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Abstract
In this paper we solve certain coefficient problems for functions of the class T*(B) introduced
in [7] by Opoola. In particular, for some index o > 0, we obtain sharp bounds for the coeffi-
cients of these functions. Furthermore we give some rough estimate of the general coefficient

bounds using the logarithmic coefficient approach. We also prove the analogue of the well-
known Fekete-Szego theorem for this class of functions.
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1. Introduction
Let 4 denote the class of functions:

f2)=z+ay2+-- (1.1)
which are analytic in the unit disk £ = {z: 2] < 1}. Also let P be the class of functions:

p@E)=1+4piz+py? +--- (1.2)

which are analytic in £ and have positive real part.

In [7] Opoola introduced the subclass T,7(B) consisting of functions f € A which satisfy
the inequality:

Rew>ﬁ, (1.3)
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where o0 > O isreal, 0 < B < 1, D" (ne Ny = {0,1,2,...}) is the Salagean derivative
operator defined as
D'f(z) = D(D""' f(z)) = 2[D" ' (2)] (1.4)

with DV f(z) = f (z) and powers in (1.3) meaning principal values only. The geometric
condition (1.3) slightly modifies the one given originally in [7] (see [2]).

The coefficient problem for various families of analytic and univalent functions is basi-
cally about the search for precise bounds of the coefficient a. This problem has attracted
much attention from researchers in the last century. In this work we attempt to solve this
problem for the class 7*(B). Our main tool is the close association which exists between the
class 7,*(B) and the family P of Caratheodory functions. Though the problem is not com-
pletely solved for all values the index o could assume, yet considerable breakthrough has
been recorded in the determination of the best possible estimate for certain o > 0. Further-
more we give some rough estimates of the general coefficient bounds using the logarithmic
coefficient approach.

Another closely related problem is the determination of a sharp bound for the Fekete-
Szego functional |a3 — Aa3| for both real and complex values of the parameter A. The
Fekete-Szego problem has its origin in a conjecture of Littlewood and Parley (1932) that
the true bound on the coefficients of an odd univalent function is 1. This was disproved
in 1933 by Fekete and Szego via the determination of the sharp bound on the functional
(see [3]). Thus the functional has continued to receive attention of researchers in geometric
function theory.

We state some preliminary lemmas in Section 2. while our main results are proved in
Section 3..

2. Preliminaries

We shall need the following well-known lemmas:

Lemma 2.1 ([5]). If |z| is less than the radius of convergence of either of the power series
Si—oaz* and Si—obiz, then the product of the two series is ¥;_qciz, where

k
= ajby_;. 2.1
J=0

Inductively, the following corollary is true.
Corollary 2.2. Let ¥;_,ciz* be a power series. Then the mth integer product is
m
Y A= [T ot
k=0 k=0

1
where c,(( e cx and

: k
=Yoo m=23,.. 2.2)
j=0

—
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Lemma 2.3 ([4]). Let p € P. Then |px| <2, k =1,2,3... FEquality is attained for the
Moebius function Ly(z).

Lemma 2.4 (|8]). Let p € P. Then

|, Il (2.3)
2|~ 2

This result is sharp. Equality holds for the function

P2 —

14 L(py +epr)z +e2’

plz)= e
1 - 3(p1 —€P7)z— €22

e[ = 1. 2.4)

Corollary 2.5. Let p € P. Then we have the sharp inequalities

(1) for any real number o,
2(1-0), ifo<0;

‘p —o%l < {5 f0<G<2; (2.5)
2c-1), ifo>2.
(2) for any complex number G,
72 2, fii—ol <1
P2 —07' (2.6)
2|1-0|, if|l—0o] > 1.
Proof. We write
2
Pi Pl P
—0—=|=|pp—-=+=-0—|. 2.7
p2—07 ‘P 5 Ly 5 oy (2.7)
By the triangle inequality and an application of Lemma 2.3, (2.7) gives
2
\pz 1’2' £ B “;”(1—11—@). (2.8)

Now if 1 — |1 — o] > 0 (that is 0 < o < 2) we have the second inequality of (2.5).
Otherwise (that is 6 < 0 or 6 > 2) we have

P}

p2—67 <2|1-o0|. (2.9)

The inequality (2.9) gives the first inequality of (2.5) for ¢ < 0 and the third if 6 > 2.
The inequalities in (2.6) follow easily from (2.8) in the case ¢ is a complex number.
This completes the proof of the lemma. a

Lemma 2.6 ([3]). Let ¢(z) = 3, Ni2* be an arbitrary power series with positive radius
of convergence and normalized by ¢(0) = 0. Suppose exp(Q(z)) = Sy—o u2", tio = 1. Then

il < P{z ("“/' ) 7> } |

Now the main results.
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3. Main Results

Theorem 3.1. Let f € T,(B). Define

zm B)m m(n—1) ;n:—ol (1 oy _/(X.)

Bm = ; (31)
m'
A/\ n, Q, B 2 Bkam] (32)
m=1
k=2 m)
Akq(n,a,[_))): EBka,p (3.3)
m=1
where foreachm=1,2,...; Q(”i) is defined by the power series
k-1
z " ( 2
e = »:an+ m) Zm+l+ m)Zm‘h‘*“" 34
(I{Zl (O(+k)" QnH 1 Qﬂ’H 2 ( )
Also let
Q ={a0<a<(*k-2)"" k=23,..},
Q={dk-2)"'<a<(k-3)"", k=4,6,.} and
Q={o](k-2)"'<a< (k-3)"', k=3,5..}
Then

Ag, ifae Q U,
]akl &< (3.5)
Ax-y, faeQ.

The inequalities are sharp. Equalities are attained for f(z) satisfving

028z e QUQ,

D" f(z)* 1=z
/@) = (3.6)
oz 14(1-2p)2 o
= if o€ Q3.
Proof. Since f € T*(PB), there exists an analytic function p,(z) such that
f@)*=2%B+(1-B)pa(2)], (3.7)

where

_H'Z +kn

(see [2, Lemma 4.2]). Thus we have

f(z):z<l-+(l —B)a” Pz ) (3.8)

& (et k)"
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Equation (3.8) expands binomially as

@) 0-Bo « pd (1-Pe(1—q) i\’
Mol e - gl (0t+k)"+ 2102 (2‘ o+k)r )

(l B)mamnnm I(] —-j(X.) <
+

m ! al)l

Using Corollary 2.2 in (3.9), we get

f(z) e Yp ZB,Ck R TRESS of W " R (3.10)
k=m
where 1 “
B - (l . B)mam(nAl) ;n;o (1 —j(X)
m m! )
=Y qC™", m=1,23..; k=mm+l,... (3.11) i
J=1 |
and 5 ‘“
k
- 3.12
%= Tt k) (3.12)
From (3.10) we have
fl)=z+ Y 4™, (3.13)
where
~(m) ~(m) L (m)
A =47 (n,0,B) =Y B.C™). (3.14)

m=1

Comparing coefficients in (1.1) and (3.13), we see that

ay =AM, (3.15)
Now let o € €y, then the product (1 —at)(1 —20)--- (1 — (m — 1)@) is nonnegative so
that
' M o 2 B,|c (3.16)
m=
Observe from (3.11) and (3.12) that:
C/((”:CIA--, C,((k):q/{, k=1, 53,5, (3.17)

2
C§ ):2q|q:;
(2) 3
G =B +2q1q5, CY =342q;

2 3 4
CP = 29194 +2g293, C® =3q182 + 3434, ¥ = 4glgs;
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" K
Thus, in general, C ,;,'") has the form

) k
ﬂl[“m) = Z G,qul (318)

for some nonnegative constants G, j = I S k and indices v;,/ = 1,2,...,m taking val-

ues in the set M = {0,1,2,...,m} such that the sum v; +12 + <V =, Hence

k m k m Uy

(m) v Py
7] < 36,11l = 3,61 | aym| 319

iy ) =1 J/l;ll (ot1)m
Using Lemma 2.3, we obtain
\C,E’ﬁ",‘gz'"Q;’ﬁ)l. m=1.2..; k=m+l,m+2, ..., (3.20)
where .
- G

o = / 3.21)

k-1 & l—[;n:1 (a+1)n\>,

is the coefficient defined by the power series (3.2). Therefore, equation (3.21) is equiva-
lent to (3.18) where gx = 2/(0+ k). Using (3.20) in (3.15) and (3.16) we have the first
inequality of (3.4) for a. € Q. Now, suppose 0. € £ UQ;. We write (3.14) as

A = A0 1 B O + B G (3.22)
That is,
<) 5k=3) | B w2 (1= V(1 - (k=2)0) (k-1)
A, = A, ) {Ckfl -+ 1) G . (3.23)

Observe from (3.17) that the general form of C,((kvl) and C,Ek) are respectively C,({kfl) =

(k— l)q'f‘zqg and C,((M = ¢* so that, (3.23) becomes

” il . & - (n—1) S - £
Ag(m):Ag,H’Jr(k;z)Bkzqﬁ{qrz“ R 1)%}. (3.24)

Using (3.11) in (3.24), we obtain

~(m) _ 3(k=3) (k—2)By—> k-3 pi
A =4 i —0— ¢, 3.25
k k (o+ 1)n(k~3)(a+2)np1 p2 2 |7 ( )

where
2(1 = B)ad™ I ((k—2)a— 1) (0 +2)"
(k—1)(k—2)(o+ 1)n
is a real number between 0 and 1. Hence by Corollary 2.5, the absolute value of the term in
the Poison brackets in (3.25) attains a maximum value 2. Therefore, from (3.25) we have

O =

(3.26)

- ‘[i(k,3)\ 21"'42(/(—2)3[(,2
=L (o + 1) =3 (o +2)"
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That is

(k—2)

<A+ Biaglf 2, (3.27)

l[iim)

where
k—2

Q(H) E
U (1)) (ot 2y
By (3.15), (3.16) and (3.20), we have from (3.27)

lax] < iy (3.28)

for oo € Q, UQ3. From (2.4), we find that the boundary functions are given by

D'f(z)*  14(1-2B)2?

oze -

(3.29)

However, with regard to the even coefficients, we notice a disagreement between the
upper bound in (3.28) and the coefficients in (3.29). This seeming contradiction suggests a
possibility of refinement for the bound on the even coefficients. This is achieved thus: we
write the inequality (2.3) of Lemma 2.4 as

p2=3pi+e(2—3Ip ), lef < 1. (330
By (3.30), we eliminate p, in (3.25) and we find that

“(m) _ (k=3) (k—z)BNk—Z F3 P% ] 2
Ad; 7" =4 —+ p l-0)—4+¢(2—1 . 3.31

Since (2 - %]p[ |2) = 0, the absolute value of the term in the Poisson brackets in (3.31)
attains its maximum for |p; | = 2. Hence, for o € Q,we have from (3.31)

k-2 >
~(m)‘ ’~(k—3) 27 (1-0)(k—2)By
AL < L4 + : . 3.32
‘ o e ) (o+ 1)n(k=3) (o 2)7 (3:32)
The inequality (3.32) together with (3.1 5), (3.16) and (3.20) and the fact that
(k-2) _ k-2 (k1) _ 1
O = ey ary ™ % =3 1))
gives
ax| < 4y (3.33)
for o € €25. This completes the proof . O
Remark 3.1.

(1) If we set n =B =0, o= 1, we immediately obtain the sharp inequality |ay| < 2,
k=2,3,... which was reportedin [11].

(2) Puttingn =a. =1, B =0, we get a result of Macgregor [6, Theorem 1(1)].

(3) By making n = 1 and B = 0, we obtain (in part) a result of Singh [10, Theorem 6].
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P
(4) We observe from (3.4) that:
1
() _ .
Qi (o4 1)"
(1 _ e R A
0 = (o+2)"’ 2 (a+1)2’
(1) I @) _ 2 @__ 1
% =iy 9 "y B "oy
m_ 1
Qs = (o+4)"
2 1 2
Qi = (0142)2 N (oe+ 1) (o+3)"’
(3) _ 5
Os (o 1)27 (o +2)""
@__ 1
Cs (o4 1)4
m_ 1
&= larsy
() 2 2
= - —,
Os (a+1)"(a+4)"  (+2)"(o+3)"
(3) 3 3
= = + A
Os = ax 2 T ar ot 3y
() _ 4
5 (a+l)3r1(a+2)n’
5_ _ 1
0Os (OH_l)Sn’

(5) Using (4) above in (3.1), (3.2) and (3.3), we can write out some of the bounds in

explicit terms as follows:

2(1-B)a!
|a2|_ ((1+1)" o>0
2(1-Bjor ! | 2(1-B)*(1-cjo? 3
(o+2)" o (UH—I)Z" ] 0<o S 1,
laz| <
2(1-Bjor ! -
o2 o~ 1,
)G4| < 2(‘ o B)G’HW‘ 4(] o B)Z(l _a)(XZnﬂZ
-~ (a+3)" (oe+1)"(o+2)"

LAa- B)(1— o) (1 — 200”3

3o+ 1)3"

3 O<a<l;
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2(1=B)o ! 2(1-B)*(1 —a)[2(o+2)7" + (o + 1) (0t + 3)"] 022

lasl < =512y (o + )"0 +2) (o 3)"
4(1 =B (1 —a)(1 —20)a® 3 2(1=B)*(1 — o) (1 —200)(1 — 3ox)o" 4
(o+1)2"(a+2)" 3(at1)%"
ifo<a<i
as| 2(1 - Byo! L2 B)*(1 — o) [2(0t+2)*" + (ot + 1)"(et +3)"] 0?2
SI="at2) o+ 1) (0+2) (01 3)"
4(1-B)*(1 - o)(1 —2a)or*" 3
® (ot D2"(0 1 2)"
ify<o<y;
| ’<2(1—B)0¢"’l 4(1-B)*(1 —a)[(a+1)"(0+4)" + (0t +2)" (0t +3)"] o2
o1 ="a+5)" (o + 1)(a+2)" (o +3)" (0 +4)"
L A0 BP0 —0)(1 = 20) [0+ 1)" (04 3)" + (0 42) o™
(o4 1)27 (00 +2)2" (004 3)"
3 8(1-PB)*(1 — o) (1 —20)(1 —3ar) o4
3(a+ 1) (0 +2)"
4(1-B)°(1 —a)(1 —20)(1 = 30)(1 — dot)o™ > 1
N 15(0+ 1) : <O< @s 5)
and so on.

Let S denote the subclass of 4 consisting only of univalent functions in E. Associated
with each function / € § is a well-defined logarithmic function

logf—(z—z)-:227,\zl", z€ E.
k=1

The numbers v, are called the logarithmic coefficients of f(z) (see [3]). The relevance
of the logarithmic coefficients comes from the fact that, by the so called Lebedev-Milin
inequality (Lemma 2.6), estimates of the logarithmic coefficients of f(z) can be transferred
to bounds on the coefficients of f(z).

In the following theorem we shall associate with each f € T*(B) logarithmic coeffi-
cients:

ZO

Iog@j:mlz:ykz", z€E (3.34)
k=1

and use it to approximate the general bounds on the coefficients of f(z).

Theorem 3.2. Let /€ T*(B), n € N. Suppose
/(2 '
o :%Akﬂ(a)z‘, Aj(o) =1, (3.35)

then

k
|4i1(0)] < exp {0,624a2+ 2o -1) Y }} . (3.36)

e .
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Proof. From (3.34) and (3.35) we have

log{ZA/, | } 22%4.,

that 1s,

k=1

Y A (o) :cxp{ZZ(xykz"}. (3.37)
k=0

By Lemma 2.6, we get

k
A1 (@) < cxp{E <4(x2jh(j|2— }) } (3.38)

=1

Hence by Milin’s lemma (for each f € S)

g g s 1
YiP<Y -+8,  k=12,...
j=1 =1/

where & < 0.312 is called the Milin’s constant, (see [3])), the inequality (3.38) yields

j=1

k
|Ag1 (o)) < exp {4a26+ (407 —1) Y 1} , (3.39)

which implies (3.36) and thus completes the proof. O

Remark 3.2. If o= 1, then |4 (1)| < 1.168826, k = 1,2,... In particular |4, (3)| =
YNazland |45 (3)| = lja,z 1 (3ay)’|. Thus, we have |ay| < 2.337652 and |as| < 3.703806.

Obviously these estimates are not sharp. However this approach can conveniently lead to a
rough estimate of the bounds on the coefficients of functions in the class.

Theorem 3.3. Let f € TX(B). Then

(i) for any real number A,

| 2
| |a3 “}\;Gzl
i ¢ 20—Por!  2@2A+a-1)(1-B)e?2 .. 1—ot
la+2y (ar1)2 S S
) 20-pjar! o =0 l—a , o' "(at+1)*
= (a+2)7 if 2 <A< , il (T=P)(o+2)"
220+0—1)(1-B2e® 2 2(1-B)a"! g < l-g , o/ "o+
(o+ 1) ~ @y Y Az S5+ (T-P)(o+2)"
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(ii) for any complex number A,

2(1-B)or! o _ (2rta—1)(1-p)(o+2) e
(o4+2)n i (o+1)2 =1

’03 - M%[ < 2(1=B)o" o+ 1)~ (2h+a—1) (1 —B)2a? 2|
(a*l‘)zn(oﬁ,z)n 1

., _ (2a+a-1)(1-B)(0+2) o !
I/ II ((X—}‘*])Q" 2 1'

The inequalities are sharp. For each A, there is a function f € T*(B) for which
equality holds.

Proof. From equations (3.14), (3.15) and (3.16) of Theorem 3.1 we get

o (1 _ﬁ)anf]p
- (oa+1)
" (=Bt (1-0)(1-per
1-pya* 1—o)(1 =B)a"= ,
Bty T 2ar P
Hence
sy (1=B)a! _ (@A +a-1)(1-B)(a+2)"0""! p}
i U (a+r2)r | (o+ 1) 2|
By choosing
A+ a—-1)(1-B)(a+2)"a"!
a (a+1)2
in Corollary 2.5, the theorem follows. O

Remark 3.3. Putting n = 1 and B = 0, we deduce a result of Singh [10, Theorem 7].
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