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Introduction

Fractional-order partial differential equations which are generalizations of the integer-
order partial differential equations are increasingly being used to model many physical
phenomena. Examples of such physical phenomenal occur in fluid mechanics,
viscoelasticity, biology, physics, finance, engineering and other areas of science.
Consequently, considerable attention has been given to the solution of various types of
fractional differential equations, including the fractional-order partial differential
equations (see Agarwal et. al 2010).Considerable attention has been paid to developing
accurate and efficient methods of solving fractional partial differential equations
(FPDESs). Recently, some approximate methods such as Adomian Decom position Method
(ADM), Homotopy Perturbation Method (HPM), Variational Iteration Method (VIM),
Homotopy Analysis Method (HAM), Fractional Complex Transform (FCT) and Wavelets
Method have been used to find an analytical approximation to partial differential
equations. The Variational Iteration Method (VIM) which was first proposed by He,
(1999) has been shown to be very efficient for handling a wide class of physical
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problems. As early as 1998, the Variational Iteration Method was found to be an effective
tool for fractional calculus ( He, 2012 ), thereafter, the method has been routinely used to
solve various fractional differential equations ( He, 2012 ), for many years.

A modification called fractional VIM was carried by WU (2011) and called Fractional
Variational Iteration Method (FVIM) to solve fractional differential equations. In the last
decades, several methods have been used to solve fractional differential equations,
fractional partial differential equations, fractional integro-differential equations and
dynamic systems containing fractional derivatives, such as Adomain Decomposition
Method (Gejji and Jafari 2007; Momani and Noor 2006; Momani and Shawagfeh 2006;
Ray et al 2006; Khan and Faraz 2011), He’s Variational Iteration Method (Momani and
Odibat 2006), Homotopy Perturbation Method (Mohyud-Din and Noor 2009); Laplace
Transform Method (Jumaria 2009); (Duan and Xu 2004; Jumarie 2006). In this work,
we coupled the Iterative Decomposition Method with Laplace transform to achieve our
new proposed method termed Laplace Sequential Iterative Decomposition Method
(LSIDM) .

The LSIDM is applied to solve time fractional partial differential equations. The method
does not require any linearization for nonlinear problems, unlike some existing iterative
methods. Also, LSIDM does not require rigorous mathematical details. The solutions are
presented as infinite series of easily compatible terms, with convergence guaranteed. We
used the proposed method to solve some time-fractional partial differential equations and
the results obtained are presented in the body of the paper.

Basic Definitions and Idea

In this section, some useful definitions and ideas are presented
Theorem 2.1 (Weilbeer, 2005) : ( fundamental theorem of classical calculus)

Let f :[a,b] —> R be a continuous function, and let F: [a, b ] = Rbe defined as

U(x) = [ u(t)dt (2.1)
Then, U(x) is differentiable and U ' = u This shows that we have a very close
relation between differential operators and integral operators

Definition 2.1;

(a) Let D denote an operator that maps a differentiable function onto its
derivatives, then

Du(x)=u'(x) (22
(b) Let J_ denote the operator that maps a function# and assumed to be Riemann
integrable on the compact interval [a,b], onto its primitive centered at a, then
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o i = j u(t)dt for.
a
2@ & ¥ & b { &3 )
(c) Forme N , we use the symbols D" and J o to denote the n-fold iterates of D

and Ja , respectively, i.e. set

I ZD,JIG :Ja, and D" = DD and.g * = J o for
n>2  (24)
Definition 2.2
The function: F(O, OO) — R, defined by
I(x)= 'E't""e*’df (2.5)

is called Euler’s Gamma function (or Euler’s integral of the second kind).

Definition 2.3
A real function # (x), X > Qis said to be in the space Cﬂ , 1 € IR .if there exists a
real number P > [/ such that u (X) = x”v(x) where vV(x) € 10, 0] and it is said

to be in the space CZ? iff

u"(x)eC,,meN. (2.6)

Definition 2.4
The Riemann-Liouville fractional integral operator of order & = 0 of a function

u(x)eC s 1 =—1, is defined as:
]

1 x
JUx) =——| (x=6)""u()dt, a >0,x >0 2.7

) =, 0 (2.7)
where I is the Gamma function . Some of the most important properties of operator
J“ are as follows
for u(x)eC ,u 2-1, a,f 20 and y > -1

Hu

iy JJPu(x) = JEFE gAY

i1y J*T¥u(x) = JPT%u(x)
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jii) Jox7 = LI HD (2.8)
Fla+y+1)

Definition 2.5
The fractional ~derivative of #(X) in the Caputo’s sense is defined

Ly I X —a—1
as D0 () = J™® Du(x)=—— | (=11 (g 2.9
(x) (x) F(m_a)jo( ) (d (2.9)
where
m-1<a <m,me N,x>0,u(x)e g 2

Caputo’s Fractional Derivatives
Caputo’s fractional derivative has a useful property given as

m-1 .k
x" f0), m-1<a<m (2.10)

D) = f(0) -3
k=0 s
Furthermore, for the Caputo derivatives, we have

Bl b)) 5 @ (2.11)

where C is a constant

3 f<a-1

Dfxf = 2.12
I'(f—e—1)

Definition 2.6

The Laplace transform of a function(¢)

E {u(r)} = Ie‘”u(t)dt =u(s) (2.13)

0
where § is either real or complex
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Discussion of the proposed Laplace sequential Iterative
Decomposition Method (LSIDM)

We consider the Caputo form of two —Dimensional Time fractional differential equation
of the form:

o“u(x, y,t) u(x, y,1) o u(x, y,t)

————=qa(x,y,t)——2222 +p —2+ f(x,p,t
o =) ey B

0 x5 L, O<y<Ly, G.0)

with the initial conditions:
u(x,»,0)=¢(x,5), u, (x,»,0)=w(x,y) 0<x< L 0<y<L,

(3.2)
where fractional order 0 < @ < 2, 1< L2 lesy€ 2

The diffusion coefficients a(x, y,1) > 0 b(x,y,t) > 0 and the

function f (x, y,t) is representing source term.
Applying Laplace transform to both sides of equation (3.1), we obtain

&’ u(x W) Pu(x, y, 1) du(x, y,t)

Hf— == +b(x, ) + 1% 3,0} (3.3)

Where,

g T ——

M} Su(x, y,£) = S“"u(x, y,0) - S %u'(x, y,0) - ...
o (3.43)
Substituting (3.2) into (3.4a), we obtain

L{

a%;(axz’—t)} S“u(x, 3,5) = S g (x,») - S (x, )}
" (3.4b)

Substituting (3.4b) into (3.3) to obtain

L
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S u(x, 3,8) =" {P(%, )~ S pix, y)} =

u(x, y,t)

LiaCey,)——> ap TR

du(x,3,t) y
Y +fxy0} 35

Therefore, (3.5) becomes

ux,y,5)=
1 1 L Puxy) Tuxy1) (3.6)
-~ W)+ )L £ (x,
S{ﬂxy)}?{v(xy)}?{a(xy ) 5 s Y, e}
Now, (3.6) is now decomposed into UN and u,
Let,
1 | L
U(6.358) = s} W)} fs )
S s S* (.7)
and in general, the remaining terms are written as
05 ,9)= L oty Iy P10y
S o’ (.8)
Now, taking the inverse Laplace of (3.8)we obtain
a1 1
(%)=L '{g, oo y)+5 Wis )} + (600}
Thus, for case n=1, (3.9) gives
V] Y
45 ,9)= 2o latnpy 2D s ) R0 (3.10)

Taking Laplace transform of equation (3. 10), we obtain
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wCopf)=L" {S—ﬁ {a(x,y,r)% +b(x,y,t)%} G.11)

After obtaining the solution for case n=1, the traditional iterative decomposition method

is then modified and given by the recurrence relation

B - 4 -
a, ) ZERTI) L, T Tl

B r
a(x, y,t)% +b(x, y,t)% _ (3.12)
0"uy(x, y,t)
)

0Pu,(x,y,t
(a(x, y, r)% +b(x, 1)

Thus,

& (u, +u)

5.09)= (o (ot ) ) 4y, )T 1)

}
Ouy(x, ,t)
o

Applying the inverse Laplace transform to both sides of (3.14) to obtain

w(eyt)=L' {§ {a(x,y,t)y(j"TT”') +b(x,y,z)‘y(‘f7”")}

(3.13)

u,(x, y,t)

—{Sia (e ) =S i 5,0 )

(3.14)

aa b} )
- (s ) 852 +b<x,y,t>%}

Then, it is generalized by the formula given as:

L & (uy +u +...+u, ) Oy +u +...+u,)
un(x3y’l)_]: {Sa {a(x,y9t) &p +b(x3y?t) @/ }

—{é A T2 a) s 0

O (uy +, +...+u,,_2)} (3.15)
Y
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Also, the solution is now written as solutions as

n=o

U= Z u,

n=0 (316)

Numerical Examples

Example 1
Consider the following fractional diffusion equation

0.5
ZIO.ZI N a(x’ y,f) Drl.zu + b(x’y’t)pvl‘xu +.f(xayst): (xs J’:f) € Q2x (Oa 1]3

u(x,y,0)=x"y", (x,y)EQ
u(O,y,f)zO, u(l,y,t)=(t2 +1)y3, 0L yEL D

u(x,O,t) :O,u(x,l,t) =(t2 + l)x:’, 0=2x<lias0

Where,
a{masi) rr((zé? o2,
I'@es) ..
b '-5 2 = )
(x, 1) 0 y
=33 8 IS 2
f(x,}’sf):“‘ y [31_.(05)t ~2f _2J
And,

Q={(x,y)10<x<l,0<y<l},
The exact solution of the above equation is given as

u(x,y,t) = (1‘2 + 1)x3y3.

05 3.3
5_07:{ :Mxl'szl‘zzz+M 18 ],"8u+ xy8 £ —2x3y3t2 ~25%y?
or”  T'(4) r4) " " 3r(0s)

Taking Laplace transform of both sides of the above equation, we obtain
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L 60521 =7 F(2'8) xl.szl.zu_,_ F(2.2) y4D 1.8u+8L3y3_1‘~5 -2y’ -2’y
P F(2.4) 1“(4) Y 31"(0.5)

80.5
L{ } S%%y (x,y,s)—SO'S"u(x,y,O)—

Using the initial condition

aO.Su
L{ato.s } - So.su(x,y,s)_S—o.s (x3y3)

Therefore,

S5y ( X,

l"(28) 2D 12y I"(22) YD 1%y, 8 PLE, PN e B T B
L{ @ > T > (oys) mr y}
U(x,y,s)=

3.3 3.3
y L F(2.8) 12 12 I"(2.2) 18y 1.8 8x’y 1S _ 03332 _9x3)3
o {—-1_(4) x°D, u+—r(4) y°D, u+—3r(0.5)t xy't Xy

=

3.3 3.3
uo(x’y,s)=x_y+i{8x*y

t1.5
s s 3r(0.5) }

L [T(28 r22) ...
u,(x,y,5)= T{ 1_‘((4)) x*D " +r((—4))y'8Dy'8un_,—2x3y3t2—2x3y3}

9
8
Now 4, (x,y,s)=T 03 {3;((;)5) )
33 3

Xy ., 8x*y°’I'(2.5)
uo(x,y,s)= 05{31_.(0 5) 25}

X’y 8xy°r(2.5)

t (.7:5) == "Sres)e

u, (x, y,t) =x’y’ +x° )’
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u, (x, y,z‘) = ¥y ler)

8 % 2
% (x,y,s) _ L_ {F(Z )mexl'zlto " [ ( ) I'SD_VI‘SUD _2x) - 2x3y3}

% | T(9) r) ”
1 (x,3,5) =
L |T{28 {22 >
F{_r(-(q‘_)) xl.2Dxl,2(x3y3(I+t2))+]-_‘i(4);)y1.81%'1.8(x3y3(1+t2))__2x3-y3t.. _2x3y3}

L 2
; (% ys8) = 3 {(x3y3 +X°y’ 2+ XY + XY - 2% (£ + 1)}

L >

u, (x, Vs s) = F{(2x3y3(1 +12) =2y (* + 1)}
L

4 (3.3:5) = 5 ()

uy (x,,1)=0

U=, +u,

w=x"y" (1412)

u, (x,y,t) = ()

u=u,+u +u,

u=xy'(1+1%)

Example2

Consider the following fractional diffusion equation
0**u 2 Py ¢ 0’u

- S8 +f(x,,0), (x,y,£) € Q*(0.1
5 T 2T(06) o 12208 5 D ®rneQ* O]

ul,, =0, u(x,y,0)=sin(zx)sin(zry). (xy) e Q
Where,
25t , :
fl,y,0) = (" +2)sin(zx)sin(zy), Q={(x,»)[0<x<L0<y<1}

12I°(0.6)
And 0Q) is the boundary of (2. The exact solution of the above equation

isu(x, y,1) = (£* +1)sin(zx)sin(zy)
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Solution:

60.4u 2tl.6 aZu tl.6 aZu 25tl.6

= hlied tz 2 . .
o™ ~2T(06) o 1227T(06) 3y 120y " T D sin(rx)sin(zy)

This is rewritten as

= + + £ +1)si i
o™ " T06) o | 127°T06) 3 | 12r(0.g) " TDs(FR)sin(zy)
25¢'8
+
120(0.6)

aOAu 2tl.6 aZu tl.6 a2u 251,].6

sin(zx)sin(ry)

Taking Laplace transform of both sides of the equation above we obtain

04 16 A2 16 2 L6
L{a o?} L{ 22t ou 3 21 0 g 251 (¢* + ) sin(zx)sin(zy))
ZT(0.6) & 122°T(0.6) 3 | 12I(0.6)

1.6

L 120(0.6)

sin(zx)sin(zy)}

Considering the left side above,

804
604

L{e} = s"u(x,y,8) - s"u(x, y,0)

Using the initial condition on the above equation, we obtain

04,,
{g —57) —s°4u(x y,t)— s sin(rrx)sin(;ry)

Therefore,

2 t u
04 . y,8)— L +
S u(x y S) S Sm(”x) Sm(”y ) { ﬂ_zr(o 6) axz 127[21“(06) ayz
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25t : 25¢'¢
r+1 i L
120(0.6) (¢” +1)sin(zx)sin(zy)} + L{ 127(0.6)

sin(zx)sin(z y)}

which gives

sm(zrx)sm(ﬂy) L 21' 82u £ 62u

uny ) ===  Pr0e ae T2er08 5 ¢
16 A6
1221;5(t0.6) (& +1)sin(zx)sin(ry)} + L R 1221;5(0 ) sin(zrx)sin(7zy)}
Now let,
l 6
u, (x, y, S) _ Sln(ﬂ'X) Sln(ﬂ'y) 04 { 121_(0 6) SlI'l(?Z')C) sin(ﬂy)}
And
L 2t J*u (x, y,t e O’u (x,y,t
un+l(x,y,s)= - { - n( 2y ) . n( 2}’ )
s xT0.6) ox 122°1°(0.6) oy
B DsinGrn)sin(ry))
12I'(0.6) 4
Considering
sin(zx)sin(rx 25I'(2.6 .
uy(x,y,s) = (zx)sin(zy ) K { 12F(0(6) )2 = sin(zx)sin(z y)}
leads to
Uy (x, 3,5) = sin(zx)sin(zy) N 251°(2.6) sin(zx)sin(zy)

12I°(0.6)s’

Applying the inverse Laplace transform to both sides of the above equation ,we obtain
_ o ,Sin(zx)sin(zy)  25T°(2.6)
uO(xz'y’t)_L { + 3
12I'(0.6)s
leads to

sin(zx)sin(ry)}
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25T'(2.6)¢°

, V,t) =Ssi in +
Uy (x, y,t) = sin(zx) sin(z y) 121(06)2

sin(7rx) sin(7 y)
And we have
uy(x, y,t) = sin(zx)sin(z y) + t* sin(zx) sin(z y)

This is simplified as
uy(x, y,t) = (¢* +1)sin(zx)sin(z y)

Forcase ¥ =1 and substituting U, into U, we obtain

L 2t 0%(£* +1)sin(zx)sin(7y)

U, (x9y, S) = 50,4 {”2F(06) axz

2 PE+Dsin(m)sin(my) | 25 5 .

1221086 Y g\ Thsmmsinzy)}

1.6

1453,9) = St s (- @+ DsinGe)sin(ry)

12”21,(0 6)(—71'2 (& +1)sm(7zx)sm(7ry))m (7 +Dsin(7x)sin(zy)}
L 25 o

u(x,3,8)= K 121_(0 5 1108) (7 +Dsin(mx)sin(y)}

(X, 9,8) =3 =)

u,(x,y,t)= O

u=1u,+u,

u = (t* +1)sin(zx)sin(zry) + 0
u,=u, =0

U=u,+u +u,

u = (t* +1)sin(zx) sin(z y)

%0



TABLE 1 FOR EXAMPLE 1
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T

X

y=0.25

exact

LSIDM

¥=0.50
exact

LSIDM

y =075
LSIDM

Exact

y =100
LSIDM

Exact

0.25

0.25

0.53125

0.53125

0.75130 | 0.75130

0.53125 | 0.53125

0.00000

0.00000

0.50

0.75130

0.75130

1.06250 | 1.06250

0.75130 | 0.75130

0.00000

0.00000

0.75

0.53125

0.53125

0.75130 | 0.75130

0.53125 | 0.53125

0.00000

0.00000

1.00

0.00000

0.00000

0.00000 | 0.00000

0.00000 | 0.00000

0.00000

0.00000

0.5

0.25

0.62500

0.62500

0.88388 | 0.88388

0.62500 | 0.62500

0.00000

0.00000

0.50

0.88388

0.88388

1.25000 | 1.25000

0.88388 | 0.88388

0.00000

0.00000

0.75

0.62500

0.62500

0.88388 | 0.88388

0.62500 | 0.62500

0.00000

0.00000

1.00

0.00000

0.00000

0.00000 | 0.00000

0.00000 | 0.00000

0.00000

0.00000

0.75

0.25

0.78125

0.78125

1.10485 | 1.10485

0.78125 | 0.78125

0.00000

0.00000

0.50

1.10485

1.10485

1.56250 | 1.56250

1.01506 | 1.01506

0.00000

0.00000

0.75

0.78125

0.78125

0.78125 | 0.78125

0.78125 | 0.78125

0.00000

0.00000

1.00

0.00000

0.00000

0.00000 | 0.00000

0.00000 | 0.00000

0.00000

0.00000
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TABLE 2 FOR EXAMPLE 2

t X V' =0.25 =050 y=075 |3y=100
exact LSIDM exact LSIDM LSIDM Exact LSIDM Exact
025 | 0.000259399 | 0.000259399 | 0.0020751953 | 0.0020751953 | 0.007003764 | 0.007003764 | 0.01660156 | 0.01660156
0.25 7050 [ 00020751950 | 0.0020751950 | 0.0166015600 | 0.0166015600 | 0056030270 | 0.056030270 | 0.13281250 | 0.13281250
075 | 0.0070037840 | 0.0070037840 | 0.0560302700 | 0.0560302700 | 0.189102170 | 0.189102170 | 0.44824200 | 044824200
100 | 0.0166015600 | 0.0166015600 | 0.1328125000 | 0.1328125000 | 0448242000 | 0448242000 | 1.06250000 | 1.06250000
025 | 0.0003051756 | 0.0003051756 | 0.0024414060 | 0.0024414060 | 0.008239750 | 0006239750 | 0.01953125 | 001953125
050 | 0.0024414060 | 0.0024414060 | 00195312500 | 0.0195312500 | 0.065917970 | 0065917970 | 0.15625000 | 0.15625000
0.50 | 075 | 00082397460 | 0.0082367460 | 0.0659179700 | 0.0859179700 | 0.222473000 | 0.222473000 | 0.52734400 | 052734400
100 | 0.0195312500 | 0.0195312500 | 0.1562500000 | 0.1562500000 | 0527343000 | 0.527343000 | 1.25000000 | 1.25000000
025 | 0.0003814607 | 0.0003814697 | 0.0030517578 | 0.0030517578 | 0.010299680 | 0.010299680 | 0.02441406 | 0.02441406
050 | 0.0030517578 | 0.0030517578 | 0.0244140600 | 0.0244140600 | 0.082397460 | 0.082397460 | 0.19531250 | 0.19531250
s 0.75 | 00102996800 | 0.0102996800 | 0.0823974600 | 0.0823974600 | 0.276091400 | 0276091400 | 0.65179690 | 065179690
' 100 | 0.0244141000 | 0.0244141000 | 0.1953125000 | 0.1953125000 | 0.659179700 | 0.659179700 | 1.56250000 | 1.56250000

6. Conclusion

The LSIDM method has been constructed to solve 2-Dimensional Time fractional
differential equations. The method produced the exact solutions for examples 1 and 2, as
these are evident in Tables 1 and 2.
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