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Abstract

Electricity is the key energy source for industrial, commercial and domestic aclivities in the modern
world. Bamigbola and Aderinto(2009). Mathemalical control deals with the basic principles
underlying the analysis and design of a system, lo conlrol an object means lo influence its beh:

so as lo achieve a desired goal. In this paper, we presenl conlrollabilily properties of electric power

yeneraling syslem model in an altempt to have belter understanding of the siudy of eleciric power
~eneraling syslem.
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1ntroduction

The Nigerian power system is plagued with many problems due to insufficient generation,
unreliable transmission and distribution lines, uncontrolled and unknown load distributions, in
addition to system dynamic constraints imposed by the longitudinal nature of the whole system. In
view of these conslraints, the load demands are never met leading to poor voltage regulation,

Manafa (1978), Olle(1987). Hence, there is neéd for increasing production level, higher reliability,
and controllahility level to attain optimal level.

The concept of controllability was introduced by Kalman in 1960 as a fundamental to modern
control theory. If a control function u(r) can be found in a system which will transform the initial

state X, of a system to some desired final state x, in finile time, then the system is controllable,
Burghes et al.(1989).

A state system is said to be controllable if a control function 1t(1) can be found which will transiur i
the initial state x,, of a system to some desired fund state x in finite time. A large body of literature
exists for operational design of the optimal electric power flow, among are, Aderinto and Bamigbola
(2010), Bouktir and Sliman (2005), Eti et al. (2.004), komolafe et al. (2009), Dmytro et al. (2007)
and George et al. (1996). Hence, the goal of Lhis paper 15 to study the controllability property of
electric power generating system mod.| for better understanding of the system.

Mathematical Model ‘ |
Consider the electric power generating system model, by Aderinto and Bamigbola(2010)
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thrc.G,(r) represents the amount of power gencrated by the i gencrator at time {,C, (r) the capital

investment on the i generator at time t. a,q,., and k, are respectively the actual mechanical/electrical
energy from the high pressure turbine and Jow prcséurc turbine , the corresponding running cost nd the
transmission loss rate, which depends on the distance from the grid center,  Also, the capital C, (!) at
time 1 is known to be dependent on labour cost §,, maintenunce y;, fuel cost r',C',(rb, (r), cupucity rate
4 and the ,cost of transmiraion to the grid contro y,C(r). u,(;). asu Sb, (I=),,m) th
generator capacity as our ¢ at .l since we cannot neglect the operation limitation on the equipment

because of its lifespan, the .o~ _er bound for u,(!) is choosing 1o be 1, lo represent the total capability of
the machir‘ze.

In the above setting an important objective is to minimize the total operating cost incurred in the process of

generating the required quantity of electric power G at any time t, thus, the expression for the objective
functon is of the form

1
J(u)= [[8TC(r)+nuTu)de (3

Where 6 = (5‘,52,...,6,,, )T is the unit of power generating, 77 (a parameter to balance the s.ze of @ :

control) is the weight on the benefit and cost. The benefit based on the power outpul being maximized by
the capacity of the generating machine and the percentage effect of the cost being minimized. Hence, if u

(1) =1 represent maxamal capacity of the generaling machine, then the maximal cost is represented Yy u’.
Let

G, =(G,,G,,...G,)
C=(C,.CpssC, )

a, =(a},a,,a,,...,am)7

u, = (tytiyyeoty)

k= (ko kyyen k)

7= (P Pyvs V).

(5,4 2)=(s+ Y15 +y,,,)r

(g, 0 . . 0 ) (hb, O . . 0 (x, 0 . . 0
0 ¢gob 0 .. 0 0On 0 . O 0 x, 0 . 0
4=lo 0 g 0 ol D=l0 0 n 0 Of mE={0 0 x 0 O
28 " ‘ ] ‘q ' ' ' . . . i
0 0 0 . qi) 'L"O 0 0 . r LO 0o 0 . «x,

Equarions (1) and (2) can be rewritten in the following matrix- vector form as:

dG(r)
dt
and

—a+C(1)AG(1)= kG (1) (4)
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i%=(:+y)+c(;)oo(z)-u(f)gc(:)+y,c(:) (5
G(1,) = Gy C(t,) =G @ Sy Sb (6)

Controllabllity Propertles
Controllability of a system was introduced by Kalmzm in 1960 as a fundamental to modern control theory,

if and only 1f a control function u( ) can be foupd in a systemn which will transform the initia] state x, to
a specified final state x ,, then the syslcni is controllable. For complete state controllability, each of the
components of x must be transformed by an appropnate u(f) It also follows that for a controllable system

the transformed matrix myst be non-singular, Burghes et al.(1989). In this section we pre-- e
controllability properties of elpcrric power generating syslem model for better understanding of the system.

Deflnition 3.1
Consider the system of equatjon

= = A(x(1)+ B(u(1) . ™

dr
;c(l)=';o,A(r) is nxn, B(t) is nxm matrices, .

;(I) € R" and ;(r) € R" ,u(!) is called the control ;(l) is the corresponding state system.

The linear system (7) is said {p be controllable if given any initial state Xo and any final state ;; in R*
then there =xist a control ﬂ(q so that the corresponding state ¥(r) of equation (7) satisfies the condition,

x(!o)= Xoi f(ff)=xj,

The contro) u(r) is said to steer the state from the initial state X, to the final state ¥
\ 1

Let ¢(1,r0) be the transition matrix of equation (7), then by the variation of parameter formmlz * - Le
wrillen as .
()= (1,1,) %, + [0, 7)B(n)(r)dr (7a)

Iy

As (f,7) > ¢(r,r) is continuous, it follows that

Hence, controllability of the fystem in eyuation (7) is the same.as to finding
Iy
()X, =3(,)= ¢(;,,:q)fﬂ + jgs(:,,.r)a(r)ﬁ(r)dr

'y
Le f(ll)—gﬁ(f,,u)fo = j¢(:j,r)B(r)ﬁ(r)dr (15)
If we define linear operator L: X = L, ([, 0 "§ by
u)= j¢(1,,r)1}(r)17(r)dr (7c)

to
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Then by (7b), the controllability property is equivalent to showing that operator L is surjective, |
L:.(X,Y) then N(L) and R(L) are defined 3

N(L)={xe X:Lx=0),R(L)={yeY:y=Lx,xe X)

Lemma 3.1: Mohan (2006)
The system given by equation (7) is controlldble if and only if

'

W(00t,)= flole,,7) BE)B™ ()" (1t Jir ®)
{o . .

is nonsingular, where ¥ (IU o1y ) is known as the controllability Grammian

A control ;(!) sleering the system from Uhe initial stale ;o lo the final ;/ is given by
u(t)=B"(t)p" (r, ,le(fmf!)]_‘[xf - @er,fo)xo] (9)

Lemma 3.2: Mohan (2006)
The system of equation (7) is controllable if

(i) W(!o,t,) is symmetric and positive semi definite.
(i)W (ro,r!) satisfics the linear differential equation
\
{
i[w (101, )] = AW (10,0 )+ W (1, )W (1,0,) 47 (1)+ B () B7 (1) (10)
W (15,06)=0
(i) W(Io,ll) salisfies functional equation

W(ro,tf)=W(ro,:)+¢(r/,r)w(!,g)¢’" (rf,r)

a5
Proof: see Mohan (2006)

Theorem 3.1

The systern

46 (1) _ a+C(1)AG(1)-kG (1)
dt

and '

dC (1)

o (s+y)+C(1)DG(1)-u(r)EC (N)+rC(1)
al the initial time —
G(t,)=G,, C(f)=Cy, a Su, b,

given by equalions (4), (5), and (6) above, is controllable if and only if
s

W, (to,zf)-—— J[(D(If,T)E(T)ET(T)(;JT(!,!I)}# (12)

fo

is
nonsingular.

Proof:
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Using Lemmas | and 2, sssuming thol rp({ /1 r) {3 the transltion matrix of the above system nd by (e

variation of parameler in (7a), equation (0) 18 equivalent 1o

4

C(r)=¢(:,t0)lG°+I]¢(r,,r)E(r)§(r}lr (13)
As (l,r) - ¢(l,r0) ;s continuous, it follows thal

\\45([,,7)\\51\/! Ve e(h))

\

Hence, controllability of (4 « 6) is equivalent to finding ;(I) such that

=l ol o oy BN

ie, C(r,)—qﬁ(t,,lo)co ="['¢(r/,r) E(r)a'(rylr (14)

Lt L X =C(r)=L,(1![,,r,1R'")whcrc L is a linear operator defined by

; \LL\;]M:,J)E(f)u(r)]dr (15)

In view of equation (15) coqﬁollability property reduced to showing that operator L is surjective,
Let (CQ,C!) be any pair ﬂ{vcclor in R"x R*. Weare to determine u € C; such that

ol )EEN(Hr =6, =€, =l )G

= i

1.¢ solving ‘L;\ = zf inthe space X fora given ;f
Let L be a bounded hnear operator as qa(r,r) is bounded. Also, let L' : R" — X be its 2djoint operater,

forucXand ¢ € R", wehave

( (Ll_x,a)k" =KE,'I]qo(l/,r)E(r);(r)drl{l“

FERT)

= ‘l[a,q:(r,'r)E(r)u(r)R"d:r

B - IIJ(Ew (r.w (t,.r)a u(f))ﬂ"df N (;,L'a)).

::\L'Ekl)=[:’7 (r)(pT(Ij,!):z ' (15)
To show that L is onto, we show that '

1L - R" — R" (nonsingular)i.e, givenany Z, € R, find a € R" suchthat

LL'U.ZI

I equanon (17)1s solvable, lh:;n a control u which solves Lu =z is u= La

Computing [ 1.7, v have
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{.ﬂw ,,I)E E™(t)p" (I,,l)d{]}
= Wtgt, Ve
it Wi, 1

0.0, ) 15 nonsingular, we have a control u(t) given by
uli)= La= L (L0 of = (W (1,1, ))"
ET ()" (1)1 I, 17 ]-I[C z!(!’rO)GO]

Fis will steer the state from the initja) to the final state, Conversely, let cquation (4-6) be controllable, i.e
1S onlo

te. R(L)= R*,then N(r')=[RIL)}" = [R°]" = fo),
hence L'is 1-1= LL isalso I-1, which is proved as below
Assume that LL'a =0 =0 = (LL'a,a): ilL'a“j and hence
La=0, L[1-1=a=0. Thus N(LL')= {0}

Thus Wit )= LL i R” = R” s 1.1

and hence nonsingular,

Theorem 3.2

The system of equation givey Py equation (4-6) is controllable if 0w, ) is
symmetric and posilive scmj Hcﬁniu.

(i1) W(!U,:/ satisfies — W(ro,f) )DW(IO,I)-+ IO,I)Dr + EETW(ro"/lW(’o-fo) =0
(1i1) V/(:,,, ,)_ 0, + @(I,f)/y(l,i!}p (r,,t)

rroof:

: U -
Let W(lo,1,)= I[rp(f/,r)E(r)ET(r)rpT (f/,r)hr
Since W7 (l ( )= H"(r Wy ),rhen W(ro, rf) is symmetric. Hence,

Wlot, Yo, )y = [l o) EQE )7, ).

Iy

jIJ'H.ET (TW (l/ e TE“

> 07 aelR”

a3 Uiing Lesbtz rale, we have

il

i

r |
o e AR \ pd N\ e ]
R ) er({,,r)[;(z)h’(_T}fpr(f,,r)h\

It
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= L()ET (1) + r]'D(.') (p(!,,r) E(r)ET(T)’PT('f")dTl

fo

=E(r)‘Er (’)+ jD(,)gj(;Pr)E(r)ET(T)'?S(f/,!)dT}

1

| )20 O 0]

D)W () (1) 27 (04 E()E7 ()

1

(ii) Wi, 1)= :jqp(f LOEEETET (1, T + ](!,J)E(T)ETGD('/:’ kir

Iy

=W, 1)+ go(rf, r) ( 'jgo(f, T)E(T)ET(T)(OT(“ r)drkg?’(:f‘!)]

= W(tg, 1)+ rp(u‘(, Ow (e, Yot 0)

(5), and (6) is controllable.

1

Hence, the system given by equations (4),

d using appropriate numerical method, specifically, Runge-kutta
f its higher level of accuracy than the first, second and third orders,

(19839, Pingping(2009), Poppe and Kautz (1998), Luke(1982),

The systern can then he solve
fourth- order method becauseo

Gerald and Wheally (1994), Jain
Steven(2007).

The optimal control model is solved using real life data obtained from National Contrnl Centre,
Osogbo, Aderinto and Bamigbola (2012). However, the resull obtained shows that control is very §
important in order to generale more with minimum cost and still maintain good condition of the

generating machine, Aderinto and Bamigbola (2012).

'

e ———

ey (< B

Conclusion :
The availability of electric pOWer, in the right quantity and quality, is essential to the technological

and industria: advancement in today's world. The application of optimal control theory to the
mathemalical model of the eleclric power generating system was o improve the quality and
quantity of electric powergenerated and minimizes the cost of production under secured condition
In this work, the controllability properlies of the optimal control model were investigated and the
cystem was found controllable. And .since controllability is oné of the characteristics that

guara nleed UNIQUENESS ol solution, hence our resull is unque.

— — —_— - -
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