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I./”S paper investigates the role of higher order Newton - Cotes closed quadrature
Jormulain the adaptive guadrature method for approximating integrals. Boole's
I“/U was ‘\‘/)(’C(/i(u“\‘ (1(/()])1(’(/ as d l'(ﬂ\‘l!/f Qf‘lil‘\' L',\'('U[)[[()}](]/ ((('(’1“'([('-1,', (”](/ f/”'s was
/”.U.”g/” 10 bear in the numerical experiments that followed the derivation of error
estimation scheme. The error estimation scheme facilitates the suitability of the

method reported in thic paner G cgialt b
d reported in this paper for situations where the exact colution is extremely

difficult to arrive at.
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1.0  Introduction
The concept of error estimation is an
important concept in numerical analysis,
as it avails the opportunity of knowing
the error embedded in any particular
numerical scheme of interest. The
concept is very important as it is useful
when the exact solution is known as well
as when it is unknown. All other error
techniques require the knowledge of the
exact solution, since they will involve
taking the difference between the
analytic solution and numerical
(otherwise called approximate) solution.
Many researchers at different points in
time have developed crror estimation
schemes for numeric
invented or the numeric

worked on. Very good examples in th-is
regard are those of Lanczos (1956), Ortiz

(1969), Adeniyl et al.(1990), Adeniyl

al method they
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al methods they.

(1991) and El-Daou and Ortiz (1994)
that all worked on the derivation of the
error estimate for Lanczos' tau method
for the solution of initial and boundary
value problems. The generalization of
their error estimation procedure for the
general nonoverdetermined ordinary
differential equations was reported by
visa and Adeniyi (2015). Faires and
Burden (2011) and Dukkipati (2010)
derived the error estimation scheme for
both trapezoidal and Simpson's rules. In
fact. the former implemented the crror
estimate derived for Simpson's
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Statement of Problem - oral of the form
[he problem studied in this work is the gcncml ntegr

[ y,‘ (N )elv,

_ i - approximated in
where « and b are real constants. and 7 (v s the fimetion © be ap} ‘
the interval [a.5].

Derivation of Boole’s Rule

In this secton, the Boole's rule
cneral Newton - Cotes closed quadrature formul

h

is derived for the shake of completeness. The

a for approximating the integral

f(x)dy s givenas (see Faires and Burden (2011))
(> ]_ N 2 1 R
|/HMVU%/+LM}jL;ﬂI“i
- 2 12 |

\ ‘ ‘ ]

g S X fd S -9 i

+n/;i:”_41_4” A+ o' =431 +110n OIINJ
24 ’ 720

O
=

Aty +.l,
1440 ]

where /1 1s the stepsize, /() is the function to be approximated, A 1s the forward
difference operator, and xu[a.h].

(3,5 _ g, <3 0002 1 1A
+”/’L_” 2407 +1030° =2000" +144n 1 (U

Boole’s rule 1s now derived by taking the curve /(x) through five
consecutive pomts ,, v, x,. xy and x,, which is equivalent to taking n=4 in (1).
In addition to fixing #=4 i (1). we cqually stop at the fourth diflerence 1o arrive
at

: 2
/,—[:/mer:3%0/0+3zﬁ+12@+szf,k7h) 2)
Also, taking the curve through x, to x; gives
I wjk/(xﬁh“igg(7/ +32/, 412/ +327
), 45\ s fo+324,+7 /) (3)
And so on, until
J.ZJ\” /(’.\‘)([\‘Zgﬁﬁl V324 121 439 :
N 45 " w3 thely o432/, +71)) (4)

Now the entire arca undcr the curve /(x) 1s given by

,,"‘"4(yth Rt dy #8 4o, 0}

. ‘0 e (5)
which is equivalent to
\ 2h
[ fodv =t +32
P= [ peode =S A3+ v pna g ]
+2[] 2/
P fot f+t /1, )]
20
+ A o a7y ]
45 ' (6)
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Er ST
mrllE Stimation in the Boole’s Rule
is . : . . .
estimatin ﬂalways desirable in numerical analysis to have a reliable way of
derivatim% of] fhel‘ror embedded in any numerical method of interest. Here, the
expanding ] € error estimate in Boole's rule is carried out. This is done by first
g the function f(v) using Taylor’s series between x, and x, as shown

below. Let

oo el (x=x) =) .
J.\,O_f (x)dx = L;[j“ +—“L)_f(, +".+(_\6;:(})_‘ g +...de (7)
AlSO, . . . . ‘
et x—x, = p which implies that dv=dp, so that (7) now becomes
‘ Lo{“ 0Tyl Ty e T P 8)
and
I { P D i P !
=| pfo+=fo+ flt e [ 0D
| e e e | ©)
Thus
ﬁZhl 6 7 )

I =4hf, +8h* 7 + (TR
Ao+ 8 S i’ 45 7° 315

The next thing is to apply Taylor’s series expansion on the terms in the Boole’s
rule. The Boole’s rule for the first five points is written as
12=%%[7f0+32j§+12j;+32f3+7f4] (11)

which can as well be written as
2]; [7£, +32f (x, +h)+121(x, +2h)+32f(xy +3h)+ 71 (x, + 4n)] (12')

]2=__

4
On expansion, (12) gives

2h / hz 1" _hi v) l‘6_ (\f)+

I, =ZS{7]B +32(f, +hfy +—2—!fO +..t 120f0 + 72Of0 )
' 2 pir 4 V) 4 6 £09)

+:2£[12(ﬁ) +2hf0+2h'f0 +...+Eh5fo( +'/_Eh 0 +):\

2h ' 9 2' " §lh5 (\’)+_8_1h6 (\'i)+m)j|
+Z§{32(f0+3hﬁ,+§h 0+...+40 T4 7 s

128 s 256 ¢ v
2h . 2 pit SeM 2T ) ( )+...]
+__45[7(ﬁ]+4hf0+8h f0+...+——15 R+ TR o )

(13)

implified, we have ,
Wi ful]y P 5 oy 3273 pn 32 B u1|--12§ hsf(i") +-2—5—6-h6f0(v) +§“8h7ﬁ)(“) .. (14)
1, =4hf, +8h /o+—_;hfo+? Jor s I s 2
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Let the error in [x,.x.] be denoted by - . (15)
A
| (16)
LY A
045
o have ey, Cismes as
Following the same procedure, we have )L:~ (17)
0. = 2 ./-4“" +
YT
S 7 (1 18
B, == st g e (18)
945
< 7 o0 19
L #—_S—il‘>/"(—")+”. ( )
" 045
respectively. e e
If the total error is represented by E, then 1t1s given by
E=Ye =gl e £+ 7 A (20)
i=1
and when simplified gives
8 ]7 vi) r
E=—re /00 (21)
= : ol . b-
where f"(x) is the largest value of the sixth order derivatives, with »=2"¢ , but
n
n=4 for Boole’s method, hence 4 = %.
The error estimation in Boole’s rule is therefore written as
—-8n’ .
e ) (22)

where a=x, <€ <x, =4 (for n sub - intervals of length ).

Implementation of Boole’s Rule in Adaptive Quadrature
m this septlgn, Boole’s rule shall be implemented ip the adaptive quadrature
to see 1ts superiority over some earlier results, especially those implementations

that used trapezoidal and Simpson’s L .
pson’s 3 rules. The curve f(x) is again taken

through five points to conform with requirement of Boole’s ryl ) i
for x in [q,p), ¢, that 1s h= ralk
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2/
k) :151[7./‘(a)+32f (@+M12 f(a+ 2 +32f (a+30) + 7/ (B)] (23)
: . . , b—ua _h
Now., with the interval [a,h] partitioned so that » =8, which implies that it
we have
1+ b h [
Ba.- 1= 4—’5 7/(a) +32A/'(a+g)+12_/‘(a + h)+32f(a+37h)+7f(a+ 2/1)J (24)
and )
B((I +b by = . 5 S5h : Th
b = | 7f(a + Jr)+32f(a+7) +12f(a+3h)+32f(a+ 7)+7f(b) (25)
But B(aq, a; )+ B(T’b): B(a,b). Thus
¥ _ h h 3h
Lf(X)dr—4—5[7f(a)+32f(a+§)+12f(a +h)+32f(a+——)}
h Sh Th
+4—5 14 f(a+2h)+32f(a +7)+12f(a+3h)+32f(a+—)+7f(b) (26)
Also

[/ ()dx = B(a, b)— f‘”’(&) (27)

for some number ¢ in (a,b) where Boole’s rule approximation denoted B(a,b) 18
given as stated in (23) above.

Now, we derive as estimate for the accuracy of the approximation in (27),
especially the one that does not involve the determination of (). To achieve

b_a=%. Thus,

this, we use composite Boole’s rule with »=8 and stepsize
J-bf(x)dx = %[7f(a)+32f(a +121-)+12f(a +h)+32f(a+ %)]

| +?1h§[14f(a+ 2h)+32f(a +2)+ 12f(a+3h)+32f(a +%)+7f_(b)}

1(8A") o 1 ég
64(945]f &) (28)

_ i , : ) s b
- for some & in (a,b). Meanwhile, Boole’s rule approximations in (a,f;—j and

(a+b ,bj are as given in (24) and (25) respectively. Thus, (28) can be written as
2

ij(x)dx=(a,a;bj+(a+b,bj [8}2 jf(w)(g) (29)

2 945
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7y is taken to be approximately “Qual to
Z) s ke i . :
For the (~' n the technique IS Very succeggs
' the .

s right hand sides of (27) anq
on. the rg /

derivation of crror estimate.
IYNEY. If this assumption is accurdtc,
- S
RCI}'mg on the accuracy of our assum|

(29
qare equated to have

[ ] ’8/I7J (Vi) e
' a+h),(axh ) L{81)en G
Bla.h -3 «_:\EH-I—:H 2 "h) 64L945 )
045 (2
So (
7,7 :— / (I+/’ [[+b / 31
L” ) e :E]B(d_]v)— a,—— —LT’ ) ( )
)4-/ (‘-) (ﬂJ )
945 63| £

Using this estimate i (29) produces the error estimate

' ’ Ca+h a+b a+b
/f’_/(l)d\'—b’(a.ﬂ}—b’{ u'b./1 ‘! l B(a,b)- B(a, 5 )= B( 9 ’b)’

a-l-b (l+b .
It can, therefore. be deduced from (31) that Bia,~=—}-+ B( 5 ,b) approximateg

~ —

(32)

R
)

<

L i/'(.\')(/\' 63 times  better

a+b a+b
than  B(a,p) does. Thus, B(a, = )+B(T’b)
pproximates f/i/‘(.\')d\' © within £ in as much as the two approximations

B(a, u+/1) + b’(ﬁﬂ,b)
2 2

-~

and B(a.b) differ by less than 63¢€ .
/B(a.b)—B(a.—‘%f)-B(ﬁ:hb,bJ

In conclusion, if

<63, then

<

I ['r ) - B(a, ";b )2
Numerical Experiments
In this section, the res

by applying them to some sel
Problem |

Evaluate the integral J: '352\2?&
x pa—

scheme. The exact solut
Solution

(33)

ults obtained in the

earlier sectio
ected numerical pro

ns shall be validated
blems,

» also obty

in the CITor estimate of the
ii?n of the integral i _

01768200201

The stepsize, = b~4—-ﬁ = % =0.0875.

2hp .
B(a,b)= E [7](a)+32f (a+h)+ 2f(a+ 2h) +30

<f(a+3p) 4 71()]
2(0.0
B(0,035) = T)
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B(0 _0.175
(0,0.35) T[ﬂ—().i)+32(—0.5(.)()95836(»0)+13(‘0-5038576602)]
0.175
+— [32(-0.5087642593) + 7(~0.5157962605)]
B(0,0.35) =—0.17682002 25
Also,
a+b h
B - . o ,
(a, B 4—5[7_/((z)+32j(a+51)+12_/‘(a+/1)J+%[32f(a+§2—/1)+7/(a+2/1)]
~ 0.0875
B(0,0.175) = [7 £(0)+32 £(0.04375) +12 £(0.0875)]
L0.0875[32 1
-y f(0.13125)+7£(0.175)]
- 0.0875
B(0,0.175)= [7(-0.5)+32(~0.5038576602)]

0.0875
+ [12(~0.5009588666)+32(~0.502162634) ]

0.0875
+ [7(~0.5038576602)]

B(0,0.175) = —0.08772433877 .
And

a+b h 5/ T ohi 7h
B(72 ,b)=E[7f(a+2h)+32f(a+71)+12f(a+3h)J+?é[32f(a+7)+7f(b)]

087 _ '
B(0.175.0.35)= p 485 > [7£(0.175)+32.(0.21875)+12(0.2625)]

+;L5[3 2£(0.30625)+7/(0.35)]

0-38575 [7(~0.5038576602) +32(-0.5060538671)]

0.08751(_.5087642593)+ 32(-0.5120051201)+ 7(0.35)]
45
B(0.175,0.35) = ~0.0890956814.

B(0,0.175) + B(0.175,0.35) =-0.1768200202 -

Actual error is computed as
[ 2 e B(0.0.175)—B(0.175,035)| =|-0.1768200201+0.176820020)
0 x2—-4 :

B(0.175,0.35) =

+
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()3< N 10
’J - B0g 175)- B(0.175.0.35)| = 1.0*10°".
() i 4 \
Error estimate = L 5(0,0.35) - 5(0.0.175)— B(0.175,0.35)|
63
= %[— 0.1768200225 +0.1768200202
6

Errorestimate = 613|B(0,0.35)— B(0.0.175)-B(0.175,0.35)|
=3.65079*107""

Problem >
Evaluate the integral J'lb.\-zlnxdx and obtain its error estimate.
Solution
Here, h—il._gzo 125
4 4
2(0.125)
B(1,1.5)= T[?f(1)+32f(1 125)+12,£(1.25)]

L 2(0.125)
45

B21(1.375)+ 7£(1.5)]

B(1,1.5)= %252[](121n1)+32[(l.125)21nl.125]+12[(1.25)31111 251]

+\_2(0:525) B11.375)1 37574 774 5l 5]]

B(1,1.5)=0.1922593373 .

B(1,125)= ——[7f(1)+32f(1 0625)+127(1.125)]

] .

45

0.25 .
3(1,1.25)=4—5E(lzln1)+3z[(1.0625)-1n1 06251+ 12[(1.125) 1. 125]]

45
B(1,1.25)=0.03937297 154

70125V in1 25)]

B(1.25,1.5)= —~[7f(1 25)+32/(13125)+12/(1.375 )]
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L0025,
F—s Br(1L4375)477(1.9)]

B(1.25.1.5) =

0.25 3 )
15 [7(1 257 In1.25)+ 32[(1.3125)"/nl 3 125]]

0.125 , 1
= hu 3757 Imb 3781+ 32[(1.4375)%Inl 4375 ]+ 7[(1.5)*In] .5]J
B(1.25,1.5) = 0.15288638 59

B(1,1.25) + B(1.25,1.5)=0.1922593574 .
The actual error:

3

15
U] X hdx = B(1,1 .25)~B(1.25,1.5)| =10.1922593577 - 0.1922593593574|

=3*107"°

The error estimate is given as

. 1
Errorestimate = 5]B(l,l 5)=B(1,1.25)— B(1.25,1.5)|

|
= 5]0.192259337 ~0.1922593574

=3.19048*107"
This results further established the corrections of the error estimate in (3.6).
Problem 3

Evaluate the integral L 2ginxdx , also obtain the error estimate.

Solution
n—
b—a 2 oo _ _T
- —2 —— sincea=0andb=—.
Here, A y 1 2 a 5 |
[ n T
yis s T T
Ty T 7 00)4+32f(=)+12f(=)+32f (=) +7 —)]
B(O’z) 180_7f( )+ f(g) f(4) f(8 f(2
N P T . 3 on
M Y+ 12sin(=) +32sin(—) + 1sin(—
B(O,z) I80_75117(0)+325m(8)+l sm(4)+ sm(g) 5111(2)}

_B(o,-%)= 0.9999915655 .

Also, :
T T Ll T L Ll
B(O,Z =536[7f(0)+32f(16)+12f(8)+32f(16)+7f(4)}

B(O,%)= 02928931826 and
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nees
- N < 1 1
\ ' (=) 4+ 12/ (—)+ 327 Vv T (=)
} 2 ] | O Lo 2
e, o 0707106603~
Thus,
B0y g2 T, 9999008 76
4 4’2
_ v y n T
The actual error nvolved in approximating |.sinvdv by using B(“’ZHMZ’E) 18
given gs
.5,\‘1m‘.1'_\' - /)‘(U.i ) — H(l.zi =1-0.99999987¢>
X 1 4
= I T 3
‘ “Sinxdx - B(0, =) — B(—.=)|=1.238% 10
4 g3
while the error estimate is given as
Errorestimate = - B(0, E) —B(O.E) - B(E,E)
63 2 4 4 2
]
=—10.999991 5655 0.999999876)
63
=1.31916*10~
Thus, (36) is completely satisfied, hence the accuracy of the error estimation
scheme.

Conclusion

The error estimate for

Boole’s rule,
quadrature and the err '
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