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Abstract

Whenever the categorical scale in the arising cross-classified table from the ratings
of two raters or observers is ordered, quasi-independence model rarely fits well.
Also, even after conditioning on the event that raters’ responses differ, there is often
a monotone pattern to the association that remains. One of the major statistical
issues in raters’ agreement studies is concerned with the extent to which observers
classify individual subjects into the same category on the measurement scale. In
order to assess the levels of agreement in the ordered categories of the arising
cross-classified table, a parametric model like guasi-association (QA) that includes
the pattern or level of agreement parameter which permits linear-by-linear
association off the main diagonal in its model is required. In addition, when our
interest is to identify category(ies) that is of importance o or favoured by the raters
out of the entire ordered categories, quasi-association will be suitable. In this paper
we model quasi-association for raters’ agreement by considering different
combination of categories involved in the measurement by step-wise selection
procedure using both the overall model of quasi-association and uniform association
(UA) models as the bound or baseline. We observed that inclusion of any level of
. agreement that is significant in the model improved the fit of the model. In addition,
inclusion of level of agreement parameter by quasi-association improved the fit. Also
when our goal is 10 identify the most tavoured categories out of the existing
categories, quasi-association is appropriate.

Keywords: Quasi-association, Quasi-independence, Uniform  association,
agreement, ordered category, raters.

1.0 Introduction
Modeling was introduced into raters’ agreement as a remedy to various problems
encountered with some of the kappa like statistics initially proposed for the
measurement. Early approaches 10 this subject have focused on the observed
proportion of agreement, suggesting that chance agreement can be ignored.
Many authors like Cohen (1960, 1968); Fieiss (1971); Davies and Fleiss (1982);
Banerjee et al. (1999); Barnhart and Williamson (2002) and Shoukri (2004) have
described various testing procedures and various modifications of kappa-like
statistics for raters’ agreement measures. Such includes Cohen kappa coefficient,
weighted kappa coefficient, intraclass kappa statistic and Weighted least squares
(WLS) method for correlated kappa.

Authors like Tanner and Young (1985a,b); Agresti (1988); Block and Kraemer
(1989); Oden (1991); Barlow et al. (1991); Shoukri et al. (1995); Barlow (1996);
Donner et al. (1996); Banerjee et al. (1999); Adejumo, (2005) presented different
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methods and procedures for modeling raters’ agreement due to the shortcomings of
the kappa-like statistics.
In order to reduce errors, an initial reliability study between the raters or observers is
necessary to assess the variability level in their measurement criteria. The
assessment of the reliability of rating system has been approached from the
perspective of inter-rater agreement. Based on this reliability test that is already in
place, it is highly expected that ratings of the raters will be more uniform and
correlated. In order to assess the effect and the contribution of the level of
agreement parameter of each of the ordered categories, a Quasi-Association model
which is a parametric model is needed. It includes some components that have to do
with agreement beyond independence in its model and permits linear-by-linear
association off the main diagonal in the cross-classified table. In this paper, we
model quasi-association to data with ordered categories so as 10 assess the
contribution of the level of each and combination of agreement parameters to the
model by step-wise procedures. We also consider uniform association model.
Consequently, we use Generalized Linear Model (GLMs) through loglinear
model to structure the pattern of agreement for the models under consideration. In
Section 2, we develop the models and their properties while Section 3 contains the
modeling and estimation of parameters. Some empirical examples and results as
well as conclusion are provided in sections 4 and 5. :

2. Models and their properties.

21 Uniform association model (UA).

Uniform association (UA) model is also referred to as linear-by-linear association
mode/ (Birch, 1965, Haberman, 1974; Goodman, 1979a and Agresti, 1988, 1990,
1996). UA is an ordinal loglinear model for two-way tables. The model requires
assigning fixed scores {u; j=1 to I} to the rows and {vi j=1 to J} to the columns in
order to reflect the category ordering, u, <u, <--<iu, and v, <v, < <v,. UAmodel
is given as ' :

log(m,;) =pu+ A+ AT+ Buy, (2.1)
¥ AR =0,Zj,1'j.f =0, for i=j=12,- 1with Ay representing rater k, k=1, 2. This

model provides us with the degree of agreement expected when there exists an
association between the ratings.

However, independence model which is defined as

log(m, ) = H + AR+ AT (2.2)

provides a baseline by showing the degree of agreement expected if there is no
association existing between the ratings of the two raters. Model 2.2 is a special
case of UA when p=0. The definition of the scores affects the interpretation of B,
which describes the strength of association. When B>0, there is a tendency for Rz to
increase as R; increases. Expected frequencies are larger than expected, under
independence, in cells of the table where Ry and R; are both either high or low. On
the other hand, when B<0, there is the tendency for R, to decrease as R, increases,
and for the expected frequencies to be relatively larger in cells of the table where Rq
is high and R is low of where R, is low and Rz is high. In a situation where scores
are of equal intervals, we have

Uy — Uy =y — Uy =T Uy "M and v, =y, =v, —v, ==V, TV

! -
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The unit-spaced scores {u, =i} and {v, = jjor their zero-sum equivalents
LT+ oI+l ; .
lu, =i~ ——7——} and {v, = ]——5—} re simple equal-interval scores.

S fuy, =Y Puy; =0 istrue for the latter scores.

For the coding Z;u, = Z,v ; =0, Puy, is regarded as a deviation of log(m,) from
the independence since UA model (2.1) is equivalent to independence model (2.2)
plus fi,v . The deviation is linear in the Rg scores at a tixed level of Ry and linear in

the Ry scores at a fixed tevel of R.. The linear-by-linear deviation implies that the
model has its greatest departures from independence in the cormers of the table.

The kernel of the log-likelihood for uniform association model is

Lom)y=nu+ Y n Al +y AT+ ﬁZZu,v}n,j —ZZexp[,u + AR A+ fuy ) (2.3)

By differentiating L(m) with respect to A%, A* and f, and setting the three partial
derivatives equal to zero, we oblain the following likelinood equations:

m,, =n, for =121,

m,, =n,, for J =1,2,--+,1,
ZZ”%"J""U’ = ZZ“:“’;‘”U’
S Y, = L Py

n, Ly
where p, =— and 7, =—
n ' n .

The residual degrees of freedom for UA, since it has an additional parameter fu v,
over independence model (2.2), is I(I-2).

22 Quasi-association model
Quasi association model was also initiated by Goodman (1979a, 1979b) as a better
mode! when we have ordered categories. Often, there is a monotone pattern {0 the
association that remains even after conditioning on the event that the raters’
responses differ.

The QA model is given as

log(m,) = 4 + AR+ A+ Puy, +6,13=j) (2.4)
S A =03 AT =0, for i= =120 where {«,} and {v,} are scores that may
either be specified apriori, that is, {u,} and {v,} may be fixed set of ordered scores

or estimated from the data. This mode! provides a parameter for patterns of
agreement in ordered categories involved in addition to showing the degree of
agreement expected if there is association existing between the ratings of the two
raters. The model permits linear-by-linear association off the main diagonal. it is a
parsimonious quasi symmetry model. {(i=j} is an indicator function and
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(0, if i=j=1
S8, if i=j=2
b= et : (2.5)
\(5, if i=j=1
0 if otherwise

So 8.1(i=j) for i=12,,1 are indicator variables that represent the main diagonal
celis which we also refer to as pattern of agreement parameters.
THe likelinood equations for QA are

m,_ =g,

m =0,

i, =, for i=12,1,

and s, for i# j hasto be obtained by iterative method.
QA is a special case to quasi independence (Ql) model (Goodman, 1968;
Caussinus, 1965; Fienberg, 1972; Altham, 1975; and Agresti, 1996) since
log(m, )= g+ A + A7 616 = ) (2.8)
in which A4=0. 1t is nested between guasi symmetry and quasi independence.
Quasi-symmetry (QS) (Adejumo et al., 2006), as a loglinear model, is defined as
log(m ) = U A + }if? + l{:"": 2.7)
The residual degrees of freedom for QA (2.4), since it has / additional parameters
from &1(i = j) for i=12,-.1 over UA (2.1),is (I° =3D).
The model when =0 and &, =0 for all iis the model of statistica! independence in
(2.2), while the model where only B=0 is a quasi independence in (2.6) and the
model when only & =0 for all iis uniform association mode! (UA) in (2.1) (Adejumo,
2005).

3.0 Modeling and estimation of parameters
Recall the quasi-association model given in equation (2.4)

log(m, )= p+ A" + A8+ Puy, + 01 = ).
In order to assess the effect of “agreement pattern” parameter of the ordered
categories in &,/(i= j) of (2.5), step-wise method of selecting the categories either
by forward elimination or backward elimination is implemented.

Different combinations of these ordered categories are be added to uniform
association model (2.1) to create different forms of quasi-association models
Adejumo, (2005).

According to this rule, the following list of equations are considered depending
on the size of category /, (i=1.2,...,I) which is considered by dropping certain
numbers of categories &, at a time and using at least one in the mode! and when
eventually there is none, a uniform association model is attained.

Each of these models in Table 3.1 and uniform association model are

considered under the GLM assumptions for the estimation of their paramets . and
fittings.
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Table 3.1: Quasi-association models selection for / ordered categories.

Notation Model
QA(9,,9,,...,6,) UA+S +d,+...+ 6,
QA(9.,9;,...,0, UA+8,+0,+...+ 0,
QA(3,.3......9,) UA+3,+8,+...49,
QA(3,,3,,....9,) UA+8,+6,+..40,
QA(Jd,.) UA+3, |
QA(J,) UA+S,
Table 3.2: Quasi-association models selection for /=5 ordered categories.
| Notation Model Dropped &, (s)
QA(61, 52, 03, O4, 65) UA+ 8+ 62 + O3+ O+ 65 None
QA( 62, 63, 64, 65) UA+ 52 + 63+ 64+ 65 61
QA( 51, 63, 64, 65) UA+ 61 + 63+ 64+ 65 ‘ X 62
OA(61‘ 52, 54, 55) UA+ 61+52 b 54+ 65 53
QA(61 62, 63, 55) UA+ 61+62 + 63+ 65 64
QA(51.62, 63, 64) UA+ 51+62 + 63+ 54 65
QA(51 62, 63) UA+ 61+62 + 63 54 65
QA(51 0o, 64) UA+ 51+62 + 54 53‘ 65
QA(61 62, 6@) UA+ 61+62 + 65 53, 64 ]
QA(61 63, 6_4) UA+ 61+53 <+ 64 52, 55
QA(51 63, 65) UA+ 61+63 + 65 62 64
QA(GQ 53, 64) UA+ 52+63 + 64 61| 65
OA(52 63, 65) UA+ 62+53 + 55 51’ 54
QA(63, 64, 65) ' YA+ 63.—!-64 + 65 61, 62
QA( 55) UA+ 65 61, 52_ 53, 64

According to McCulagh and Nelder (1989) and Fahrmeir and Tutz (2001), the
connection between the model mean y; and the linear predictor n; is generalized from

s =1 = x; 8 (3.1)
to gly)= n, = x,’,ﬁ (3.2)
where g is a link function and the inverse of g is called the inverse link function. The
assumption that y, = x, is normal, and is generalized to the assumption that y;has a

specified exponential family distribution given as

e b(a ))

)
f(y]0,0)= cxr{(y' . p +e(y, ﬁ)} (3.3)

where 8 controls the distribution of yand ¢ is the scale parameter.

Based on this assumption; the log-iikelihood for a Poisson model will be

[=)" (v, log(p,) —,) ~log(y) (3.4)

i=|
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So 6, =log(u,). ¢ =1, and b(8) =y, =exp(®).
It could also be written as a function of 8 and ¢ because (given xi), f determines
all the @,. The main way of maximizing g is by maximizing (3.4)

So the link function g of the Poisson model above is a log function which leads
to loglinear model (Tanner and Young, 1985a; and Agresti, 1988) of the forms under
consideration, through which one can display patterns of agreement between two
raters.

Given the likelihood function in (3.4) and substituting each of the models for
quasi-association in Table 3.1 and model (2.1) for uniform association, we adopt

Fisher scoring algorithm for the maximization of fs. The basic step of Fisher scoring

iteration is
& A_‘
3%l ol
w g g uel Y 35
g = g {[a@ﬂ,}} 2 @5)
which can also be written as, .
/}([H} - ﬂ(l) + (_E([l(ﬁ(n))-llf(ﬂm) (36)

where | is the loglikelihood function for the entire sample y....y, and the

expectations are taken with g = A% . This is the same as Newton's step, except that
Hessian of /is replaced by its expectation. Fisher scoring simplifies to

BEY = (XWX XWZ (3.7)
where X is the matrix of the covariates, W is the weight which is a diagonal matrix
with

W, = (G'(u,)’p" (0" (3.8)
and
Z, = xf+ (¥, — )G (1) (3.9)
is the working variate. .
Because 77 = log(y), it follows that

,, g, i
(J(,u‘)=—]7~=—,
o, H;
so that
W = Diag(4,)

Z, =”i+[yi':ui}
Hi

Both equations (3.8) and (3.9) use =g to derive values of 6" and u*. The
weights W; have the usual interpretation as reciprocal of variances, b"(6,}is

proportional to the variance of Y.
Fisher scoring may also be written as

BV = BY +(XWX) ' XWZ] (3.10)
where
zZ; =Y, ~ )G (1)
We carry out this process of maximizing 8, using X as covariate and the z; 's as
weights and continue the process until a converged value of /3 is obtained.
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This Fisher scoring lterative procedure is used to formulate algorithms based on the
undertying assumptions in each of the models in line with (GLM) procedures. This
can be executed with R or Splus statistical programs.

4.0 Empirical examples

We shall use the data from Holmquist et al. (1967) on the variability in the
classification of carcinoma in situ of the uterine cervix in which seven pathologists
were requested to separately evaluate and classify 118 slides into one of the the
following five categorical scales based on the most involved lesion: 1=negative;
2=Atypical squamous hyperplasia; 3=carcinoma in situ; 4=squamous carcinoma with
early stromal invasion; 5=invasive carcinoma. These pathologists are labelled with
letters A, B, C, D, E, F and G. We examined two pairs of these pathologists.

Example 1. Consider the data arising from the study between pathologists D and F
that investigated the variability in the classification of carcinoma in situ of the uterine
cervix of 118 slides.

Table 4.1: Cross-classification of pathologists D and F on carcinpma in situ of the
uterine cervix of 118 slides

Category Pathologist F

Pathologist D | 1 2 3 4 5 Total

1 35 3 0 0 0 38

2 25 17 5 1 0 48

3 2 9 11 0 1 23

4 0o 2 4 0 2 8

5 0O 0 0 0 1 1

Total 62 31 20 1 4 118

‘Under Uniform association model o :
Coefficients: Estimate  Std. Error zvalue  Pr(>|z}}
H 269346 0.20419 13.191 <2e-16 "™
Al -0.71022 0.30078 -2.361 0.018215"
A -2.62408 0.56915 -4.611 4.02e-06 ***
A3 -0.22308 0.41168 -0.542 0.587884
A; -4,72655 1.13762 -4.155  3.26e-05**
Al -1.07985 0.28366 -3.807 0.000141 ***
A -458815 1.02316 -4.484  7.32e-06 **
Ay -1.35404 0.49837 -2.717 0.006588 **
A -3.33910 0.74115 -4505 6.63e-06 "
B 0.13012 0.05119 2542  0.011021*

* ** and *** indicate significance at 5%, 1% and 0.1% respectively.
Number of Fisher Scoring iterations: 5
G’ =78360,df =15
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Coefficients:  Estimate  Std. Error  z value Pr(>|z|)

V! 3.01927 0.64788 4.660 3.16e-06 xr
A 077031 0.83166 -0.926 0.3543
A -1.85401 1.05384 -1.759 0.0785.
A 058083 1.04760 0.554 0.5793
A 252485 152537 -1.655 0.0979.
AP .0.88986 0.71386 -1.247 0.2126
A -10.53435 23.733 -0.444 0.6571
A 164173 1.14304 -1.436 0.1509
A 0.63746 1.28327 -0.497 0.6194

9, 383576 0.88333 4.342 1.41e-05 AR
9, .0.04614 0.77539 -0.060 0.9526
9, 159849 0.65523 2.440 0.0147°
8, 5.66143 63.53724 -0.089 0.9290
s 10.62840 23.74684 0.448 0.6545
013992 0.12114 -1.155 0.2481

* = and *** indicate significance at 5%, 1% and 0.1% respectively.
Number of Fisher Scoring iterations: 7

G? =25.712, df=10

Example 2. Consider th
and F.

e data from the same study in Example 1 for pathologists D

Table ‘4.2 Cross-classification of pathologists D and F én carcinoma in situ of the
uterine cervix of 118 slides

Category Pathologist G I
Pathologist B | 1 2 3 4 ) Total
1 26 1 0 ¢ 0 27
2 3 8 1 0 0 12
3 3 14 54 1 0 69
4 0 0 6 1 0 7
5 0 0 0 1 2 3
| Total 32 20 61 3 2 118 |
Under Uniform association model
Coefficients: Estimate Std. Error z value Pr(>|z|)
1] 0.87488 0.33523 2610 0.00906 **
A .0.03277 0.31647 -0.104 0.91753
A .483768 0.85657 -5.648 1.63e-08 """
AL 382977 0.84722 -4520 6.17e-06"""
Al 834421 1.41070 -5915 3.32e-09™""
v 0.67731 0.35553 1.905 0.05677 .
AL -3.78865 0.75805 -4.998 5.80e-07 ***
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VE -3.29665 0.84442
A2 -6.69899 1.30784
B 056412 0.10332
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-3.904

-5.122  3.02e-07 ***
5460 4.76e-08*""

Adejurno et af

9.466-05 ***

* ** and *** indicate significance at 5%, 1% and 0.1% respectively.
Number of Fisher Scoring iterations: 6
G* =98.128,df =15

5.1

Table 3.2

u 0.55645
AV 053936
A4 -9.80096
A -0.57752
Ad -1.51029
A 1.72273
A% -1.60360
AF -1.40237
5 0.35902
5,  5.18749
5, 1.55461
5, 1.29693
s, 1.38537
5, 11.82585
B -0.03162

Under Quasi-association model
Coefficients: Estimate Std. Error z value

0.78345 0.710
0.83633 0.645
24.02838 -0.408
1.20555 -0.479
1.48583 -1.016
0.90329 1.907
1.37434  -1.167
151526  -0.926
147954  0.243
129860  3.995
0.92606  1.679
0.68852  1.884
1.98920  0.696
24.04732 0.492
0.14995 -0.211

Number of Fisher Scoring iterations: 7
G*=22257,df =10

5. Results and Discussion
Results

Pr(>|z])
0.4775
0.5180

0.6834
0.6319
0.3094
0.0565 .
0.2433
0.3547
0.8083

6.48e-05 ***

0.0932 .

0.050086 *

0.4861
0.6229

, -0.8330
* *« and *** indicate significance at 5%, 1% and 0.1% respectively.

Table 5.1: Summary results of the examples in section 4 under Uniform association
model and quasi-association model with their difference.

AL

Uniform Quasi Difference
association association
Example | G/, dfin | G df | Gi df,
1. 78.318 15 | 25.712 10 | 52.606 5
2. 98.128 15 | 22.257 10 | 75.871 5
Table 5.2: Quasi-Association model selection with different combinations of &is in
Wodel notation | G2, G2 df
QA( d1) 40.586" 53.557" 14
QA( d2) 78.357 91.73 14
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QA( d3) 63.574 71.653 14
QA(dy) 78.108 98.121 14
QA( 3s) 71.406 82.888 14
QA(5: 5,) 38.255 42374 |13
QA(B:.5) 32113*  |37.560* |13
QA(51.0,) 40.554 53.431 13
QA(S+ 55) 33.935 38648 |13
QA(52,53) 62.989 71.185 13
QA(D2,64) 78.103 91.706 13
QA(5, 55) 71.404 76.413 |13
QA(5554) 63.315 71512 |13
QA(5555) 56.766 58.032 |13
QA(5. 55) 71.146 82.880 |13
QA3: 3, 5) | 32.101 35133 |12
QA1 3,8, | 38.247 40919 |12
QA(5:15,85) | 31.809 27425 |12
QA(5:155 54 | 32.062 37540 |12
QA(d, 83, 55) 25.764* 25.254* 12
QA(51648s) | 33.905 38433 |12
QA(5.55 54 | 62.692 71.007 |12
QA(528585) | 56.052 57.564 |12
QA(5:5,55) | 71.146 76.386 |12
QA(03.04, 85) 56.505 57.895 12
QA(51,52,55 54) | 32.053 34.746 |11
QA(5155. 85 85) | 25.762 22767 |11
QA(8155 64 35) | 25.715* - | 25.098* | 11
QA(D,.03 04 8s) | 55.750 57.423 11
QA(3152, 55, B, | 25.712 22257 |10
Os)

*The quasi association model in the specific class size of &;s with the best fits.

We observe, from Table 5.1, that the values of the Likelihood ratio G? for Uniform
Association were greater than that of Quasi-Association model for each of the
examples. The column of difference in the table shows the level of improvement in
the fit, obtained by including the pattern of agreement parameters, for Likelihood
ratio G; with degrees of freedomds, . We also observed that the pattern of

agreement parameter for category 1 which was labeled as "Negative", 5; was highly
significant in the two examples, which implied that category 1 was observed to be
most common, follow by 3 “carcinoma in situ”, &5 which is also significant in the two
examples. We can also confirmed this in Table 5.2, where we have QA(8) in the first
group, follow by QA(8+, 83) in the next group with the best fits and so on. Whenever
there were no “pattern of agreement” in the model, the strength of association
parameter () was significant as we had in the two examples, however, when the
‘pattern of agreement” parameters were included in the model, strength of
association parameter was no more significant.
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5.2 Discussion

inclusion of the pattern of agreement parameters & for the ordered categories in
addition to the strength of association parameter @ by Quasi-Association improved
the fit of the model compared to Uniform Association. This is more sO when the
pattern of agreement parameter 5 is significant. In order to identify the most
common categories out of the | ordered categories considered by all the raters,
Quasi-Association is a more appropriate model to be used.
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