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BLOCK2-2-step block method
BLOCK10- 10-step block method
BLOCK2SIMP-simplest 2-step block method

BLOCK10SIMP-10-step block method
Abstract

Mathematical models are developed to help in the understanding of physical
phenomena. These models often yield equations that contain some derivatives of an
unknown function of one or several variables. Such equations are called Differential
Equations (DEs). A DE in which the unknown function is a function of two or more
independent variables is called a Partial Differential Equation (PDE). Those in which
the unknown function is a function of only one independent variable are called
Ordinary Differential Equations (ODEs). This work concerns the study of numerical
solutions of both types. Since most DEs do not have closed form solution, the
development of numerical techniques becomes necessary. Methods used for solving
Initial Value Problems ( IVPs ) of general ODEs have been reported to have setbacks as
regards to handing certain attributes like singularity of stiffness and oscillatory nature
of problems. Furthermore, implementation via predictor-corrector mode in Linear
Multistep Methods (LMMs) have been found to be exhausting in terms of the number
of function evaluations per step. K-step exponentially-fitted block methods circumvent

these challenges associated with

LMMs, for solving IVPs, Boundary Value Problems (BVPs) and Initial Boundary Value

Problems (IBVPs) of special nature; hence the motivation of this work.

This study is therefore aimed at developing a class of efficient numerical integration
schemes, for direct solution of first order IVPs, second order BVPs and IBVPs. To this
end, the objectives were to: (i) construct trial solution with power series fitted with

exponential function as basis function; (ii) develop new classes of k-step continuous

iX



exponentially-fitted block methods; (iii) develop continuous 2-step hybrid
exponentiallyfitted block method; (iv) analyze the methods for zero stability,
consistency and convergence; and (v) compare the accuracy of the proposed schemes
with those of existing methods using some existing problems. The first order IVP of the

form

Y=flxy)a<x<b (1)
and the second order BVPs of the form

YOO=flxyy®),a<x<b (2)

with appropriate boundary conditions were considered. The trial solution of the form

k
p(x) = Xaixi + ak+1ewx

i=0 (3)
T=y(x)

was assumed where the ai’s are unknown constants and w is the frequency. In order
to determine the unknown constants, interpolation and collocation methods were
employed. The resulting values were later substituted back into (3), which after some
algebraic manipulations yielded the desired continuous exponentially fitted block

method.
The findings of this study were;

(i) new classes of k-step exponentially fitted block methods for direct solution of first

order IVPs and second order BVPs were derived;

(ii) new 2-step Continuous hybrid exponentially fitted block method for solving second

order IBVPs were developed;

(iii) the methods are zero stable, consistent and convergent;

X



(iv) the methods have small global error and less computation time compared to existing

methods; and

(v) the methods are self-starting and admit easy change of step-sizes and function

evaluation at off grid points.

The study concluded that an efficient class of continuous and discrete numerical
integration schemes of implicit form for first and second order problems were
developed and successfully implemented. These schemes are therefore

recommended for solution of first and second order IVPs, second order BVPs and

IBVPs.

Xi






Chapter 1

GENERAL INTRODUCTION

1.1 Background of the study

Differential Equations (DEs) are mathematical models developed to help understand
physical phenomena or processes which often time arise in natural sciences,
engineering, medicine, economics and so on. Such physical phenomena include:
motions of the planet in a gravitational field like the Kepler problem, the simple
pendulum, electrical circuits and chemical kinetic problems. The models often yield
equations that contain some derivatives of an unknown function of one or several
variables. A Differential Equation (DE) which has function of only one independent
variable is called an Ordinary Differential Equation (ODE), while that in which the
unknown function is a function of two or more independent variables is called a Partial

Differential Equation ( PDE ).

In most cases, DEs often do not have analytic solutions. This is due to the fact that
most real life problems are modeled into highly nonlinear equations and such
equations lack methods for obtaining exact solutions. Therefore the need for
numerical methods to obtain approximate solutions is necessary. The objective of
numerical methods is to solve complex numerical problems using only the simple
operations of arithmetic to develop and evaluate methods for computing numerical
results from given data. The methods of computation are called algorithms. An

algorithm is a finite sequence of rules for performing computations on a computer



such that at each instant the rules determine exactly what the computer has to do

next. Numerical methods tend to emphasize the implementation of the algorithms.

Some of the numerical techniques include: one-step (or single-step) methods and
multistep methods especially the Linear Multistep Methods (LMMs). One-step
methods such as Euler method, Runge-Kutta method, Taylor series, etc., give
approximation to the true solution y(x) at xn+1 once yn, yn+1 and h, the step size are
known. LMMs such as Adam-Bashforth method, Adam-Moulton method and Numerov
method, used recurrence relations that express the function value y(xs+1) in terms of
the function value y(x) and the derivative value y0(x) at x = xn+1and at previous nodal

points. In this work, a first order Initial Value Problem (IVP) of the form

YW=flxy) a<x<b,

(1.1)
y(a) = ao
where aois an arbitrary finite real constants, x € (a,b), f € C[a,b], is a continuous function

defined on the interval (a,b) and a second order Boundary Value Problem

(BVP) of the form

y=flxyy®),a<x<b @
(1.2)

y@)=aoyb)=po @
where o, foare an arbitrary finite real constants, x € (a,b), f € C%[a,b], is a continuous

function defined on the interval (a,b) were considered. The boundary conditions in (1.2)

are the Dirichlet type.

where ao, foare an arbitrary finite real constants, x € (a,b), f € C?[a,b], is a continuous
function defined on the interval (a,b) were considered. The boundary conditions in (1.2)

are the Dirichlet type.



Any of the following boundary conditions were also considered: Robin or mixed boundary conditions
y%(a) = ao, y(b) = foor y(a) = ao, yO(b) = fo, the Neumann Boundary condition y°(a) = ao, y°(b) = fo.

The equations above originated from models in Mathematical Biology triggered by
a random walk of organisms, such as bacterial in the presence of a chemical resulting
in interesting spatial patterns (Tyson, Lubkin and Murray, 1999; Tyson, Stern and
LeVeque, 2000). On the other hand Two-point BVPs of the form (1.1) and (1.2) occur

in a large number of applications. A short list of examples includes but not limited to;

e Material science and structural analysis.

e Microphysics, as exemplified by the (stationary) Schro“dinger equation

h
— ¢ +V(z)p=E¢
2m

where @ is the wave function, V (x) is a “potential well”, m is the particle mass and

E is the energy of a particle in the state ¢.

e Eigenmode analysis, such as in -u% = Au, which may describe buckling of structures and

eigenfrequency oscillation modes of materials such as a bridge or a musical instrument.

The last two examples are Sturm-Liouville problems, which in many cases are directly
related to Fourier analysis. Examples arise in the mathematical modeling of deflection
of cantilever beams under concentrated load (Na, 1979), deformation of beams and
plate deflection theory (Glabisz, 2004), obstacle problems (Siraj-ul-Islam, Noor, Tirmizi
and Khan 2006), Troesch’s problem relating to the confinement of a plasma column by
radiation pressure, (Robert and Shipman, 1972; Wiebel, 1958)), temperature
distribution of the radiation fin of trapezoidal profile (Na, 1979; Keller and Holdrege,
1970), and a number of other engineering applications. We note that the solutions of

the non-stiff or singular ODEs may become unbounded in finite time and such a



phenomenon is often called blow-up, while the finite time is called the blow-up time (
Cho, 2013; Groisman, 2006; Guo and Yang, 2015; Takayasu, Matsue, Sasaki, Tanaka,
Mizuguchi and Qishi, 2017). It is also reported in Takayasu et al. (2017) that blow-up

solutions describe the combustion of solid fuels via the nonlinear heat equation.

1.2 Aim and Objectives

The aim of this study is to develop continuous implicit k-step methods for the direct
solution of initial value problems of general first order ODEs, BVPs and IBVPs of second

order DEs. The objectives of the study were to:

1. construct exponential fitting which used as basis function of the trial solution;

2. develop continuous implicit k-step methods by collocating and interpolating at both the

step and off-step points;

3. employ the Method of Lines (MOLs) technique to transform second order PDEs to system

of second order ODEs;

4. analyse the methods developed for their order, consistency, zero stability and

convergence, and

5. implement the methods using a written code to test the performance of the new

methods for accuracy and efficiency.



1.3 Statement of the Problem

Methods used for solving higher order IVPs of general ODEs by reducing them to
system of first order have been reported to have setbacks such as computational cost
as regards to many subroutines and computer time inability of the method to handle
certain attributes like singularity of the problems, oscillatory nature and stiffness of
the solution (Vigo- Aguiar and Ramos, 2006). Furthermore, implementation via
predictorcorrector mode in linear multistep methods have been found to be very
exhausting in terms of the number of function evaluations per step. K-step
exponentially fitted block methods tend to circumvent these challenges associated
with linear multistep methods for solving IVPs and BVPs of special ODEs such as heat

equation and wave equation.

1.4 Justification of the Study

This research is aimed at addressing the set-backs associated with the existing
methods as stated above, by developing an exponentially fitted method that captures
the properties of these existing methods. This method is less expensive, in terms of
the number of functions evaluation per step; highly efficient in terms of accuracy and
error term; flexible in change of step size; and easy to program resulting in economy

of computer

time.



1.5 Scope of the Study or Limitations

The research is limited to the following: (i) only continuously differentiable functions in

the interval of integration were considered;

(ii) the basis function considered in this work is the power series polynomial fitted

with exponential function in view of its smoothness;

(iii) for development of methods for solution of first order IVPs, the research work
adopted only continuous linear multistep methods where the step number k = 1(1)5 ;
(iv) for development of methods for solution of second order BVPs, the research work
adopted only continuous linear multistep methods where the step number k =2(1)4 ;
(v) for development of methods for solution of second order IBVPs, the research work
adopted only continuous hybrid linear multistep methods where the step number k =

2 ; (vi) only implicit block methods were adopted in this research work.

1.6 Definition of Terms

Definition 1.6.1. The sequence of points {xn} in the interval (a,b) defined by a = xo <

X1<X2<Xn<Xn+1+-XN=b Such that hi=xi+1-x;,1=0,1,2,..,.N -1

where 4hiis the step size.

Definition 1.6.2. (One-Step Methods) One-step numerical integration scheme for Initial
Value Problems (IVPs) are described as yn+1 = yn+ h¢pn where hepn = p(xnynh), h is the
step size which is adopted in the interval [xnXn+1]. The method can both be formulated

in explicit and implicit forms.



Examples of one- step methods are the backward and forward Euler method, midpoint

method etc

Definition 1.6.3. Linear Multistep Methods (LMMs) require two or more proceeding
values to be able to calculate yn+1 unlike the one-step methods that require only a single

value yn to compute the next approximation yn+1.

Definition 1.6.4. The general k — step LMM for the uth order IVP

Yw = fxy.yoyo0,..ywu-1),

(1.3)
Y0 (x0) = prok = 0(1pe - 1
is defined as
k k
X uX
ajyn+j = h ﬂ]ﬁﬁj (14) j=0 j=0
where av,...,axand ..., frare real constants andyn; = Y(Tnii)s fori = f(@nits Ynits Ysyjo - - U

1)n+j), p is the order of the differential equation. (Lambert, 1973) . This can also be written

symbolically as

p(ryn - hto(r)fa=0 (1.5)
where p(r) and o(r) respectively, are the first and second characteristic polynomials of

the LMIM and are defined as

k k

p(r)=%ar, o) =B  (L6)

Jj=0 j=0
The coefficients ao,....akand Po,..., frkare real constants and yn+j= y(xn+j) and

: T o, (1=1)
f-*HrJ‘ = j(:I’THrj: '-y”‘lﬁ',h U::—Q—j: A yr:-tl-j )

(Lambert, 1991)



Remark 1.6.1. 1. It is assumed that ax 6= 0 and that ao and [o are both not equal to zero

so as to avoid degenerate cases.

2. If Bx= 0 then yn+kis obtained explicitly from previous values of yn+jand fa+j, and
the k-step method is said to be explicit. However, if Bx6= 0 then yn+kappears not
only on the left-hand side of (1.4) but also on the right within fa+k; due to this

implicit dependence on yn+k, the method is then called implicit.

3. The k-step LMM (1.4) is called linear because it involves only linear combinations

of the yn+jand fn+j.

Definition 1.6.5. Order of LMM: The LMM (1.4) is said to be of order p if Co= C1= (2=
.+ = Cp=0. Cp+u 6= 0 is the error constant, and Cp+uhP+ty(r+1)(xy,) is the principal Local
Truncation Error (LTE) at the point xn. The C’s are given by

Co=ap+a;+as+ -+

Ci=(m+o+a+-+ap)—fF o 1+ &)

Cq= glon +2%an + - +klag) — o2 1 +298 o+ +E7F y)

q!

According to Lambert (1973) the LTE associated with (1.4) is given by the difference

operator

k

LIy(x) : h] ~=X[aw(x + jh) - heBifix + jh)]
j=0

where y is an arbitrary function, continuously differentiable on [a,b]. Expanding the last

equation in Taylor’s series about the point x, the expression is obtained as:

LIy(x) : h] = Coy(x) + C1hy(x) + C2hZy90(x) + - + Cpe3ho*3yp+3(x)

Definition 1.6.6. A LMM is said to be zero stable if all roots of the characteristic poly-

8



nomial

p(r)=%ar  (L7)
j=0
satisfies |ri| < 1 and every root such that |ri| = 1 has multiplicity not exceeding the order of

the differential equation.

Definition 1.6.7. An implicit method for the IVP (1.4) is said to be consistent if it satisfies

the following conditions

1. theorderp 21

k
2. Zj:[) O{j =0

3.p(1)=p°(1)=0, pr(1) =plo(1)

1.6.1 Zero-stability

Definition 1.6.8. The first characteristic polynomial of a k-step linear multistep method

is the degree-k polynomial
k

p(z) = Z o2 (1.8)

g4=0
Definition 1.6.9. A polynomial is said to satisfy the root condition if all its roots lie within

or on the unit circle, with those on the boundary being simple. In other words, all roots
satisfy |z| < 1 and any that satisfy |z| = 1 are simple. A polynomial satisfies the strict
root condition if all its roots lie inside the unit circle; that is, |r| < 1, ( Amodio and

Mazzia, 1995). *

1 We say that A is a simple root of p(z) if A - z is a factor of p(z).
9



1.6.2 Hybrid Methods

The LMMs have the advantage of being more efficient in terms of accuracy and weak
stability properties for a given number of functions evaluated per step, but have the
disadvantages of requiring starting values and special procedure for changing step size
when compared to the Runge-kutta method. This technique was used independently
by Gragg and Stetter (1964). The method was first named Hybrid by Gear (1965), and
the hybrid method and Runge-Kutta methods share the property of utilizing data at

off-step points and the flexibility of changing step length.

Definition 1.6.10. A k-step hybrid formula for the IVP (1.6.1) is defined as

Z QjlYnyj = h* Z)) j,fn—}—j + h}g -vf?‘r-{-t: (19)

7=0 J=0

where ak= 1, ao, foare both non-zero and yn+k=y(xn+kn) , farv= f(Xn+vYn+v)

(Lambert, (1973))

1.6.3 Block Methods

The block method has a traditional advantage over single step method of being
selfstarting and permitting easy change of step length (Lambert 1973). The methods
are less expensive in terms of number of functions evaluated for a given order when

compared with the Runge-Kutta method.

Definition 1.6.11. Let Ym and Fm be defined by Ym = (ynyn+ieynr-1)T , Fm =
(fafn+1,...,fa+r-1)T . The general k-block is a matrix of finite difference equation of the

form
k k
Ym = XAjym-j+ hu XBjFm-j (1.10)
j=0 j=0
10



where Aj, Bjare properly chosen square matrices (Chu and Hamilton, 1987)

1.7 Organization of the Thesis

The thesis is organized as follows:

Chapter 1 is concerned with the introductory aspects comprising of the background,
objectives, statement of problem, justification, definition and organization of the

thesis. Chapter 2 deals with review of related literature.

Chapter 3 focuses on the methodology which includes the development and analysis of

different schemes for IVPs, BVPs and IBVPs.
Chapter 4 concerns the application of the derived schemes, analysis and results of the schemes.

Chapter 5 concludes the work with some remarks.

Chapter 2

LITERATURE REVIEW

An Ordinary Differential Equation (ODE) is an equation with one or more functions of
independent variable and its derivatives. On the other hand, Partial differential
equations are dfferential equations having more than one independent variable.
When physical phenomena are modeled as non-linear equations, they are generally
approximated by linear differential equations for an easier solution. The few nonlinear
ODEs that can be solved explicitly are generally solved by transforming the equations

into equivalent linear ODEs. Some ODEs may be solved explicitly in terms of known
11



functions and integrals. Real life phenomena comprise of several variables and PDEs
are the only suitable models for such situations. In most cases, solutions to both ODEs
and PDEs are difficult to find since most are nonlinear in nature, hence numerical
solutions are highly needed. In the section that follows, research done so for on
numerical approximations of solution of differential equations in general are

discussed.

2.1 The Review

In applications, most equations in the form (1.1) and (1.2) do not possess exact solutions,
hence numerical methods are imperative for solving (1.1) and (1.2). Several numerical
methods based on Runge-Kutta methods, linear multistep methods, Boundary value
methods, and block methods have been extensively discussed in the literature for solving
non-stiff and stiff IVPs (Akinfenwa and Jator, 2013; Brugnano and Trigiante, 1998; Jator,
2010; Cash, 1981; Hairer and Wanner, 1976; Lambert, 1991; Onumanyi, Awoyemi, Jator,
and Sirisena, 1994; Onumanyi, Sirisena, and Jator 1999). Most of these methods do not
perform well when applied to solve singular problems of the form (1.1) since they are based
on polynomial approximation (Hairer and Wanner, 1996; Lambert, 1991). In particular,
methods constructed using polynomial basis functions perform poorly in the proximity of a
singular point when applied to singular IVPs. Hence, rational interpolants have been
proposed for solving singular IVPs and were first introduced by Lambert and Shaw (1965).
Other techniques based on rational functions have been proposed to cope especially with
singular IVPs (Fatunla, 1982; Hasan, Ahamed, Alam, and Hossain, 2013; Ikhile, 2004;
Odekunle, Oye, Adee, and Ademiluyi, 2004; Van Niekerk, 1988, Jator and Coleman, 2017).
Other notable methods can be found in Van Niekerk (1988), Ramos and Vigo-Aguiar (2008)
and Garwood and Jator (2016).

12



Numerical methods of solution to second-order BVPs of the form (1.2) are numerous. The

details about the related numerical methods are found in the literature. ( Na,

1979; Glabisz, 2004; Siraj-ul-Islam et al., 2006; Tatari and Dehgan, 2006; Al-Said,

2001; Lakestani and Dehgan, 2006; Tirmizi and Twizell, 2002; Katti and Baboo, 1996 ;
Siraj-ul-Islam et al., 2006). Other techniques include the Walsh wavelets and the
semiorthogonal B-spline wavelets, which were used in Glabisz (2004) and Lakestani
and Dehgan (2006), to construct the numerical algorithms for the solution of second-
order BVPs with Dirichlet and Neumann boundary conditions. Na (1979) obtained the
numerical solution of second, third- and fourth-order BVPs by converting them into
initial value problems and applying a class of methods such as nonlinear shooting,
method of reduced physical parameters, method of invariant imbedding among
others. The present approach can be applied to both BVPs and IVPs with a slight
modification, but without the transformation of BVPs into IVPs or vice versa. Siraj-ul-
Islam et al. (2010) , used collocation method with the Haar wavelets for the solution
of second-order boundary value problems, Islam and Shirin (2011) solved numerically
a class of second order boundary value problems using Bernoulli Polynomials, Adeyeye
and Omar (2016), used maximal order block method for solving second order BVPs,
Majid et al. (2013) applied a method called block method to solve second order linear
dirichlet and neumann boundary value problems. Other methods are found in
Akinfenwa and Jator, (2013); Brugnano and Trigiante, (1998); Jator, (2010); Cash,
(1981); Hairer and Wanner, (1996); Lambert, (1991) and Onumanyi et al., (1994, 1999).

Jator and Agyingi (2004), developed a block hybrid k-step backward differentiation
formula for solving large stiff systems including large system resulting from the
semidescritization parabolic partial differential equations (PDEs) with zeros of the
second degree chebyshev polynomial as basis functions. Awari (2017) proposed a class
of generalized two-step block hybrid numerov method for solving general second

order ordinary differential equation without predictor. Both the main and the

13



additional methods were derived via interpolation and collocation procedure.
Muhammad and Zurni (2017) used an implicit one-step block hybrid third derivative
method for the direct solution of the initial value problems of second-order ordinary
differential equations. Ngwane and Jator (2014) applied a block method based on
hybrid second derivative algorithm to parabolic partial differential equations. The
existing methods of block hybrid have not examined exponential functions as basis
function, which in this study compared favourably in terms of errors with the existing

ones.

Linear Multistep Methods (LMM) are one of the classical approaches. If the interval of
integration is discretized with a uniform partition with step-size h = (xv— x0)/N, then a
k-step LMM with coefficients af's and ['s replaces the equation in (1.1) with the

following difference equation

k

k
Z Yy = h Z}) ifars (21)
=0

=0
where yn' y(xn), fa= flxnyn), With xn = xo + nh, foralln =0,1,..,N.

The main idea on which such schemes rely is that of completing the discrete
problem generated by a LMM with a set of boundary conditions instead of just initial
ones as classically done. This approach was introduced in the nineties for the definition
of schemes for solving first order ODEs and the principal reference is Brugnano and
Trigiante (1998). Their linear stability properties have been studied in detail in several
papers where it was proved rigorously that they are able to overcome the second

Dahlquist barrier (Brugnano and Trigiante, 1996).
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2.2 Exponential Fitting

The basic idea behind Exponential Fitting (EF) is to derive numerical methods that are
better suited for oscillatory problems. The exponentially fitted methods are always
based on their non-fitted counterparts. To make a clear distinction between, for
example, an exponentially fitted Trapezoidal rule and the Trapezoidal rule, referred to
the latter as the classical Trapezoidal rule. It is remarked here that exponential fitting
is also applicable to numerical differentiation, integration and interpolation. In this
study, however, we only consider the numerical solution of ordinary differential

equations ( Ixaru and Vanden, 2004).

A classical method performs best when the solution is a polynomial or can aptly be
represented as one locally. A k-step Adams-Bashforth method can even yield a
polynomial solution of degree k without errors. In exponential fitting terminology, a
few of the highest-order monomials are replaced by exponentials. The approach

considered in Ixaru and Paternoster (1999) was that the fitting space of the form

{1,x,X2,...,xk e*wx xe*wx  xpe*wx}

was employed. This approach was also employed by Ixaru and Paternoster (1999),
Vanden Berge et al., (1990), De Meyer, et al. (1990) and Simos (1991-1992). Regardless
of the form of the fitting space, it is usually imposed that the parameter value(s) are

either real or imaginary.

The exponential fitting space of the form

{1,x,x2,...,xk ewx} (2.2)

is employed in the course of this work.
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2.3 Existence and Uniqueness

In this section, the existence and uniqueness of first and second order ordinary differential

equations are discussed.

2.3.1 Existence and Uniqueness of First Order ODEs

The general first-order ODE of the form

Yox) = fixy(x), y(xo)=yo,  x€[ab] (2.3)

The following theorem guarantees the existence of at least one solution of (2.3).

Theorem 2.3.1 (Existence). Suppose that f(x,y(x)) is a continuous function defined in some

region

R={(z,y(z)) :xp—d <z <ao+9d, yo—e<y<yo+e}
containing the point (xo,y0). Then there exists a number 61 < § such that a solution y

= f(x) of (2.3) is defined for xo — 61 < x < X0+ O1.
Theorem 2.3.2 (Uniqueness). Suppose that both f(x,y(x)) and W are continuous

functions defined on the region

R={(z,y(x)) :mg—d <z <m0+, yo—€e<y<yo+e}

Then there exists a number &2 < 61 such that the solution y = f(x) of (2.3) whose

existence was guaranteed by Theorem 2.3.1, has a unique solution for xo— 62 < x < xo +

02.

Brugnano and Trigiante, (1998).
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2.3.2 Existence and Uniqueness of Second Order ODEs

Consider the nth-order ordinary differential equation

Yy = fxyy°,.y 1) x € (a,b) (2.4)
gi(yD(a)yi*(a),...y(a)) = 0, i = 0,1,..,n
h(y(a)y°(a),...y-D(a); y(b) YO (b)...yn-D®) (2.5)

where f(x,yo,y1,...yn-1) is continuous on [a,b]xR", gi(y(a),y*V(a),...y"D(a)), i=0,1,..,n

are continuous on R*1and h(yoy1,...,yn-1;20,21,..,Zn-1) is con-
tinuous on R27, Considering the following conditions:
Hi: f{xyoy1,...,yn-1) s continuous on [a,b] xR7;

Hz: (x,yo1,...yn-1),(X,y0)1,...yn-1) € [a,b]xR", if yi<yifori=0,1,..,n, then f{xyoy1,..yn-1) <

fxy oy 1,y n-1);

Hs: for any (xy0,y1,..,Yn-1), (XY 0,V 1,0y n-1) € [@,b] RY, [AXY0V 1,00 yn-1)—

fle, g0, g1y oy Un1)| < Z:‘;Ul Li|y; — i:|, where Li are nonnegative constants.; H: for

any (XYoy1,..,yn-1), (XY 0y 1,y n-1) € [a,b] R, |fIXY0V1,0Yn-1)= fIXY 0V 1,y n-1)| < Lilyi
- y’i|, where Liare nonnegative constants.;
Has: gi(y®D(a),y+V(a),....,yn-(a)), i = 0,1,..,n are continuous on R*-1and h(yoy1,...,yn-1;20,Z1,...,Zn-1) is

continuous differentiable on R27;

Hy: 5% >6>0i=0,1,...,nonR"", §% <0,i =0,1,....,n—1,j =i+ 1Li+
Y 93

2,..,h — 1 on R

Hg: 9 >04=0,1,...,non R,

Ay,
. Oh S n—1 gh 2n.
H7'a—m207‘_0=1="'=n=Ev':oa_;.i25>00nR ’

Theorem 2.3.3. Assume that H1,H2,H3,Ha,Hs hold. Suppose also that there exist ¢1,¢2 € I' which

are defined on [0,1] such that

17



h(61(0), ¢,(0),...., 81"V (0); 61(1), &, (1), ..., 6" V(1)) > 0

and

Then problem (2.4) and (2.5) has at least one solution.

Theorem 2.3.4. Assume thatH,, H,, H}, H,, Hs, Hg, H; hold, then problem (2.4) and

(2.5) has at most one solution.

For proof of Theorems 2.3.3 and 2.3.4 see Pei and Chang, (2013).

Chapter 3

METHODOLOGY

3.1 Development of ENIS for First Order IVPs

We consider the k-step block methods (k > 0) for the problem of the form

Yo=flxy), a<x<b,
(3.1)

y(a) =ao

For the k-step methods, k € N, we consider the grid points given by Xn,Xn+1 = Xn + h,..,Xn+k= Xn + kh,

for solving the problem in (3.1) on the interval [xnXn+k+1].
We consider the approximation of its solution y(x) by a polynomial p(x) given by

18



k
y(x) ~plx) = Z a; v’ + apye” (3.2)

i=0

which yields

Yo(x) ' pO(x) = Xi qixi-1+ wak+1ew* = f{xy)  (3.3)
i=1
with the ai € R real unknown parameters to be determined. Imposing appropriate

interpolation conditions to p(x) at x» and collocation condition p9(x) at the points

Xn+1,..,Xn+k+1, leads to the system of k + 2 equations.

p(xn) = yn, pO(xn+ ih) = fu+i; 1= 1(1)(k + 1)
for the determination of a/’s, i = 0(1)(k + 1). The collocation conditions give the system

ao+ aixn+ a2x2n+ A3X3n + **+ + AkXnk + Ak+18wxa— Yn= 0 a1 + 2a2xn+1 +
3azxzn+1 + +++ + kaiXin-+11 + Wak+1€wxn1 — fne1= 0 a1 + 2az2xn+2 +
3azxzn+2 + +++ + KakXkn-+21 + Wak+1€wxnr2 = fn+2 =0

a1 + 2090, 11 + 3(1;;:Ifi+k 4+ -+ k‘ﬂk.’l’fﬁ;i + wag e — foi =10

- 2 R ! ‘ WTy g ke _
ay + 200Tnypy1 + 3037, gy + o+ kapTy g+ wag e — g =0

The equivalent matrix equation is Akx = b where:
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n+2

0 1 2,4 O
T (A‘:):;r:k -1

0 1 2w (k)
\0 1 2zpiin (k-’)ﬂ’il}fﬂ
e=(1, z, 2%,

Hence, we state the following theorem without proof.

Theorem 3.1.1. Biala (2016).

n+2

(JUJAI’-“

w ettt

w etz

w eWrntk

W eWEn+k+1

.

g1 )

01

Let (3.2) and (3.3) be satisfied, then the k-step continuous linear multistep method is equivalent

to the equation

where b, Akand e are as defined above.

Applying the above theorem, the ENIS derived in (3.4) is of the form

k+1

20
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Yn+k=yn+ XB(W,h)fn+i (3.5)

i=1

In the next section, we present the ENISs for k=1(1)6

3.1.1 Specification of the ENIS

Case k=1

The trial solution is given as
1

y(z) ~p(x) = Z ;' + ae™™ = ag + a1 + are™® (3.6)
i=0

which yields

1
y(x) = p'(z) = Zi a; 2+ wage™ = a; + w ase™” = flx,p(x)) (3.7)
i=1

Interpolating (3.6) at the point xo and collocating (3.7) at the points x1 and x2 yields the matrix Awnx

= b, where;
aq Yn
n=1 0 1 we iz=| a |ib=| fin
O 1 w fwT2 a9 f‘n+2
1 xo ewxo
A(3.8)

Applying the above theorem and after some algebraic simplification, the following 2step

ENIS are derived;
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e (1 —e¥ +ew)hfurr e (1 —e® + e“w) hforn
Yn+1 = Yn + -

(=1 +ev)w (=14+ev)w (3.9)
e (1 —e* + 2w hfprr e (1 —e*™ + 2¢"w) hfyis )
Ynt2 = Yn ¥ (—1+ev)w B (=14 ev)w
Case k=2

The trial solution is given as

2

y(x)"'p(x) = Xaixi + aze* = qo + a1x + azx? + aze (3.10)

i=0
which yields
2

Y(x) ' pO(x) = Xi qixi1+ wazew = a1 + azx + w aze"x = f{x,y)(3.11)
i=1

Interpolating (3.10) at the point xoand collocating (3.11) at the points x1, x2and x3yields the

matrix Axx = b, where

LT

o oy
1 xy af

e g Yn
0 1 2z we"™ a frt
A, = ; T= ; b= (3.12)
0 1 2z we"r (9 frt2
0 1 23 we"*s as frts

Applying the above theorem and after some algebraic simplification, the following 3step

ENISs are derived;
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eiul 2 o Qew + 56’.2{“%‘ _ 36’.3{1"%7) hfnJrl N efw 4 o 4€'w + Sew,w o 431{"10) hfn+2

Pt 2(—1+ev)’w 2(~1+ev)w
e™" 2—2e" 4 3e"w — e*w) hfpis
N 2(—1+ev)*w o
et 2 2e% 4 82 — 463“"11)) hfner €% 4—4e® + 86""’11)) hfnso
2 = 2(—1+ev) w - 2(—1+e)* w
e 2 —2e* + de"w) hfys (
- 2(—1+ 63*”)211! o
e”W 2 — 23 L ge2wyy — 363“'10) hfpir e 4 —4e3 4+ 9eWw + 363”’10) hfrio
ks = 2(—1+4ev)w - 2(—1+ev)’ w
e~ 2 — 26 4 3w + 3¢2w) hfpys
; 2(=1+ev)’w " )
(3.13)
Case k=3
The trial solution is given as
3
y(x) ~ p(x) = Z a;xt + a e = ay + g + asx® + asz® + ae?t (3.14)
i=0
which yields
3
y'(r) ~p'(z) = Zi a;x" " + wage” = ay + agr + azz® + w age™” (3.15)
i=1

Interpolating (3.14) at the point xo and collocating (3.15) at the points x1, x2, X3 and x4 yields

the matrix Aksx = b, where

/ 1 zg .’r:% :1;3 e'ro \ ( ap \ / Un \
0 1 2r 327 wew ay frt1
A,=10 1 21y 32} wevs frio (3.16)
0 1 23 3:1:% w e as Jn+3

\O I 2ry 327 wewr / \0;4 / \ frsa j

[
I

I~
Il

a9

Applying the above theorem and after some algebraic simplification, the following 4step

ENISs are derived:
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e 6 — 32e*"w — 6 cosh(w) + 38¢*w cosh(w) — 6sinh(w) — 15e* w sinh(w)) h fr 41

Ynt1 = 6(—1+ev)w
3 e~ 36 — 36e” + 53w — 33eVw + 1664“’111) hfnio N
12(-14ev)’w
e~ 36 — 36e" + 6dew — 33e?Vw + 584"”11,!) hfnis
12(—1+ev)’w
e 6—6e" - 8e?w + 14e*"w cosh(w) — 9e*“w sinh(w)) h fr44 .
6(—1+e) w o
e 6 —40e*w + 52¢*w cosh(w) — 6 cosh(2w) — 24e3 hw sinh(w) — 6 sinh(2w)) A f, 41 (
Y2 = 6(—1+e")’w
e 36— 36e%" 4 T6e“w — 12¢*w + 8e*™w) hfy 1o N
12(—1+ e“’)3 w
e™ 36 — 36¢7 + 80V hw — 12w + 4eMw) hf 3
12(—1+ev)’ w
_eT" 6—6e* —de®w + 16e*"w cosh(w) — 12w sinh(w)) hfrta .
6(—1+e) w I
(3.17)
’ e 6 — 366" w + 54e*w cosh(w) — 6 cosh(3w) — 27 wsinh(w) — 6sinh(3w)) hfni1 )
Yn+3 = 6(—1+ em)3 w
e 36— 36e3" + 8le®w + 2763‘”10) hfpso N
12(=1+ev)*w
e~ 36 — 36e3" + T2ew + 27w + 964“"71)) hfnss
12(-1+ e‘“’)s w
e 6 — 6e* + 18e*w cosh(w) — 9e*wsinh(w)) h fr4a
— - —3 + Yn
6(—1+ev) w
e 6 —32e3"w 4 56e>w cosh(w) — 6 cosh(dw) — 24e?wsinh(w) — 6 sinh(4w)) hfni1 (
Yn+a = 6(—1+ e'w)3 ”
B e~ 36 — 36e*™ + 80e“w + 483w + 1664“’10) fria N
12(=1+ev)* w
e 36 — 36e1 + 64ew + 48¢*w + 32¢"w) h fris
12(-1+ e"“)3 w
e 6 — 6 — 8e?w + 32e*w cosh(w)) A fria
- 6(—1+ev)w o J
(3.18)
Case k=4

The trial solution is given as

4

y(x)"'px) = Xaixi + ase"s= qo+ a1x + azx? + azx + aaxt + asev (3.19)
24




i=0

which yields

4

YO(x) ' pO(x) = Xi qixi-1 +wasews = a1 +azx+asx? +aax® +wasews = fxy)
i=1
(3.20)

Interpolating (3.19) at the point xoand collocating (3.20) at the points x1, x2, X3, x4and

xs yields the matrix Axx = b, where

1 xg ap  a) al  ewwo agp Un
0 1 2r 3;1:% 4.’1:? w e * ay Jos1
A |01 202 303 dad werm [ e || S (3.21)
" 0 1 25 322 4ad wewss | as B frnts
0 1 2x4 3.‘1;3 -‘1:172 w e’ v ay Srta
0 1 2x5 322 4daf wevss as fn+s

Applying the above theorem and after some algebraic simplification, the following 5step

ENISs are derived
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e~ 24 — 24" + 161e*™w — 2933w + 211e*Pw — 5565“"11)) hfnit

= 24(—1 +ev) w
e 96 — 96e" + 161w — 206e*w + 200w — 59e>w) b fr1a
- 24 (-1 —|—e”")4 w
e —144 + 144e™ — 293¢V w + 206w — 94w + 37e5w) hfnys
- 24 (—1+ev)'w
e~ 96 — 96e™ + 211e“w — 200e>w + 94e3w — 9’ w) hfria
" 24 (=1 +ew) w
e™" 24 — 24e" + 55e%w — 59e*Yw + 37w — 964"”111) hfnss Ly
24 (=1 + ) w !
e 24 — 24 4 216e*w — 3523w + 2481w — 64€>w) h frq
bz = 24 (1 +ew) w
e 96 — 96e%" + 216V w — 1123w + 128e*w — 4067V w) hfn_,_z+
- 24 (1 + ev)*w
e —144 + 144e*" — 352¢"w + 112e*w — 80e* w + 3265“’”w) hfnis
24 (—1 + ehw)
e~ 96 — 962 + 248w — 128e*Pw + 80e*Ww — 865“’11,!) hfnta B
- 24 (—1+ev)'w
€™ 24 — 24e* + 6de"w — 40e*w + 32e*w — 8e*w) hfyys
24 (=1 +ev) w o
e 24 — 24¢% + 2252w — 333¢3w + 2431w — 63’ w) hfpi )
s = 24 (—1 +ev) w
e™" 96 — 963 + 225" w + 183w 4 T2tV w — 27435'“’11}) hfn+2+
24 (=1 +ev) w
e —144 + 144€3" — 333e%w — 18e*Yw — 126e*w + 4565“’10) hfnes
24 (—1+4 ) w
e 96 — 9663 4 243w — 7262w + 1266w — 95 w) Afy 4
24 (—-1+ e“’)4 w -
e 24 — 24 4 63V w — 27w + 45e3Vw — 9 w) hfsyn Ly
24 (—1+ev) w "
e 24 — 24e* + 224e*w — 320w + 256e* w — 64> w) hfniq
Ynt4 = —

24 (=1 +e") w

e~ 96 — 96e + 224eWw + 643w 4+ 128w — 3‘265"”?11) hfnte .

24 (1 +ev) ' w
e —144 4 144e*™ — 320e"w — 64e?Vw — 256e* w + 64> w) h fr i3

24 (=14 ev) w
e~ 96 — 96e + 256¢"w — 128e*w + 256€3 w) hf, 14 B
* 24 (—1 +ev) w
e 24 — 24e* 4 Gdew — 32eFw + 64(),3”’10) hfnts
n

+

v~

24 (=1 + e w )
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) e 24— 24e% 4 225e2w — 325¢*w + 275e*w — 55¢>w) h fr41
ko = 24 (—1+ e’"*‘)4 w
N €™ 96 — 9667 + 225w + 503w + 200e* w + 565“'11)) hfnso N
24 (=14 ev) w
e 144 + 144 — 325e"w — 50e2%w — 350et s 4+ 5(15“’10) hfnts (3.24)
24 (=1 +ew) w
e 96 — 96e” + 275e¥w — 200e®w + 3503w + 5565“"11)) hfnta
" 24 (~1 + ) w -
e 24 — 24e® + 55e"w + He?"w + 5ePw + 55t w) h fris
24 (—-1+ e"“)4 w o )
Case k=5

The trial solution is given as

5

y(x)'"'p(x) = Xgixi+asew = ao+aix+azx2+asx3+asx*+asxs+ace"x (3.25)

i=0
which yields

5

Yo(x) ' pO(x) = Xiqixi-1+wase"s = a1+aax+asx?+aax3+asx+wasews = fxy)
i=1
(3.26) Interpolating (3.25) at the point xo and collocating (3.26) at the points x1,

X2, X3, X4, Xs and Xe yields the matrix Aksx = b, where

L WEQ

—
ow

- 2 3 o
To xy ooxy o Ip

e 454} Un
0 1 2x, 327 4o} 5xf wev™ a fns1
0 1 2w 3z 4a3 5zl wewr as Sn+2
A= 0 1 223 323 4ai 5af wevrs =1 a3 |; b= fass (3.27)

0 1 2x4 322 427 52l wev™ a f

My 4 4 4 - 4 n+4
0 1 25 322 422 bBal wewws as f

5 5 Ty Ty ] e 5 n+5H

0 1 2re 3 .2 47 3 E el , pWTE X f .

re 3wd dxl Bag we ag n+6

Applying the above theorem and after some algebraic simplification, the following 6step

ENISs are derived

27



(8z°€)

\
\

Mo (m@+1—)0gL

ufy 4
M o(m2+1-)0TL

w+:??ysmmmwmi:aqmmvﬂ+Ssmmmomm\Es%%bf:ammmaw amwoﬁgﬁwv m—?

l_l
M g(m2+1-)098

SHUL (M 4y PEFT AT 1y A08LE— M POTO LT+, ICGIL— M ITEFOT+ 1 ?009E—00IE ) 2

t FHULY (@ D TZI— M g DOERT+ M g POEGL— T 1y -PCOSEFM OFPO0T — mg?009E+009E— ) i

Mo (m2+1-)098

A_v
Mo (m2+1—)0TL

ETUL 4y (MY g TOTTHR 1g9CO8G— T 13 P0EFLA T 1z 2068T — T (I TIZEF 1 g?009E—00IE ) 12

+
Mo (m2+1—)0TL

TR Y (0 ITRLT— M 4, PCGILF MY 1y 20TITT— M PORLE+M (,IEGYS — 16?009E+H009E— ) ;2

l_l

M (n2+1—)02L

T (0 g2RE 1T+ 0 gPBTHOT = 1y P8R00T A+ 0P GTER T — 1 1 2E888+ 1P 0GL—0CL ) 2

?.._QIT
Iy (4 ITET— M 1y PRITTHA 1 ITGET— M QT LG+ PTG TE— g ?0GLHOCL— ) o

M o(m2+1-)0TL

+?:Eﬁ\_Ea%ﬁ.?::a%cmmmlpam.égmf:améw§|s 38ZG0T+ ;g ?009E—009E

Mo (ma+1—)09¢

£) -
. iiiaqa%qwmlasnuoot +M 620868 — T 4, z20ELL+M 1, 29LT0T — ,z2009€+0098 u
+ M (m2+1-)09¢
gtuf c?a%@tﬁ+H;smmom$\Sa%om%f;a%oﬁﬂ\s IRGE+ 120098 —009E ) g
+ Mo (n2+1—)02L
atup :Aas%mﬁml;smémwm...aavé@mﬁ|.s mg?02E6+M 1 9TEIR— 1720096 +009E— v
+ Mo (ma+1-)0TL
LSy (M, TGTEHO g I8TCOT— M 1y ITGEOTH 1y gPRITET— M 1y ITEIRF 1 p20TL—0TL ) o
ufj 4 Mo (ma+1-)0ZL
9L 4y (M, DTGT— M FFLETHM 1 PGTIT— M DT LLEAN P TOGT — P0TLA0TL— )
+ Mo (m2+1-)0CL
SHULY (@ ITCEFM 10, F09RE— M g POLGOTHM 1, PGTIT T — T 1, PFCTG+ 2009E—009E ) i
+ Mo (ma+1—)09¢
tﬁ; ! mg?LEI— M 1 POEBTHM 46 F0TLI—M 1, _2GRINT +N 1, IRISE— ;20098 +009E— ) o
+ M o(m?+1-)09¢
gLy (2808 T+ 1y 9GREC— ss%oﬁisﬁwomﬁ @ 91618+ 520098 —009€ ) 1, _
+ Mo (wd+1—)0TL
EHUL Y (DY g IFLLE — M 1y IGTITTHN 1 FOLETE— T PDITFT+M (I TELI— ,20098+009E — ) 1o _
+ o(m2+T1-)02L
iéi ' mg? TOB T+ 1 PPCTE— M 1 P9ELLTHM 1 FFEEIL — M 1y P TELIF P0TL— omb

— stuf

— otuf

— 1+uf

28



4

b

\

uf

|T

+

Mo (m@+1—)0TL

oy A_:..ﬂm.bwmﬂm\:_\S«.cﬂwcm;l:.Sn:mﬁwm\.\: mzg?PC0E+M ,29LET— ng?0TL+H0TL—

Mo (m2+1—)0TL
4 ol

I

SHULY (0699 LETHT 1,y POFISFM 4 POTET+M 1z 2O0FEE — T 1, 9F0G6F 1mg2009E—009E
M g(m2+1-)098

m—2

PR LY (0 0 I TGT— 0 1y POTEF— T 1 gIDIEE T —M 15 P09GL+N 1, IRIENT — 1 g?D09E+00IE

+ Mo (ma+1—)098

ULy (M g IRORT+M 209 TE— M 1, 2096E T+ 1 z2080T =7 IZLOGF 1 g?D0IE—O0IE
Mo (nP+1—)0TL

EEULY (Y 4,0 IFEOE— M 1 POFEEH N 1,208 TCT— M 1620 TZ+ M ,PICYE — 1,gP009E+0098
+ Mo (nd+1-)0TL

m—2

TH 1Y (0 2O LETAD 1 gPFOG6— T 1y PILLOTHT o PVFTRT—M 1, 229988+ 1 ?0TL—0TL

ug + m T:m;#lvom.\._.

)
)
€)m—
-)
)

IHUL oy (M4 ICLT— 0 1y POGEFT 1y gIONOE— M 1z P0CL T+, ICT LT — g 20T LH0TL—

4 Mo (m@+1—)0TL

)

Mo (n2+1—)098

SHULY (Mg PGLYFT 3 200GE+ M 1,6 20GE0THN 122G LEI— M 120G TOT+ 1?0098 — 009 ) i

+

PR Y (0 g IGET =My POCLT — 0 1 IOGLET— T - ICT TR+, 300G0T — 16?009 +009E —
@ (ma+1—)09¢

|T
Bty ?E mg?00GTHM 4 PCETG— M 4y POGLETH R, 20GT T — N, 2CT L6+ 14, 2009€ — 009E v
+ Mo (nd+1—)0ZL
Sy (04, AOGLT =M 4 PGLEGH 1y DOGTIL — N 1 PO0GT A+ 1, PGLEY— 1, ?009E+009E— ) i —
+ M o(ma+1-)0zL
Ty (04,0 PGE TR+ 1 gIOCTOT— M 4y 2000 TG+ 1, gPOGEST— M 1, ICLIR+ 1 gP0TL—0TL ) i~
ufy 4 M g(m2+1—)0TL
?:,?;aamémm\3.a%cam;l;s%vcmm\s.anémm:_,:axwim mp?0TL+0TL—
+ M o(md+1—)0TL
ntc.i g2 PEEHM 1 20VET— M 4, 20807 T+M 20918 — M 1, 296F0 T+ 4,2 009E —009E ) 1, 2
+ M (n2+1—)098

Py (@ IRPT— M 1 POETT+M 1@ OPRTT— M 1y 20F0LHT 9T LEDT — mp?009E+009E—

+ M o(m?+1-)09¢

e+ f.:AS mg?CEIT+M 5, P0F0L =M 4 20FRT T+ 4, 7202 T T — T, 28806+ ,,2009€ —009€E

+ Mg (nd+1—)0TL

n—2

ey (0 g 2GCRT — N 1, PDITRHT 1y FOROF T — M 1 FOPET A 1, PFIRE— 120098 +009E —

+ Mo (nd+1—)0ZL

£)
)
£)
)
)

Ry (@ PPPTE+T 4, PIETOL =M 1y AFFCOTH T 1 POLTRT— M1 PFIRR+ 1, POTL—OTL ) 12

— 9+tuf

— gtup

— PHuf

3.2 Development of Non-Hybrid ENIS for Second Order IVPs and
BVPs

For values of k = 2, we consider the k-step block methods for the problem of the form

(0]

(3.29)

fxyy®), a<x<b,

yOO

with the Dirichlet, Neumann or mixed boundary condition as stated in the previous

section. For the k-step methods, k €N, we consider the grid points given by xn,Xxn+1

Xn+h,..,Xn+k = Xn+kh. For solving the problem in (3.29) on the interval [xnXn+k], We
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consider the approximation of its solution y(x) by a polynomial p(x) whose degree

depends solely on the number of interpolation/collocation points

m-1

y(x)'px) = X aixi + amews (3.30)
i=0

which yields

m—1
y'(x) =p'(z) = Z i(i — 1) a2z + wanme™™ = f(r,y,y) (3.31)
1=2

where m = r + s — 1, r is the number of interpolation points, s is the number of
collocation points, ai ER real unknown parameters to be determined. Imposing
appropriate interpolation conditions to p(x) at x» and collocation condition to p%(x)

at the points xu,...,Xn+k, leads to the system of k + 3 equations.

p(Xn+i) = yn+i; 1= 0(1)r, pO°(xn + ih) = fu+i; i = 0(1)s for the determination

of ai’s, i = 0(1)(k + 2). The collocation conditions give the system

. ,.2 I | m—1 WIn p —
ag + a1, + agx, + asx, + -+ aypx,  +ape —y, =0

. 2 3 am—1 JWT, ., o
ag + a1 Tpq1 + Aoy + Q3T+ A1 X+ Qe ntl g =0

ao+ aAiXn+r+ A2X2n+r+ A3X3n+r + *** + Am-1Xmn+-r1 + Ame@wxn+r — Yn+r = 0
2az + 3azxn+ 6a3xzn+ +++ + (M = 1)am-1xnm -2 + w2amewx»— fn=10

2az + 3a3xn+1 + 6a3x2n+1+ -+ + (M = 1)am-1xmn+1-2 + w2amewxa1 = fns1= 0

. 2 ; =2 a2 WTnts o
2a9 + a3t 4s + 6agx;, + -+ (m— Dag2, . + w ae”™ " — f, =0
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The corresponding matrix equation Aix=b is

Xn A zm=1 ewxn
! am!

Xn+l  X2p+l  X3nptl n+l ewxnt
1
m-1
2 3 Winer
.

+ + + 1 Xn+r

k= m—3 2 wa
e
A

0 O 2 6xn-+ (M- 1)(m - 2)xn we n
0 o0 2 6Xn+1 -+ (m = 1)(m = 2)xn™+173 W2 ewxni
......... .

l:

Mm=3 9 @yxnss 002 6xp+s--* (m - 1) (m - 2)Xn+sW

o : T
€L = ((}’05 ay, Az, I Gm—2, Am-1, a‘m)

Q: (yn: Yn+1; Yntr, fna fn—i—l-, f?;:—i—s)T

e = (1 T 'JC-‘2 J.m—l Gu:r)T
The parameters r and s which are the number of interpolation points and the number
of collocation points satisfy 0 < r < kand 0 <s <k + 1 respectively and k is the step

number of the method.

The above system is solved using Mathematica 8.0 to obtain x. Then, substituting the
values of a’s obtains the entries in the vector x into (3.30), and after some algebraic

simplifications, the following discrete k-step linear multistep method is obtained
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r-1 s-1
p(x) " yn+k= Xaiyn+i+ h2 XPi(w;h)fasi (3.32)
i=0 i=0
where a is a constant and S is a functions of h,w. In the next section, the formulae for k

= 2(1)5 are presented.

3.2.1 Specification of the Method
Case k=2, r=2, s=3

For the step number k = 2, the number of interpolation points r = 2, the number of collocation

points s = 3. Therefore m = 4 The trial solution is given as

3
y(r) ~p(x) = Z ;x4 a4 = ap + a T + asx® + +azx® + ae” (3.33)
i=0

whose second derivative is given as
3

y'(x) = p'(x) = Z i(i — Va;x"™% + w?ase™ = 2ay + 6azz + w? age™™ = (z,y,y)
- (3.34)

V]

Interpolating (3.33) at the point xs,xn+1 and collocating (3.34) at the points Xn,Xn+1,Xn+2, yields

the matrix Ax.x = b, where

Abzl 0 0 2 6,  w?e"” | T—l a b:| In |
pos 2 3 W T ;
1z, xy fin et agp Yn
1 " 2 3 Wy |1
Tnt+l  Thyt Th1 € a1 Yn+1
~ ) (3.35)
T 2 pWTnt1 . f
Ip4l W™ E as Jn+l
. a2 pWTn
Tpy2 W etnt2 g .fn-‘r—2
B
0 0 2 6
0 0 2 6
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Solving (3.35) to obtain a;, j = 0(1)4, and after some algebraic simplification, the following 2-

step ENISs are derived

Yni2 = —Yn + 2Wnay + Elz 1— 2e + 2w e'“’wz) h%f,
— 2 —4e" 4 2¢* —w? — e*w?) h2 friy
1 — 2% 4 (,‘211,' o Bu',wE) hZf_n+2)
yp = el 646" — 6w — SeVw? + 27 w?) hf,

+ 12— 12e" + 12w + 5w? + e*“w?) h fr i

— 6 — 6e" + 6w + 2w? + r3”"m2) h.f”+g) (3.36)
Ynp1 = —% + b&% 6 — 6e¥ + 6e¥w — deWw? + (52“"11,!2) hfu
— 12 —12e¥ + 12e%w — 4w? — 2(’,2“"11:2) hfns1
+ 6—6e" + 6eVw — w? — 2" w?) hfny2)
Y o= —inTleir 1 —6 + e — 6w + Tew? + 2e*w?) hf,
Unto = h 3 ’ o ’ ©
+ 12 — 12e® 4 12e2% — Tw? — 11@2""’(1!2) hfnst

— 6 — 6e" + 6e?Vw 4 2w? — llcwwz) hf.,H_g)

where &= (-1 + ev)2w2.

Case k=3, r=2, s=4

For the step number k = 3, the number of interpolation points r = 2, the number of collocation

points s = 4. Therefore m = 5 The trial solution is given as

4

y(x)'px) = Xaixi + asews= ao+ a1x + azx? + asx3 + asx* + asews (3.37)

i=0

whose second derivative is given as

4
yoo(x) ' poo(x) = Xi(i - 1)aixi-2 + w2asewx = 2a2 + 6a3x + 12aax2 + w2 asewx

i=2
(3.38)
Interpolating (3.37) at the point xn,Xn+1and collocating (3.38) at the points Xn,Xn+1,Xn+2,Xn+3,

yields the matrix Aksx = b, where
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R P WA

Eil“:!,'nJrl as yn-H
,w‘Z eWen a
Tpyr 122, w e "9 as n+1
poo. 122 a2 pWTh 2 f
H i)} "Ln+2 w- e a, n42
, 122 2 WTp43 g
Tpes 1222 4 we / as frss
(3.39)
1 Xn X2n X3n X4n
1 Xn+1  X2n+1 X3n+1l  Xdn+l
v
0 0 2 6, 9 fa
ks — r = b =
2 2 wzx f
12x2n
A
0 0 2 6
.
@00 2 6
0 0 2 6

Solving for x to obtain a;, i = 0(1)5, and after some algebraic simplification, the following 2-

step ENIS are derived
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Ynio = —Un + 2Uns1 + ﬁ —12 4 24e" — 1262 + 13" w? — 2e*w? + e*w?) h?f,
+ 36 — T2e" + 36e* — 13w? — 33" w? 4 10> w?) h? fr 11
— 36 — T2e" + 36e¥ — 2w? — 33eVw? — 63"“102) h? fna2
+ 12 — 24e" 4 12e2¥ — w? — 10e®w? — 82“”w2) hzfn+3)

Yniz = —2Yn + 3Yni1 + 41? —8 4 12e% — 4e3 + 9evw? + 2e2Vw? + > w?) h f,
+ 24 — 36" + 12e3 — 9w? — 33 w? + 6e3w?) h? f, 41
— 24 — 36e" + 12e% + 2w? — 33eVw? — 563"“11)2) h2 fnao
+ 8 —12e%4e? — w? — e w? — 562“’102) h? .,,+3)

hy, =~ — o 24— 246V 4 24w + 27eVw? — 226V w? 4 Tew?) hf,
— T2 72e" + T2w + 2Tw? + 15e*w? — 63 w?) h fr i1
+ 72— 72" 4 T2w + 22w? + 15e"w? — e¥w?) hfp 42
— 24 — 24e" + 24w + Tw? + 6e¥w? — 62"”?1,'2) hf.,,_+3)

(3.40)
Ypy = —Lmt 4 24&% —24 + 24e% — 24e*w + 19e¥w? — 10e*w? + 363“’71,:2) hfn \
+ T2 —T2e" 4 72w — 19w? — 27e*w? 4 103 w?) h fri1
— 72— T2 + T2e%w — 10w? — 27" w? + 3 w?) hfn o
+ 24 — 24e" + 24e"w — 3w? — 10e”w? + e*w?) hfpni3)
Ynio = —w + ﬁ —24 + 24e" — 24e*w + 29e™w? + 6e?Vw? + 63“"?1)2) hfn
+ T2 — T2 + 72e*"w — 29w? — 105V w? + 2663“’w2) frt1 [
— T2 72" + T2e™w + 6w? — 105V w? — 9e3w?) hfp o
+ 24 — 24e" + 24w — w? — 26e¥w? — 9 w?) hfpys)
Ynis = —%’—‘ + ﬁ —24 + 24e" — 24w 4 27e"w? 4 226> w? + 1163“"11:2) hfn
+ 72— 72" + 723w — 2Tw? — 147> w? — 663'1”102) hfni1
— T2 —T2e" + 7263w + 22w? — 147" w? — 553 w?) hfr42
+ 24 — 24 4 243w — 11w? + 6" w? — 55e*w?) hfy13) )
(3.41)

where &= (-1 + ew)3w2.

Case k=4, r=2, s=5

For the step number k = 4, the number of interpolation points r = 2, the number of collocation

points s = 5. Therefore m = 6 The trial solution is given as

5

y(x)'px) = X gixi+asewx = ao+a1X+azx*+aszx3+asx*+asx>+ase"*(3.42)
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i=0

whose second derivative is given as

5
yoo(x) " poo(x) = Xi(i-1)aixi-2+w2asewx = 2az+6a3x+12a4x2+20asx3+w2 aeewx
i=2
(3.43)
Interpolating (3.42) at the point x»,Xn+1 and collocating (3.43) at the points Xn,Xn+1,Xn+2,Xn+3,Xn+4,

yields the matrix AkX = b, where;

2 X3n
T, Xdn X5n ewxn

1 Ln41 ’1'72
L, Y41 X3p+1 .
Xén+1 X5n+1 Gwxrt

0 0 2 6 6Xn 12x2n  20x2n W2 Ewxn

k3

A0 0 2 6xn+1 12x2n+1 20X27+1 W2 €wxne1 ;
0 0 2 6xn+2 12x2n+2 20X2+2 W2 Ewxnsz (3.44)
0 0 2 6xn+3 12x2n+3 20X27+3 W2 Ewxns3
0 0 2 6xn+4 12x2n+4 20X2+4 W2 Ewxnea

x = (ao, a1, az, as, as, as, as)T; b= (yn, yn+1, fn,

fn+1,fn+2, fn+3,fn+4)T

Solving for x to obtain ai, j = 0(1)6, and after some algebraic simplification, the following 2-step

ENIS are derived
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1 " 3
YUnt2 = — Yn + 2Ynt1 + 126, 12 — 24e* 4 12e®¥ — 14e¥w? + 5e*w? — 4> w? + e4wwz) h2f,

48 — 96e” + 48¢*" — 14w? — 64e* w? + 40e*" w? — 10e*w?) h? fri1

+ 72— 144e” + 72e*" — 5w® — 64e”w? — 4e*w? + e w?) h2 fr10

48 — 96e™ T 48621” o 4w2 - 4Oeww2 o 46210 2) h'zfn-f—‘i
12— 24e™ + 12621:) _ — 10e™w 2 e?u;w2) h2f71+4)

1 .
Unt3 = — 2Yn + 3Ynt1 + ﬁ 24 — 36e™ + 12e3% — 29¢¥w? — 9e*w? + 2w 2) h? f,
4

— 96 — 144e™ + 48e>" — 29w? — 174e*"w? + 80 w? — 21e™w?) h? f, 41
+ 144 — 216e" + 72e* — 17de"w” — 54e™w® + 12" w?) h* froa

— 96 — 144e"” + 48e* — Jw® — 80e"w” — 54 w* — e*w?) h* f 43

+ 24 — 36" + 12e3" — 2uw? — 21e%w? — 126 w? — egwa) h?fn+4)

(3.45)
Ynta = — 3Yn + 4Ynp1 + 6—; 18 — 24e" + 6™ — 22" w® — 3e* w? — 12¢”w?® + e"w?) B f,,
— 72— 96e" + 24e™ — 22w? — 144e*w? + 40e* w? — 18e*w?) h? f,11
+ 108 — 144e® + 36 + 3w? — 144e”w? — 84 w? + 9 w?) h? fr iz
— 72— 96e" + 24e™ — 12w® — 40e"w? — 84 w? — 8e* w?) h? f, 13
+ 18 — 24e" + 6e' — w? — 18" w? — 9 w? — 8¢*w?) h? fr44)
gp=— Pt L 560 3606t + 360w + 5026w — 621620w? + 396¢¥w? — 9T w?) hf,

h 360&4h
— 1440 + 1440e" — 1440w — 502w” — 528¢*“w? + 424 w? — 114 w?) hfy i1

+ 2160 + 2160e" — 2160w — 621w — 528¢“w? + 108¢*w? — 39¢ w?) h fr 42

+ 1440 — 1440€" + 1440w + 396w” + 424e"w? — 108¢*“w? + 8¢ w?) hfyy3

360 + 360e" — 360w — 9Tw? — 114e”w? + 39e*“w? — 8™ w?) hf14)
(3.46)
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! —
Yn+1 = —

! —_—
Yny2 =

’
Ypaig = —

! —
yn+4 -

Yn — 1 : ‘ ; . 3
n — Untl + 360 — 360e™ + 360e™w — 323e¥w? + 264e*w? — 1593V w? + 381V ?1)2) hin

h 360640
1440 — 1440e® 4 1440e®w — 323w — 8822w + 6566w — 17164‘”w2) B frt1

+ 2160 — 2160e" 4 2160w — 264w* — 882 w? + 102e* w? — 36 w?) h foy2

— 1440 — 1440€" + 1440e“w — 159w* — 656 w* 4 102e*“w* — Te"“w?) h fnis

+ 360 — 360e™ + 3606w — 38w* — 171" w” + 36e* w* — Te*w?) h an)

_Yn _hy”“ + 36(}l§4h 360 — 360e" + 360w — 458¢“w? — 21e* w? — 84e*w? + 23" w?) hf,
— 1440 — 1440€" + 1440e*“w — 458w?* — 2832e*“w? + 1496¢* w? — 366¢ w?) hfy 11

+ 2160 — 2160e" 4 2160e* w + 21w* — 2832e”w?* — 588e*w” + 159e"w?) h fr12

— 1440 — 1440e" + 1440e*" w — 84w? — 1496e"w* — 588e*w? + 8€4w71.f2) hfn+s

+ 360 — 360e” + 360e*w — 23w? — 366" w? — 159¢2w? + 83W 1112) hf,,,+4)

(3.47)
I *hy”'“ + 3601& = 360 —3606” + 3606w — 43¢ w? — 216> w? — 2796 w? + 38eHw?) hfy

— 1440 + 1440e" — 1440e*"w + 443w? + 3522e* w? — 656> w? + 291 w?) h fni1

+ 2160 — 2160e" + 2160e* w + 216w? — 3522e"“w? — 2538¢* " w? + 444 w?) hf 42

— 1440 — 1440e" + 1440e*"w — 279w? — 656e" w? — 2538e*"w? + 127e*“w?) hf,13

+ 360 — 360e" + 360¢*w — 38w? — 291" w? — 444e® w? — 127" w?) hf,14)
_n _hynﬂ - 360154]1 360 — 360e" + 360e"w — 458¢“w? — 141e*“w? — 564 w? — 97" w?) f,
+ 1440 — 1440e" + 1440e™ w — 458w — 33122 w? — 4243V w? — 846(3.4“’11)2) hfns1

— 2160 — 2160e" + 2160w + 141w? — 3312e"w? — 3948¢*w? — 441 w?) hfnia

+ 1440 — 1440¢€" + 1440e*w — 564w” + 424e”w® — 3948¢*"w* — 952 w?) h f, 43

360 — 360e" + 360w + 97w? — 846e"w? + 441> w? — 952¢*"w?) h fr14)
(3.48)

where &= (-1 + ew)* w2,

3.3 Development of Hybrid ENIS (HENIS) for Second Order IBVPs

For the hybrid 2-step methods, we consider the grid points given by Xxn+j= xn+ jh, j =

0(1/2)2. For solving the problem in (3.1) on the interval [xnxn+2]. We consider the
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approximation of its solution y(x) by a polynomial p(x) whose degree depends solely

on the number of interpolation/collocation points

5

V() ' p(x) = Xaixi+ aee  (3.49)
i=0

which yields

5

J00(x) " po0(x) = Xi(i - 1) a2 + w2asew* = flxy,y®) (3.50)

i=2
where ai € R real unknown parameters to be determined. Interpolating (3.49) at the

points x = xpnand x = xn+1and collocating (3.50) at the points x = xn+i, I = 0(1/2)2. The

two off-step points are x = xn+1/2 and x = xa+3/2. Hence the following system of

equation
- 2 ] o | D AT
1 Ty z 1 z n ‘I‘H T n € \ ( ap \ YUn \
- 2 3 oy | D LTy .
I Znp Tn41 Tni1 Tpy ‘Lr)iJrl eini aq YUn+1
. 1 2 3 2wz .
0 0 2 6z, 1227 20z, weern a9 fn
2 3 an2 '”,‘.1'"+.L .

0 0 2 6x,,1 122 e 20.1“+% we 3 as = -fn+§
o~ 2 3 212 pWTy
Tn+1 ]2.17”_{_1 20371—0—1 wet it a4 fn.Jrl 0 0
.~ ) 3 a2 wr,+ 2
'I’n+% 12ln+% 201‘n+% we 2 as fn+%
Tpyo 1207, 2023, wrerni2 } \ ag \ fnt2 /

00260026

The above system is solved using Mathematica 8.0 to obtain the values of ai's.
Then, substituting the values of ai’s obtained into (3.49), and after some algebraic
simplifications, the following discrete 2-step linear multistep method of the form is

obtained

1 3 1
y(r) = Z”f:‘yi + E ifi + Z)) A%f% (3.51)
i=0 i=0

1=0
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where fand 8 are functions of x and w. By evaluating 3.51 and its first derivative at the
POiNts X = Xn+1/2,Xn+3/2aNAx = Xy, y/9, 1 = O(é)Q, respectively, the following 2- step

discrete implicit methods are obtained;
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(48 — 96e% + 48¢% — 1deFw? + 5evw? — de P w? + e2ww2) R2f,

1
ynJré *5 (yn +yﬂ.+1) - 96 —1 + e%)‘in

(—96 £192¢% — 96" + Th2w? + 32" w? — 200 F w? + 5e2ww2) W foys

w

48 —1+4+ 67)4 w?
(288 — 576e% + 288¢” — 5uw? — 6de¥w? — de ¥ w? + e2ww2) h2 foi

96 —1+4e%)" w?
48 +96e% — 48" + w’ + 10e 2w’ + e“w?) 2 f, 3

w

24 —1+e¥)" w?
48+ 96e7 — 48¢" + w? + 10e T w? + e w?) h? foqn
96 —1+ e%)4 w?
48 — 144e® + 96eF — 16T w? — 15e*w? — Ge 3 w? + ezwwz) h2f,

1
yﬂ+% =2 (_yn + 3yl+n) +

2 96 —1+e¥)" w?

(—48 + 144e™ — 96 + dw? + 39e”w? — 10e F w? + 3e‘~’ww2) h?fyin

w

24 —1+c%) w?

3w

(96 — 288" + 192¢% + buw? — 52 w? — 32 w? + 7e2ww2) h2f1i

+ w 4 B
32 —1+e¥) w?

(—96 +288¢™ — 192¢% + 3w? + 20e ¥ w? 4 48¢Ww? + 62"“11)2) h?f34n
+

48 —1+ e%)4 w?
1+ 26%) (—48 +96eT — 48e" 4+ w? + 10eTw? + e"”wg) h?foyn
96 —1+ %) w2

(3.52)
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w ;e 3w c
3 — GeW + 362111 _ GETL’Q _ eu,w.l —e2 ’L.UQ) han

2=~ Yo+ 214n +
Yn+2 Yn Y14n 3 —1+e%)4w2

—12+ 24e” — 12e2% + w? 4 10e¥w? + 2 w?) h2fy .,

+ w
3 -1+ 67)4 w?

(18 — 366" + 18e2% + w? — 10eFw? — 10eF w? + 62"”11,:2) h2fiin

+ w
3 -1+ e?)4 w?
—12 4 24e" —12¢%" 4 w? 4 10e“w? 4 " w?) W f3 .,
3 -1+ e%)/1 w?

(3 — 6e™ +3e2" — eTw? — ePw? — e%wz) h2 foin

+ aw 4
3 ~1+4+e?) w?
- . (3.53)
Yn — Y1s (—90 +90e” — 90w — 89¢ T w? + 8Te¥w? — 57e 7 w? 4+ 1462"“11;2) hfn
1 YUn no_
o h 90 —l-l-e%) w?

(360 — 360e” + 360w + 89w? + 186evw? — 128 ¥ w? + 3362%2) I
- 90 —1+c%)" w?

(180 —180e® + 180w + 29w? + 62eF w? — 2eF w? + egwwg) hfiin
+ o

30 -1+ e?) w?
360 — 360¢" + 360w + 57w’ + 128eF w? — 6" w? + *w?) hfs .,
90 —1+e¥)" w?

(90 —90e™ + 90w + 14w? + 33eTw? — 3ePw? + es'Twa) hfoin

+

90 —1+c#) w?
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_ Yn — Yl4n

(720 — 720e¥ + 720e ¥ w — 113e¥ w? + 189e¥w? — 99e 5 w? + 2362ww2) hfn

/
Ypet = -
e h 720 —1+4e¥) w?

(—2880 + 2880 — 2880e ¥ w + 113w? — 78" w? — 56’ w? + 21e2wh?w2) hfyin
+

w

720 —1+e¥) w2
(—1440 + 14406 — 1440 ¥ w + 63w? — 26e% w? — 5de S w? + 1762“’11;2) hfion

240 —1+ %)  w?
2880 + 2880c® — 2880 ¥ w + 99w? + 56¢ ¥ w? — 162evw? + 7e w?) hfy .,

w

720 —1+ %) w?

(—720 +720e™ — 720e % w + 23w? + 21eFw? — 5lePw? + Te'F w2) hfaoin

720 —1+4 %) w?

_ w Wopy zo2 Won2 3w 2 2uw,,,2
C o Yn—Yin (90 90e® 4 90e”w — 3lez w* — 12e"w* — Jez w” 4+ e*'w ) hfy,

90 —1+ e%)’1 w?

3w

(—360 +360e™ — 360e%w + 31w? + 234eWw? — 112 F w? + 27e2%2) Wiy

+ w
90 —1+c¥)"w?

(90 — 90e¥ + 90e®w + 2w? — 39eFw? — 11eFw? + 362‘”102) hfion

+

15 —1+e%) w?

360 — 360e” + 360e"w — 3w? — 112e2 w? — 66 w? + e*“w?) hfsin
90 —1+4e¥)" w?

(90 — 90e + 90e¥w — w? — 2TeF w? — 18V w? + ¢ wg) hforn

+

90 —1+ e%)4 w?
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3 P (720 — 720e® + 720 w — 233e % w? — 291eWw? — 219 5 w? + 23e2ww2) hfy,
y n + 2 n T + -
2 h 720 —14e#)" w2

(72880 + 2880¢% — 2880 w + 233w? + 2562 w? — 56¢ % w? + 14182%2) hfyin

+ w 4
720 —1+4e%) w?

(1440 — 1440¢™ + 144065 w + 97w? — 854e¥ w? — 8266 % w? + 143e2%2) hfien
+

240 —1+4e%) w2

(—2880 +2880e" — 2880eF w + 219w? + 56eF w? + 2478 w? + 12782%2) hfsin
’ 720 —1+e%)4w:2
(720 7206 — T20e % w + 23w? + 141e¥ w? + 429¢w? + 1276‘%%2) hfoin
- 720 1+ %) w?
P Yo~ Yiin (790 +90e” — 90e* w + 3le? w? + 276"“;’w2 + 63¢ % w? + 1462“’102) hfn
h 90 —1+e%) w?
(—360 + 360e™ — 360¢2w + Blw? + 204e w? + 128¢F w? + 872" w? ) hfy .,
' 90 —1+e¥)" w?
(180 +180e™ — 180e*“w — 9uw? + 98eF w? + 162e+ w? + 1962“’?1)2) hfisn
R 30 —1+e%)" w?
360 + 360e" — 360e"w + 63w? — 128¢% w? + 486" w? + 119¢*w?) hfs .,
! 90 —1+e#)"w?
. (90 — 90e® + 9062w + 14w? — 8Te¥ w? + 5Tevw? — 119¢ % mQ) hforn

90 —1-+ e%)4 w?
(3.55)

forn=0,2,...N - 2.
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Remark 3.3.1. Only hybrid 2-step continuous implicit method was derived in this work.
The motivation is to derive method with less number of functions so as to reduce the
number of function evaluations in the implementation process. For non-hybrid, the
number of occurrences of functions is k + 1. For the hybrid method, the number of
occurrences of functions is 2k + 1. The more the functions, the number of function

evaluations and this increases computation time.

3.4 Analysis of the Methods

3.4.1 Local Truncation Error and Order of the first order block method

Let us consider the linear difference operators associated with the formulas in (3.5) , which

could be written as

k+1

Lily(x); h] = y(x + nh) - y(x) =XBi(w;h)y*(x + ih) ~ (3.56)

i=1
for i = 1(1)k. The local truncation error of each of the formulae in (3.9), (3.13), (3.18)
,(3.24), (3.28) is the amount by which the exact solution of the ODEs fails to satisfy the
corresponding difference equation. Thus, if we consider the exact solution y(x) in
(3.56), after expanding in Taylor series around x we get that each of the local

truncation errors is of the form

L[y(x); h] = Coy(x)+C1hy0(x)+C2h2y00(x)+--+Cqhay@(x)+O(h@+D). (3.57) where the Ci

are constants. If the first p + 1 constants vanish, that is,

Co=C1=C2=-+-=Cp=0,and Cp+16=0
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then, it is

Lly(x); h] = Cp+1hp+1y(p+1)(x) + O(hp+2) (3.58)
and p is called the order of the formula and Cp+1is error constant. In this the case for
all the formulae, the method is said to be consistent of order p, (see Lambert, 1973).

Expanding each of the methods in (3.9), (3.13), (3.18), (3.24), (3.28), the LTEs are as

shown below respectively:

(5wl - @) i o)

G = L wy[z] — y@[a]) ¥ + O[h)*
1;(4 [2]) h* + O[h]® \

Crl = yW[z]) h* + O[h)®
y(4 [z]) B* + O[R]? }

Ck 3 _

e 2 4y )[z] — O [a]) B + O[h]°

2L wy®(z] — y®a]) b5 + O[h]°
2 wy(a] — y®z]) h* + O[h]°
(iwa[]wﬁnﬁz+omﬁ
(25 wyla] — y©a]) b+ Oh)" )
—1 wy®z] — y9[z]) h° + O[R]
Cpi = —%fw”[]y“[nh+ow
—3 wy®z] — yO[a]) h° + O[]
\ ~% wy®fa] —yOLe)) 1+ O[T )
(97 o] — yOlal) b7+ O]
%%Tﬂ“%ﬂf¢Wﬂwﬂ+0{}
k=5 = ig? wy f]—JT t]) BT+ O[h)?
22 wyOa] —yV[x]) KT+ O[R]®
]

[])

132701556 wy {’)[ ] —y ﬂ[r )h? + O[h)®

Conclusively, the order p for k-step method is p = k + 1.

|) "+ O[h]® }
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3.4.2 Zero stability

A Linear Multistep Method is said to be zero-stable if its first characteristic polynomial

p(z) satisfies the root condition (see Definitions 1.6.6, 1.6.8 and 1.6.9).

The methods in (3.9) to (3.28) can each be put in a block form

A1Yrin=AoYr+ hB1Frn (359)

The zero-stability is concerned with the stability of the difference system (3.59) as h =

0. Thus, as h — 0, (3.59) becomes

ARY,,,, = AYY, (3.60)

where

Yrin = (yn+1,yn+2,...,yn+k+1)T, Yr= (yn—l,yn—z,...,yn—k—l)TAg is a (k + 1) X (k + 1)
identity matrix and A% is a (k + 1) x (k + 1) matrix with its a (k + 1) coulumn entries
are 1. kis the number of steps. Hence we sought for the the
characteristic polynomial

p(z) = |zAE — A =0 (3.61)

such that the roots |z|< 1. For k=1;

Lo oY o] = (1)
(1) (N 2 s

Hence the roots are (0,1).

For k=2;
200 001 2 0 -1

zAf—Afl=|l o z0]|—=fo0oo0o 1 ]|=|[0: -1 =2%(z2—-1)=0
00 00 1 00 z—1



Hence the roots are (0,0,1).

For k=3;

(&3

243~ A7 =

o o o

™

0

Hence the roots are (0,0,0,1).

For k= 4;

2Ad — Al =

(&

0

0

00 z 0 0 -1
0z 0 -1
— = =2(-1)=0
00 =z -1
00 0 2—-1
0 0 1
0 0 1
0 0 1
00 0 0 1 0 O 0
0 0 00 0 01
0 0 — 00 0 01
z 0 00 0 01
z 0 0 0 01
1)
—1
~1 =24(2z-1)=0
—1
z—l}
A
0 0
00 0
0 0
00000z0
z
0 0 0
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Hence the roots are (0,0,0,0,1).

For k=15;

—
183
[en]
(e

o
(&
o

o O o O

0
0
0

\ 0

Hence the roots are (0,0,0,0,0,1).

0

[am]

0 0 (00000 1)
0 0 000001
0 0 000001
oo | |oo0oo0o0o01
20 00000 1
0 : 00000 1)
_1\

1

- =2(z—-1)=0
1

1

zfl)

Consequently, the methods are all zero-stable, since the roots of the characteristic

polynomial are all zero except one, whose modulus is one (Dahlquist 1959; Lambert 1973).

For convergence, we state the following theorem.

34.3 Convergence

Theorem 3.4.1. Henrici (1962) . A linear multistep method is said to be convergent if it is

consistent (with order p 2 1) and it is zero-stable.

By the above analysis, the method has order p = k+1 > 1, and is zero-stable. Thus, by

the above theorem, the method is convergent.

49



3.4.4 Local Truncation Error and Order of the second order block
method

The Linear difference operators associated with the formulas in (3.32), is defined by the

formulae

r—1 s—1

Lyly(x); h] = y(xz +nh) — Z a;(z +ih) — h? E i(w;h)f(z+ih)|  (3.62)

i=0 i=1
The local truncation error of each of the formulaein (3.36), (3.41), (3.45), (3.46), (3.47)
and (3.48) is the amount by which the exact solution of the ODEs fails to satisfy the

corresponding difference operator. Thus, expanding (3.62), in Taylor series around x

the local truncation errors takes the form

L[y(x); h] = Coy(x)+C1hy0(x)+C2h2y00(x)+-+-+Cqhy(@(x)+O(h@+D). (3.63)

where the Ci(i 2 0) are constants. Suppose the first p + 1 constants vanish, that is,

Co=C1=C2=+-=Cp+s1=0,and Cp+26=0

then

L[y(x); h] = Cp+2hp+2y(p+2)(x) + O(hp+3) (3.64)
and p is called the order of the formulae and Cp+2 is known as the Local Truncation
Error (LTE) or the principal error constant. In this the case for all the formulae, the

method is said to be consistent of order p, Lambert (1973). Expanding each of the
methods in (3.36),(3.41),(3.45)-(3.47), the LTEs are as shown below;
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T = —ﬁ —wyW[z] + y [z ]) h® + O[h]"

n =g —wyla] +y[z]) h* + O[hP

k=2 45
Cret = s =55 wyla] —y®la]) h* + O[h]? e
== —wy®[a]+y®[z]) h* + O[R)®
[ n =55 —wy®[z] — yO[z]) b5 + O[h)° \
7= & —wy®z] — y®@z]) h® + O[]
Ol = ﬁ—ﬁfwww yOla]) h° + O[h)°
1= 1o wy®la] - u(ﬁ []) A* + O[]
= e wyOla] - yOla]) 4+ Of°
\ =32 O] -yl 1+ O )
(3.66)
(7= 5k wy©a] —yDla]) b + OB )
ngﬁ wy©[x] — y[a ])h(’+0f
= s wyfe] -yl B+ O
Ch=1 _ Ty = — e wy'®[z] — ’9(7)[”) ht + O[h]’ (3.67)
p+2 = 521&0 U’lj(b) ) h + O h]?
Te = ﬁ ’wy(b ) 1) h% + O[h]”
7=~z wy® )[st - y( )[1:]) h® + Ofh)”

\ 7= el wy el - ylal) 1+ OIS

Conclusively, the order p for k-step method is p = k.

3.4.5 Local Truncation Error and Order of the 2-step hybrid method

The Linear difference operators associated with the formulas in (3.4), is defined by the

formulae

y D (x +nh) — [Ci_pai(z +vh) =308 i(w;h) f(x +ih)

— Zgj@ A%(w; h)f(z+ h%)] . J=0,1, v=0(1/2)2.
(3.68)

Lily(x); h] =
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By expanding (3.68) in Taylor series around x the local truncation errors takes the form

L[y(x); h] = Coy(x)+C1hy0(x)+C2h2y00(x)+-+-+Cqhy(@(x)+O(h@+D). (3.69)

where the Ciare constants. Suppose the first p + 1 constants vanish, that is,

Co=C1=C2="-+=Cp+1=0,and Cp+26=0

then

L[y(x); h] = Cp+2hp+2y(p+2)(x) + O(hp+3) (3.70)
and p is called the order of the formulae and Cp+2is known as the Local Truncation

Error (LTE) or the principal error constant. In this the case for all the formulae, the
method is said to be consistent of order p, (Lambert, 1973). Expanding each of the
methods in (3.52)-(3.55), the LTEs are as shown below;

( n=—gis fwy(b‘)m + U(T)[T]) h" + O|h]® \

Ty = mi/m wy(© ) h" + O[h]®

74:ﬁ —wy [ ]+ym{ Dh?—l—()[h]

T = 642%20 wy'9[z] + y™ [,L]) h" + O[h]®

Cprs = (3.71)

Te = 40;20 —wy! [r] + Jm[r]) T+ ()[h]8
7 = g wy'Oz] + yD[z]) BT + O[)?

\ T8 = ﬁ —’u)y( )[1] +J(7 [ D X _1_0[}1] }

Conclusively, the order p for the 2-step hybrid method is p = 5.

3.4.6 Convergence Analysis

Convergence of the ENIS
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In this section, the convergence of the ENIS is discussed. Each method of step number

k can be written in block form

AY-h2BF(Y)+C+t(h) =0 (3.72)

where A isa 2N x 2N matrix defined by

A=

A]l A]‘Z
Axr Ao
Where the entries of A are NxN matrices and similarly, B is a 2Nx2N matrix defined by

B_ By Bia
Bz, B

The matrices Aijjand Bijjare given below.
For k=2

1 0
RE -2 0 Co O
00 0
0 .. 0
BE 0 10 0 Co On
0 .
AE 0 1 9 o co O
O ..00
2B 0 21,0 o.
0
: 1 0 C 0
B A1=0 0 0 0 0"
C 0
0-2 0 "o
o 0 0 1 0 0 0 1 C 02
0010 0 - 0
0 0 0 00 1c0 05
-2 .
.10
00 0 ¢cO
0 _ o
0 0 0 ¢c0-y

BN O
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o «H -
- H H o
o o o

=

=l

1l

—

[\

<

=

[T

o B E
o o
o o
= <
o i
— —
— (=
o o
o

0p ¢

0

]

001 1

0000

1

0

0 C1BH

000 O-
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(3L, 0 0 0 0 0 0 0
BLaL 0 0 0 0 0 0 0
08L8L 0 0 0 0 0 0
08L8L 0 0 0 0 0 0

0 0B LBL 0 0 0 0 0

0 0BLBL 0 0 0 0 0
Bu=| 0 0 0B8L8L 0 0 0 0
0 0 0B LAL 0 0 0 0

0 0 0 08LBL 0 0 0

0 0 0 0B8L4LB8L 0 0 0

0 0 0 0 -~ 0 0 08L8L4

\ 0 0 0 0 - 0 0 08484

B 1= —ﬁéh (12 — 12e™ + 12hw + 5h*w? + e h?w?)
@(6 — 6 + 6hw + 2h2w? + " h2w?)
B 3= —5(2 — 4ehw 4 e — 2?2 — 2hwp2q?)

(

2
é 1 — 2€h'w + €2hw o ehwh2w2)

Az2=1where lis an N x N identity matrix and A12=0
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3

3]

0 O

0

piiz P22

o o o o o o o o o

N N
-
© © ©o o o o o o o SR
Q.
o O
© © o o o o o o o o o
N N
Q@
N8N~
c o o o o S § = H )
Q Q@ Q@ @
N 0 &~
c o o 8 8§ = © o o - S
- = o @~
© & & & & © o o o o o
N N«
NI =& 8 o o o o o o o o
S
N O O O o o o o o
Q

N

[a)
=



B =
=

B122
0
B222

0

B12= B22= 0 where

3
3
3
3

h= —gen (12 — 126" + 12e" hw — 4h*w? — 2e*"h*w?)
P2 = e (6 — 6" + 6" hw — h*w? — 2e" h*w?)
2 = —@(12 — 12" + 12e2h ha — Th2w? — 11e2Mh2w?)
2, = @(6 — 6e" + 62 hw + 2h*w? — 11" h2w?)

C = (=1,m1,1/h,m2,1/h,n3, —1/h,14,0,0,...,0)"

m = é(l _ 28hw + e?h'w . eh'whiZwQ)

Mo = —geor (—6 + 6" — 6hw — 5" h*w? + 2¢*M h*w?)
Ny = ﬁglgh 6 — 6e™ + 6e hw — 4eM h2w? + ththwQ)

= _ﬁ 6+ G(Zhw _ 6(32’1“’.&?1; + 7ehwhzw2 + 2€2hwh2’31}2)

(3.73)

T(h) = (1 ..., 75,0,0,...,0,h7, ... h7x.0,0,....0)T

)

Tnare all the entries of C’%,, in (3.65)

Y = (x1),-y (x8), Ay (X1, Ay° (x1),0,0,...,0)
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3

(f(x1),-..,f(xn),hf(x1),...,hf°(xn),0,0,...,0)T

F=

3

For k

=

o o o o o

o o o o

o o o o

S o o O

o

o

o O

o o o o

o O

o o O -« O

A1l

o o o o

|

o

o

=

o

i

o
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3

)

[e)

o

i

o K

o

o

& [~

o =

o

1

0

A2

o =

o

o o o o

o

o

o

o

o

o

o

2|

o K o = o

o o O

= =
E M pgHogEOo g
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A22=1where lis an N x N identity matrix and A12=0
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=
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=

B =

=

e e e @

B LB LB 0 0 0 0 0 0
B 3B %63 0 0 0 0 0 0
BauB B3 0 0 0 0 0 0
0 08 1uB KRB 0 0 0 0
0 08348584 0 0 0 0
0 08 58 KB 0 0 0 0
By = 0 0 0 0848 LB 0 0
00 0 083585035 0 0
00 0 0858 5p6i5 0 0
0 0 0 0 - 0 051115 1125 113
00 0 0 -+ 0 083850y
\ 0 0 0 0 - 0 0848 LAY )

—=—(36 — 72" 4 362" — 13h*w? — 33" h?w? + 103" h2w?)
36 — 72" + 366" — 2h*w? — 33e" R w? — 3" h2w?)
-(12 — 2de 4+ 12e*™ — R*w® — 10e" h*w? — 2" h*w?)

! (24 36 + 12e3h — 9h%w? — 33e2Mh2w? + G6e3M h2w?)

= i(24 36 4+ 12e3M 4 2h%w? — 33eMh?w? — 5ePhv h?w?)
(8 1?11;463}1.11) _ }LQIUQ _ 6ehwh2,w2 _ 56211,?1)h2w2)

sien (72 = 72 + T2hw + 27Th*w? + 15¢*" h*w? — 6™ h*w?)
2453h(?’Q — 72" + 72hw + 22h*w? + 15e"h2w? — €3 hw?)
24 — 24em 4 24hw + Th*w? + 6e™ h2w? — M h?y?)

—
]
e
w

~—~ /—\

24&5 h(
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P11z P12z P12 0 0 0 0 0o - 0

=l

B212 Pazz Pazz 0 O O o o - 0
0 0 oo
P31z 322 P332 0 0 0 0
0 0 B P2z fp1z2 0 0 0
0 0 gy Bmpm ® 0 0 0
7
Ba2 B2z Pz O 0 0o ... 0
0
0 o 0 iz fizz f132 0 0
?
o0 B21 0 0 0 0 2]
=L 0 B2z Pazz P32
0 0 0
0 Bs1z a2z P33z P12z
ﬁ
2 222 >
0 0
0 0 0 0 pu2
. o o ﬁ322
0 0 0 0 ﬁ212
'
0 o 0 0 0
p312
0
P132
0
p232
0
p332

B12= B22= 0 where
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=l

B =

B h= :

=)
]
Ml\)
()
=
=
w
=
e R e e e R e

= (‘1/’1:'71:‘1;772;‘21713:‘1/}1;774 -
Lo 24 — 24eM 4 24hw + 27" hPw?

= ~%en

= g —12+ 24 — 1262 4 13ehR2u? —

72 — 72€hm + 72€hmh,w _
72 _ 72611111 + 726hmhrw o
24 — 24eM 4 24eM hw — 3h*w? —

72 — 72 4 T2e3h0 by + 22h2w? — 147" h2w? —
24 — 24eh 4 24e3hw hay —

19h%w? —
10h%w? —

2762hwh2w2 + 1063hu:h2,w2)
276““%2&’2 + €3hmh2w2)

10" h?w? 4 €2 h2w?)

(72 — 72e" + T2 hw — 29R%w? — 105e*" h*w? + 26" h*w?)
72 — 72" 4 T2e hw + 6h2w? — 105" h2w? — 9e3M h2w?)
24 — 24eM 4 24 hw — h*w? — 26e" h*w? — 9e? hiw?)

72 — 72em + T2e3M hay — 2Th2w? — 14Te* h2w? — 63 h2w?)

5563}”” h2,w2 )

11h%w? + 6e" h*w? — 55¢*M h?w?)

1/h,ns - 1/h,n6,0,0,..,0)T
o 2262hwh2w2 + TGShthUJQ)

2e2hwp2y,2 4 e3h“““i12w2)

s = g5 —8+ 126" —4eM 4+ 9" hPw? 4 26 hPw? + e hPw?)

1 hw
= ik —24 + 24e™ — 24
N5 = _24é’3h —24 + 24eMv —

Mo = s1e, —24 + 24

'7TN107U7"‘1

e haw + 19" h2w? — 102 h2? + 363’””11211)2)

24(32}“”}1/{1) + 296hmh2w2 + GCQhWhQH)Q 1 63hmh2,w2)

_ 24('33}“” h’LU + 27€hm h?,w2 + 226212111}1‘2,&?2 + 1 163hm hQ 'LUQ)

(3.74)

0,ht] ... h7x,0.0,...,0)"

Tnare all the entries ofC;J'ZJr2 in (3.66).
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Y = (x1),.y (X8), hy° (x1),0, BY° (x1),0,0,...,0)

F = (f(x1),-..,.f{xn),hf°(x1),....hf°(xn),0,0,...,0)T
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For k=4

= HE HE e HE e e B Ee B B Y =
(@] (@] S S S (@] (=) o S S S
(@] (@] S S S (@] (=) (=) (e} (e} (e}
(e (e} S (@] (@] (@] (o) S (e} (e} (o)
(@] (@] (@] (@] (e (e (e} (o) (o) (=) i
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A22=1where Iis an N x N identity matrix and A12=0

P11 P11 P13
B221 B231

P211

B321 B331

pau Paz21 Past

Pa11

=l

=l

0

0
0
0

0

0
0
0

0 0 0

pisr 0 0 O
B2a1 0 0 0
0 0

P341
Buaan P121 f131 Pia1

i B221 231 P2t
ot 321 B331 B341

o o o O

Bant P21 Pazt Paat

Pait
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P31
P231
P331

o o o O

o

= =

= =



@Bi1 0 0 - 0 0 pi1r P21 Past
=@ 0
0 0 e 0 0 P211 221
0 0 0 0
B311 321
)
0 0 0 0 Pa11 Paz1 §

0
0
0 P11
0 f2a1
p341

Paat

where
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where
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P12

o)
N
=
)

p312

ou} =1 =

ro RN

= S
=
)

=

=l

= =

=1

P12z 132
P222 [232
B322 P332
P22 Ba32
0 0
0 o0
0 o0
0 0
0 0
0 0
0 0
0 0

142

242

342

oooooo

oooooo

0 0 0 O eeee
O O O 0 nnnnnn
o 0 o o0 v
0 0 0 0

P22 P13z Puaz O

B222 B232 P24z 0

0
B322 P332 342 0 brz2
a2z Paz2 P4z Paz2
T B3z
0 0 Przz Pa32
112
0 0 B222
f212
0 0 322
B312
0 0 Paz2
P41z

72

(@]
= =

B EE

(e o o o O

= =

=l

= B

P14z
P42
P34z

Paaz



=0.

B12=B22

AW§N£ScmmNm©\\‘mﬁmﬁaémwﬁﬂﬂ\+‘ﬁﬁmcsémwww WSNQNO\+NSQQE¢MD©M\+‘Scmowm \‘mev
(eM Y mp?TG6 — Mg mayg?SVEE — MY VTV + ZMYTIC — DY e 20TV + iy ?0VFT — OFFT) ﬁga
(2™ Y P TV — MY mye?SF6E — MY i PTIEE — 2 MY THT + MY 1020918 + wy?091T — 0917) eﬁ
cvwcwm

(MY agsPIF8 — M MY inyg@VTH — MY agPTIEE — (MYSGY — MY 1y P0FFT + i 20FFT — OFFT)
(e U ayg?LTT = ¢ ayg?FFF — ;MY PT6T — ;M YSE — WY yeP09E + 0y 209E — 09

(¢ U P LTT + MY z?SEGT — ¢ 999 — 2 MYGLT — WY yePOFFT + ay?0FFT — OFFT
(e VIV + MM g?SEGT — e M y?TTGE — cMYITE + MY 1y ?09TT + 0y?091T — 0917
(e ayPT6T + MY myg?9G9 — MY mnz2TTGE + ZMYETF + MYy @0FFT — myP0FFT + OFFT
(e myg?8 + oMY mz26ST = oMY my?99E — (MYET — MY y209€ + w209 — 09

(e ay?S + oMY ayz?88G — oMY ay?I6FT — (MYFS — MY 120V T + 0y 20FFT — OFF1

(e amyp?6GT + ¢ MY myg?88G — ;MY PTEST — ¢ MHTT + MY 1220918 + y?091C — 0917
(M Y y?99E — M MY inyPI6TT + MY iy g2TEST — cMHSGE — MY 1y POFFT + g 20FFT — OFFT
(P mygP@L = MY nyg?9E + e MY aPTLT = ;MYSE — MY 0, P00€ + 0 209E — 09

(2™ Hauy?L = 2 myz?T0T + g MYy ?9G9 — ZMYEET — WYy 20V + wy?OFFT — OFFT
(27 iy ?9E — 2P my?TOT + 7MY 0y 2T88 — 7 MYFIT — MY 0y 209TT + mey?09TT — 09T
(e ?TLT = ¢ ye?959 + 2 nyz?T88 — 7 MUETE — MYy POFFT + ay?0FFT — OFFT

ewwowm

woow

cqwoow

ﬁwwowm

:wwoew

ﬁwo@m

woom

cwwoow

cwwoow

zwwoow

:wwoew

)
)
)
)
)
v wwowm
)4
)
)
)
)
)

e

O 9 O O 0 D O N O O 9 9 9

(-1/h,n1,-1,n2,-2,n3,-3,n4,-1/h,ns-1/h,ne-1/h,n7-1/h,ns,0,0....,0)
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where

M= —ggen 960 —360e"” + 360hw + 502¢" h*w?* — 621e*"h*w? + 396e* h*w?

—97etm h2y?)

Ny = ﬁ 12 — 24(3}”1: + 12623311: _ 14eh:wh‘2,w2 + 562h'wh)2u)‘2

—4e3m pPw? + e p2p?)

Ny = 12]? 24 — 36e" + 1230 — 29 2% — 9e3hw p2q)2
+2¢*M h?w?)

= é 18 — 24eMv 4 gethw — 22ehwp2qp2 — 3e2hwp2qp? — 123Mw p2qp2
+et" h?w?)

N5 = m 360 — 360 + 360" hw — 323e" h2w? + 264" h2w? — 159¢3M h2w?
+38(j4hwh2’wg)

Ne = m 360 — 360e™ + 3602 hw — 458" h2w? — 21e*™ h2w? — 84 h2w?
+23e*" h2w?)

Ny = m 360 — 360e" + 36063 hw — 443e" h2w? — 2162 h2w? — 2793 h2w?
+38¢*"™ h?w?)

g = —m 360 — 360e™ + 360e*™ hw — 458" h2w? — 141" h?w? — 564e3M h2w?
—97et h2y?)

(3.75)

r(h) = (11 ..., 75.0,0,....0.h7] ... h7},0.0,...,0)T

Tnare all the entries ofC¥,, in (3.67).
Y = (X)), hy0 (x1),., Ay (x8),0,0,...,0) T

F = (f(x1),...,f{xn),hf°(x1),....hf°(xn),0,0,..,0)T
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Theorem 3.4.2. (Jator and Manathunga, 2018) Let Y be an approximation of the solution

vector Y for the system obtained on a partition tn={a=Xo<Xx1<X2< <

xv-1<xn=b}and E=Y - Y. Definee; = ly(x;) — i, hel = |hy/(x;) — hyllfor
i=1,.,N, where the exact solution y(x) € C?[a,b]. Then the block method (3.85) is a k +

2-order convergent method. That is ||E||~ = O(hk+2).

Proof. The exact form of any of the systems (3.36), (3.41), (3.45)-(3.48) or (3.52)-(3.52)
is defined as in (3.85), while the approximate form is defined by

AY - R2BF(Y)+C=0 (3.76)

subtracting (3.85) from (3.76), one obtains

A(Y-Y) - R2B(F(Y - F(Y)) = 7(h) (3.77)

using the fact that E = Y~ Y, we can write (3.77) as
AE - W2B(F(Y) - F(Y)) = 7(h) (3.78)
F(Y)=F(Y)+Jr(Y)(Y-Y)+O[|Y- Y]] (3.79)
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. . . . A 7 (Y .
where Jris a Jacobian matrix whose approximate value |s% = Jp(Y) With-

out lost of generality, the first derivative term is used so that

F(Y)-F(Y)=Jr(Y)(Y-Y)=Jr(Y)E = JFE (3.80)

where
Jll J12
Jp =
J21 JQQ
/ on ... A \
Ay YN
whose entries Jijare N x N matrices written as.J;; = : R
dyi YN
ofh ... 9h
Ayl A’y
Jig = :
dfn ... 9fn
ayy (i]?}f{r
( ofy .. ol \
T Iy
Joy = h? : :
afy ok
K Yy Wy }
afy af!
J‘22 = hi
¢
\ aylll Cr)yrr N
Substituting (3.80) in (3.78) to obtain
AE - h?BJrE = t(h) (3.81)
(A - h2B(JF))E = t(h) (3.82)

Let I' = —h2B(Jr) be a matrix of dimension 2N so that (3.82) becomes
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(A +TD)E=1(h) (3.83)

and for sufficiently small h, A+I" is a monotone matrix and thus nonsingular (Jain and Aziz,
1983). Hence

(A+I)t =D=(dy)20
Z?L dij = 0(h2),
E =DL(h), (3.84)

[1E]| = |[DL(h)|| = O(h=2)O(h*+?)
= O(h¥)

which shows that the method is kt" order convergent, that is, with a global error of order

oy O

Convergence of the HENIS

In this section, the convergence of the HENIS is discussed. The 2-step block methods

(3.52)-(3.55) can be written in the form

AY-h2BF(Y)+C+t(h)=0 (3.85)
where A is a 2N x 2N matrix defined by

A=

A A
Az1 Az
Where the entries of A are N x N matrices given as
For the hybrid method where k=2
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0
-1/2
B e 0
-3/2
0
0
0
0 0 0
0
0 0 0
A1z = 0 -1/2 0 0 o
0 -3/2 0 0 o
2 0 -1/2 0
/
0 0 -3/2 0
0 0 0 0
@ 0 0 0 0
Similarly, Bisa 2N x 2N matrix defined by
B By
B — 11 12
Bay Bz

Where the entries of Bare N x N matrices given as

ij
P11
i Pz Pisij 0 0
P21
P22ij [23ij Biai 0 0
0 ij ij
0 . B2aij P1zij P13j
R Bj  P22ij Pazij
-g 0 P1ij
B21ij
) o 0 . 0 0
0 O 0 O
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(e)
(e)
o

o o o o o o

~1/2

-3/2

0

Piaij 0

B24ij

Piij Przij Pi3ij
P21ij [22ij B23ij

H)—‘

B =

NS

[N

=
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P4ij

B24ij



fori

s
5]

j=1

i
11

ij
12

i
21

i
22

ij
23

ij
24

i (36073603"‘"’+360hw+89h2w2+186eh’”h2w271‘2853_f5y h2w2 43362 h22)
N 90{—1+eﬁ§&)4hw2

o (1S(F180#53"“”+180.quJr29h2w2+('32eﬂﬁm hzw272€y5u h2w?4e2hw h2y?)

a 30(71+eb§£)4hw2
(360—3606hw+360hw+57h2w2+1288%£ h2w? —6e h2w? e2hw h2w2)

hw 4
90( —14+e 2 | hw?

hw 3h P
(go—goehw+90hw+14h?w2+336‘3‘ h2w?2—3ehvp2y2ie o h2w2)

hw 1
90( —1+e 2 | hw?

(—12+24eh"’—125’.2’””+h2w2+10eh“’h2w2+e2"“"h2w2)
hw 1
3(—1+8T) w?2

. i 3h
(18—36&"m+1862hm +h2w?— 10e 2 h2w?—10e 2" h2w?2e2hw thﬁ)

hw 4
3 —14e 2 | w?

(_12+24ehw_1262hw+h2w2+1O€.’Lwh2w2+e2hwh2w2)
- 4
hw
3(—1+e P ) w?

hw 3hw
(3_6ehw+3e2hw_eT h2w2_€hwh2w2_€}—g— h2w2)

hi 1
L
3(—1+€T) w2
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fori

3

11

ij
12

ij
13

i
14
2

21

ij

2,j=1

22 —

ij

23 —

ij

24 —

3h
(—360-{-3603'“" 360" hw-+31h2w? +234eh h2w? —112e 5 h2w? +27e2’Wh2w2)
} 4
LW
90 (— 14e 2 | hw?

hw Jhw
90—90e" +-90e haw+2h2 w2 —39¢ 72 h2w?—-11e™2 h2w2+332hwh2w2)

hw 1
15 (— 1+eT) hw?

hw
(360*3608““’ +360e" hw—3h2w?—112¢ 2 h2w?—66e" h2w?2 fe2hwp? w2)

hw 1
90(—1+eT) hw?

hw 3hw
(907908'””+906f‘w hw—h2w?—27¢ 2 h2w?—18e"h2yw2 4™ h2 w2)

hw 1
90 (—l+eT) hw?

3h
(—360-{-3603'“” 36027 hap+-31h2w? 4294 h2 w2 41282 h2w2+8Te2hw h2w2)

hw 4
90 (—1+e_2_> hw?

hw 3hw
(180+18(Je"w —180e2M haw—9h2w?+98¢ 2 h2w?+162e"2 h2w2+19e2“wh2w?)

hw 1
30 (71+eT ) hw?

h
(360+360e“w—36062’m hw+63h2w?—128e 2 h2w?+486eM h2w2 411962k hsz)

haw \
1w
90 (—1+€T) hw?
haw 3ha
(907903'”“+9062f‘“’hw+14h2w27878_211_ h2w? 457" h2w2 —119¢" 3 h2w2)

hw 4
90 (—1+8T) hw?

:'j:2
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fori

3

i

11

ij
12

ij

13—

ij

14— =

ij
21

ij
22

hw 3hw
(796+192e 2 —96eh 4 Th2w2432eM Y 202 —20e T2 h2w245e2hw thz)
hw\ ¥
T
48 (— 14+e 2 ) w2
hw hw 3hw
(2887576.«3_2_ +288¢hw 5202 —64e 2 h2w?—4e” 2 hZw?4e2hw hi’w?)
h E
w
96 (7 14+e 2 ) w?
h h
(48+96«a*% —48eM 4 h2uw2 4106 3 h2w2+ehw1#m2)
hw 1
24 (— 14e 2 ) w?
h h
(48+96eﬁ% —48eM L h2y2 4106 3 h2w2+ehwh2w2)

hw 4
96(—1+8T) w?

3h 3h
(—48+144e“w —96e 2 +Ah? w2 +39eM h2w? —10e T h2w?4+3e2hw 2 wz)

h 4
)
24 (—l-l-eT) w?

3hw hw 3haw
(9672886f"‘”+192e_2_ +5h2w2—52¢ 2 h2w?—32e"2 hZw?4Te2hw hi’w?)

h 4
LW
32 (—1+ET) w?

3hw hw
(796+2886h“’7192e_2_ +3h2w2420e 2 h2w24+48ehw h2y2 f2hwp?2 w2)

’ 4
Tw
48(—1+eT) w?

hw ha h
(1+2e_2u_) (748+966_2£ —48e¢h® 4 22 +10e 2 h2w2+ehwh2w2)

hw 1
96 (—1+e_2_) w?
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fori
=j=2

h 3h
( — 9880128806 —2880e 3 hw+113h2w? —78eM h2w? —56e 3 h2w? +21e%wh2w?)

Bn=

hw 4
720 —14e2 | hw?

h h 3h
(71440“440&'1“’ —1440e 3 hw+63h2w? —26e 3 h2w?—5de” 3 h2w241 762’1%%2)

B ==

hw &
240( —1+e2 | hw?

hw hw
(2880+28803hW—2880eT hw+99h2w? +56e 2 h2w?—162ehw h2yw24-7e2hw h’~’w2)

hw 4
720 —14e 2 | hw?

hw hw 3h
(—720+720€hw —720e 2 hw+23h2uw?+21e 2 h2w?-5le"vh2w?4Te =5 h2 w2)

hw 1
720(—1+9T) hw?

3h 3hw
(—2880+‘2880€hw —2880e 7 hw+233h2w2+2562eM h2w? —56e 2 h2w2+14162h“’h2w2)

B o=

hw 4
720 (—H—eT) hw?

haw haw 3hw
(1440—1440ehW+1440e3‘r hw+9Th2w? —854e 2 h2w?—826¢ g g2 w2+143e2hwh2w2)

B o=

hw 1
240(—1+e_2_) ha?

Jhw hw
(72880+2880ef‘“’ —2880e"2 hw+219h2w2+56e 2 h2w2+42478ehw h2w2 4127¢2hw h2w2)

B oa=

hw 4
720 (—1+€T) hw?

Jhw hw 3hw
» (720+720ehw —720e72 hw+23h2w?+141e 2 h2w?+429¢M h2u2 412772 h2 w2)
vy __
B 24 — T hw 4
720 (—l-l-eT ) haw?
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fori
C=(1/2m,-1/2,n2,-1/h,n3,-1,n4,-1/hns,—1/h,ne,~1/hn7,-1/h,ns,0,0,..,0)T
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where

h 3h
(—90-’-906}“‘”—90}“1)—896_&2 h2uw?+8Tehw b2 —57e 3 h2w?+14e2hw }12102) fn

Th = hw 4 .
90( —14e 2 | hw?
h h 3h
(48796e a8 140 h2w?45eh v R2w? —de T h2w? 4 e2hw p2 w?) fn
7;"2 - hw 4
96 —14+e 2 | w?
3hw hw 3hw
(4871449."-"4965;—2& —16e 2 h2w?—15e"h2u? —6e 2 h,z-mg+ez”'"’h2w?) fn
Tf‘S - haw \ 1 P
96( —14e 2 | w?
. hw_ a.2h hw .o 2 hwpz, 2 SRw. o o
3—6e"43e2" —e 72 hEfw?—e"hfw —e 2 h*w*® | fn
7?4 = hw 4 .
3 —-14+e 2 ) w?
hw ! ) 3h
("r'2(J772(}1’:’““4»72()(1_]212 hw—113e it h2w? +189¢hw hzrusz)E)r:_Eﬂ h,z'u)2+23rz%'”"h2m2) fn
5 = R
720 —14e 2 ) hw?
h h a1 B 2 9 hwp2, 2 o 3BW o 9 opwy2 2
90—90e""™ +90e" W hw—31e 2 h*w*—12e"Yh*w*—3e” 2 h w +4e“""h<w* | fn
T = PR
90( —14e 2 | hw?
RY; h 3hw .
(720—720&-%7206—'1# hw—233e 3" h2w2—201eMw h2yw2 —219¢ 3 h2w?24+23e2hw h%ﬂ) fn
= o\
720 —14+e 2 | hw?
. )} L. 3hw . . "
(—90+90ehw —90e2h hw4-31e 3" h2w2+2Tehw h2w2 +63e 2 hzw2+1462hwn2wz) fn
Ny = —

hw 4
90 (*] +e 2 ) hw?

(3.86)

T(h) = (11 ..., 75.0,0,....0.h7| ... h7h,0.0,...,0)T

Tnare all the entries of Cp+2in (3.71).

Y = (y(X1),....y (xn), Ay® (x1),.... iy° (x),0,0,...,0) 7

F = (f(x1),...f{xn),hf°(x1),....hf°(xn),0,0,..,0) T

Thus, the above Theorem 3.4.2 for the convergence is of the HENIS is proved as
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follows.

Proof. Also following the same proof as above, the exact form of any of the systems

(3.52)-(3.55) is defined as in (3.85), while the approximate form is defined by

AY - h2BF(Y)+C=0 (3.87)

subtracting (3.85) from (3.87), one obtains

A(Y - Y) - 2B(F(Y - F(Y)) = z(h) (3.88)
using the fact that E=Y - Y, we can write (3.88) as
AE - 2B(F(Y) - F(Y)) = 7(h) (3.89)
F(Y)=F(Y)+Jr(Y)(Y-Y)+0||Y-Y]] (3.90)
where Jris a Jacobian matrix whose approximate value isw = Jp(Y). With-

out lost of generality, the first derivative term is used so that
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F(Y)-F(Y)=Jr(Y)(Y-Y)=Jr(Y)E=JFrE (3.91)

where
Jiw Jie
Jp =
whose entries Jijare N x N matrices written as
on ... 9oh oh ... 24 oy .. oY
Ay Ay N ayy Ay Ay Ayt
Jii = : : ; Jig = : : i Jop = h? : N 1
afn ... Ofn ofn ... Ofn oy ... 9y
Ay Ayn dyy Yy ay} Ny
afy  afy
ayy vy,
:]22 = hi :
oy afy
ayy Ay

Substituting (3.91) in (3.89) to obtain

AE - W2BJrE = t(h) (3.92)
(4 - h2B(Jr))E = t(h) (3.93)

Let I' = -h2B(Jr) be a matrix of dimension 2N so that (3.93) becomes

(A +T)E=1(h) (3.94)

and for sufficiently small h, A+I" is a monotone matrix and thus nonsingular (Jain and
Aziz, 1983). Hence

A+T)1 =D=(dy)20
Yihidy =0
E = DL(h) (3.95)

[|E]] =||DL(h)|| = O(h~%)O(h?)
= 0(h5)

which shows that the method is 5t order convergent, that is, with a global error of order
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3.4.7 Implementation of Method

The methods are implemented follows: Using method (3.59), n = 0, solve for the values
of y1 with the aid of Newton’s Method on the sub-interval [xo0,x1], as yois known from
the IVP (3.1). Next, for n = 1, the values of y2is obtained over the sub-interval [x1,x2],
as y1is known from the previous sub-interval. The process is continued for n = 2,..,N -
1 to obtain the numerical solution of (3.1) on the sub-intervals [x2,x3],

[x3,X4],...,[Xn-1,XN]. The details of the implementation is given in Algorithm below.

In what follows in the next section, we shall discuss the MOL for the purpose of

extending the result of this study to IBVPs in PDEs.

Algorithm 1 Block Algorithm for ENIS

1 begin procedureENTER Partitions (a,b,N,h,variables)
2 Forr, =x,_1 +h,n=1,...,N,h = ba

3 Generate block system

4 Solve [Sysytem, variables]
5 Obtain yn

6 end procedure

89



3.5 Extension of Methods to IBVPs

351 Method of Lines ( MOLs )

Using the Method of Lines (MOLs) approach in which for real numbers a,b,c,d, we seek
a solution in the strip rectangle [a,b] x [¢,d] by first fixing the grid in the spatial variable
x; then, approximating this spatial derivative using central difference methods, and
finally solving the resulting system of second order time independent ODEs in the

spatial variable t. We consider the two-dimensional PDE of the form

0%y 0%y dy dy
— + == +plt,z)=— oa)— +r(t,x)y = g(t, x 3.96
5 * g TP, g Fritay =g(ta)  (399)

subject to Dirichlet or Neumann boundary conditions, where y(tx) is the dependent
variable, x and t are the independent or spatial variables and g(tx) is a forcing term.
When r(t,x) =0, (3.96) becomes the two dimensionbal convection diffusion equation.
For p(tx) = q(t,x) = r(tx) =g(tx) = 0, (3.96) becomes the Laplace equation, for p(t,x)
=q(tx) =r(tx) =0, it is the Poisson equation and finally for p(tx) = q(t,x) = g(tx) =0

it is the Helmoltz equation.
Specifically, we discretize the x variable such that with mesh spacings 6t = (c -
d)/M, tm=mébt, m =0,1,..,M. We define ym(t) = u(tmx),y = [y1(x),--..ym(x)]7, gm(t) = g(tmx),

g = 91(x),--.gm(x)]T, and replace the partial derivatives 3—‘;’ and

‘z,f',’ by their corresponding central difference approximations
ay(t?m T) _ 'y(t'm-Jr'l ) T) - y(t-mf'l ) -T) (3.97)
ot 20x

and

02?]“7"-, :1}) o y(tr'n+'l 3 T) o 2:(}(?&,,,,, T) + y(tm—l ) -'1:)
o L (3.98)

m=1,.,M-1. The problem (3.96) then leads to the resulting semi-discrete problem
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Cl?j?’ll

dx? (0t)? 20t

dem - Ym+1 — Qy'rn + Ym—1 o Q'(tm: 'F)ym.irl — Ym—1

*p(tm ) I)

T (:L"m ) :I:) Ym +Q'm.
(3.99)

dx

which can be written in the form

Yo =fxyy%) (3.100)

subject to the boundary conditionsy(c) = yq, y(d) = yar, or y'(c) = yb, ¥'(d) = v
where f(xyy°) = Ay + g, g is a vector of constants, and A is an (M - 1) x (M - 1) matrix

arising from the semi-discretized system (3.99) which is expressed in the form

(3.100).

Chapter 4

NUMERICAL RESULTS AND

DISCUSSION

In this section, we give numerical examples to illustrate the accuracy of the method.
Let y(xn) be the exact solution and y» the approximate solution on the partition mn. We

find the absolute error of the approximate solution as |y(xn) — yn|

4.1 Numerical Examples for IVPs

Example 1. We consider the singular IVP (Jator and Coleman, 2017).
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y—1y'=1 0<z<1

(4.1)
y(0) =1
The analytic solution is given byy(z) = tan = + %) With N = 20.
Example 2. We consider the linear IVP, (Ayinde & Ibijola, 2015).
'—y=2a% 0 <1
e )
y(0) =1

The analytic solution is given by y(x) = -2 - 2x — x2 + 3e%. With N = 10.
Example 3. We consider a linear system of IVP (Yakubu et al., 2018).

@ Y _ [ @ tm@ 2sin(z) Bn@ 2
yh(x) 998y (x) — 999y () 999(cos(z) — sin(x)) ’ By2(0) 1

(4.3)
The exact solution is

yi(x) _ 2e% 4 sin(x) (4.4)

y2(x) 2¢% — cos(z)
Example 4. We consider the following system of first order IVP (Ramos and Popescu,

2018)

y10= =1002y1 + 1000y22, y1(0) = 1
(4.5)
Y20 (x) =y1-y2(1 +y2),y2(0) =1

The exact solution are; y1(x) = e 2%, y2(x) = e™*.

Example 5. We consider a first order nonlinear singular IVP (Method in Kamrul et

al., 2014) ;

Yy =—4 y0)=1, 0<z<1 (46

The exact solution isy = +,1
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Solving the initial value problem, we adopt the same value for the step-size h =

1/12000000

Example 6. We consider a second order nonlinear singular IVP (Method in Kamrul et

al., 2014) ;

y'+ 2y +4(2e" + ef) =0, y(0)=0, ¥y(0)=0, 0<z<1 (47
Decompose (4.7) into two first order initial value problems we have;

Yy =1, y1(0) =0,
A Jz Jl( ) . ) (4.8)
Yy = 2y — 4(2e" + ez) 1(0)=0, 0<a<1

dx

where the exact solutions are y1=-2In(1 + x2) andy, = — D)

Example 7. We consider a system of first order linear singular IVP (Komashynska et

al., 2016) ;

i+ (sin(@) i ) w1+ (s — 3e0s(@)) 12 = ful), (0) =0
yh —In(2? + Dy, + 4sin(e®)ys = fo(x), y2(0) =0

(4.9)
where fi = ((1 + sin(z))z* + 2x)e” + %&':‘;” — 3xcos(z)sin(z), fo = (1 +

4xsin(eX))sin(x) + xcos(x) - x2exIn(x%+ 1), x € [0,2] The exact solution are; y1(x) = x2eXand
y2(x) = xsin(x).

4.2 Numerical Examples for BVPs

Example 8. Consider a linear BVP with Neumann boundary conditions (Siraj-ullslam et al.,

2010).

The analytic solution is given by y(x) = e=2;. With N = 10.
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Example 9. Consider a nonlinear BVP with Neumann boundary conditions (Siraj-ullslam et

al., 2010).

The analytic solution is given byy(z) = —. With N = 10.

Example 10. Consider the following differential equation for the temperature distribution

of the radiation fin of trapezoidal profile (Siraj-ul-Islam et al., 2010).

y" —y —sin (2mx)(—1 —4n?) 2 — 2% + %)
— 6z — §)sin(2nz) —4rcos (2mx) 327 —fx4+3) =0, 0<z<1

y(0) =y(1), ¥'(0) =v'(1)

The analytic solution is given byy(z) = % — $2? + ) sin (27z).

Example 11. We consider the BVP with Neumann boundary conditions (Islam and

Shirin, 2011).

Y +y=-1, 0<z<l1 (4.13)

y'(0) = =22 (1) = (1 — cos (1)) cot (1) — sin (1)

sin (1)

1—cos (1)

The analytic solution is given byy(z) = cos(x) + n() sin(x) — 1. With N = 10.

Example 12. Consider the linear second order boundary value problem (Adeyeye and Omar,
2016).

y'—y=cos(z), 0<zr<l1

y(0) =0, y(1) =1

The analytic solution is given by y(x) = cos(x) — cot(1)sin(x) + 2csc(1)sin(x) = 1. With N =
10.

(4.14)
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Example 13. Consider the nonlinear second order boundary value problem (Islam and Shirin,

2011).
i 1,0 1.0 o
Y+ sy —-1+1.L3.: 1<x<3 (4.15)
y(1) =17, y(3) = %
The analytic solution is given byy(z) = x? % With N = 30.
4.3 Numerical Examples for IBVPs
Example 14. Consider the stiff parabolic equation (Ngwane and Jator, 2014).
Ly oy
' D2 ot (416)

y(0,t) =y(1,t) =0, y(x,0) =sin7xr + sinwrr, w>1
The exact solution is y(x,t) = e ™xtsinmx + e~ @2m2kt sinwmx
Example 15. We consider the Telegraph equation (Jator and Oladejo, 2017):

Py Oy J
d—f?_a—+2w0_?+ﬂ y = misinmr(sinmt + 2cosmt); 0<a <1, 0<t<1

Y(0,6)=0,0sx<1y(x0)=msinmx, 0<x<1y(0,t)=0,0< (4.17)

t<1

The exact solution is y(x,t) = sinmx(sinwmx).

Example 16. We consider the PDE (Biala 2016)'
+ ()tQ = —32m%sin (4nz), = € [0,1]

ot (4.18)
y(£1,t) =y(z,£1) =0, t >0

The exact solution is y(x,t) = sin4mxsin4rrt.

Example 17. We consider the singular hyperbolic differential equation (Jator, 2016)
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9%y _

922

Py _

at2

y(;r: 0) = Jdarctan (({m )

y(x,0) = —

T

€L
4ee V1-—c?

V1—c2(1+e

? A% ]‘i: c? )

sin(y), x € [-3,3]

0<t<l

(4.19)

The exact solution is y(x,t) = 4arctan(sech(x)t), c is the velocity of the solitary wave.

The problem is solved for c = 0.5, At =0.125
Table of Results

4.4

Table 4.1: Numerical Results for Example 1.

X

EXACT

ENIS1

ENIS2

ENIS3

ENIS4

ENIS5

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

0.

0.10033467208

0.20271003550

0.30933624960

0.42279321873

0.54630248984

0.68413680834

0.84228838046

1.02963855705

1.26015821755

1.55740772465

0

0.1002555774

0.2025492223

0.3090801434

0.4224131751

0.5457460467

0.6833100183

0.8410192278

1.0275967012

1.2566639787

1.5509260215

0

0.1003341351

0.2027096847

0.3093369904

0.4227964179

0.5463104790

0.6841539028

0.8423231240

1.0297091017

1.2603065483

1.5577422636

0

0.1003346248

0.2027099349

0.3093360764

0.4227929321

0.5463020081

0.6841359652

0.8422868186

1.0296354487

1.2601514458

1.5573911225

0

0.1003346714

0.2027100276

0.3093362343

0.4227931978

0.5463024633

0.6841367806

0.8422883648

1.0296385875

1.2601584042

1.5574084704

0

0.1003346903

0.2027100262

0.3093362333

0.4227931925

0.5463023153

0.6841366258

0.8422879875

1.0296380068

1.2601553992

1.5574039899

Table 4.2: Error of Methods for Example 1.

ENISK1 ENISK2 ENISK3 ENISK4 ENISK5 PCM SSM RKM
0.0 0 0 0 0 0 0.00 0.00 0.00
0.1 7091E-5 1.65E-6 4.72E-8 6.71E-10 1.83E-8 1.06E-6 1.03E-6 2.15E-8
0.2 1.61E-4 2.44E-6 1.01E-7 7.88E-9 9.23E-9 2.71E-6 2.45E-6 2.80E-8
0.3 2.56E-4 2.63E-6 1.73E-7 1.52E-8 1.63E-8 5.37E-6 4.68E-6 5.21E-7
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0.4

0.5

0.6

0.7

0.8

0.9

1.0

3.80E-4

5.56E-4

8.27E-4

1.30E-3

2.04E-3

3.49E-3

6.48E-3

1.54E-5

5.21E-5

5.90E-5

1.47E-4

4.15E-4

5.21E-4

1.49E-3

2.87E-7

4.82E-7

8.43E-7

1.56E-6

3.12E-6

6.77E-6

1.66E-5

2.09E-8

2.65E-8

2.77E-8

1.56E-8

3.05E-8

1.87E-7

7.46E-7

2.62E-8

1.74E-7

1.82E-7

3.93E-7

5.50E-7

2.82E-6

3.73E-6

1.03E-5

2.13E-5

5.54E-5

2.80E-4

1.02E-2

1.58E-4

4.43E-5

8.71E-6

1.75E-5

4.41E-5

2.14E-4

7.37E-3

1.18E-4

3.22E-5

3.63E-6

2.60E-5

2.91E-4

1.34E-2

1.39E-3
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ENISK1 absolute errors for Example 3.

Table 4.4
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X Y1Approx yiExact y2 Approx Yy2Exact Error1 Error 2
5.0 -0.9457141250 -0.9454482458 0.2968713029 0.2971382487 2.65E-3 2.67E-3
50.0 -0.2625209222 -0.2623756565 0.9648192868 0.9649664445 1.46E-3 1.47E-3

Table 4.5: ENISK2 absolute errors for Example 3.

X Y1Approx yi1Exact y2 Approx Yy2Exact Error1l Error 2
5.0 -0.9454508041 -0.9454485485 0.2971356637 0.2971385548 2.42E-6 2.42E-6
50.0 -0.2623986957 -0.2623755455 0.9649422793 0.9649664545  2.38E-5 2.37E-5

Table 4.6: ENISK3 absolute errors for Example 3.

X y1Approx y1Exact y2 Approx Yy2Exact Error1 Error 2
5.0 -0.9454481741 -0.9454485454 0.2971382870 0.2971384454  2.07E-7 2.08E-7
50.0 -0.2623739956 -0.2623755454 0.9649668935 0.9649665456  8.58E-7 8.65E-7

Table 4.7: ENISK4 absolute errors for Example 3.
X y1Approx yi1Exact y2Approx yz2Exact Errorl Error 2
5.0 -0.9454483785 -0.9454486554 0.2971380815 0.2971385445  2.11E-9 2.09E-9
50.0 -0.26237481171-0.2623755454 0.9649660702 0.9649664515 4.19E-8  4.17E-8
Table 4.8: ENISK5 absolute errors for Example 3.
X Y1 Approx y1Exact y2Approx yz2Exact Error1 Error 2
5.0 -0.9454483808 -0.9454483808 0.2971380792 0.2971380792  2.15E-10 2.17E-10
50.0 -0.26237485419 -0.2623755419 0.9649660279 0.9649660279 4.92E-10 4.97E-10
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Table 4.9: Error of Results for Example 3.

X Error 1 of Method 1  Error 2 of Method 1  Error 1 of Method 2  Error 2 of Method 2
5.0 1.27E-3 1.35E-6 1.19E-3 1.26E-6

50.0 3.70E-5 1.10E-7 3.27E-5 1.02E-7

Table 4.10: Numerical and Analytic solution for Example 4.

X  yiapprox yiexact yzapprox yzexact

0.1 0.81873 0.818731 0.904837 0.904837

0.2 0.67031 0.670319 0.818730 0.818730

0.3 0.54881 0.548811 0.740818 0.740818

0.4 0.44932 0.449329 0.670320 0.670320

0.5 0.36787 0.367879 0.606530 0.606531
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Table 4.12: Maximum error obtained for Example 4.

Max{ys, y2}
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ENISK1 6.49E-11

ENISK2 6.40E-13
ENISK3 8.67E-15
ENISK4 9.16E-18
ENISKS 9.21E-20
BLOCK10SIMP 1.00E-14
BLOCK10 1.00E-15
BLOCK2SIMP 1.00E-6
BLOCK2 1.00E-6

Table 4.12 shows the maximum error of y1and y2, that is, Max{y1, y2}. Here, in Ramos
and Popescu (2018), BLOCK?2 is the 2-step block method, BLOCK2SIMP is the simplest 2-step
block method, BLOCK10 is the 10-step block method, BLOCK10SIMP is the simplest 10-step

block method,

Table 4.13: Exact solution, approximate solution and error for Example 5.

X Yex Yapprox Erk3 Errxa Errks Method in Kamrul et al.
0.00000025 0.99900100 0.99900100 3.4E-4 5.5E-5 3.2E-7 2.2E-4
0.00000075 0.99827094 0.99866081 1.3E-4 4.5E-5 1.7E-7 3.8E-4
0.00000175 0.99736123 0.99764797 1.4E-4 2.5E-5 7.7E-7 2.9E-4
0.00000375 0.99614196 0.99658331 3.3E-4 4.2E-5 3.1E-7 4.4E-4
0.00000775 0.99446306 0.99480680 1.1E-4 1.3E-5 3.4E-7 3.4E-4
0.00001575 0.99212525 0.99263906 1.0E-4 2.9E-5 1.7E-7 5.1E-4

We remark here that our method became superior from k=3 compared to the
method in Kamrul et al. (2014).

Table 4.14: Exact and approximate solution for example 6.

X yiex yapp y2ex y2app

0.01638375 -0.00053678 -0.00053678 -0.06551741 -
0.06551741
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0.03276775 -0.00214630 -0.00214626 -0.13093042 -

0.13093043
0.06553575 -0.00857148 -0.00857084 -0.26102193 -
0.26102237
0.13107175 -0.03406780 -0.03405850 -0.51543198 -
0.51544538
0.26214375 -0.13292212 -0.13281912 -0.98115095 -
0.98150148
0.52428775 -0.48570042 -0.48573794 -1.64498217 -
1.65021644

Table 4.14 shows the exact and approximate solutions for y1and ya.

Table 4.15: Error for Example 6.

X yierks  y2erks  yierks  yzerks  yiKam  y:Kam

0.01638375 2.34E-6 1.11E-6 2.34E-7 4.32E-7 0.0 0.0

0.03276775 4.43E-6 3.42E-6 1.13E-7 1.11E-7 1.86E-3 7.64E-6

0.06553575 4.61E-6 6.54E-6  4.55E-7 4.31E-7 7.47E-3  1.69E-4

0.13107175 2.11E-6 2.28E-6 3.33E-7 4.54E-7 2.73E-2  2.60E-3

0.26214375 8.76E-6 9.88E-6  3.23E-7 3.14E-7 7.75E-2  3.57E-2

0.52428775 1.21E-6 5.67E-6 4.52E-7 5.43E-7 7.72E-3  3.18E-1

yierks and yzerks are the errors obtained with our methods for k=4, while yierks
and yzerks are the errors obtained with our methods for k=5. y1iKam and y2Kam are
the errors obtained in Kamrul et al., (2014) for the solutions y1and yo.

Table 4.16: Error in y1 for Example 7.

X appioth appisth app2oth Errka Errks
0.2 5.76E-14 0 0 0 0
0.6 1.06E-8 3.33E-15 0 0 0
1.0 3.06E-6 1.23E-11 4.44E-16 0 0

14 1.29E4 2.75E-9  1.06E-14 2.22E-17 4.33E-19
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1.8 2.15E-3  1.58E-7 2.06E-12 1.01E-16 3.21E-17
20 7.01E-3 8.66E-7 1.91E-11 0 0
Example
Table 4.17:Erroriny2for 7.

X appioth appaisth app2oth Errka Errks
0.2 1.04E-16 0 0 0 0
0.6 5.44E-13 2.22E-16 0 0 0
1.0 249E-8 7.62E-13 0 0 0
14 1.40E-6 1.65E-9  4.44E-16 0 1.45E-19
1.8 2.83E-5 9.17E-9 7.99E-15 5.61E-17 1.81E-18
20 1.00E-4 494E-8  8.15E-14 5.59E-17 4.67E-17
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Table Numerical Results for Example

4.18: 8.

D¢ Exact ENISk2 ENISk3 ENISk4

0.0 1. 0.9999957355634368  1.0000004790817458 0.999999987761327

0.1  0.9900498337491681  0.9900502643308879  0.9900502993342012  0.9900498156681743
0.2 0.9607894391523232  0.9607940478900681  0.9607898667562876  0.9607894160282915
0.3 0.9139311852712282  0.9139421186157146  0.9139315567243309  0.9139311544522981
0.4 0.8521437889662113  0.8521606179371466  0.8521440941660271  0.8521437510491455
0.5 0.7788007830714049  0.7788224045290519  0.7788010203888239  0.7788007404088794
0.6 0.697676326071031 0.6977026244957398  0.6976765014398049  0.6976762787362764
0.7 0.6126263941844161  0.6126540151529665  0.6126265191690115 0.6126263475128291
0.8 0.5272924240430485  0.5273216960312714  0.5272925133569318  0.5272923773596764
0.9 0.4448580662229411  0.4448855177781156  0.4448581352258902  0.4448580242025574
1.0 0.36787944117144233 0.36790577970620997 0.36787950381074214 0.36787940246618767

ENISk2 the derived method for k = 2, ENISk3 the derived method for k = 3 and ENISk4 the derived

method for k = 4.

Table 4.19: Maximum Errors for Example 8.

N ENISk2 ENISk3 ENISk4 Siraj-ul-Islam et al., 2010
16  4.43096E-6  1.98605E-5 (N=15) 1.14593E-7 2.9051E-4
32 2.76803E-7  1.21303E-6 (N=30) 1.37876E-8 7.4812E-5
64 1.72171E-8  1.11162E-7 (N=63) 3.63628E-9 1.8956E-5
128 2.30748E-8 4.08719E-7 (N=126) 5.97405E-10 4.7694E-6
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Table Numerical Results for Example
In the ENIS, the number of subinterval N must be a multiple of the value of the

step number (k). Since for ENISk3 N is not divisible by k, the following values (indicated

in parenthesis in the table) N = 15,30,63,126 are used for the subinterval of

integrations. From the above table, our method become superior over the method in

Siraj-ul-Islam et al. (2010), for k = 2,3,4.

4.20: 9.

Exact

ENISk2

ENISk3

ENISk4

0.0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1.

0.9090909090909091

0.8333333333333334

0.7692307692307693

0.7142857142857143

0.6666666666666666

0.6250000000000000

0.5882352941176471

0.5555555555555556

0.5263157894736842

0.5000000000000000

0.9999402011691245

0.9090496649624987

0.8333100676099695

0.7692143335232808

0.7142759744800682

0.6666598221954336

0.6249960303619259

0.5882327044828676

0.5555543581513043

0.5263153333741466

0.5000003071493399

0.9999991208411336

0.9090900540030349

0.8333325308215846

0.7692300245383745

0.7142850231684167

0.6666660212562535

0.6249993913355142

0.5882347132176327

0.5555549938367671

0.5263152388759219

0.4999994529819388

0.9999998678883298

0.9090908184382793

0.8333332812407208

0.7692307294157241

0.7142856852211318

0.6666666419174813

0.6249999789412057

0.5882352747808625

0.5555555377157348

0.5263157725162025

0.4999999837357609

ENISk2 the derived method for k = 2, ENISk3 the derived method for k = 3 and ENISk4 the derived

method for k = 4.

Table 4.21: Maximum Errors for Example 9.

N ENISk2

ENISk3

ENISk4

Siraj-ul-Islam et al., 2010
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Table Numerical Results for Example

16 9.56116E-6

32 6.11904E-7

64  3.85091E-8

128 7.93903E-9

1.35429E-5 (N=15) 4.72952E-7 5.9492E-4
8.79159E-7 (N=30) 2.86368E-8 1.5545E-4
1.49798E-7 (N=60) 2.53342E-7 3.9757E-5
1.88489E-6 (N=126)  3.89912E-8 1.0055E-5

In the ENIS, the number of subinterval N must be a multiple of the value of the

step number (k). Since for ENISk3 N is not divisible by k, the following values (indicated

in parenthesis in the table) N = 15,30,63,126 are used for the subinterval of

integrations. From the above table, our method become superior over the method in

Siraj-ul-Islam et al., (2010), for k = 2,3,4.

4.22: 10.

X Exact ENISk2 ENISk3 ENISk4

0. 0. 0.00001472873464832  0.00001481445564429 4.296418700233004E-6
0.1 0.01234349029814193 0.01235634918728121 0.01235822196278201 0.012347875473090
0.2 0.02028920568096327 0.02030157420680915 0.02030354139055667 0.020293704092649
0.3 0.00665739561406607 0.00667049650328752 0.00667108422270768 0.006662308926448
0.4 -0.0094045640366795  -0.0093905677313092  -0.0093914156916137 -0.00939895610169
0.5 0.00000000000000000 0.00001408777339147 0.00001306668469782 5.813275864601304E-6
0.6 0.03761825614671828 0.03763157239416460 0.03763176814287214 0.037624148269740
0.7 0.07323135175472682  0.07324374197808987 0.07324556117711475 0.073237515963318
0.8 0.07101221988337147 0.07102461780516127 0.07102696229037027 0.071018912458609
0.9 0.02997704786691613 0.02999108006590673  0.02999193011581659 0.029984066623221
1.  0.00000000000000000 0.000016686061540131 0.00001481665939768 7.557379210815681E-6

ENISk2 the derived method for k = 2, ENISk3 the derived method for k = 3 and ENISk4 the derived

method for k = 4.
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Table Numerical Results for Example
Table 4.23: Maximum Errors for Example 10.

N ENISk2 ENISk3 ENISk4 Siraj-ul-Islam et al., 2010

16 1.64071E-3  4.16905E-3 (N=15) 2.18317E-4 -

32 9.99569E-5  2.42177E-4 (N=30) 3.11129E-6 5.1818E-3
64 6.2073E-6 1.48822E-5 (N=60) 1.27741E-6 1.3008E-3
128 3.86763E-7 1.13562E-6 (N=126) 1.07049E-6 3.2608E-4

As stated in the previous two examples, the number of subinterval N must be a
multiple of the value of the step number (k) in the ENIS. Since for ENISk3 N is not
divisible by k, the following values (indicated in parenthesis in the table) N =

15,30,63,126 are used for the subinterval of integrations.

From the above table, our method become superior over the method in Siraj-ul-Islam

et al. (2010), for k= 2,3,4.
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for Example

Table 4.24: Numerical Solution 11.

Exact

ENISk2

ENISk3

ENISk4

0.0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1.0

0.000000000000000

0.049543409361800

0.088600127910183

0.116779913823847

0.133801203996942

0.139493927324549

0.133801203996942

0.116779913823847

0.088600127910183

0.049543409361800

2.342968382000441 E-6

0.049541205071352

0.088598075590590

0.116778082056380

0.133799601793022

0.139492610277504

0.133800175786305

0.116779214239142

0.088599754650427

0.049543384427101

0.000000000000000  3.149078593803995E-7

1.633472747794000E-8  9.220233027749154E-10

0.049543392935187

0.088600111248742

0.116779896855429

0.133801186667072

0.139493909614661

0.133801185965773

0.116779895517970

0.088600109339576

0.049543390611437

1.882405014677961E-8

0.049543410441439

0.088600129458214

0.116779915211972

0.133801205686380

0.139493929459764

0.133801206678424

0.116779916700439

0.088600131179990

0.049543413010573

3.694897066707002E-9

ENISk2 the derived method for k = 2, ENISk3 the derived method for k = 3 and ENISk4 the derived

method for k = 4.
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From the above table, ENISk2 (k = 2) is very competitive with methods in Islam and

Shirin (2011). Our method become superior over the method theirs for k = 3 and

4.

Table 4.26: Numerical Solutions for Example 12.

Exact

ENISk2

ENISk3

ENISk4

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1.0

0.059343034025940

0.110134207176555

0.151024408862577

0.180475345562389

0.196734670143683

0.197807972378616

0.181427245522797

0.145015397537614

0.085646323767636

0

0

0.059343034022515

0.110134207170058

0.151024408853471

0.180475345551271

0.196734670131303

0.197807972365905

0.181427245510896

0.145015397527905

0.085646323761786

0

0

0.059343087672044

0.110134310516337

0.151024555908033

0.180475527849810

0.196734876217296

0.197808187186196

0.181427449709712

0.145015566623854

0.085646427190123

0

0

0.059343033921229

0.110134206998409

0.151024408745217

0.180475345616859

0.196734670289925

0.197807973070783

0.181427246011405

0.145015399115091

0.085646324668269

0

ENISk2 the derived method for k = 2, ENISk3 the derived method for k = 3 and ENISk4 the derived

method for k = 4.
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Table 4.30: Approximate and Numerical solution for Example 14 w=10, t=0.2, k=1.

X

Approx

Exact

Error

0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9

0.04292590084900628
0.08164991544057418
0.11238146742040642
0.13211233836140385
0.13891113314280026
0.13211233836140385
0.11238146742040642
0.08164991544057419
0.04292590084900629

0.0429259008574795
0.0816499154566912
0.1123814674425896
0.1321123383874817
0.1389111331702202
0.1321123383874817
0.1123814674425896
0.0816499154566912
0.0429259008574795

8.4732E-12
1.6117E-11
2.2183E-11
2.6077E-11
2.7419E-11
2.6077E-11
2.2183E-11
1.6117E-11
8.4732E-12

Table 4.31: Approximate and Numerical solution for Example 14 w=10, t=0.4, k=1.

X

Approx

Exact

Error

0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9

0.00596288552811095
0.01134208227486398
0.01561103698361934
0.01835187462392765
0.01929630291101678
0.01835187462392765
0.01561103698361934
0.01134208227486398
0.00596288552811095

0.00596289
0.0113420822793416
0.0156110369897823
0.0183518746311726
0.0192963029186346
0.0183518746311726
0.0156110369897823
0.0113420822793416
0.0059628855304650

2.3540E-12
4.4776E-12
6.1629E-12
7.2450E-12
7.6178E-12
7.2450E-12
6.1629E-12
4.4776E-12
2.3540E-12

Table 4.32: Approximate and Numerical solution for Example 14 w=10, t=0.6, k=1.

Approx

Exact

Error

0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8

0.0008283111855106
0.0015755415010002
0.0021685468369287
0.0025492796993043
0.0026804713028360
0.0025492796993043
0.0021685468369287
0.0015755415010002

0.00082831118600120
0.00157554150193322
0.00216854683821288
0.00254927970081401
0.00268047130442336
0.00254927970081401
0.00216854683821288
0.00157554150193322
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4.9050E-13
9.3299E-13
1.2841E-12
1.5096E-12
1.5873E-12
1.5096E-12
1.2841E-12
9.3299E-13



Table 4.33: Approximate and Numerical solution for Example 14 w=10, t=0.8, k=1.

Table 4.34: Approximate and Numerical solution for Example 14 w=10, t=1, k=1.

Table 4.35: Comparison of maximum errors obtained in different methods for Example

14 att=1.

0.9 0.0008283111855106 0.00082831118600120 4.9050E-13

X

Approx

Exact

Error

0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9

0.0001150616453741
0.0002188602552174
0.0003012352983910
0.0003541233317283
0.0003723473060337
0.0003541233317283
0.0003012352983910
0.0002188602552174
0.0001150616453741

0.00011506164546499
0.00021886025539025
0.00030123529862885
0.00035412333200791
0.00037234730632770
0.00035412333200791
0.00030123529862885
0.00021886025539025
0.00011506164546499

9.0848E-14
1.7280E-13
2.3784E-13
2.7960E-13
2.9399E-13
2.7960E-13
2.3784E-13
1.7280E-13
9.0848E-14

X

Approx

Exact

Error

0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9

0.00003196668708039
0.00006080425210435
0.00008368987328420
0.00009838334656536
0.00010344637240762
0.00009838334656536
0.00008368987328420
0.00006080425210435
0.00003196668708039

0.00003196668714980
0.00006080425223638
0.00008368987346592
0.00009838334677898
0.00010344637263223
0.00009838334677898
0.00008368987346592
0.00006080425223638
0.00003196668714980

6.9409E-14
1.3202E-13
1.8171E-13
2.1362E-13
2.2461E-13
2.1362E-13
1.8171E-13
1.3202E-13
6.9409E-14

w HENIS BHSDA Method in Cash, (1981)
1 1.01E-13 2.64E-6 3.7E-5
2 1.02E-13 1.32E-6 1.8E-5
3  1.01E-13 1.32E-6 1.9E-5
5 1.04E-13 1.32E-6 1.8E-5
10 1.30E-13 1.32E-6 1.8E-5
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Table 4.36: Approximate and Numerical solution for Example 15, t=0.2.

X

Approx

Exact

Error

0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9

0.1816356320013402
0.3454915028125263
0.4755282581475768
0.5590169943749475
0.5877852522924731
0.5590169943749475
0.4755282581475768
0.3454915028125264
0.1816356320013402

0.1816356320010075
0.3454915028119288
0.4755282581468399
0.5590169943742358
0.5877852522919649
0.5590169943748063
0.4755282581479252
0.3454915028134226
0.1816356320027636

3.3265R-13
5.9746E-13
7.3685E-13
7.1165E-13
5.0826E-13
1.4110E-13
3.4844E-13
8.9628E-13
1.4233E-12

Table 4.37: Approximate and Numerical solution for Example 15, t=0.4.

X

Approx

Exact

Error

0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9

0.293892626146236
0.559016994374947
0.769420884293813
0.904508497187473
0.951056516295153
0.904508497187473
0.769420884293813
0.559016994374947
0.293892626146236

0.2938926261458324
0.5590169943742358
0.7694208842929724
0.9045084971867351
0.9510565162947653
0.9045084971876584
0.7694208842947284
0.5590169943766530
0.2938926261486738

4.0412E-13
7.1165E-13
8.4099E-13
7.3852E-13
3.8824E-13
1.8474E-13
9.1504E-13
1.7054E-12
2.4371E-12

Table 4.38: Approximate and Numerical solution for Example 15, t=0.6.

Approx

Exact

Error

0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8

0.2938926261462362
0.5590169943749475
0.7694208842938134
0.9045084971874737
0.9510565162951536
0.9045084971874737
0.7694208842938134
0.5590169943749476

0.2938926261461324
0.5590169943748065
0.7694208842937578
0.9045084971876585
0.9510565162957361
0.9045084971885816
0.7694208842955138
0.5590169943772235
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1.0419E-13
1.4099E-13
5.5622E-14
1.8474E-13
5.8242E-13
1.1078E-12
1.7004E-12
2.2759E-12



0.9 0.2938926261462367 0.2938926261489737 2.7370E-12

Table 4.39: Approximate and Numerical solution for Example 15, t=0.8.

Error
4.5266E-13

Exact
0.1816356320017929

X Approx
0.1 0.181635632001340

0.2 0.345491502812526 0.3454915028134226 8.9628E-13

0.3 0.475528258147576 0.4755282581488961 1.3192E-12

0.4 0.559016994374947 0.5590169943766530 1.7054E-12

0.5 0.587785252292473 0.5877852522945064 2.0331E-12

0.6 0.559016994374947 0.5590169943772235 2.2759E-12

0.7 0.475528258147576 0.4755282581499814 2.4045E-12

0.8 0.345491502812526 0.3454915028149165 2.3900E-12

0.9 0.181635632001340 0.1816356320035489 2.2086E-12

Table 4.40: Approximate and Numerical solution for Example 2, t=1.

Approx

Exact

Error

0.1
0.2
0.3
0.4
0.5
0.6
0.7

0.09549150281252629
0.18163563200134025
0.25000000000000006
0.29389262614623657
0.30901699437494745
0.29389262614623657
0.25000000000000006

2att=1and x € [0,100]

BHM is Block Hybrid Method of Order 11 in Jator and Oladejo 2017 for N = 646.

0.09549150281223548
0.18163563200115658
0.25000000000011511
0.29389262614678545
0.30901699437478521
0.29389262614632658
0.25000000000011111
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2.90809 E-13
1.83686 E-13
1.15074E-13
5.48894 E - 13
1.62259E-13
9.00390 E - 14
1.11077E-13



0.8 0.18163563200134028 0.18163563200178985 4.49557E-13
0.9 0.09549150281252632 0.09549150281212878 3.97529E-13

Table 4.41: Comparison of maximum errors obtained in different methods for Example

X HENIS BHM

10.0 3.5x10* 1.4x1013

20.0 3.2x10°13 1.0 x 1012

30.0 48x10"13 21x1012

40.0 7.5x1013 25x10-12

50.0 1.2x10"1 4.1x1014

60.0 15x101* 2.8x10-12

70.0 24x10"14 1.8x10712

80.0 3.8x10-1 7.9x1014

90.0 14x101* 14x10-12

100.0 1.9x101+ 1.7 x10-12

Table 4.42: Approximate and Numerical solution for Example 16, t=0.2.

X Approx Exact Error
-1.0 2.879317311223987E-16  7.386367012937644E-12  7.3860E-12

-0.8 0.345491502812526 0.345491502808941 3.5851E-12
-0.6 -0.559016994374940 -0.5590169943755117 5.6410E-13
-0.4 0.559016994374947 0.5590169943777943 2.8467E-12
-0.2 -0.345491502812526 -0.34549150281491675 2.3901E-12

0 4.100235330129947E-16  4.1002353301400294E-16  1.0082E-27

0.2 0.345491502812526 0.3454915028149161 2.3900E-12
0.4 -0.559016994374948 -0.559016994377794 2.8466E-12
0.6 0.559016994374947 0.5590169943755118 5.6410E-13
0.8 -0.345491502812526 -0.345491502808941 3.5851E-12

1.0 -2.879317311223987E-16 -7.386367012937644E-12 7.3860E-12
for N=10,x€[-1,1]

Table 4.43: Approximate and Numerical solution for Example 16, t=0.4.
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X Approx Exact Error
-1.0 -4.65883327395637E-16  -1.19513928802923E-11  1.1950E-11
-0.8  -0.5590169943749471 -0.5590169943681256  6.8215E-12
-0.6 0.9045084971874737 0.9045084971867351 7.3863E-13
-0.4  -0.9045084971874738 -0.9045084971904285  2.9546E-12
-0.2 0.5590169943749479 0.5590169943777945 2.8466E-12

0  -6.63432012602339E-16  -6.63432012602759E-16  4.2006E-28
0.2 -0.5590169943749468 -0.5590169943777934  2.8466E-12
0.4 0.9045084971874735 0.9045084971904279 2.9544E-12
0.6 -0.904508497187474 -0.9045084971867352  7.3874E-13
0.8 0.5590169943749471 0.5590169943681256 6.8215E-12
1.0 4.65883327395637E-16  1.195139288029232E-11 1.1950E-11

for N=10,x€[-1,1]

Table 4.44: Approximate and Numerical solution for Example 16, t=0.6.

X Approx Exact Error
-1.0 4.658833273956369E-16 1.1951392880243522E-11 1.1950E-11
-0.8 0.5590169943749471 0.5590169943658431 9.1040E-12
-0.6 -0.9045084971874736 -0.9045084971830418 4.4317E-12
-04 0.9045084971874737 0.9045084971867352 7.3852E-13
-0.2 -0.5590169943749478 -0.559016994375512 5.6421E-13

0 6.634320126023398E-16  6.634320126000511E-16  2.2886E-27
0.2 0.5590169943749468 0.5590169943755109 5.6410E-13
0.4 -0.9045084971874734 -0.9045084971867348 7.3863E-13
0.6 0.9045084971874738 0.904508497183042 4.4317E-12
0.8 -0.5590169943749471 -0.5590169943658431 9.1040E-12
1.0 -4.65883327395636E-16 -1.195139288024352E-11  1.1950E-11

for N=10,x€[-1,1]

Table 4.45: Approximate and Numerical solution for Example 16, t=0.8.

X Approx Exact Error
-1.0 -2.879317311223985E-16 -7.38636701280989E-12  7.3860E-12
-0.8 -0.3454915028125259 -0.3454915028029655 9.5604E-12
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-0.6
-0.4
-0.2
0
0.2
0.4
0.6
0.8
1.0

0.5590169943749471
-0.5590169943749471
0.3454915028125264
-4.10023533012994E-16
-0.3454915028125257
0.559016994374947
-0.5590169943749472
0.3454915028125259
2.879317311223985E-16

0.5590169943658431
-0.5590169943681257
0.3454915028089412
-4.10023533006911E-16
-0.345492
0.5590169943681254
-0.5590169943658432
0.3454915028029655
7.386367012809891E-12

9.1040E-12
6.8214E-12
3.5851E-12
6.0831E-27
3.5851E-12
6.8216E-12
9.1040E-12
9.5604E-12
7.3860E-12

for N=10,x€[-1,1]
Table 4.46: Approximate and Numerical solution for Example 16, t=1

X Approx Exact Error
-1.0 4.6588332785E-16 4.658833278E-16 0.

-0.8  0.559016125 0.559016994 8.68E-7
-0.6  -0.904508478 -0.904508497 1.86E-8
-0.4 0.904508497 0.904508497 3.54E-10
-0.2 -0.559016954 -0.559016994 4.02E-8

0 6.634320126E-16

0.2 0.559016912
0.4  -0.904508437
0.6  0.904508435
0.8 -0.559016931
1.0 -4.658833273E-16

6.634320126E-16 0.

0.559016994 8.17E-8
-0.904508497 5.93E-8
0.904508497 6.14E-8
-0.559016994 6.25E-8

-4.658833273E-16 0.

for N=10,x€[-1,1]

Table 4.47: Comparison of maximum errors obtained in different methods for Example

leatt=1
N HENIS Il error CPUTime BVM Ixerror CPUTime BUM Ixerror CPU Time
16 8.852E-8 0.124 9.662E-0 0.483 1.251E-1 0.531
32 5.455E-8 0.865 2.582E-2 1.235 2.578E-2 1.031
64 1.154E-8 2.458 6.433E-3 5.358 6.459E-3 5.516
128 4.128E-8 12.788 1.607E-3 43.641 1.607E-3 46.923
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256

3.254E-9

41.485

2.000E-0

512.843

4.016E-4

532.657

Table 4.48: Approximate and Numerical solution for Example 17, t=0.2

Approx

Exact

Error

0.125
0.25
0.375
0.5
0.625
0.75
0.875
1.0

0.789582239399523
0.783609723493636
0.766127054955597
0.738365336623264
0.702153117867834
0.659648113504815
0.613065771983594
0.564457997772449
0.515569228077945

0.789582239399523
0.783609723612349
0.766127055413306
0.738365337593123
0.702153119457096
0.659648115750088
0.613065774858484
0.564458001203073
0.515569231961146

0.
1.1871E-10
4.5770E-10
9.6985E-10
1.5892E-9
2.2452E-9
2.8748E-9
3.4306E-9
3.8832E-9

Table 4.49: Approximate and Numerical solution for Example 17, t=0.4

Approx

Exact

Error

0.125
0.25
0.375
0.5
0.625
0.75
0.875
1.0

1.522025508449459
1.511307909959082
1.479841066755971
1.429587394767977
1.363520898111824
1.285250828272383
1.198611208348374
1.107290730563408
1.014555643941174

1.522025508449459
1.511307910172274
1.479841067581628
1.429587396529648
1.363520901023905
1.285250832427022
1.198611213722394
1.107290737040291
1.014555651340818

0.
2.1319E-10
8.2565E-10
1.7616E-9
2.9120E-9
4.1546E-9
5.3740E-9
6.4768E-9
7.3996E-9

Table 4.50: Approximate and Numerical solution for Example 17, t=0.6

Approx

Exact

Error

0.125
0.25
0.375
0.5
0.625
0.75

2.161678001082336
2.147952279614072
2.107497952728263
2.042412107130567
1.955959481252558
1.852254909499083
1.735876601604514

2.161678001082336
2.147952279887370
2.107497953792780
2.042412109422456
1.955959485085221
1.852254915040219
1.735876608873773
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0.
2.7329E-10
1.0645E-9
2.2918E-9
3.8326E-9
5.5411E-9
7.2692E-9



0.875 1.611465635076303 1.611465643962000 8.8856E-9
1.0 1.483369449653304 1.483369459942914 1.0289E-8

Table 4.51: Approximate and Numerical solution for Example 17, t=0.8

X Approx Exact Error
0. 2.698963768894211 2.69896 0.

0.125 2.683772541689999 2.68377 3.0277E-10
0.25 2.638826424147494 2.63883 1.1861E-9
0.375 2.565973378950783 2.56597 2.5771E-9
0.5 2.468174107556518 2.46817 4.3616E-9
0.625 2.349315152325619 2.34932 6.3956E-9
0.75 2.213943573491044 2.21394 8.5206E-9
0.875 2.066940834773645 2.06694 1.0582E-8
1.0 1.913172971874078 1.91317 1.2447E-8

Table 4.52: Comparison of maximum errors obtained in different methods for Example
17.

X HENIS SBVM Exact SBVM Err HENIS Err

0.125 0.121956  0.121956  0.121956 1.30 x10-7 5.15x10-?

0.25 0.113469  0.113469  0.113469  2.94x10-7 2.65x10-9

0.375 0.105572  0.105573  0.105572  4.51x10-7 8.56x10-°

0.5 0.0982249 0.0982256 0.0982249 6.49x10-7 3.25 x10-°

0.625 0.0913884 0.0913892 0.0913884 8.41x10-7 1.38x10-°

0.75 0.0850273 0.0850284 0.0850273 1.03x10-¢ 1.54x10-°

0.875 0.0791088 0.0791101 0.0791088 1.25x10-¢ 1.11 x10-°

1.00 0.0736021 0.0736035 0.0736021 1.44x10-¢ 2.29%x10-°

4.5 Results and Discussion

Table 4.1 shows the exact and approximate solutions for different methods for
Example 1. In Table 4.2 NSDM is nonlinear one-step second derivative method with a
variable step-size implementation based on continued fractions for the numerical

solution of singular initial value problems (IVPs) in Jator and Colman 2017. The method
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was implemented in Predictor-Corrector Mode (PCM) and Self-Starting Mode (SSM).
Where RKM is the Runge-Kutta Method for the same problem. It can be clearly seen
that our method compares favourably with k = 2. This shows the superiority of our

method for k=3 to 5.

Table 4.3 shows the approximate and exact solutions for example 2. It also shows
the errors for different methods and that of Ayinde & lIbijola (2015). The proposed
method is superior over the method of Ayinde & Ibijola (2015), for k = 2,3,4,5.

Table 4.4-4.8 show the the approximate, exact solutions and errors for the methods

ENISK1 to ENISKS. Table 4.9 show the errors in the method of Yakubu et al.. It is remarked
that the proposed method with k = 2 is very competitive with both methods of Yakubu et
al.. The proposed method becomes superior for k = 3 to k = 5. Hence, this shows the
superiority of our methods in terms of the errors obtained.

Table 4.10 shows the exact and approximate solution of Example 4. Table 4.11
shows the error obtained for different methods. Table 4.12 shows the maximum error

of y1and y2, that is, Max{y1, y2}.

Here, in Ramos and Popescu (2018), BLOCK2 is the 2-step block method, BLOCK2SIMP is the
simplest 2-step block method, BLOCK10 is the 10-step block method, BLOCK10SIMP is the
simplest 10-step block method. The proposed method performed better than the methods

in Ramos and Popescu (2018).
Table 4.15 shows the exact and approximate solutions for y1and ya.

For Table 4.14, it can be seen that our method become superior for k=4 and 5 when

compared to the method in Kamrul et al., (2014).

Table 4.16 shows the comparison of errors obtained in our method for k = 4,5
respectively with the error for 10t, 15t, and 20-order approximations of y1 as

illustrated in Komashynska et al. (2016). Similarly, Table 4.17 shows the comparison of
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errors obtained in our method for k = 4,5 respectively with the error for 10th, 15th,

and 20th-order approximations of y2 as illustrated in Komashynska et al, (2016).

The proposed method for k=4 and 5 is superior to the methods of Komashynska et al.,

(2016) when the errors obtained are compared in Tables 4.16 and 4.17.

Table 4.18 shows the exact and numerical solutions for Example 8. In Table 4.19
for the ENIS, the number of subinterval N must be a multiple of the value of the step
number (k). Since for ENISk3 N is not divisible by k, the following values (indicated in
parenthesis in the table) N=15,30,63,126 are used for the subinterval of integrations.
The proposed method is superior over the method in Siraj-ul-Islam et al. (2010), for k
=2,3,4.

Similarly, Tables 4.20 and 4.22 shows the exact and numerical solutions for
Example 9 and Example 10 respectively. Tables 4.21 and 4.23 shows that the proposed

method is superior over the method in Siraj-ul-Islam et al. (2010), for k = 2,3,4.

Table 4.24 shows the exact and numerical solutions for Example 9. Table 4.25 shows

the comparison of the proposed method and the methods in Islam and Shirin (2011).
From Table 4.25, ENISk2 (k = 2) is very competitive with methods in Islam and Shirin

(2011). The proposed method become superior over the methods in Islam and Shirin (2011)

for k=3 and 4.

Table 4.26 shows the exact and numerical solutions for Example 12. Table 4.27
shows the comparison of the proposed methods and those in Majid et al. (2013) and
Adeyeye and Omar (2016). It clearly shows that the proposed methods performed

better in terms of the errors obtained.

Table 4.28 shows the exact and numerical solutions for Example 13. Table 4.29

shows the comparison of the proposed method and the methods in Islam and Shirin
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(2011). Method Il in Islam and Shirin (2011) is highly competitive with the proposed

methods for k = 3 and superior for k = 4.

Table 4.30 shows the exact and numerical solutions for Example 14. Table 4.31
shows the comparison of the proposed methods and the methods in Ngwane and Jator
2014. The HENIS perform excellently when applied to this problem. Tables 4.32-4.35,

displayed the results for k = 1 values for w and t.

Table 4.36 shows the exact and numerical solutions for Example 15. Table 4.37
shows the comparison of the proposed methods and Block Hybrid Method of Order 11
inJator and King 2018. Tables 4.38-4.41, displayed the results for values of t. The HENIS

perform excellently for this problem.

Table 4.42 shows the exact and numerical solutions for Example 16 for N =10 (N is
the number of subintervals). Table 4.43 shows the comparison of the proposed methods
and the Method in Biala (2016) for N = 16,32,64,128,256. Tables 4.44-

4.47, displayed the results for values of t. The CPU Time was also compared. The
proposed methods performed excellently in terms of the Ilw-norm and the

computation time for this problem.

Table 4.48 shows the exact and numerical solutions for Example 17 at the grid x =
1/8(1/8)1. The table also shows the comparison between the proposed method and

the method in Jator 2016. Tables 4.49-4.52, displayed the results for values of t.
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Chapter 5

CONCLUDING REMARKS

5.1 Summary

In this thesis, new classes of Exponentially-fitted Numerical Integration Schemes ( ENIS
) for solving first order Initial value problems and Second order boundary value
problems in ODEs were developed. Also a class of Hybrid Exponentially-fitted
Numerical Integration Schemes (HENIS) for solving second order Initial-boundary value
problems in PDEs were developed. Exponential term was fitted into a power series
which serves as the basis function in the the trial solutions. The technique of
collocation was employed to derive the continuous schemes. These schemes were
then assembled in block form and were applied simultenously to solve some test
problems. The block form of the schemes are self-starting, and as such avoid the need
for predictors. The Method of Lines was applied to convert the second order PDEs into
system of second order ODEs before applying the derived schemes to solve the
problems numerically. The proposed schemes are robust as they have wide scope of
application including nonlinear as well as stiff and oscillatory problems. The schemes
were developed with the aid of Mathematica 8.0 package. The tables of results show

that the developed schemes can be adopted for solving such problems.

5.2 Conclusion

The development of some numerical schemes of exponentially-fitted form has been

proposed in this work. This was developed via the interpolation and collocation
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techniques exponential function was incorporated into power series function which in
whole constitutes the trial solution that was adopted in the development process. The
methods were effectively illustrated with many problems characterized by certain
peculiarities and the results obtained were accurate. The analysis of the new methods
showed that they all satisfy the desirable properties of numerical methods for solution

of ODEs, namely, consistency, zero-stability, continuity and convergence.

5.3 Contribution to Knowledge

The following contributions are made to the body of knowledge;

(i) development of k-classes of continuous exponentially-fitted numerical integration

schemes (ENIS) for direct solution of first order IVPs;

(ii)development of k-classes of continuous exponentially-fitted numerical integration

schemes (ENIS) for direct solution of second order BVPs;

(iii) development of 2-step continuous hybrid exponentially-fitted numerical integration

schemes (HENIS) for solution of second order IBVPs via the method of lines;
(iv) the derived methods were self-starting, consistent, zero-stable and convergent;
(v) the proposed scheme have a wide scope of application; and

(vi) the schemes perform better, in terms of accuracy than existing methods in literature.
5.4 Recommendation

The method proposed in this thesis have been confirmed to perform better in terms
of accuracy than existing methods. They are therefore recommended for solution of

first order IVPs, second order BVPs and second order IBVPs.
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5.5 Suggestion for Further Work

In the course of this work, only one exponential function was fitted into the power
series which serves as the basis function for the trial solution. It is hereby suggested
that more exponential terms can be considered for fitting. Further more, other form
of basis functions other than power series where the exponential function is to be

fitted may also be considered. This in a way may improve this work.
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Appendices

Appendix | Computer Program for ENIS for solving first and

second order ODEs and PDE

Code for implementation of ENIS for First Order IVPs and Non-Hybrid ENIS for Second Order BVPs and
Second Order IBVPs

a=ini;b=fin;m=numbersteps;

h=(b-a)/m *stepsize*; x, =inivalx;y, =inivaly; w=1 ;
SystemOfEgs=Maping[x, Range[l,m]];

YVec =:=Maping[Y, Range[0,m]];

YpVec = i= Maping[Yp, Range[l,m]]; ***forthecase

ofsecondorder**__ ***therangeisadjustedforbvp***

YpdeVec = 1= Maping[Yp, Range[l,m]]; ***forthecase
ofsecondorderpde**__ ***therangeisadjustedforibvp***
skk kk kok kok skk kok ok skok sk ok kok skok kok skok kok kok kok kk kok kok skk ok kok skk kok kk kk kk kk k%

*%  kk  ckk o ckk o kk o cksk o kk o kk o kk kk kk kk kk o kk fn

:=(x%n,yn); ¥***inserttheproblemtobesolved*** £ =

Maping[f, Range[0,m]];

ek ckeok ckok ok skok skok skok dkok dkok kR dkok dkok ckok ckok ckok ckok ckok skok skok skok ok dkok dkk ckk ckok ckok skok skok kok kok

sk ko ok kok sk kok skk kok kk kk kok kk kok kk

This the Derived Block Method

BlockMethod={};
Eqns=Table[BlockMethod,{i,0,m}]//Flatten;

Length[Egns]

Variables



YInitVecSol=YVec;
128

Length[YInitVecSol]

MakeGuessPair[p_]:={p, 1}

InitialGuesses =Map[MakeGuessPair,YInitVecSol]; sol=FindRoot[Egns,InitialGuesses];

Appendix | Computer Program for ENIS for solving first and

second order ODEs and PDE

Output of solutions in the table form

q0=Tablely; ,{i,0,m}]//Flatten;

Exact Solution

YExact[x_]:=Tan[x];

YPExact[x_]:=YExact'[x];

UVectors=Table[YExact[x],{i, 0,m}]//Flatten;
Error=Abs[val];

Max|[Error]

RESULT=Table[{i,1,m+1}];

Prepend[RESULT,{"x", "yapprox", "yExact" , "yError"}]//TableForm
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