 𝐻1: 𝑛𝑜𝑡 𝐻0 17.6940 <0.0001 

Source: Simulated data from Exponentiated Exponential Distribution  

The computed p-values from Table 4.8 indicates that there no significant difference between 

EGEE vs. EGE and EGEE vs. EE, while there is a significant difference between EGEE vs. 

E distributions. 
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Figure 4.2: Fitted Plot of EGEE, EGE, EE and E Models for sample size n=50  

The histogram of the simulated data set at sample size 𝑛 = 50 along with fitted distribution is 

shown in Figure 4.2. The plots showed that the Exponentiated Exponential (EE) distribution 

fitted the data best than the other distributions. However, the fits of Exponentiated 

Exponential (EE) and Exponentiated Generalized Exponential (EGE) distributions fit the data 

very closely, and this is confirmed by the values of the log-likelihood (LL). 

 

4.2.3 Simulated Exponentiated Exponential for n=100 

From an Exponentiated Exponential distribution a sample size of 𝑛 = 100 was simulated 

using shape and scale parameters values of 𝑘 = 1.5 𝑎𝑛𝑑 𝜃 = 0.5 respectively. Data so 

obtained were fitted on EGEE, EGE and E distributions. 

Table: 4.9: Maximum Likelihood Estimate of Parameters Standard Errors in  

        Parenthesis, Log-likelihood and Information Criteria of sample size 100 

Models 𝜶̂ 𝜷̂ 𝒌̂ 𝜽̂ 𝑳𝑳 AIC BIC 

EGEE 
1.2474 2.4461 1.7514 1.0279 -42.6800 93.3600 103.7808 

(7.4279) (14.5685) (0.4595) (1.9253)    

EGE 
8.7302 2.0534  3.6109 -42.8643 91.7287 99.5442 

(NA) (NA)  (NA)    

EE 
  2.0531 0.4137 -42.8643 89.7287 94.9390 

  (0.3066) (0.0454)    

E  
   1.5927 -53.4543 108.9087 111.5139 
   (0.1592)    
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Source: Simulated Data from Exponentiated Exponential Distribution 

Table 4.9 shows the estimated parameters values for all the aforementioned fitted 

distributions. The information criteria AIC and BIC indicates that the best model is 

Exponentiated Exponential (EE)  with values 89.7287 and 94.9390 as compare to E, EGE and 

EGEE  distribution with AIC values of 108.9087,  91.7287 and 93.3600, while the BIC 

values are 111.5139, 99.5442 and 103.7808 respectively. 

The LRT for the proposed EGEE distribution as against EGE, EE and E distributions are 

computed as and presented in Table 4.10 below for LRT: 

𝐿𝑅 = 2(−42.6800 − (−42.8643)) = 0.3686 

𝐿𝑅 = 2(−42.6800 − (−42.8643)) = 0.3686 

𝐿𝑅 = 2(−42.6800 − (−53.4543)) = 21.5486 

Table 4.10: Likelihood Ratio Test (LRT) Statistic for Sample Size n=100 

Model Hypothesis LRT 𝒑 − 𝒗𝒂𝒍𝒖𝒆 

EGEE vs. 

EGE 
𝐻0: 𝛽 = 1 𝑣𝑠. 𝐻1: 𝑛𝑜𝑡 𝐻0 0.3686 p>0.05. 

EGEE vs. EE 𝐻0: 𝛽 = 𝑘 = 1 𝑣𝑠. 𝐻1: 𝑛𝑜𝑡 𝐻0 0.3686 p>0.05 

EGEE vs. E 𝐻0: 𝛽 = 𝑘 = 𝛼 = 1 𝑣𝑠. 𝐻1: 𝑛𝑜𝑡 𝐻0 21.5486 p<0.0001 

Source: Simulated data from Exponentiated Exponential Distribution  

The computed p-values from Table 4.10 indicate no significant difference between EGEE vs. 

EGE and EGEE vs. EGE distributions, while EGEE vs. E is significantly different. 
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Figure 4.3: Fitted Plot of EGEE EGE, EE and E Models for sample size n=100  

The histogram of the simulated data set at sample size 𝑛 = 100 along with fitted distribution 

is shown in Figure 4.4. The plots showed that the Exponentiated Exponential (EE) 

distribution fitted the data best than the other models. However, the fits of Exponentiated 

Exponential (EE) and Exponentiated Generalized Exponential (EGE) fit the data very closely, 

and this is confirmed by the values of the log-likelihood (LL). 

4.2.4 Simulated Exponentiated Exponential for n=200 

From an Exponentiated Exponential distribution, a sample size of 𝑛 = 200 was simulated 

using shape and scale parameters values of 𝑘 = 1.5 𝑎𝑛𝑑 𝜃 = 0.5 ,respectively. Data so 

obtained were fitted on EGEE, EGE and E distributions. 

Table: 4.11: Maximum Likelihood Estimate of Parameters Standard Errors in  

         Parenthesis, Log-likelihood and Information Criteria of sample size 200 

Models 𝜶̂ 𝜷̂ 𝒌̂ 𝜽̂ 𝑳𝑳 AIC BIC 

EGEE 
0.2791 2.9864 2.0506 0.3687 -92.1802 192.3605 205.5538 

(1.8801) (20.1582) (0.4828) (0.2941)    

EGE 
8.5003 1.9723  3.6603 -92.1988 190.3977 200.2927 

NA NA  NA    

EE 
  1.9719 0.4307 -92.1988 188.3977 194.9943 

  (0.2082) (0.0340)    

E 
   1.5587 -111.2255 224.4509 227.7493 
   (0.1102)    

Source: Simulated Data from Exponentiated Exponential Distribution 

Table 4.11 shows the estimated parameters values for all the aforementioned fitted 

distributions. The information criteria AIC and BIC indicates that the best model is 

Exponentiated Exponential (EE) distribution with values 188.3977 and 194.9943 as compare 

to E, EGE and EGEE  distribution with AIC values of 224.4509,  190.3977 and 192.3605, 

while the BIC values are 227.7493, 200.2927 and 205.5538 respectively. 

The LRT for the proposed EGEE distribution as against EGE, EE and E distributions are 

computed as and presented in Table 4.12 below for LRT: 
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𝐿𝑅 = 2(−92.1802 − (−92.1988)) = 0.0372 

𝐿𝑅 = 2(−92.1802 − (−92.1988)) = 0.0372 

𝐿𝑅 = 2(−92.1802 − (−111.2555)) = 38.1506 

Table 4.12: Likelihood Ratio Test (LRT) Statistic for sample size n=200 

Model Hypothesis LRT 𝒑 − 𝒗𝒂𝒍𝒖𝒆 

EGEE vs. 

EGE 
𝐻0: 𝛽 = 1 𝑣𝑠. 𝐻1: 𝑛𝑜𝑡 𝐻0 0.0372 0.500 

EGEE vs. EE 𝐻0: 𝛽 = 𝑘 = 1 𝑣𝑠. 𝐻1: 𝑛𝑜𝑡 𝐻0 0.0372 0.500 

EGEE vs. E 𝐻0: 𝛽 = 𝑘 = 𝛼 = 1 𝑣𝑠. 𝐻1: 𝑛𝑜𝑡 𝐻0 38.1506 < 0.00001 

Source: Simulated data from Exponentiated Exponential Distribution  

The computed p-values from Table 4.12 indicate no significant difference between EGEE vs. 

EGE and EGEE vs. EGE, while EGEE vs. E distribution is significant. 

 
Figure 4.4: Fitted Plot of EGEE EGE, EE and E Models for sample size n=200  

The histogram of the simulated data set at sample size 𝑛 = 200 along with fitted distribution 

is shown in Figure 4.4. The plots showed that the Exponentiated Exponential (EE) 

distribution fitted the data best than any other. However, the fits of Exponentiated 

Exponential (EE) and Exponentiated Generalized Exponential (EGE) fit the data very closely, 

and this is confirmed by the values of the log-likelihood (LL). It was observed that the 

performance of the fit of the proposed distribution increases gradually as the sample size 

increases. 
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4.2.5 Simulated Exponentiated Exponential for n=350 

From an Exponentiated Exponential distribution ,a sample size of 𝑛 = 350 was simulated 

using shape and scale parameters values of 𝑘 = 1.5 𝑎𝑛𝑑 𝜃 = 0.5 ,respectively. Data so 

obtained were fitted on EGEE, EGE and E distributions. 

Table 4.13: Maximum Likelihood Estimate of Parameters, Standard Errors in  

         Parenthesis, Log-likelihood and Information Criteria of sample size 350 

Models 𝜶̂ 𝜷̂ 𝒌̂ 𝜽̂ 𝑳𝑳 AIC BIC 

EGEE 
3.9942 0.0469 3.3777 0.0969 -157.4098 322.8195 338.2513 

(4.3533) (0.0509) (0.2866) (0.01509)    

EGE 
8.1194 1.7885  3.5873 -161.2381 328.4761 340.0499 

NA NA  NA    

EE 
  1.7879 0.4418 -161.2381 326.4762 334.1920 

  (0.1417) (0.0272)    

E 
   1.5961 -186.3417 374.6834 378.5413 
   0.0853    

Source: Simulated data from Exponentiated Exponential Distribution  

Table 4.13 shows the estimated parameters values for all the aforementioned fitted 

distributions. The information criteria AIC indicates that the best model is Exponentiated 

Generalized Exponentiated Exponential (EGEE) distribution with value 322.8195 as compare 

to E, EE and EGE distribution with AIC values of 374.6834,  326.4762 and 328.4761. 

However, the BIC value of 334.1920 shows that the best distribution is EE distribution as 

compared to EGEE, EGE, and E distributions of values 338.2513, 340.0499, and 378.5413, 

respectively. 

The LRT for the proposed EGEE distribution as against EGE, EE and E distributions are 

computed as and presented in 4.14 below for LRT: 

𝐿𝑅 = 2(−157.4098 − (−161.2381)) = 7.6566 

𝐿𝑅 = 2(−157.4098 − (−161.2381)) = 7.6566 

𝐿𝑅 = 2(−157.4098 − (−186.3417)) = 57.8638 
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Table 4.14: Likelihood Ratio Test (LRT) Statistic for sample size 350 

Model Hypothesis LRT 𝒑 − 𝒗𝒂𝒍𝒖𝒆 

EGEE vs. 

EGE 
𝐻0: 𝛽 = 1 𝑣𝑠. 𝐻1 ∶  𝐻0 𝑖𝑠 𝑓𝑎𝑙𝑠𝑒 7.6566 P<0.05 

EGEE vs. EE 𝐻0: 𝛽 = 𝑘 = 1 𝑣𝑠. 𝐻1: 𝐻0 𝑖𝑠 𝑓𝑎𝑙𝑠𝑒 7.6566 P<0.05 

EGEE vs. E 𝐻0: 𝛽 = 𝑘 = 𝛼 = 1 𝑣𝑠. 𝐻1: 𝐻0 𝑖𝑠 𝑓𝑎𝑙𝑠𝑒 57.8638 P<0.05 

Source: Simulated data from Exponentiated Exponential Distribution  

The computed p-values from Table 4.14 indicates significant differences between the 

proposed EGEE vs. EGE, EGEE vs. EGE, and EGEE vs. E distributions. 

 

Figure 4.5: Fitted Plot of EGEE EGE, EE and E Models for sample size n=350  

Figure 4.5 shows the histogram of the simulated data se at sample size n=350 along with the 

fitted distributions. The plots showed that the Exponentiated Generalized Exponentiated 

Exponential (EGEE) distribution fitted the data best than the other models. However, the fits 

of Exponentiated Exponential (EE) and Exponentiated Generalized Exponential (EGE) fit the 

data very closely, and this is confirmed by the values of the log-likelihood (LL). 
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Table 4.15: Summary Table on the Performance of  Fitted Distributions  to Simulated     

                     data from  Exponentiated Exponential  Distribution  

sample size   Rank 

  MEASURED STATISTIC 1st  2nd  3rd  

  AIC E EGE EGEE 

10 BIC E EGE EGEE 

  Log-likelihood EGEE  EGE   E 

  AIC EGE EGEE E 

50 BIC EGE E EGEE 

  Log-likelihood EGEE  EGE   E 

  AIC EGE EGEE E 

100 BIC EGE EGEE E 

  Log-likelihood EGEE  EGE   E 

  AIC EGE EGEE E 

200 BIC EGE EGEE E 

  Log-likelihood EGEE  EGE   E 

  AIC EGEE EGE E 

350 BIC EGEE EGE E 

  Log-likelihood EGEE  EGE   E 

Source: Simulated data from Exponentiated Exponential Distribution  

Table 4.15 shows the ranking in performance of the fitted EGEE, EGE, and E distributions on 

simulated data from EE distribution. The ranks 1st, 2nd, and 3rd indicate the order of 

performance of the distributions at various sample sizes n=10, 50, 100, 200, and 350.  For 

sample size n=10 the reported AIC and BIC shows that the E distribution outperformed the 

EGE and EGEE distributions, while the log-likelihood indicate the best in EGEE distribution.  

AIC and BIC values for sample sizes of 50, 100 and 200  show an order in performances as 

EGE, EGEE and E distributions, while the log-likelihood showed an order of EGEE, EGE, 

and E distributions respectively. Sample size n= 350 shows that the proposed EGEE 

distribution can serve as the best alternative distribution to data simulated from EE 

distribution, and these can be confirmed from the AIC, BIC, and log-likelihood values.    

4.2.6  Simulated Exponential for n=10 

The sixth simulated data of sample size n=10 was simulated from an Exponential (E) 

distribution using scale parameters value of 𝜃 = 0.5.  Data obtained were fitted on EGEE, 

EGE, and EE distributions. 
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Table 4.16: Maximum Likelihood Estimate of Parameters Standard Errors in  

         Parenthesis, Log likelihood and Information Criteria of sample size 10 

Models 𝜶̂ 𝜷̂ 𝒌̂ 𝜽̂ 𝑳𝑳 AIC BIC 

EGEE 
0.0555 1.7878 1.8506 0.1593 -14.5871 37.1742 38.3845 

(0.1590) (5.1208) (1.3619) (0.0025)    

EGE 
3.4536 1.3053  4.9227 -15.0420 36.0840 36.9917 

NA NA  NA    

EE 
  1.3056 1.4253 -15.0420 34.0840 34.6892 

  (0.5737) (0.5576)    

E 
   0.5933 -15.2191 32.4382 32.7408 
   (0.1876)    

Source: Simulated Data from Exponential Distribution 

Table 4.16 shows the estimated parameters values for all the aforementioned fitted 

distributions. The information criteria AIC and BIC indicates that the best model is 

Exponential distribution with values 32.4382 and 32.7408 as compare to EE, EGE and EGEE 

with AIC values of 34.0840,  36.0840 and 37.1742, while there BIC values are 34.6892, 

36.9917and 38.3845 respectively. 

The LRT for the proposed EGEE distribution as against EGE, EE and E distributions are 

computed as and presented in Table 4.17 below for LRT: 

𝐿𝑅 = 2 (− 14.5871 −(− 15.0420)) =0.9098 

 

𝐿𝑅 = 2(− 14.5871− (− 15.0420)) =0.9098 

𝐿𝑅 = 2(− 14.5871− (− 15.2191)) = 1.264      

Table 4.17: Likelihood Ratio Test (LRT) Statistic for sample size 10 

Model Hypothesis LRT 𝒑 − 𝒗𝒂𝒍𝒖𝒆 

EGEE vs. EGE 𝐻0: 𝛽 = 1 𝑣𝑠. 𝐻1: 𝑛𝑜𝑡 𝐻0 0.9098 p>0.05 

EGEE vs. EE 𝐻0: 𝛽 = 𝑘 = 1 𝑣𝑠. 𝐻1: 𝑛𝑜𝑡 𝐻0 0.9098 p>0.05 

EGEE vs. E 𝐻0: 𝛽 = 𝑘 = 𝛼 = 1 𝑣𝑠. 𝐻1: 𝑛𝑜𝑡 𝐻0 1.264 p>0.05 

Source: Simulated data from Exponential Distribution 

The computed p-values from Table 4.17 indicate no significant difference between the 

proposed EGEE vs. EGE, EGEE vs. EGE, and EGEE vs. E distributions. 
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Figure 4.6: Fitted Plot of EGEE EGE, EE and E Models for sample size n=10  

The histogram of the simulated data set at sample size 𝑛 = 10 along with fitted distribution is 

shown in Figure 4.6.  However, the fits of Exponentiated Exponential (EE) and 

Exponentiated Generalized Exponential (EGE) fit the data equally, and this is confirmed by 

the values of the log-likelihood (LL). The plot indicates no significant differences in all the 

fitted distributions. 

4.2.7 Simulated Exponential for n=50 

The Seventh simulated data of sample size n=50 was simulated from an Exponential (E) 

distribution using scale parameters value of 𝜃 = 0.5.  Data obtained were fitted on EGEE, 

EGE, and EE distributions. 
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Table 4.18: Maximum Likelihood Estimate of Parameters Standard Errors in  

        Parenthesis, Log likelihood and Information Criteria of sample size 50 

Models 𝜶̂ 𝜷̂ 𝒌̂ 𝜽̂ 𝑳𝑳 AIC BIC 

EGEE 
0.1998 3.2989 1.5275 1.0691 -82.1833 172.3666 180.0147 

(2.5507) (42.3245) (0.5391) (1.9918)    

EGE 
3.1945 1.4506  5.0016 -82.2015 170.403 176.1391 

(NA) (NA)  (NA)    

EE 
  1.4506 1.5650 -82.2015 168.403 172.2271 

  (0.2888) (0.2648)    

E 
   0.5081 -83.8530 169.706 171.618 
   (0.0718)    

Source: Simulated Data from Exponential Distribution 

Table 4.18 shows the estimated parameters values for all the aforementioned fitted 

distributions. The information criteria AIC indicates that the best model is Exponentiated 

Exponential distribution (EE) with value 168.403 as compare to E, EGE, and EGEE with 

AIC values of 169.706, 170.403, and 172.3666. However, the BIC value (171.618) shows the 

best in Exponential (E) distribution compared to EE, EGE, and EGEE distributions with BIC 

values 172.2271, 176.1391, and 180.0147, respectively. 

The LRT for the proposed EGEE distribution as against EGE, EE and E distributions are 

computed as and presented in Table 4.19 below for LRT: 

𝐿𝑅 = 2 (− 82.1833 −(− 82.2015)) = 0.0364 

 

𝐿𝑅 = 2(− 82.1833− (− 82.2015)) = 0.0364 

𝐿𝑅 = 2(− 82.1833− (− 83.8530)) = 3.3394      
 

Table 4.19: Likelihood Ratio Test (LRT) Statistic for sample size 50 

Model Hypothesis LRT 𝒑 − 𝒗𝒂𝒍𝒖𝒆 

EGEE vs. 

EGE 
𝐻0: 𝛽 = 1 𝑣𝑠𝐻1. ∶  𝑛𝑜𝑡 𝐻0 0.0364 p>0.05 

EGEE vs. EE 𝐻0: 𝛽 = 𝑘 = 1 𝑣𝑠𝐻1. ∶  𝑛𝑜𝑡 𝐻0 0.0364 p>0.05 

EGEE vs. E 𝐻0: 𝛽 = 𝑘 = 𝛼 = 1 𝑣𝑠𝐻1: 𝑛𝑜𝑡 𝐻0 3.3394 p>0.05 

Source: Simulated Data from Exponential Distribution 

The computed p-values from Table 4.19 indicate no significant difference between the 

proposed EGEE vs. EGE, EGEE vs. EE, and EGEE vs. E distributions. 
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Figure 4.7: Fitted Plot of EGEE EGE, EE and E Models for sample size n=50  

The histogram of the simulated data set at sample size 𝑛 = 50 along with fitted distribution is 

shown in Figure 4.7. The fitted plots showed no significant difference amongst Exponentiated 

Generalized Exponentiated Exponential (EGEE) Exponentiated Exponential (EE)   and 

Exponentiated Generalized Exponential (EGE) distributions. However, the fits of 

Exponentiated Exponential (EE) and Exponentiated Generalized Exponential (EGE) fit the 

data very closely, and this is confirmed by the values of the log-likelihood (LL). 

4.2.8 Simulated Exponential for n=100 

The Eight simulated data of sample size n=100 was simulated from an Exponential (E) 

distribution using scale parameters value of 𝜃 = 0.5.  Data obtained were fitted on EGEE, 

EGE, and EE distributions. 
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Table 4.20: Maximum Likelihood Estimate of Parameters Standard Errors in  

      Parenthesis, Log likelihood and Information Criteria of sample size 100 

Models 𝜶̂ 𝜷̂ 𝒌̂ 𝜽̂ 𝑳𝑳 AIC BIC 

EGEE 
0.0371 6.7627 1.7381 0.2304 -100.2602 208.5203 218.941 

(0.1086) (25.3728) (0.9597) (0.4631)    

EGE 
4.914212 1.3806  4.1461 -100.4822 206.9643 214.7798 

(NA) (NA)  (NA)    

EE 
  1.38017 0.8439 -100.4822 204.9643 210.1747 

  (0.1928) (0.1024)    

E 
   0.9702 -103.0215 208.0431 210.6482 
   (0.0970)    

Source: Simulated Data from Exponential Distribution 

Table 4.20 shows the estimated parameters values for all the aforementioned fitted 

distributions. The information criteria's AIC and BIC indicate that the best distribution is 

Exponentiated Exponential (EE) distribution with values 204.9643 and 210.1747 as compare 

to E, EGE, and EGEE with AIC values of 208.0431, 206.9643 and 208.5203, while the BIC 

values are 210.6482, 214.7798 and 218.941 respectively. 

The LRT for the proposed EGEE distribution as against EGE, EE and E distributions are 

computed as and presented in Table 4.21 below for LRT: 

𝐿𝑅 = 2 (− 100.2602 −(− 100.4822)) = 0.444 

 

𝐿𝑅 = 2(− 100.2602− (− 100.4822)) = 0.4440 

𝐿𝑅 = 2(− 100.2602− (− 103.0215)) = 5.5226 

Table 4.21: Likelihood Ratio Test (LRT) Statistic for sample size 100 

Model Hypothesis LRT 𝒑 − 𝒗𝒂𝒍𝒖𝒆 

EGEE vs. 

EGE 
𝐻0: 𝛽 = 1 𝑣𝑠. 𝐻1: 𝑛𝑜𝑡 𝐻0 0.4440 p>0.05 

EGEE vs. EE 𝐻0: 𝛽 = 𝑘 = 1 𝑣𝑠𝐻1: 𝑛𝑜𝑡 𝐻0 0.4440 p>0.05 

EGEE vs. E 𝐻0: 𝛽 = 𝑘 = 𝛼 = 1 𝑣𝑠. 𝐻1: 𝑛𝑜𝑡 𝐻0 5.5226 p>0.05 

Source: Simulated data from Exponential 

The computed p-values from Table 4.21 indicates no significant difference between the 

proposed EGEE vs. EGE, EGEE vs. EGE, and EGEE vs. E distributions. 
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Figure 4.8: Fitted Plot of EGEE EGE, EE and E Models for sample size n=100  

The histogram of the simulated data set at sample size 𝑛 = 100 along with fitted distribution 

is shown in Figure 4.8. The fitted plots showed closeness amongst Exponentiated Generalized 

Exponentiated Exponential (EGEE) Exponentiated Exponential (EE)   and Exponentiated 

Generalized Exponential (EGE) distributions. However, the fits of Exponentiated 

Exponential (EE) and Exponentiated Generalized Exponential (EGE) fit the data very closely, 

and this is confirmed by the values of the log-likelihood (LL). 

4.2.9 Simulated Exponential for n=200 

The ninth simulated data of sample size n=200 was simulated from an Exponential (E) 

distribution using scale parameters value of 𝜃 = 0.5.  Data obtained were fitted on EGEE, 

EGE, and EE distributions. 
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Table 4.22: Maximum Likelihood Estimate of Parameters Standard Errors in  

        Parenthesis, Log likelihood and Information Criteria of sample size 200 

Models 𝜶̂ 𝜷̂ 𝒌̂ 𝜽̂ 𝑳𝑳 AIC BIC 

EGEE 
1.6780 1.3262 1.2687 3.4983 -334.4808 676.9617 690.1549 

(4.9644) (3.9226) (0.1991) (9.5631)    

EGE 
3.1015 1.3267  5.2093 -334.5726 675.1453 685.0402 

(NA) (NA)  (NA)    

EE 
  1.3270 1.6792 -334.5726 673.1453  679.7419 

  (0.1288) (0.1441)    

E 
   0.5000 -338.6263 679.2526  682.5509 
   (0.0353)    

Source: Simulated Data from Exponential Distribution 

Table 4.22 shows the estimated parameters values for all the aforementioned fitted 

distributions. The information criteria  AIC and BIC indicates the best model in 

Exponentiated Exponential (EE) distribution with values 673.1453 and 679.7419as compare 

to E, EGE, and EGEE with AIC values of 679.2526,  675.1453and 676.9617. While there 

BIC values are 682.5509, 685.0402, and 690.1549, respectively. 

The LRT for the proposed EGEE distribution as against EGE, EE and E distributions are 

computed as and presented in Table 4.23 below for LRT: 

𝐿𝑅 = 2 (− 334.4808 −(− 334.5726)) = 0.1836 

 

𝐿𝑅 = 2(− 334.4808− (− 334.5726)) = 0.1836 

𝐿𝑅 = 2(− 334.4808− (− 338.6263)) = 8.2890 
 

Table 4.23: Likelihood Ratio Test (LRT) Statistic for sample size 200 

Model Hypothesis LRT 𝒑 − 𝒗𝒂𝒍𝒖𝒆 

EGEE vs. 

EGE 
𝐻0: 𝛽 = 1 𝑣𝑠. 𝐻1: 𝐻0 𝑖𝑠 𝑛𝑜𝑡 𝑒𝑞𝑢𝑎𝑙 0.1836 p>0.05 

EGEE vs. EE 𝐻0: 𝛽 = 𝑘 = 1 𝑣𝑠. 𝐻1: 𝐻0 𝑖𝑠 𝑛𝑜𝑡 𝑒𝑞𝑢𝑎𝑙 0.1836 p>0.05 

EGEE vs. E 𝐻0: 𝛽 = 𝑘 = 𝛼 = 1 𝑣𝑠. 𝐻1: 𝐻0 𝑖𝑠 𝑛𝑜𝑡 𝑒𝑞𝑢𝑎𝑙 8.2890 p<0.05 

Source: Simulated data from Exponential Distribution 

The computed p-values from Table 4.23 indicate no significant difference between the 

proposed EGEE vs. EGE, EGEE vs. EE distributions, while   EGEE vs. E is significantly 

different. 
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Figure 4.9: Fitted Plot of EGEE EGE, EE and E Models for sample size n=200  

The histogram of the simulated data set at sample size 𝑛 = 200 along with fitted distribution 

is shown in Figure 4.9. The fitted plots showed closeness amongst Exponentiated Generalized 

Exponentiated Exponential (EGEE) Exponentiated Exponential (EE)   and Exponentiated 

Generalized Exponential (EGE) distributions. However, the fits of Exponentiated 

Exponential (EE) and Exponentiated Generalized Exponential (EGE) fit the data very closely, 

and this is confirmed by the values of the log-likelihood (LL). 

4.2.10  Simulated Exponential for n=350 

The tenth simulated data of sample size n=350 was simulated from an Exponential (E) 

distribution using scale parameters value of 𝜃 = 0.5.  Data obtained were fitted on EGEE, 

EGE, and EE distributions. 
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Table 4.24: Maximum Likelihood Estimate of Parameters Standard Errors in  

        Parenthesis, Log likelihood and Information Criteria of sample size 350 

Models 𝜶̂ 𝜷̂ 𝒌̂ 𝜽̂ 𝑳𝑳 AIC BIC 

EGEE 
5.1863 0.4152 1.1337 3.755 -587.1266 1182.253 1197.685 

(10.9189) (0.8675) (0.0884) (8.4598)    

EGE 
3.0981 1.1545  5.6062 -587.2752 1180.55 1192.124 

(NA) (NA)  (NA)    

EE 
  1.1548 1.8091 -587.2752 1178.55 1186.266 

  (0.0826) (0.1214)    

E 
   0.5048 -589.2473 1180.495 1184.353 
   (0.0269)    

Source: Simulated Data from Exponential Distribution 

Table 4.24 shows the estimated parameters values for all the aforementioned fitted 

distributions. The information criterion AIC indicates that the best distribution is 

Exponentiated Exponential (EE) distribution with value 1178.55 compare to EE, EGE, and 

EGEE with AIC values of 1180.495, 1180.55, and 1182.253. However, the BIC value for 

Exponential (E) distribution shows the best compare to EE (1186.266), EGE (1192.124) and 

EGEE (1197.685)  distributions, respectively. 

The LRT for the proposed EGEE distribution as against EGE, EE and E distributions are 

computed as and presented in Table 4.25 below for LRT: 

𝐿𝑅 = 2 (− 587.1266 −(− 587.2752)) = 0.2972 

 

𝐿𝑅 = 2(− 587.1266− (− 587.2752)) = 0.2972 

𝐿𝑅 = 2(− 587.1266− (− 589.2473)) = 4.2414 
 

Table 4.25: Likelihood Ratio Test (LRT) Statistic for sample size 350 

Model Hypothesis LRT 𝒑 − 𝒗𝒂𝒍𝒖𝒆 

EGEE vs. 

EGE 
𝐻0: 𝛽 = 1 𝑣𝑠. 𝐻1: 𝑛𝑜𝑡 𝐻0 0.2972 p>0.05 

EGEE vs. 

EE 
𝐻0: 𝛽 = 𝑘 = 1 𝑣𝑠. 𝐻1: 𝑛𝑜𝑡 𝐻0 0.2972 p>0.05 

EGEE vs. E 𝐻0: 𝛽 = 𝑘 = 𝛼 = 1 𝑣𝑠. 𝐻1: 𝑛𝑜𝑡 𝐻0 4.2414 p>0.05 

Source: Simulated data from Exponential 

The computed p-values from Table 4.25 indicates no significant difference between the 

proposed EGEE vs. EGE, EGEE vs. EGE, and EGEE vs. E distributions. 
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Figure 4.10: Fitted Plot of EGEE EGE, EE and E Models for sample size n=350  

The histogram of the simulated data set at sample size 𝑛 = 350 along with fitted distribution 

is shown in Figure 4.10. The fitted plots showed closeness amongst Exponentiated 

Generalized Exponentiated Exponential (EGEE) Exponentiated Exponential (EE)   and 

Exponentiated Generalized Exponential (EGE) distributions. However, the fits of 

Exponentiated Exponential (EE) and Exponentiated Generalized Exponential (EGE) fit the 

data very closely, and this is confirmed by the values of the log-likelihood (LL). 
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Table 4. 26: Summary Table on the Performance of  Fitted Distributions  to Simulated     

                     data from  Exponential  Distribution 

sample size   Rank 

  measured statistics 1st  2nd  3rd  

  AIC EE EGE EGEE 

10 BIC EE EGE EGEE 

  Log-likelihood  EGEE EE   EGE 

  AIC EE EGE EGEE 

50 BIC EE EGE EGEE 

  Log-likelihood  EGEE EE  EGE  

  AIC EE EGE EGEE 

100 BIC EE EGE EGEE 

  Log-likelihood  EGEE  EE  EGE 

  AIC EE EGE EGEE 

200 BIC EE EGE EGEE 

  Log-likelihood EGEE  EE  EGE  

  AIC EE EGE EGEE 

350 BIC EE EGE EGEE 

  Log-likelihood  EGEE EE   EGE 

Source: Simulated Data from Exponential Distribution Data 

Table 4.26 shows the ranking in performance of the fitted EGEE, EGE, and EE distributions 

on simulated data from E distribution. The ranks 1st, 2nd, and 3rd indicate the order of 

performance of the distributions at various sample sizes n=10, 50, 100, 200, and 350.  AIC 

and BIC values for sample sizes of 10, 50, 100, 200 and 350  show an order in performances 

as EE, EGE, and EGEE distributions, while the log-likelihood showed an order of EGEE, EE 

and EGE distributions respectively. The proposed EGEE distribution can serve as the best 

alternative distribution to data simulated from E distribution, and these can be confirmed 

from the log-likelihood values, while the AIC and  BIC show the best alternative as EE 

distribution.    

4.2.11 Simulated Exponentiated Generalized Exponential for n=10 

The eleventh simulated data of sample size n=10 was simulated from an Exponentiated 

Generalized Exponential (EGE) distribution using a scale parameter value of =

0.5 and shape parameters 𝛼 = 0.5 and 𝛽 = 6.5.  Data obtained were fitted on EGEE, EE, 

and E distributions. 
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Table 4.27: Maximum Likelihood Estimate of Parameters Standard Errors in  

        Parenthesis, Log likelihood and Information Criteria of sample size 10 

Models 𝜶̂ 𝜷̂ 𝒌̂ 𝜽̂ 𝑳𝑳 AIC BIC 

EGEE 
7.3501 0.3267 4.6026 0.6303 -4.4882 16.9765 18.1868 

(125.252) (5.5453) (11.273) (2.7635)    

EGE 
5.4081 7.0568  1.8937 -4.5005 15.0010 15.9088 

(790.3244) (4.4642)  (276.8193)    

EE 
  7.0578 0.3501 -4.5005 13.001 13.6062 

  (4.4396) (0.1024)    

E 
   1.1005 -9.0423 20.0846 20.3872 
   (0.3480)    

Source: Simulated Data from Exponentiated Generalized Exponential Distribution 

Table 4.27 shows the estimated parameters values for all the aforementioned fitted 

distributions. The information criteria AIC and BIC indicate that the best distribution is 

Exponentiated Exponential distribution with values 13.001 and 13.6062 as compare to E, 

EGE, and EGEE with AIC values of 20.0846,  15.0010 and 16.9765, while the BIC values 

are 20.3872, 15.9088 and 18.1868 respectively. 

The LRT for the proposed EGEE distribution as against EGE, EE and E distributions are 

computed as and presented in Table 4.28 below for LRT: 

𝐿𝑅 = 2 (− 4.4882 −(− 4.5005)) = 0.0246 

 

𝐿𝑅 = 2(− 4.4882− (− 4.5005)) = 0.0246 

𝐿𝑅 = 2(− 4.4882− (− 9.0423)) =   9.1026    
 

Table 4.28: Likelihood Ratio Test (LRT) Statistic for sample size 10 

Model Hypothesis LRT 𝒑 − 𝒗𝒂𝒍𝒖𝒆 

EGEE vs. 

EGE 
𝐻0: 𝛽 = 1 𝑣𝑠. 𝐻1: 𝑛𝑜𝑡 𝐻0 0.0246 p>0.05 

EGEE vs. EE 𝐻0: 𝛽 = 𝑘 = 1 𝑣𝑠. 𝐻1: 𝑛𝑜𝑡 𝐻0 0.0246 p>0.05 

EGEE vs. E 𝐻0: 𝛽 = 𝑘 = 𝛼 = 1 𝑣𝑠. 𝐻1: 𝑛𝑜𝑡 𝐻0 9.1026 p<0.05 

Source: Simulated data from Exponentiated Generalized Exponential 

The computed p-values from Table 4.28 indicates no significant difference between the 

proposed EGEE vs. EGE and EGEE vs. EGE distributions, while EGEE vs. E is 

significantly different.  
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Figure 4.11: Fitted Plot of EGEE EGE, EE and E Models for sample size n=10  

The histogram of the simulated data set at sample size 𝑛 = 10 along with fitted distribution is 

shown in Figure 4.11. The fitted plots showed little difference amongst Exponentiated 

Generalized Exponentiated Exponential (EGEE) Exponentiated Exponential (EE) and 

Exponentiated Generalized Exponential (EGE) distributions. However, the fits of 

Exponentiated Exponential (EE) and Exponentiated Generalized Exponential (EGE) fit the 

data very closely, and this is confirmed by the values of the log-likelihood (LL) 

4.2.12 Simulated Exponentiated Generalized Exponential for n=50 

The twelfth simulated data of sample size n=50 was simulated from an Exponentiated 

Generalized Exponential (EGE) distribution using a scale parameter value of =

0.5 and shape parameters 𝛼 = 0.5 and 𝛽 = 6.5.  Data obtained were fitted on EGEE, EGE, 

and E distributions. 
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Table 4.29: Maximum Likelihood Estimate of Parameters Standard Errors in  

        Parenthesis, Log likelihood and Information Criteria of sample size 50 

Models 𝜶̂ 𝜷̂ 𝒌̂ 𝜽̂ 𝑳𝑳 AIC BIC 

EGEE 
0.6043 3.8054 5.4831 0.5312 -16.9047 41.8094 49.4575 

(11.0214) (69.4090) (2.8245) (0.3890)    

EGE 
6.9700 8.2643  2.1964 -17.2633 40.5266 46.2626 

(506.1203) (2.3496)  (159.500)    

EE 
  8.2680 0.3150 -17.2633 38.5266 42.3506 

  (2.3505) (0.0394)    

E 
   1.1610 -42.5320 87.0640 88.9761 
   (0.1642)    

Source: Simulated Data from Exponentiated Generalized Exponential Distribution 

Table 4.29 shows the estimated parameters values for all the aforementioned fitted 

distributions. The information criteria AIC and BIC indicate that the best distribution is 

Exponential distribution with values 38.5266 and 42.3506 as compare to E, EGE, and EGEE 

with AIC values of 87.0640,  40.5266 and 41.8094, while the BIC values are 88.9761, 

46.2626 and 49.4575 respectively. 

The LRT for the proposed EGEE distribution as against EGE, EE and E distributions are 

computed as and presented in Table 4.30 below for LRT: 

𝐿𝑅 = 2 (− 16.9047 −(− 17.2633)) = 0.7172 

 

𝐿𝑅 = 2(− 16.9047− (− 17.2633)) = 0.7172 

𝐿𝑅 = 2(− 16.9047− (− 42.5320)) =51.2546 

      

Table 4.30: Likelihood Ratio Test (LRT) Statistic for sample size 50 

Model Hypothesis LRT 𝒑 − 𝒗𝒂𝒍𝒖𝒆 

EGEE vs. 

EGE 
𝐻0: 𝛽 = 1 𝑣𝑠. 𝐻1: 𝑛𝑜𝑡 𝐻0 0.7172 p>0.05 

EGEE vs. EE 𝐻0: 𝛽 = 𝑘 = 1 𝑣𝑠. 𝐻1: 𝑛𝑜𝑡 𝐻0 0.7172 p>0.05 

EGEE vs. E 𝐻0: 𝛽 = 𝑘 = 𝛼 = 1 𝑣𝑠. 𝐻1: 𝑛𝑜𝑡 𝐻0 51.2546 p<0.05 

Source: Simulated data from Exponentiated Generalized Exponential 

The computed p-values from Table 4.30 indicates no significant difference between the 

proposed EGEE vs. EGE and EGEE vs. EGE distributions, while  EGEE vs. E is 

significantly different. 
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Figure 4.12: Fitted Plot of EGEE EGE, EE and E Models for sample size n=50  

The histogram of the simulated data set at sample size 𝑛 = 50 along with fitted distribution is 

shown in figure 4.12. The fitted plots showed closeness amongst Exponentiated Generalized 

Exponentiated Exponential (EGEE) Exponentiated Exponential (EE)   and Exponentiated 

Generalized Exponential (EGE) distributions. However, the fits of Exponentiated 

Exponential (EE) and Exponentiated Generalized Exponential (EGE) fit the data very closely, 

and this is confirmed by the values of the log-likelihood (LL). 

4.2.13 Simulated Exponentiated Generalized Exponential for n=100 

The twelfth simulated data of sample size n=100 was simulated from an Exponentiated 

Generalized Exponential (EGE) distribution using a scale parameter value of =

0.5 and shape parameters 𝛼 = 0.5 and 𝛽 = 6.5.  Data obtained were fitted on EGEE, EGE, 

and E distributions. 
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Table 4.31: Maximum Likelihood Estimate of Parameters Standard Errors in  

        Parenthesis, Log likelihood and Information Criteria of sample size 100 

Models 𝜶̂ 𝜷̂ 𝒌̂ 𝜽̂ 𝑳𝑳 AIC BIC 

EGEE 
7.4504 0.2302 7.0793 0.4072 -27.1091 62.2183 72.6389 

(29.1878) (0.9008) (3.2849) (0.2092)    

EGE 
-0.2334 9.0199  -0.0704 -27.5192 61.0384 68.8539 

(0.6021) (2.9292)  (0.190)    

EE 
  9.9064 0.2887 -27.3936 58.7872 63.9976 

  (2.1017) (0.0252)    

E 
   1.1900 -82.60425 167.2085 169.8137 
   (0.1190)    

Source: Simulated Data from Exponentiated Generalized Exponential Distribution 

Table 4.31 shows the estimated parameters values for all the aforementioned fitted 

distributions. The information criteria AIC and BIC indicate that the best distribution is 

Exponentiated Exponential distribution with values 58.7872 and 63.9976 as compare to E, 

EGE and EGEE with AIC values 167.2085,  61.0384 and 62.2183, while there BIC values are 

169.8137, 68.8539 and 72.6389 respectively. 

The LRT for the proposed EGEE distribution as against EGE, EE and E distributions are 

computed as and presented in Table 4.32 below for LRT: 

𝐿𝑅 = 2 (− 27.1091 −(− 27.5192)) = 0.8202 

 

𝐿𝑅 = 2(− 27.1091− (− 27.3936)) = 0.569 

𝐿𝑅 = 2(− 27.1091− (− 82.60425)) = 110.9903 
 

Table 4.32: Likelihood Ratio Test (LRT) Statistic for sample size 100 

Model Hypothesis LRT 𝒑 − 𝒗𝒂𝒍𝒖𝒆 

EGEE vs. 

EGE 
𝐻0: 𝛽 = 1 𝑣𝑠. 𝐻1: 𝑛𝑜𝑡 𝐻0 0.8202 p>0.005 

EGEE vs. EE 𝐻0: 𝛽 = 𝑘 = 1 𝑣𝑠. 𝐻1: 𝑛𝑜𝑡 𝐻0 0.569 p>0.05 

EGEE vs. E 𝐻0: 𝛽 = 𝑘 = 𝛼 = 1 𝑣𝑠. 𝐻1: 𝑛𝑜𝑡 𝐻0 110.9903 p<0.05 

Source: Simulated data from Exponentiated Generalized Exponential 

The computed p-values from Table 4.32 indicates no significant difference between the 

proposed EGEE vs. EGE and EGEE vs. EGE distributions, while  EGEE vs. E is 

significantly different. 
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Figure 4.13: Fitted Plot of EGEE EGE, EE and E Models for sample size n=100  

The histogram of the simulated data set at sample size 𝑛 = 100 along with fitted distribution 

is shown in figure 4.13. The fitted plots showed closeness amongst Exponentiated 

Generalized Exponentiated Exponential (EGEE) Exponentiated Exponential (EE)   and 

Exponentiated Generalized Exponential (EGE) distributions. However, the fits of 

Exponentiated Exponential (EE) and Exponentiated Generalized Exponential (EGE) fit the 

data very closely, and this is confirmed by the values of the log-likelihood (LL). 

4.2.14 Simulated Exponentiated Generalized Exponential for n=200 

The fourteenth simulated data of sample size  n=200 was simulated from an Exponentiated 

Generalized Exponential (EGE) distribution using a scale parameter value of 𝜃 =

0.5 and shape parameters 𝛼 = 0.5 and 𝛽 = 6.5.  Data obtained were fitted on EGEE, EGE, 

and EE distributions. 
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Table 4.33: Maximum Likelihood Estimate of Parameters Standard Errors in  

        Parenthesis, Log likelihood and Information Criteria of sample size 200 

Models 𝜶̂ 𝜷̂ 𝒌̂ 𝜽̂ 𝑳𝑳 AIC BIC 

EGEE 
14.3193 0.0705 9.3459 0.2978 -60.9408 129.8817 143.0749  

(48.8454) (0.2389) (3.3453) (0.0884)    

EGE 
2.6635 9.4232  0.7876 -60.9410 127.8821 137.7770 

(33.590) (1.4156)  (9.931)    

EE 
  9.4278 0.2956 -60.9410 125.8821 132.4787 

  (1.4154) (0.0186)    

E 
   1.1772 -167.3624 336.7248  340.0231 
   (0.0832)    

Source: Simulated Data from Exponentiated Generalized Exponential Distribution 

Table 4.33 shows the estimated parameters values for all the aforementioned fitted 

distributions. The information criteria AIC and BIC indicate that the best distribution is the 

Exponentiated Exponential distribution with values 125.8821and 132.4787 as compare to E, 

EGE, and EGEE with AIC values of 336.7248, 127.8821 and 129.8817, while the BIC values 

are 340.0231, 137.777 and 143.0749 respectively. 

The LRT for the proposed EGEE distribution as against EGE, EE and E distributions are 

computed as and presented in Table 4.34 below for LRT: 

𝐿𝑅 = 2 (− 60.9408 −(− 60.9410)) = 0.002 

 

𝐿𝑅 = 2(− 60.9408− (− 60.9410)) = 0.002 

𝐿𝑅 = 2(− 60.9408− (− 167.3624)) = 212.8482 
 

Table 4.34: Likelihood Ratio Test (LRT) Statistic for sample size 200 

Model Hypothesis LRT 𝒑 − 𝒗𝒂𝒍𝒖𝒆 

EGEE vs. 

EGE 
𝐻0: 𝛽 = 1 𝑣𝑠 𝐻1: 𝑛𝑜𝑡 𝐻0 0.002 p>0.05 

EGEE vs. EE 𝐻0: 𝛽 = 𝑘 = 1 𝑣𝑠. 𝐻1: 𝑛𝑜𝑡 𝐻0 0.002 p>0.05 

EGEE vs. E 𝐻0: 𝛽 = 𝑘 = 𝛼 = 1 𝑣𝑠. 𝐻1: 𝑛𝑜𝑡 𝐻0 212.8482 P<0.05 

Source: Simulated data from Exponentiated Generalized Exponential 

The computed p-values from Table 4.34 indicates no significant difference between the 

proposed EGEE vs. EGE and EGEE vs. EGE distributions, while EGEE vs. E is 

significantly different. 
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Figure 4.14: Fitted Plot of EGEE EGE, EE and E Models for sample size n=200  

The histogram of the simulated data set at sample size 𝑛 = 200 along with fitted distribution 

is shown in figure 4.14. The fitted plots showed closeness amongst Exponentiated 

Generalized Exponentiated Exponential (EGEE) Exponentiated Exponential (EE)   and 

Exponentiated Generalized Exponential (EGE) distributions. However, the fits of 

Exponentiated Exponential (EE) and Exponentiated Generalized Exponential (EGE) fit the 

data very closely, and this is confirmed by the values of the log-likelihood (LL). 

4.2.15 Simulated Exponentiated Generalized Exponential for n=350 

The Fifteenth simulated data of sample size  n=350 was simulated from an Exponentiated 

Generalized Exponential (EGE) distribution using a scale parameter value of 𝜃 =

0.5 and shape parameters 𝛼 = 0.5 and 𝛽 = 6.5.  Data obtained were fitted on EGEE, EGE 

and EE distribution 
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Table 4.35: Maximum Likelihood Estimate of Parameters Standard Errors in  

        Parenthesis, Log likelihood and Information Criteria of sample size 350 

Models 𝜶̂ 𝜷̂ 𝒌̂ 𝜽̂ 𝑳𝑳 AIC BIC 

EGEE 
39.2362 0.0120 19.3337 0.1723 -108.9908 225.9817 241.4134 

(20.9545) (0.0055) (7.3835) (0.0338)    

EGE 
15.4973 9.4232  4.5994 -112.1637 230.3273 241.9011 

(NA) (NA)  (NA)    

EE 
  8.6892 0.29956 -112.1636 228.3273 236.0432 

  (0.9944) (0.0146)    

E 
   1.1979 -286.792 575.584 579.4419 
   (0.0640)    

Source: Simulated Data from Exponentiated Generalized Exponential Distribution 

Table 4.35 shows the estimated parameters values for all the aforementioned fitted 

distributions. The information criterion AIC indicates that the best distribution is the 

Exponentiated Generalized Exponentiated  Exponential distribution   with values 225.9817 as 

compare to E, EE and EGE with AIC values of 575.584,  228.3273 and 230.3273, while the 

BIC value of EE indicates the best in EE (236.0432) distribution compared to E (579.4419), 

EGE (241.9011) and EGEE (241.4134) distributions respectively. 

The LRT for the proposed EGEE distribution as against EGE, EE and E distributions are 

computed as and presented in Table 4.36 below for LRT: 

𝐿𝑅 = 2 (− 108.9908 −(− 112.1637)) = 6.3458 

 

𝐿𝑅 = 2(− 108.9908− (− 112.1636)) = 6.3458 

𝐿𝑅 = 2(− 108.9908− (− 286.792)) = 355.6024 
 

Table 4.36: Likelihood Ratio Test (LRT) Statistic for sample size 350 

Model Hypothesis LRT 𝒑 − 𝒗𝒂𝒍𝒖𝒆 

EGEE vs. EGE 𝐻0: 𝛽 = 1 𝑣𝑠. 𝐻1: 𝑛𝑜𝑡 𝐻0 6.3458 P<0.05 

EGEE vs. EE 𝐻0: 𝛽 = 𝑘 = 1 𝑣𝑠. 𝐻1: 𝑛𝑜𝑡 𝐻0 6.3458 P<0.05 

EGEE vs. E 𝐻0: 𝛽 = 𝑘 = 𝛼 = 1 𝑣𝑠. 𝐻1: 𝑛𝑜𝑡 𝐻0 355.6024 P<0.05 

Source: Simulated data from Exponentiated Generalized Exponential 
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The computed p-values from Table 4.36 indicates significant differences between the 

proposed EGEE vs. EGE, EGEE vs. EGE, and EGEE vs. E distributions. 

 

Figure 4.15: Fitted Plot of EGEE EGE, EE and E Models for sample size n=350  

The histogram of the simulated data set at sample size 𝑛 = 350 along with fitted distribution 

is shown in Figure 4.15. The fitted plots showed the best distribution in Exponentiated 

Generalized Exponentiated Exponential (EGEE) distribution with a very high peak compared 

to Exponentiated Exponential (EE) and Exponentiated Generalized Exponential (EGE) 

distributions. However, the fits of Exponentiated Exponential (EE) and Exponentiated 

Generalized Exponential (EGE) fit the data very closely, and this is confirmed by the values 

of the log-likelihood (LL). 

 

 

 

 

 

 

 

 

 

 



113 
 

Table 4.37: Summary Table on the Performance of  Fitted Distributions  to Simulated     

                     data from  Exponentiated Generalized Exponential  Distribution 

sample size   Rank 

  MEASURED STATISTIC 1st  2nd  3rd  

  AIC EE EGEE E 

10 BIC EE EGEE E 

  Log-likelihood  EGEE EE   E 

  AIC EE EGEE E 

50 BIC EE EGEE E 

  Log-likelihood  EGEE EE  E  

  AIC EE EGEE E 

100 BIC EE EGEE E 

  Log-likelihood EGEE  EE    E 

  AIC EE EGEE E 

200 BIC EE EGEE E 

  Log-likelihood EGEE  EE    E 

  AIC EGEE EE E 

350 BIC EE EGEE E 

  Log-likelihood EGEE   EE  E   

Source: Simulated data from Exponentiated Generalized Exponential Distribution  

Table 4.37 shows the ranking in performance of the fitted EGEE, EGE, and E distributions on 

simulated data from EGE distribution. The ranks 1st, 2nd, and 3rd indicate the order of 

performance of the distributions at various sample sizes n=10, 50, 100, 200 and 350 using the 

values of AIC, BIC, and log-likelihood.  For sample size n=10, 50, 100 and 200 the reported 

AIC and BIC show that the EE distribution outperformed the EGEE and E distributions, 

while the log-likelihood indicate the best in EGEE distribution.  AIC and log-likelihood 

values for sample sizes of 350 show an order in performances as EGEE,  EE and E 

distributions, while the BIC showed an order of EE, EGEE, and E distributions respectively. 

Sample size n= 350 shows that the proposed EGEE distribution can serve as the best 

alternative distribution to data simulated from EGE distribution, and these can be confirmed 

from the AIC and log-likelihood values.    
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4.2.16 Simulated Beta distribution for n=20 

The sixteenth simulated data  of sample size n=20 was simulate from a beta distribution using 

different combination of shape and scale parameters to obtain the skweness values of -

2.8494, -1.2891, 0.0009, 0.8249 and 2.2318. Data obtained were fitted to EGEE, EGE, EE 

and E distribution.  

Table 4.38: Estimated log-likelihood values of simulated data from beta distribution at      

       sample size n=20  

 SK= -2.8494 SK= -1.2891 SK= 0.0009 SK= 0.8249 SK= 2.2318 

Distributi

on 

LL LL LL LL LL 

EGEE -2.0751 16.8499 4.9630 

 

14.3812 22.3024 

EGE -10.8340 10.5456 3.7605 

 

13.7946 22.2518 

EE -10.8340 10.5456 3.7605 

 

13.7946 22.2518 

E -18.3309 

 

-17.9300 -6.2987 

 

10.6527 

 

22.0744 

Table 4.38 above shows the estimated log-likelihood values of the fitted distributions to the 

data simulated from beta distribution at different level of skweness levels of -2.8494, -1.2891, 

0.0009, 0.8249 and 2.2318. the reported values shows that the proposed distribution gave the 

best estimated values as compared to the existing distributions. 

4.2.17 Simulated Beta distribution for n=50 

The seventeenth simulated data  of sample size n=50 was simulate from a beta distribution 

using different combination of shape and scale parameters to obtain the skweness values of -

4.7567, -1.1317, 0.1266, 1.7086 and 2.3126. Data obtained were fitted to EGEE, EGE, EE 

and E distribution.  
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Table 4.39: Estimated log-likelihood values of simulated data from beta distribution at      

       sample size n=50  

 

Table 4.39 depicts the estimated values of sample size 50 generated from beta distribution at 

various levels of skweness. The estimated log-likelihood values shows that at negative 

skweness values of -4.7567 and -1.1317, there are significant differences among the 

distributions with the values of  53.6868,  9.2858, 9.2858 and -48.5694 for EGEE, EGE, EE 

and E distributions respectively. The large gap (53.6868 - 9.2858) shows that the proposed 

distribution has a significant likelihood value when fitting a negative skewed data. 

4.2.18 Simulated Beta distribution for n=100 

The eighteenth simulated data  of sample size n=100 was simulate from a beta distribution 

using different combination of shape and scale parameters to obtain the skweness values of -

4.9176, -1.9879, 0.2562, 1.8227 and 2.2448. Data obtained were fitted to EGEE, EGE, EE 

and E distribution. 

 

 

 

 

 

 

Distribution  SK=-

4.7567 

SK=-1.1317 SK= 0.1266 1.7086 2.3126 

LL LL LL LL LL 

EGEE 53.6868 12.6996 12.1867 

 

128.0601 

 

NA 

EGE 9.2858 

 

0.8791 8.4056 

 

127.4537 

 

NA 

EE 9.2858 

 

0.8792 8.4057 

 

127.4537  

 

NA 

E -48.5694 

 

-40.7264 -14.6947 

 

78.84422 

 

NA 
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Table 4.40: Estimated log-likelihood values of simulated data from beta distribution at      

       Sample size n=100  

 

Table 4.39 shows the estimated values of sample size 100 generated from beta distribution at 

various levels of skweness. The estimated log-likelihood values shows that at negative values 

of -4.9176 and -1.9879 there are significant differences among the distributions with the 

values of  213.5726,  109.2245,  109.2246 and -98.8102 for EGEE, EGE, EE and E 

distributions respectively. The large gaps (213.5726, 109.2245, 109.2245 and- -98.8102) 

shows that the proposed distribution has a significant likelihood value when fitting a negative 

skewed data. 

 

 

 

 

 

 

 

 

 

 

Distribution  -4.9176 -1.9879 0.2562 1.8227 2.2448 

LL LL LL LL LL 

EGEE 213.5726 88.2975 30.0529 159.9254 215.1940 

EGE 109.2245 42.7350 25.3219 159.9243 215.1532  

EE 109.2246 42.7350 25.3219 159.9243 215.1532 

E -98.8102 -91.6580 -29.4668 120.2888 174.0229 
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4.3 Application  

In this section, the proposed EGEE distribution is used to fit four (4) real-life data sets and 

estimates obtained were used to compare the fitted values of EGE, EE, and E distributions, 

respectively.   

4.3.1 First Data set 

The first data set is a Nichols and Padgett, (2006) uncensored data consisting of 100 

observations  as given in Table 4.41 on breaking stress of carbon fibrers (in Gba). 
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Figure 4.16: Histogram and CDF Plots of an Empirical Distribution for Fibers Data 

 

 

 The statistical summary table from Table 4.42 shows that the fibers data is under-disperse, 

non-symmetry, and right-skewed.  

The Correlation matrix of the parameters of EGEE distribution estimated from the Carbon 

Fibres Data is: 

(

1.0000000 − 0.8855513 
− 0.8855513 1.0000000
− 0.2215622 − 0.2214452 
0.2383665 0.2382406

− 0.2215622 0.2383665
− 0.2214452 0.2382406
1.0000000 − 0.9543851

− 0.9543851 1.0000000

) 

The above correlation matrix shows the relationship between the combine sets of parameters. 

The off-diagonal entries coefficients with values -0.8855513, -0.2215622 and 0.2383665 

shows the relationship between parameter (𝛼, 𝛽), (𝛼 𝑘) and( 𝛼, 𝜃) respectively, the values -

0.2214452 and 0.2382406 depicts the relationship of 𝛽 parameter with 𝑘 𝑎𝑛𝑑 𝜃. The final 

entry of -0.9543851 indicates a negative relationship between parameters 𝑎𝑛𝑑 𝜃.  
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Table 4.43 shows the reported values of log-likelihood function (LL) estimates for EGEE, 

EGE, EE and E distributions obtained as -141.318, -146.182, -146.182 and -196.371 

respectively with  Akaike Information Criterion (AIC)  values of  290.6361, 298.3646, 296. 

3646, and 394. 7417.  The Bayesian Information Criterion (BIC) indicates the values of   

301.0557, 306.801, 301.575, and 397.3469, respectively, for all the distributions, as 

mentioned above. The estimated result confirmed that the proposed distribution EGEE with 

values of   -141.318, 290.6361 and 301.0557 for LL, AIC, and BIC respectively gives a better 

distribution fit for the data set. The EGE and EE distribution performed equally on the data 

set as the likelihood values confirm it in Table 4.43. 

The asymptotic variance-covariance matrix for the estimated parameters is presented below 

as: 

𝐼𝑖𝑗
−1 = (

7762.6178 −3539.1498
−3539.1498 2057.60624
−17.207477 −8.854517
327.94615 168.75244

−17.207477 327.94615
−8.854517 168.75244
0.777025 −13.13694

−13.13694 243.84074

) 

 

The variances of  the distributions based on maximum likelihood estimate (MLE) for the 

parameters 𝛼̂ ,  𝛽̂ ,  𝑘̂ and 𝜃  are  7762.6178 , 2057.6062, 0.7770 and 243.8407 with 
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corresponding 95% confidence intervals values of (-161.356, 184.0184), (-83.0733,  

94.7413), (1.5402, 4.9956) and (-21.6031, 39.6093) respectively. 

The LRT for the proposed EGEE distribution as against EGE, EE and E distributions are 

computed as: 

𝐿𝑅 = 2(−141.318 − (−146.182)) = 9.7800 

𝐿𝑅 = 2(−141.318 − (−146.182)) = 9.7800 

𝐿𝑅 = 2(−141.318 − (−196.37)) = 110.1040 

Table 4.41: Likelihood Ratio Test (LRT) Statistic for Carbon Fibers 

Model Hypothesis LRT 𝒑 − 𝒗𝒂𝒍𝒖𝒆 

EGEE vs. 

EGE 
𝐻0: 𝛽 = 1 𝑣𝑠. 𝐻1: 𝐻0 𝑖𝑠 𝑛𝑜𝑡 𝑒𝑞𝑢𝑎𝑙 9.7800 < 0.00001 

EGEE vs. EE 𝐻0: 𝛽 = 𝑘 = 1 𝑣𝑠. 𝐻1: 𝐻0 𝑖𝑠 𝑛𝑜𝑡 𝑒𝑞𝑢𝑎𝑙 9.7800 < 0.00001 

EGEE vs. E 𝐻0: 𝛽 = 𝑘 = 𝛼 = 1 𝑣𝑠. 𝐻1: 𝐻0 𝑖𝑠 𝑛𝑜𝑡 𝑒𝑞𝑢𝑎𝑙 110.1040 < 0.00001 

 

Table 4.44 depicts the estimated (LRT) statistic for EGEE vs EGE, EGEE vs EE and EGEE 

vs E distributions of reported values 9.7800, 9.7800 and 110.1040 respectively and the 

corresponding p-values of 0.001, 0.001 and 0.00001. The finding reveals that EGEE 

distribution is significant at 0.05 level of significance to EGE, EE, and E distributions.  

.  
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Figure 4.17: Fitted Plot of EGEE EGE, EE and E Models on Fibers Data  

 The histogram of the fibers data set at along with fitted distribution is shown in figure 4.17. 

The theoretical density of EGEE distribution depicts the best spread compared to EGE, EE, 

and E distributions on the data set.   

 

4.3. 2 Second Data Set 

The second data presented in Table 4.45 is on total milk production in the first birth of 107 

cows from Sindi race and are the properties of Carnauba Farm which belong to Agropecuaria 

Manoel Danta Ltda (AMDA) located in Taperoa City Paraiba(Brazil)  gotten from Cordeiro 

and Binto (2012).  
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Figure 4.18: Histogram and CDF Plots of an Empirical Distribution for Cows Data 

 

 Table 4.46 presents the summary statistics of the cow data which is non- symmetry 

and left skewed. 

The Correlation matrix of EGEE distribution estimated from the Cow Data is:: 

(

1.0000000 0.5508470 
0.5508470 1.0000000

− 0.5424908 − 0.5423818 
0.861898 0.8617364

− 0.5424908 0.861898
− 0.5423818 0.8617364
 1.0000000 − 0.7636886

− 0.7636886 1.0000000

) 

Correlation matrix above shows the relationship between combine sets of parameters. The 

coefficients show both positive and negative values depending on the combine parameters. 

Moreover, this allows the measures of relationships amongst the parameters. 

 

 

 

 



123 
 

 

Table 4.47 presents the estimated values of EGEE, EGE, EE and E distribution for log-

likelihood (LL) function obtained as 21.0898, 5.03874, 5.03875 and -25.9508 respectively 

with Akaike Information Criterion (AIC)  values of  -34.1796, -4.07749,-6.07749 and 

53.9015. The Bayesian Information Criterion (BIC) indicates the values of -23.4883, 

3.94091, -0.73184 and 56.5744, respectively, for all the distributions mentioned above. The 

estimated result confirmed that the proposed distribution EGEE with values of   21.0898, -

34.1796 and -23.4883 for LL, AIC, and BIC respectively, therefore, give a better distribution 

fit for the data set. 

The asymptotic variance covariance matrix for the estimated parameters is. 

𝐼𝑖𝑗
−1 = (

25436.86163 54210.79981
54210.79981 380755.4731

−25.56504711 −98.88969
6626.11145 25631.17162

−25.56504711 6626.11145
−98.88969 25631.17162
0.0873062 −10.87702
−10.87702 2323.49581

) 

 

The variances of the distributions based on maximum likelihood estimate (MLE) for the 

parameters 𝛼̂ ,  𝛽̂ ,  𝑘̂ and 𝜃  are 25436.86163, 380755.4731, 0.0873062 and 2323.49581 

with corresponding 95% confidence intervals values of  (-234.44837, 390.7147) (-907.0086, 

1511.8426), ( 1.9552, 3.11343) and (−66.9808, 121.973601) respectively. 
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 The LRT for the proposed EGEE distribution as against EGE, EE and E distributions are 

computed as: 

      𝐿𝑅 = 2(21.0898 − (5.03875)) = 33.0100 

𝐿𝑅 = 2(21.0898 − (5.03875)) = 33.0100 

𝐿𝑅 = 2(21.0898 − (−25.9508)) = 94.0920 

Table 4.48: Likelihood Ratio Test (LRT) Statistic for Cow Data 

Model Hypothesis LRT 𝒑 − 𝒗𝒂𝒍𝒖𝒆 

EGEE vs. EGE 𝐻0: 𝛽 = 1 𝑣𝑠. 𝐻1: 𝐻0 𝑖𝑠 𝑛𝑜𝑡 𝑒𝑞𝑢𝑎𝑙 33.0100 < 0.00001 

EGEE vs. EE 𝐻0: 𝛽 = 𝑘 = 1 𝑣𝑠. 𝐻1: 𝐻0 𝑖𝑠 𝑛𝑜𝑡 𝑒𝑞𝑢𝑎𝑙 33.0100 < 0.00001 

EGEE vs. E 𝐻0: 𝛽 = 𝑘 = 𝛼 = 1 𝑣𝑠. 𝐻1: 𝐻0 𝑖𝑠 𝑛𝑜𝑡 𝑒𝑞𝑢𝑎𝑙 94..0920 < 0.00001 

 

Table 4.48 depicts the estimated (LRT) statistic for EGEE vs. EGE, EGEE vs. EE and EGEE 

vs. E distributions of reported values 33.0100, 33.0100 and 94.0920 respectively with 

corresponding p-values of 0.0001, 0.0001 and 0.000001. The finding reveals that EGEE 

distribution is significant at 0.05 level of significance to EGE, EE, and E distributions. 

 

Figure 4.19: Fitted Plot of EGEE EGE, EE and E Distributions on Cow Data 
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Figure 4.19 shows the histogram of the cow data set along with fitted distributions. The 

theoretical density of EGEE distribution has a better spread compared to its sub-distribution 

(EGE, EE, and E) on the data set. The EGE and EE distribution performed equally on the 

data set as the likelihood values confirm it in Table 4.21. 

4.3.3: Third Data Set  

The third data were obtained by workers at UK National Physical laboratory on strengths of 

1.5cm glass fibers. This data set has previously been used by Oguntunde et al. (2017), Smith 

and Naylor (1987), Bourguinon et al. (2014) and Merovei et al. (2013). 

Table 4.49: The data relating to the strengths of 1.5cm glass fibers which was obtained by 

                          workers at UK National Physical laboratory 

0.55 0.74 0.77 0.81 0.84 1.24 0.93 1.04 1.11 1.13 1.3 

1.25 1.27 1.28 1.29 1.48 1.36 1.39 1.42 1.48 1.51 1.49 

1.49 1.50 1.50 1.55 1.52 1.53 1.54 1.55 1.61 1.58 1.59 

1.60 1.61 1.63 1.61 1.61 1.62 1.62 1.67 1.64 1.66 1.66 

1.66 1.70 1.68 1.68 1.69 1.70 1.78 1.73 1.76 1.76 1.77 

1.89 1.81 1.82 1s.84 1.84 2.00 2.01 2.24       

Source: Bourguinon et al. (2014). 

 

Figure 4.20:  Histogram and CDF Plots of an Empirical Distribution for Glass Fibre         

                      Data 
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The statistical summary table from table 4.50 shows that the glass fiber data is non-symmetry 

and left-skewed. 

The Correlation matrix of EGEE distribution estimated from the Glass Fibres Data is: 

 

(

1.0000000 − 0.0940118 
− 0.0940118 1.0000000
− 0.4069278 − 0.4069282
0.6071182 0.6071190

− 0.4069278 0.6071182
− 0.4069282 0.6071190
 1.0000000 − 0.8851251

− 0.8851251 1.0000000

) 

Correlation matrix above shows the relationship between combine sets of parameters. The 

coefficients exhibit both positive and negative values depending on the combine parameter, 

and this allows us to see which pair has a negative and positive correlation. 

 

 

Table 4.48: Maximum Likelihood Estimate of Parameters, Standard Errors in  

        Parenthesis, Loglikelihood and Information Criterion  Glass fibers data  

Models 𝜶̂ 𝜷̂ 𝒌̂ 𝜽̂ 𝑳𝑳 AIC BIC 

EGEE 
3.2594 45.663 7.710 2.188 -16.912 41.824 50.3971 

(2.705) (37.900) (1.6465) (0.8228)    

EGE 
64052.895 10.712  36621.219 -38.5517 83.1035 89.539 

(7278.081) (3.1496)  (6444.711)    

EE 
  31.3627 0.3828 -31.3834 66.7669 71.0532 

  (9.5330) (0.0349)    

E 
   0.6636 -88.8303 179.6606 181.8038 
   (0.0836)    

 

Table 4.48 presents the estimated values of EGEE, EGE, EE and E distribution for log-

likelihood (LL) function obtained as -16.9120,-38.5517, -31.3834 and -88.8303 respectively 

with Akaike Information Criterion (AIC)  values of  41.8240, 83.1035,66.7669 and 6606..  
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The Bayesian Information Criterion (BIC) indicates the values of 50.3971, 89.539, 71.0532, 

and 181.8038, respectively, for all the distributions, as mentioned earlier. The estimated 

result confirmed that the proposed distribution EGEE with values of   -16.912, 41.824 and 

50.3971 for LL, AIC, and BIC respectively and therefore gives the best fit for the data set. 

The asymptotic variance covariance matrix for the estimated parameters is 

𝐼𝑖𝑗
−1 = (

7.318780 −9.639312
−9.639312 1436.44403
−1.812658 −25.394599
1.3514472 18.9332283

−1.812658 1.3514472
−25.394599 18.9332283
2.711180 −1.1991964

−1.1991964 0.6770378

) 

The variances of the distributions based on maximum likelihood estimate (MLE) for the 

parameters 𝛼̂ ̂ , 𝛽,  𝑘̂, and 𝜃  are 7.318780, 436.44403, 2.711180 and 0.6770378 with 

corresponding 95% confidence intervals values of (-2.0404, 8.5618),  (−28.6219,

119.9479),   ( 4.4827,   10.9373) and (0.5753, 3.8001)  respectively were obtained.  

The LRT for the proposed EGEE distribution as against EGE, EE and E distributions are 

computed as: 

𝐿𝑅 = 2(− 16.912− (− 38.5517)) = 43.2794 

𝐿𝑅 = 2(− 16.912− (− 31.3834)) = 28.9428 

𝐿𝑅 = 2(− 16.912− (− 88.8303)) = 143.8366 

Table 4.52: Likelihood Ratio Test (LRT) Statistic for Glass Fibres 

Model Hypothesis LRT 𝒑 − 𝒗𝒂𝒍𝒖𝒆 

EGEE vs. 

EGE 
𝐻0: 𝛽 = 1 𝑣𝑠. 𝐻1: 𝐻0 𝑖𝑠 𝑛𝑜𝑡 𝑒𝑞𝑢𝑎𝑙 43.2794 < 0.00001 

EGEE vs. 

EE 
𝐻0: 𝛽 = 𝑘 = 1 𝑣𝑠. 𝐻1: 𝐻0 𝑖𝑠 𝑛𝑜𝑡 𝑒𝑞𝑢𝑎𝑙 28.9428 < 0.00001 

EGEE vs. E 𝐻0: 𝛽 = 𝑘 = 𝛼 = 1 𝑣𝑠. 𝐻1: 𝐻0 𝑖𝑠 𝑛𝑜𝑡 𝑒𝑞𝑢𝑎𝑙 143.8366 < 0.00001 
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Table 4.52 depicts the estimated (LRT) statistic for EGEE vs. EGE, EGEE vs. EE and EGEE 

vs. E distributions of reported values 43.2794, 28.9428  and 143.8366respectively  and the 

corresponding p-values of 0.0001, 0.0001 and 0.000001. The finding reveals that EGEE 

distribution is significant at 0.05 level of significance to EGE, EE, and E distributions. 

 

Figure 4.21: Fitted Plot of EGEE EGE, EE and E Models on Glass Fibres Data 

 The histogram of the glass fibers data set at along with fitted distribution is shown in 

figure 4.21. The spread of the theoretical density of EGEE distribution best described  the 

data set than its sub-distributions.  

4.3.4: Fourth Data Set 

The Fourth data set  is on 30 observations of precipitation in inches for March 1977 at 

Minneapolis/ St. Paul as obtained by Hinkley (1977) (2016)  

Table 4.53: Data set of 30 observations of March precipitation (in inches) Minneapolis/St.  

                     Paul 

0.77 1.74 0.81 1.20 1.95 1.20 0.47 1.43 3.37 2.20 

3.00 3.09 1.51 2.10 0.52 1.62 1.31 0.32 0.59 0.81 

2.81 1.87 1.18 1.35 4.75 2.48 0.96 1.89 0.90 2.05 

Source: Hinkley, (1977) 
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Figure 4.22: Histogram and CDF Plots of an Empirical Distribution for precipitation in 

Minneapolis/St Paul 

 

Table 4.54 present the summary statistics of the precipitation in Minneapolis/St Paul data 

data which is -symmetry and right skewed. 

The Correlation matrix of EGEE distribution estimated from the Precipitation Data is: 

 

(

1.0000000 − 0.9681910
− 0.9681910 1.0000000
− 0.08597274 − 0.1473026
0.09223604 0.15803392 

− 0.08597274 0.09223604
− 0.1473026 0.15803392
 1.0000000 − 0.95555314

− 0.95555314 1.0000000

) 

Correlation matrix above shows the relationship between combine sets of parameters. The 

coefficients indicate both positive and negative values depending on the combine parameters, 

and this allows us to see which pairs of parameters are negative and positively correlated. 
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Table 4.52: Maximum Likelihood Estimate of Parameters, Standard Errors in  

                    Parenthesis, Log likelihood and Information Criterion on Precipitation data 

Models 𝜶̂ 𝜷̂ 𝒌̂ 𝜽̂ 𝑳𝑳 AIC BIC 

EGEE 
0.1193253 9.191329 3.3437 0.9196 -38.0932 84.1863 89.7911 

(0.9536734) (74.08602) (2.6418) (1.4285)    

EGE 
3.63214 3.4608  3.11249 -38.09426 82.1852 86.3921 

(533.6998) (1.0645)  (457.3723)    

EE 
  3.46051 0.3828 -38.0942 80.1885 82.9909 

  (0.856786) (0.15765)    

E 
   0.59701 -45.4743 92.9487 94.3499 
   (0.1089)    

 

Table 4.55 presents the estimated values of EGEE, EGE, EE and E distribution of log-

likelihood (LL) function obtained as -38.0932, -38.09426, -38.0942 and -45.4743 

respectively, with  Akaike Information Criterion (AIC)  values of  84.1863, 82.1852, 80.1885 

and 92.9487. The Bayesian Information Criterion (BIC) indicates the values of 89.7911, 

86.3921, 82.9909, and 94.3499, respectively, for all the distributions, as mentioned earlier. 

The estimated result shows that the proposed EGEE distribution performed relative close 

with EGE and EE distributions with the fitted data set. 

The asymptotic variance covariance matrix for the estimated parameters is. 

𝐼𝑖𝑗
−1 = (

0.9094930 68.40644
68.40644 5488.73809

−0.216602 −28.8303310
0.125660 16.725724

−0.216602 0.125660
 −28.8303310 16.725724
 6.9792054 −3.6061709
−3.6061709 2.0407827

) 

The variances of the distributions based on maximum likelihood estimate (MLE) for the 

parameters 𝛼̂ ,  𝛽̂ ,  𝑘̂ and 𝜃  are  0.909493 , 5488.73809, 6.9792054 and 2.0407827 with 

corresponding 95% confidence intervals values of (−1.7512, 1.9811), (136.0173,

154.3999),   (−1.8340, 8.5237) and (−1.880396, 3.7196)   respectively.  

The LRT for the proposed EGEE distribution as against EGE, EE and E distributions are 

computed as: 
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 𝐿𝑅 = 2(− 38.0932− (− 38.09426)) = 0.00212 

𝐿𝑅 = 2(− 38.0932− (− 38.09426)) = 0.00212 

𝐿𝑅 = 2(− 38.0932− (45.4743)) = 14.7622 

Table 4.56: Likelihood Ratio Test (LRT) Statistic for Precipitation 

Model Hypothesis LRT 𝒑 − 𝒗𝒂𝒍𝒖𝒆 

EGEE vs. EGE 𝐻0: 𝛽 = 1 𝑣𝑠. 𝐻1: 𝐻0 𝑖𝑠 𝑛𝑜𝑡 𝑒𝑞𝑢𝑎𝑙 0.00212 p>0.05 

EGEE vs. EE 𝐻0: 𝛽 = 𝑘 = 1 𝑣𝑠. 𝐻1: 𝐻0 𝑖𝑠 𝑛𝑜𝑡 𝑒𝑞𝑢𝑎𝑙 0.00212 p>0.05 

EGEE vs. E 𝐻0: 𝛽 = 𝑘 = 𝛼 = 1 𝑣𝑠. 𝐻1: 𝐻0 𝑖𝑠 𝑛𝑜𝑡 𝑒𝑞𝑢𝑎𝑙 14.7622 P<0.05 

The LRT statistic in Table 4.56 shows that the EGEE vs. EGE and EGEE vs. EE distributions 

are all suited for the data set, since the p-values are not significant, while the EGEE vs. E 

distribution indicates a significant value. 

 

Figure 4.23: Fitted Plot of EGEE EGE, EE and E Models on precipitation data 

The histogram of the precipitation data set at along with fitted distribution is shown in Figure 

4.23. The theoretical density of EGEE, EGE, and EE distributions show that the three 

distributions show no significant difference when fitting some right-skewed data sets. 
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CHAPTER FIVE 

SUMMARY, CONCLUSIONS, AND RECOMMENDATIONS 

5.1 Introduction 

This chapter focuses on the overview of the methodology and results of the findings, 

conclusion, and recommendations. Suggestions for further research and contribution to 

knowledge are also presented. Besides, the significance of the results obtained from the 

simulated and real-life data applications are discussed in detail.  

5.2 Summary 

In this study, an Exponentiated Generalized Family (EGF) of distribution was used to derive 

a four-parameter Exponentiated Generalized Exponentiated Exponential (EGEE) distribution. 

The proposed Kundu and Gupta (1998), Exponentiated Exponential (EE) distribution was 

used as the baseline distribution  to obtain a new cumulative distribution function (CDF) and 

a related probability density function (PDF) was derived from the new CDF of the proposed 

distribution, which provides three shape parameters and one scale parameter. The PDF, CDF, 

and hazard function plots in figure 3.7, 3.8 and 3.9, confirms that the proposed EGEE 

distribution is unimodal and had an increasing hazard rate depending on the shape parameters 

Secondly, the expressions for the general moment for EGEE distribution was derived and 

used to obtain the mean, variance, and standard deviation. Also, the cumulative distribution 

function of EGEE distribution was used in deriving it median and quantile function . The 

Galton and Moore expressions for skewness and kurtosis were used to obtain the skewness 

and kurtosis of the EGEE distribution since its quantile function exists in closed form. Other 

properties such as mean deviation, median deviation, and renyi entropy were also obtained in 

this study. 
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Some known continuous distributions such as the Exponential (E), Exponentiated 

Exponential (EE) and Exponentiated Generalized Exponential (EGE) distributions were 

found to be sub-distributions of the new proposed distribution when some parameters were 

relaxed such as for E distribution, for EE distribution and for EGE distribution.  

Simulation studies were carried out by varying the scale parameter 𝜃 while the shapes 

parameters 𝛽, 𝛼 and k were respectively held costant. The reported values indicates that the 

proposed distribution exhibits flexibility by returning positive and negative values for 

skewness and kurtosis as depicted in Tables 4.2 and 4.4, respectively. Data sets of sample 

size 𝑛 = 10, 50, 100, 150, 200 and 350 were also simulated from an EE distribution with 

shape 𝑘 = 1.5 and scale 𝜃 = 0.5, E distribution with scale 𝜃 = 0.5 and EGE distribution 

shapes 𝛽 = 6.5, 𝛼 = 1,5 and scale 𝜃 = 0.5  respectivelyss. The data sets simulated were 

fitted with EGEE, EGE, E, and EE distributions.  

The First sets of estimated values obtained from simulated Exponentiated Exponential 

distribution data sets in Tables 4.5 for sample size n=10 showed that the best distribution is 

the Exponential distribution with minimum values of AIC, BIC and maximum values of log-

likelihood respectively as compared to other competing distributions (EGEE, EGE, and EE). 

The estimated values of sample sizes n=50, 100 and 200 generated from Exponentiated 

Exponential distribution and fitted with EGEE, EGE, EE, and E distributions presented in 

Tables 4.7, 4.9 and 4.11 showed that the best distribution is EE distribution with minimum 

AIC and BIC values respectively. The last sample size n=350 generated from EE distribution 

in table 4.13 showed an improvement in the proposed EGEE distribution outperforming the 

EGE, EE and E distributions with minimum values of AIC and BIC as compared to EGE, EE 

and E distributions respectively.  
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Tables 4.6, 4.8, 4.10 and 4.12 show the reported Likelihood Ratio Test (LRT) obtained from 

the simulated EE distribution with no significant differences between EGEE vs EGE and 

EGEE vs EE distributions respectively, while Tables 4.10 and 4.12 indicated that there are 

significant differences between EGEE and E distributions. The EGEE distribution tends to 

improve in performance compared to EGE, EE, and E distributions as the sample sizes of 

data sets simulated from EE distribution increases.  

The Exponential distribution was also used in simulating data sets of sample sizes n=10, 50, 

100, 200, and 350. The estimated values obtained for sample size n=10 shown in Table 4.16 

depicted that the best distribution is Exponential distribution with minimum values of AIC, 

BIC and maximum value log- likelihood respectively when compared to AIC, BIC and log-

likelihood values of other competing distributions (EGEE, EGE and EE). The estimated 

values of sample size n=50 generated from Exponential distribution and fitted with EGEE, 

EGE, EE, and E distributions presented in Table 4.18 showed that the best distribution is EE 

distribution with minimum AIC value. However, the BIC value for E distribution reported the 

minimum.  

The estimated values obtained in Tables 4.20, 4.22 and 4.24 for sample sizes n=100 , 200, 

and 350 of simulated data sets from Exponential distribution showed that the best distribution 

is the Exponentiated Exponential distribution with minimum values of AIC, BIC and 

maximum Log-likelihood value when compared to the values of EGEE , EGE, and E 

distributions respectively.  

Tables 4.17, 4.19, 4.21, 4.23, and 4.25 show the reported Likelihood Ratio Test (LRT) 

obtained from the simulated E distribution. From the test results, there were no significant 

differences between EGEE vs EGE and EGEE vs EE distributions in Tables 4.17, 4.19, 4.21 
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and 4.23 respectively, while the result in Table 4.25 indicated a significant difference 

between EGEE and E distributions.  

The EGEE distribution tends to be more competing as the sample sizes of data sets generated 

from exponential distribution increases.  

The second to last sets of simulated data were generated from Exponentiated Generalized 

Exponential (EGE) distribution for sample sizes n=10, 50, 100, 200 and 350 respectively. 

The simulated data sets were fitted with EGEE, EGE, EE and E distributions and the 

estimated values obtained in Tables 4.27, 4.29, 4.31 and 4.33 for sample sizes n=10, 50, 100 

and 200 showed that the best distribution is the Exponentiated Exponential distribution with 

minimum values of AIC, BIC and maximum value of log-likelihood when compared to the 

values obtained by other competing distributions (EGEE, EGE and EE). The last sample size 

n=350 generated from EGE distribution in Table 4.35 showed an improvement in the 

proposed EGEE distribution with a reported minimum value of AIC and maximum log-

likelihood value as compared to EGE, EE and E distributions respectively.  

Tables 4.28, 4.30, 4.32, and 4.34 show the reported Likelihood Ratio Test (LRT) obtained 

from the simulated EGE distribution. The result showed that there is no significant difference 

between EGEE vs EGE and EGEE vs EE distributions respectively, while Tables 4.28, 4.30, 

4.32 and 4.34 depicted that there is a significant difference between EGEE and E 

distributions. It was observed that the EGEE distribution tend to improve in performance 

compared EE and E distributions as the sample sizes of data sets simulated from EGE 

distribution increases.  

The final simulated data set were generated from Beta distribution at different skweness 

levels and sample sizes n=20, n=50 and n=100 respectively. The simulated data were fitted to 

EGEE, EGE, EE and E distributions. the estimated log-likelihood values in tables 4.38, 4.39 
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and 4.40 shows that the proposed EGEE distribution fitted the data better than the existing 

distribution for both negatively and positively skewed data set generated for all sample sizes.  

Finally, the Maximum Likelihood Estimator (MLE) was used to estimate the unknown 

parameters. Similarly, the information matrix was used in obtaining confidence intervals for 

the proposed distribution parameters. The proposed distribution was applied to fit four 

different real-life data sets which are known to be positively and negatively skewed, as 

shown in Figures 4.16, 4.18, 4.20, and 4.22 respectively. The estimates obtained from the 

first real-life data set presented in Table 4.43 were used to compare the proposed distribution 

with existing sub-distributions. The log-likelihood (-141.314), AIC (290.6361) and BIC 

(301.0557) values obtained from the proposed distribution when compared to that of EGE, 

EE and E distributions with log-likelihood (-146.182, -146.182 and -196.371), AIC 

(298.3646, 296.3646 and 394.7417) and BIC (306.1801, 301.575 and 397.3469) values 

respectively, showed overwhelming superiority of the proposed distribution over existing 

distributions. The Likelihood Ratio Test in Table 4.44 showed that there are significant 

differences in the proposed distribution compared with that of the existing sub-distributions 

with p-values of 0.0001, 0.00001 and 0.00001 for EGEE vs EGE, EGEE vs EE and EGEE vs 

E distribution respectively.  

The second data set, which is left-skewed was fitted with the proposed and existing 

distributions with estimates presented in Table 4.47. The results reported a log-likelihood 

(21.0898), AIC (-34.1796) and BIC (-23.4883) values for the proposed distribution and that 

from the EGE, EE and E distributions with log-likelihoods (5.03874, 5.03875 and -25.9508), 

AIC (-4.07749, -6.30775 and 53.9015) and BIC (3.9409, -0.7318 and 56.5744) values 

respectively. The reported maximum value for log-likelihood and minimum values for AIC 

and BIC indicated that the proposed distribution best fitted the data than the other existing 
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distributions. The Three (3) Likelihood Ratio Tests obtained in Table 4.48 were significant in 

favor of the proposed distribution.  

The log-likelihood (-16.912), AIC (41.824) and BIC (50.3971) estimates obtained by the 

proposed distribution as presented in Table 4.51 from the third data set are compared to the 

values obtained by the existing distribution which are; log-likelihood, AIC and BIC of EGE 

(-38.5517, 83.1035 and 89.5390), EE (-31.3834, 66.7669 and 71.0532) and E (-88.8303, 

179.6606 and 181.8038) distributions respectively. The reported values showed that the best 

distribution is the proposed EGEE distribution.  

The Likelihood Ratio Test shown in Table 4.52 depicts the significance of the proposed 

distribution to the existing sub distributions with p-values 0.0001, 0.00001, and 0.00001.  

The fourth data set which is known to be right skewed with estimated values from all the 

distributions are presented in Table 4.53 and the results showed the relative closeness of 

EGEE, EGE and EE distributions with their log-likelihoods (-38.0932, -38.0943 and -

38.0942) and p-values (0.5008 and 0.5008) indicating there are no significant differences in 

fitting the distribution to some right-skewed data sets. Hence they can serve as an alternative 

distribution in some areas of research.  

5.3 Conclusion 

The theory of Probability distribution plays a vital role in scientific research. Often times 

fitting distributions to data sets results into poor fit and to improve the flexibility of these 

existing distributions, several probability generators have been proposed in the literature to 

generalize them. Therefore, this study has been able to define and derive the four parameters 

EGEE distribution using EGF as the generator and EE as the baseline distribution. The 

proposed EGEE and various sub-distributions density plot in figure 3.7 shows that the 
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proposed EGEE can be left-skewed, right-skewed, monotonically decreasing (reversed J 

shape)and unimodal depending on the shape parameters , and. In Figure 3.8, EGEE's 

cumulative distribution function (CDF) indicates a satisfactory level of CDF not exceeding 1 

on the y-axis. The values of the shape parameters have a strong influence on the graphs. The 

graphical hazard function plot shown in Figure 3.9, shows that the proposed distribution can 

have an increasing and constant hazard rate depending on the parameters value. In Figure 

3.10, the graph of the survival function shows initial constant values before decreasing at the 

end of the graph. 

Since the quantile function of the proposed EGEE distribution occurs in closed form, 

Mathematica was used in plotting the 3D plots for Skewness and Kurtosis as shown in 

Figures 3.13 and 3.14. The plots confirm high level of skweness and kurtosis, which might 

take any shape (playtykurtic or leptokurtic) depending on the parameters. The mean, standard 

deviation and median are increasing function of the scale parameters when the other 

parameters are held constant as observed in Tables 4.1 and 4.3. 

Increasing the scale parameter increases the mean, standard deviation and median for fixed 

shape . The mean, standard deviation and mean deviation are increasing functions of the 

shape parameters for fixed scale. Specifically, an increase in one of the shape parameters 

when others are held constant increases the values of the mean, standard deviation and 

median of EGEE distribution.  

In Tables 4.2 and 4.4, skewness and kurtosis remain constant as the scale parameter increases 

when the shape parameters are held constant. An increase in the shape parameters reduces the 

values of skewness and kurtosis when the scale parameter is held constant.  

The estimated fitted data simulated data sets from an Exponentiated Exponential distribution 

in Tables 4.5, 4.7, 4.9, 4.11, and 4.13 show the closeness of the proposed distribution with the 
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existing distributions. As the sample size n increases, the existing distribution tend to perform 

poorly as compared with the proposed EGEE distribution. Figures 4.1, 4.2, 4.3, 4.4, and 4.5 

show consistency in the improvement of the peak and starting point of the proposed 

distribution. 

The second data sets simulated from Exponential distribution reported in Tables 4.16, 4.18, 

4.20, 4.22, and 4.24 show consistent improvement in the estimates of the proposed EGEE 

distribution as the sample sizes increases.  

The last simulated data sets from EGE distribution reported the best distribution in the 

proposed EGEE distribution at 𝑛 = 350, as shown in table 4.35.  

The application of the EGEE and its sub-distributions on fibres, cow and glass data in Tables 

4.41, 4.45 and 4.49 shows that the proposed distribution serves as a best distribution when 

compared with its sub-distributions using the log likelihood, information criterion (AIC and 

BIC), likelihood ratio test and the fit distribution curve, while the data on precipitation in 

Table 4.50 and its fitted plot on Figure 4.23, show that EGEE distribution can serve as an 

alternative and better distribution where the sub-distributions are applied. 

5.4 Contribution to Knowledge 

Distribution theory has been widely used for modelling observed situations whose various 

characteristics as reflected by the data differ from those that would be anticipated under the 

simple component distribution. The Exponential (E), Exponentiated Exponential (EE) and 

Exponentiated Generalized Exponential (EGE) distributions developed over the years 

performed pretty well when fitting a short tailed right skewed data sets and perform very 

poorly when fitting a long tailed right and left-skewed data sets.  
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Therefore, this study proposed a distribution (EGEE) which has the ability to accommodate 

asymmetric datasets for both left and right skewed data better than the existing EGE, EE and 

E distributions, by given better fitted values. This has been shown using statistical measures 

like Bayesian Information Criterion (BIC), Akaike Information Criterion (AIC), Log- 

likelihood and Likelihood Ratio Test (LRT) for large simulated and real-life data sets.  

5. 5 Recommendations 

The generator, exponential generalized family of distributions by Cordeiro (2013), serves as 

one of the best generator in formulating a unimodal and flexible distribution because of the 

additional two shape parameters that is guaranteed from the generator as shown in the thesis. 

The EGEE distribution so proposed can serve as an alternative distribution in fitting real data 

sets with asymmetry properties. It is therefore recommended that the EGEE distribution can 

be applied not only to data from production industries but can also be applied to data 

emanating from other fields. 

5.6 Suggestions for Further Research or Study 

There are several areas which are researchable within the context of this research work, and 

they are as follows; 

i) comparative study with other four parameters models can be developed for real-

life application in the complex structure. 

ii) extension of the EGEE model can be done by using any of the established 

generating families of distribution in adding a shape or scale parameter as it may 

suit the data sets. 

iii) adoption of the distribution as a generator for other distributions is also 

researchable. 
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