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Abstract

The influence of magnetic field on a steady blood flow through vascular stenosed
artery was investigated by assuming blood to be a Newtonian fluid. The Navier-
Stokes equations governing the flow through the axial directions were solved using
integral momentum method. The velocity profile graphs obtained shows that has
magnetic field increases on the stenosis area the velocity decreases.
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NOMENCLATURE:
By Magnetic field o Electrical conductivity
L Length of the stenosis W Viscous coefficient of blood
M Magnetic parameter T,, Wall shear stress
P Pressure Two Wall shear stress in unobstructed tube
2—2 Pressure gradient p Density,
Q flow flux, R, eynolds number,
R, Radius of normal tube, R(y) Radius of stenosed tube,
j—R Slope of the stenosed wall, (u, w, v) Velocity components in (7, 6, x),
X
U Centerline velocity, U, Average velocity,

6 Maximum height of the stenosis, (7, 8, x) Cylindrical polar coordinate,

Introduction

The vitality of the human body depends on a continuous supply of oxygen and
nutrients delivered by the blood via the circulatory system. As such, the structural
integrity and function of the circulatory system is the keystone of health. Diseases
that impede blood flow through the circulatory system can cause serious, potentially
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life-threatening effects throughout the body.

Vascular Stenosis (Atherosclerosis) is defined as the localized narrowing or
constriction of the blood vessels due to abnormal growth of tissues, which causes
resistance to blood flow through the artery. Once constriction is formed, the blood
flow is significantly altered and vascular fluid dynamics factors play important role
in the development and progression of arterial stenosis as the stenosis continues to
enlarge leading to the development of cardiovascular diseases such as angina
pectoris, heart attack, cardiac arrest, stroke and so on.

Many authors have reported that the rheologic and fluid dynamics properties of
blood and its flow behavior through non-uniform cross-section of the tube could
play an important role in the fundamental understanding, diagnosis and treatment of
many cardiovascular diseases. Forrester and Young (1970) have studied blood flow
in arteries with stenosis by considering blood as a Newtonian fluid. Results of
experimental work on models of arterial stenoses were presented by Young and Tsai
(1973). They observed that at Reynolds number 1000, the dimensionless pressure
drop for severely constricted axisymmetric model is approximately 23 times the
corresponding value of moderately constricted model. MacDonald (1979) studied
the steady flow through a mild axisymmetric stenosed artery. The pressure drop and
wall shear stress distribution for different Reynolds numbers and axial distance were
discussed. El-Shahed (2003) showed that in the arterial system of human or animals,
it is quite common to find localized narrowing, commonly called stenosis. In that
study it was further described that these narrowing are caused by intravascular
plaques. These stenosis disturb the normal pattern of blood flow through the artery.
Perkkio and Keskinnen (1983) studied the effects of concentrated flow of blood
through a vessel with stenosis. They found out its important aspect from
psychological point of view. It was observed that apparent viscosity increases as the
stenosis grows but the same is not true in the absence of stenosis. The viscosity of
blood flow has been found to vary with the radius of the artery in blood flow.

Recently, Mistra and Shit (2007), Bisswas and Chak Raborty (2010)and Verma et al.
(2011) developed mathematical models for blood flows through arterial segment by
taking a velocity slip condition at the constricted wall. Biswas and Laskas (2011)
studied the influence of magnetic field and slip velocity on pulsatile blood flow
through a constricted artery.

Furthermore, Hazarika and Sharma (2014), investigated two-layered model of blood
flow through composite stenosed artery in porous medium under the effect of
applied magnetic field by considering blood to be a Newtonian fluid of variable
viscosity in the central region and plasma fluid of constant viscosity in the peripheral
region of the stenotic tube.

Thus in this present study, we present the mathematical modeling formulated to
study the effect of magnetic field on a stenosed vascular artery.
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Mathematical Formulation

A mathematical model of the axisymmetric flow of blood in an uniform circular tube
with an axisymmetric mild stenosis under the influence of magnetic field was
considered by treating blood as a Newtonian fluid. We use cylindrical polar
coordinates (7,8, %), with X as the central axis of the artery and (i, W, ¥) denoting
the velocity component of blood along the axial, tangential and radial direction
respectively. Due to the axisymmetric flow of blood being considered, the flow
variation is independent of 6. Figure 1 illustrates the geometry of the stenosis
together with a standard cylindrical polar coordinate system used for theoretical
analysis.
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Figure 1: Geometry of Senosis

The axial coordinate and velocity are X and u respectively. The radial coordinate and
velocity are 7 and ¥ respectively. The geometry of the stenosis assumed to be
axisymmetric is described by Young (1968) as;

= 8 2w _ i
R(ﬂ=R0—§(1+cosE—0x) (1)
Where ﬁ(f) is the radius of the stenosed tube, Ry is the radius of normal tube, § is
the maximum height of the stenosis, ¥ is the axial coordinate and L, is the length of
the stenosis. Some dimensional variables are designated by the notation( - ) to
differentiate them from corresponding dimensionless variables.

Flow Analysis

With this given model, a two-dimensional steady, incompressible blood flow under
the influence of externally applied magnetic field through the stenosis vascular is
governed by Navier-Stokes equation and the continuity equation given below
respectively;
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_du _ou 1(9p w (3w  19m 9%*u oBZU
1+ 7= —2(E) 4 (422 20 - 2
ax a7 p \ox p \@r% FToF 0x? p 2
in the axial direction and
_9v  _9v 1 615) u (6217 19v 9%*% ﬁ)
Uzt V5 = p (af p\aF2 ' FaF ' axz 72 3)

in the radial direction.

The continuity equation can be written as

am v

ax | ar @
where U represents the axial velocity, ¥ the radial velocity, p the density, p the

pressure, ¢ the electrical conductivity, B, the applied magnetic field, u the viscosity

coefficient of blood, ¥ and 7 the axial and radial coordinates respectively.
The above equations can be rewritten in dimensionless form using the following

dimensionless transformations

r =r x—f u—ﬁ 'I/"_ﬁ
Ry’ Ry’ O,’ O,’ 5)
P _ R i _ 3 Lo
p = —= R——, U—_—, 6——, LD__
pUy Ro Uo Ro Ro

where U is the centerline velocity and U, is the average velocity in the unobstructed
tube. Using these transformations in equation (1) we derived the geometry of the

stenosis in dimensionless form as;

8 2
R(x) = 1—5(1+COSEX) (6)
Similarly, the Navier-Stokes equation are derived as
du du  9p 2 [0%u  1du  9%u 2M?
u dx tv ar  ox + R, lor?  ror  o0x? R, u (7)
in the axial direction; and
av dv _ 9p 2[8%v  1dv v v
u dx v ar  ar  Rylorz " rar ' ax? ?"2] ®)

in the radial direction, where

— ZRoUop j¢ Reynolds number and M = ByR,, \E is Magnetic parameter.

R, =———
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The continuity equation then becomes

du ov v
o + = 0 (9)

It is assumed that the term due to viscous component of the normal stress in the
axial direction (8%u/dx?) are negligible. This assumption has been used in the

analysis of non-uniform flow. Therefore equation (7) becomes

du du  9p 2 [8%u  1du 2M?
u dx tv ar  dax R,lar? ' ror R, u (10)
Method of Solution

We employed the momentum integral technique to resolve equation (10) over the
cross-section of the tube with boundary condition, v = 0,(that is, no slip in the radial
velocity at the stenosed wall) and equation (10) was multiply by dr to obtain the

integral-momentum equation

du 10u

du _ 9p 2 [0%u  10u _2m? ]
uaar+v§6r——ax6r+Re[aT2+rar]6r z, udr (11)
From the continuity equation (9),
du dv v i
a7 (12

Substitute equation (12) into equation (11) and multiply through by r we to obtain

av ou . ap 2r [8%u  1du 2M?
—TUS—0r —uv0r +1v_—0r = —r——0r + zlazTr ar] ] z rudr
(13)
From equation (9),
v dou v
=G (14)
Substituting equation (14) into equation (13) we obtain

du v du ., op o, 2r[0%u  1du] ., 2M? ]
Tu (ax + r) Or —uvdr +rv—0r = —r——0r + 7. 372 +-o-| 07 z, rudr
(15)
Since v = 0,

du . ap 2r [8%u  10u 2M?

ru——or = rax6r+Re[ar2+rar]6r z rudr (16)
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Integrating equation (16) over the cross section of the tube atr = R

a -R o, 9 R 2 R _[8%u 16u] 2M? R

o2 Jo Tutdr = - rdr + o Jo T3zt 73] dr 7 uf, rdr
(17)

d (R 5. _ R¥dp 2[(_6uR R du ) R du ] MZ2R?
axfﬂ rutdr = 2 6x+Re ! 6r|0 fﬂ 6rdr +IO ardr R, u
(18)

& (R 5 R?dp . 2R (6u) M?R?

— | rutdr=———+—|—) — u 19
axfﬂ 2 dx Rg \Or/pg R. ( )

Applying the velocity-profile constraints for axisymmetric tube flow as stated by
Verma (2009)

u="U at r=

0 (20)

u=20 at =R 21
du

5 =0 at =0 (22)
u _

m =0 at r=20 (23)

2
2—221%373+%3—: at r=R (24)
Equation (20) is defining the center line velocity, equation (21) is stating the no-slip
condition at the wall. While equation (22) defines the regularity condition and it is
deduce by considering the forces on a cylindrical element as if the pressure and the
inertial forces are to be infinity as the radius of the element tends to zero, the viscous
force that is proportional to du/dr must tends to zero.

Equation (23) was obtained by eliminating the pressure between equation (2) and
equation (3) and considering the resulting equation as r tends to zero.

Equation (24) represents the validity of equation (5) at r = R.

In obtaining the velocity profile, the fourth degree polynomial used by Verma
(2009) was used. That is,

oA ) 0@ 5 R @)
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The velocity constraints (20) — (24) together with (25) give the values A, B, C, D
andEasA=1,B=0,C = —%(4 —A),D=0,E = %(1 — A), respectively.

Substituting these values into equation (25) we obtain,

s-1-3e-n(E) Ha-n ) @)
where

R.R? dp

A= 8U ox

27)

It is observed that if A = 1 it is a parabolic profile corresponding to the Poiseuille
profile

2

*_q1_(Z

i=1-() e8)
The flow flux Q is given by

Q = nR?U, =27 || rudr (29)
where U, = U /U, is non-dimensional average velocity at any cross section.
Substituting equation (26) into the equation (29) we obtain

Q = - TUR*(8 + 2) (30)

Substituting the value of A from (27) in (30) we obtain the expression for centerline
velocity as

91 TR, 40D
U=gm|o+ TRt (31)

The parameter A is determined from equation (19) using (25) and (27) hence from
(19)

@), - 2(opi-ta-nGF via-n ),

(5),=—%@+D (33)

now putting (33) into (19) we have
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O (R o2y = _Rop U _ MPR?
6xf0 rutdr = ——— R, 2+ U (34)
also from (26)

R%Zdp _ 4UA i
T2 ® (33)
substituting (35) in (34) to obtain
9 (R 24 _ AUA_ AU _ M?R?
6xf0 ru?dr = T 2+ U (36)
simplifying (36) to get

3 d (R .
1=1 +E[M2R2u +Re |, ruzdr] (37)

In the velocity profile equation (26) neglecting terms with degree higher than two in
r,and A = 1, we have the Poiseuille profile

2
u=2U, [1 -3 ] (38)
where
_ _ReRZ0p
Ua = 16 ox (39)

is the non-dimensional average velocity at any given cross-section and dp/dx < 0.

Using equation (27), (29) and (31) in (19) we obtain the expression for pressure
gradient. From (19)

(), = a2~ @] )

R

4U, .
=R @1

and

d R 5, @ (R ~21]°

afo ru?dr = ajo r|2U, [1 - (E) ] dr (42)

on simplifying we have
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9 (R o2y —2WapdR
= J, Tutdr SR (43)

- . - Ju 5] R 2 L .
substituting the expressions of ( ar)R and o fo ru~dr into (19) we have

202 _dR _  R%*dp 2R (4U;\ MZR? r\2
R T R () R [ZUa[l_(E) ]] (“44)

simplifying (44) further to obtain

T
4UZdR _ 8U  16U;  4UsM? 1 2

3R dx R,R?  R.R? (45)

substituting for U in (45) above to get
AGAR _ 8 [0 1 (o Thepade)] 1oUy_ava?f, (nyE
3R dx  R.R?l4mR2 (Q HETVLAE ReR? R, 1=z (46)

2
simplifying (46) and using U, = i andU2 = fR - We obtain

R

402 dr _ 18Q 1dp 16Q 4QM? 1 (r)z (47)
3m2R5dx mR,R* 88x mR,R* mR.R?

simplifying (47) further to obtain the required pressure gradient. From (19)

9p _ 3202 dR  16Q , 32QM? _(1)2
dx  3m2RS dx nReR4 + TReR? [1 R (48)

Further using equation (27) and (31) in (26) we obtain the expression for velocity
profile as follows:

from (26) we have

w=ufs= () ()]0 [ - )] @

substituting (27) and (31), for U and A respectively we have (50)
91 R*%] ? :4_Re_f*26_p[:2_:4]
T R?- [Q 144 [3 4 ) + (R) ] 8 ox (R) (R) (50)

simplifying (50) and substituting (48) for % we have

2 2 2 2
_ ReR {32Q drR _ 16Q +32QM [1_(?’) ]}

192 372RSdx  mR.R* = mR.R? R
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po2@ @ RO @] o

The flow flux in normal unobstructed blood vessel, Q = mR3U,. This gives non-
dimensional flow flux Q, = Q,/R2U, = m, which is same for unobstructed blood
vessel. Therefore replacing Q by @, i.e. Q by m in equation (48) and (51) we obtain
the expression for pressure gradient and velocity profile, respectively, as

=Srn e (2
and
) r\2 1 R, dR r\2 4
”_F[l_ () ] +§R—sa[3 —12(3) +9(3) ]
+M?2 [3 ~ 15 (%)2 +21 (gf —9 (g)G] (53)
The wall shearing stress is expressed as
o () 1+ (] o

where dR/dx is the slope of the wall. The dimensionless wall shearing stress is
defined as

where T,,0 is the corresponding shearing stress due to Poiseuille flow in the
unobstructed tube. Thus, in terms of dimensionless variables,

w32, [ (@] 9

Now, from (53) we get

(au) B Z(ZR) 1RedR(24R 36R3) M2(30R 84R3 54R5)
R

=—— — — - -
or RZ\R? 18R3dx \ R? R* 6 \ R? R* R®
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4 12 R, dR
RS +___
R3 18R%*dx

5). = w375 (56)

Thus, (55) becomes

w22 (@] 57

At points along the wall where 7, = 0, flow separation and reattachment
will occur. From equation (57), the condition of zero wall shear stress is given as
dR _ 6R

i (58)

dR _ 6R . L ..
when =~ m» Tw Is negative, indicating back-flow and the separated region is
X e

clearly described.
Discussion of Result

The behaviour of the flow of blood through a compressed vessel with mild stenosis
under the influence of magnetic field have been investigated by modeling of blood
as a Newtonian fluid. This Study is concerned with the approximate solution for
velocity profile, wall shearing stress, pressure gradient and separation phenomena
for specific geometry of the stenosis. It involves integral method for the solution of
the problem.

Analytic expressions have been computed numerically for different Reynolds
number. It has been suggested by Forrester and Young (1970) in the theoretical and
experimental studies, the stenosis parameter Ry, L, and &§ are taken to be related as
Ly = 8R, = 246. The computation has been carried out for the location of stenosis
defined by —4 < x <4 for 6 =1/3 and Ly = 8 for different Reynolds number
between 10-100.

Figures 1 to 15 are the non-dimensional axial velocity profiles of blood flow in the
mild stenosed vessel segment (6 = 1/3) with the influence of magnetic field under
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the consideration for Reynolds number 10, 50 and 100 respectively. It is observed
that in conversing region near the throat of the stenosis, velocity increases for each
value of x as magnetic field increases. It is also observed that in conversing region
near the throat of the stenosis, velocity decreases but increases away from the throat
as Reynolds number increases for r/R up to 0.5 and then in reverse order for
r/R > 0.5, while in diversing region, all above observations are reversed as
Reynolds number increases.
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Figure 2: Velocity Profile for Re=10 and §=1/3
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Figure 3: Velocity Profile for Re=10 and §=1/3
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Figure 4: Velocity Profile for Re=10 and §=1/3
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Figure 5: Velocity Profile for Re=10 and §=1/3
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Figure 6: Velocity Profile for Re=50 and §=1/3
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Figure 12: Velocity Profile for Re=100 and §=1/3
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Figure 13: Velocity Profile for Re=100 and §=1/3

124>~
~
S~
~
~
~
~
N

105 Ay

\

\

A
N
g Ay
g \
\
\
\
N
\\
61 T~ _ ~
~-~. S
~ \\

— M=l x=
— — M-2.x
— M=y

[ SN Sy S8
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Figure 15: Velocity Profile for Re=100 and §=1/3

Conclusion

In this study, the continuity equation and Navier-Stokes equation have been
converted from Cartesian form to cylindrical form. Considering the continuity and
Navier-Stokes equation which where derived from the conservation of mass and
Cauchy’s equation respectively. These equations were then solved using the
integral-momentum technique and the obtained results were used to plot the graphs
showing the behaviour of the blood at the stenosed part. The effect of mild stenosis
in an artery under the influence of magnetic field by considering the blood as a
Newtonian fluid. It has been concluded that the velocity of the blood decreases as
the size of the stenosis increases for a given Newtonian model of the blood.

73



J. U. Abubakar et al.

References

Alfio Q. and Luca F. (2002), Mathematical modelling and numerical simulation of
the cardiovascular system. Journal of Eng. Math. 47, 175-183.

Devajyoti B. (2000), Blood Flow Model: A Comparative Study, Naurang Rai for
Mattal New Delhi.

Biswas, D. and Chakraborty, U. S., (2010), Pulsatile Blood Flow through a
Catheterized Artery with an Axially Nonsymmetrical Stenosis. Applied
Mathematical Sciences, 4, no. 58, 2865 — 2880

Biswas, D. Laskar, R. B., (2011) Influence of magnetic field and slip velocity on
pulsatile blood flow through a constricted artery. Int J Pharm Biomed Res,
2(4),227-232.

Dintenfass L. (1977), Viscosity factors in hypertensive and cardiovascular diseases.
Cardiovascular Medicine, 2, 337-349.

Youngab, D. F. and Tsai, F. Y., (1973), Flow characteristics in models of arterial
stenoses Steady flow. Journal of Biomechanics, 6(4), 395-402.

El-Shahed M., (2003), Pulsatile flow of blood through a stenosed porous medium
under periodic body acceleration, Appl. Math. Comput. 138, 4793€“488.

Forrester J.H. and Young D. F. (1970): A—Flow through a converging diverging
tube and its Implications in occlusive vascular disease. J. Biomech.,3, 297-
316.

Gupta A.K. and Gupta G.D. (2001), Unsteady blood flow in an artery through a non-
symmetrical stenoses. Acta Ciencia Indica. 2, 137-142.

Hazarika G.C. and Sharma, B. (2014), Two Layered Model of Blood Flow through
Composite Stenosed Artery in Porous Medium under the Effect of Applied
Magnetic Field Int. Journal of Mathematics Trends and Technology. 15(1)
11-22.

McDonald D.A. (1979), On steady flow through modelled vascular stenosis. .J.
Biomechanics 12, 13-30.

Misra J.C. and Shit G.C. (2006), Blood flow through arteries in a pathological state:
A theoretical study. International Journal of Eng. Sci. 44, 662-671.

Misra J.C. and Shit G.C. (2007), Effect of magnetic field on blood flow through an
artery: A numerical model. Center for theoretical studies, 3 - 16.

74



J. U. Abubakar et al.

Mwapinga A., (2012), Computational modelling of arterial blood flow in the
presence of body exercise. Journal of Applied Mathematics and
computational, 138, 479 - 488.

Verma, N. K., Mishra, S., Siddiqui, S. U. and Gupta, R. S., (2011), Effect of Slip
Velocity on Blood Flow through a Catheterized Artery. Applied
Mathematics, 2, 764-770.

Perkkio, J. and Keskinen, R., (1983). On the effect of the concentration profile of
red cells on blood flow in the artery with stenosis, Bull. Math. Biol., Vol. 45,
259-267.

Shukla J.B., Parihar R.S. and Rao B.R. (1980), Effect of stenosis on non-Newtonian
flow of blood in an artery. Bulletin of Mathematical Biology, 42, 283-294.

Singh M.P., Rashid A., Ramindar K. and Koitiyar (2009), Mathematical modelling
of blood flow through vertebral Artery with stenoses. Indian Journal of
Biomechanics, Special Issue (NCBM 7-8 March 2009) 151 - 158.

Verma S.R. (2008), Study of blood flow through modelled vascular stenosis. Indian
Journal of Biomechanics, Special Issue (NCBM 7-8 March 2009) 22 - 25.

Young D.F. (1968), Effect of time-dependent stenosis on flow through a tube. J.
Engng. Ind. 90, 248-254.

Yunus A.C. and John M.C. (2006), Fluid Mechanics: Fundamental and
Applications, 426-431.

75



