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A COLLOCATION TECHNIQUE BASED ON AN ORTHOGONAL POLYNOMIAL FOR
SOLVING MULTI-FRACTIONAL ORDER INTEGRO DIFFERENTIAL EQUATIONS

UWANEREN, O. A, & TAIWO, O. A.
Department of Mathematics, University of Mlorin, orin.

ABSTRACT

) This paper deals with the construction of orthogonal polynamiul Sfunctions and the
application of same to solve multi-order fracllonﬂ/ integro- differential equations. The method
used in the awork is referred to as the standard collocation method. The method assumes an
approximate solution in which the constructed orthogonal polynomialsare used as basis
functions. The assumed solution is substituted into the general class of multi-order fractional
integro-differential equations and the resulting equation is then collocated at equally spaced
interior points, thus resulting in algebraic linear systen of equations which are to be solved by
Gaussian elimination method in order to obtain the unknown constants in the assumed solution.

Some numerical examples are presented to illustrate the validity and applicability of the method.
The results obtained using the method is shown on tables of result.

Keywords: Orthogonal functions, JWeight functions and Multi-firactional order integro-
differential equations.

i. INTRODUCTION

Orthogonal polynomial systems are very useful in many problems of approximation theory,
mathematical and Numerical analysis and their applications. Orthogonal polynomials are special
functions of mathematical physics. Fractional Calculus is a generalization of ordinary
differentiation and integration to an arbitrary order. This class of calculus has been gaining some
considerable attention in the recent years as researchers utilize it in solving problems in the field of
Physics, Chemistry Engineering and Technology. It is worth noting that most problems of
fractional integro differential equations cannot be solved analytically. Hence, good approximale
solutions using numerical methods are usually employed to solve such problems. To this end,
many numerical techniques have been developed and these include Homotopy Analysis Method
(HAM), Adomian Decomposition Method (ADM), Variational lteration Method (VIM) etc. Omar
(2014) considered: fractional integro differential equations as
differential equations where the differentiation and the
integration appears in the equation of non integer order. He solved some multi fractional order
integro differential equations using Variational lterative Method (VIM).

a very important class of integro

Taiwo et al (2013) used iterative decomposition method 1o solve multi- term fractional differential
equation. Ibtisam (2011) solved some multi fractional order integro differential equations using

Homotopy Analysis Method. In this work an orthogonal system was developed and applied to
solve multi fractional order integro differential equations.
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1.1 Basic Definitions .

Definition 1: Ortho :

called orthogonal ikyg(;n“‘“l:)"lf)".m"“1‘11-1\ system S of elements of an inner product space is

the system i s or every n # m, (y, ,Ym € ). If (Y ,ya) # 1 for each n = m, then
ystem is called orthonormal, i Ay ;

\

For orthogonality:

b

il 2 e= / '. (l‘(J‘);[,,(,r)ym(_)-)“’_,- |

.

(1

The orthog nomi: J ;
gonal polynomial of y,(x).y,(x) on interval,(a,b) with respect to the innerproduct of the

form: )
L s Yo = / ”'(-").’/:l(~")!/m(-")"-"‘-

Jua

(724),

are called the Classical orthogonal polynomials if their weight functions w(x) satisfiesthe

differential equation:

where d '
A w(a)) =B (r)w(a)

e

o2 B (sth) = (ST

it (b)) = (WaFas) (3)

() =
i 1 il (u.b)::(—\.\.)

and B(x) is a polynomial of the ﬁrsﬁ degree.

Multi-fractional on‘(ier Integro-differential Equation- The general form of multi-

Definition 2:
fferential equation is given as:

fractionalorderintegro-di
P gy = fl) = L gl + SRy = TP ylr) F e T RO ih
fferential integral functions respectively, and

¥ L
are in the Caputo sense of the di
der derivative and integral of the function

where D and J! {
denoting the fractional or

and P are parameters
respectively. /

Some important properties of D"t'i;(t) and JPf(t) are:

i

; C(n—+1) .
-’)(i, Iz I= VLRl i
]_..' e I'(n — & — l)'

a
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FECHNIQUE BASED ON AN OR1 HOGONAL POLYNOMIAL FOR.coo

R (e =+ 1)
U 4= 3 4 1)
7 Construacti
1. 2 Construction of Orthogonal Polynominls
lere, we construc \
¢, we constructed orthogonal pn\ynnm\u\.‘\ using a basic qundrm‘\c weighted func-

tions w(t) = R=t+ 1

{ using the weight

The first few numbers of the orthogonal polynnmials then constructec

funcuiion \\'(()=\2‘l+ 1,08t 1, are
P\)(” L
N = 2t =1

foms e
i) = —‘(-2.-3:—’ — 250 + 1)

Il 53 5 (6)
Palt) = 50120 = Gt + 25t = 2)
1 o 5

Py = _—)—(')(Ql-l'_’f‘ S e 6ot + 29

P = —E(l:}ll(jél" STl = 2RANOE — LS00 — 15201 — 19)
175 Bernstein Polynomials
2 METHODOLOGY
Here, W€ consider mu\ti—fractiona\ ovder imegro-differemia\ equation of the form @)-
We assumed an approximate solution of the form:

(7)

N
() = S clit)

i==0

where il = O(1)N are unknown constants 10 be determined and Pi() are the orthogonal

polynomials constructed using  the three different weight functions, w(D),
earliermemioned.Substituting (7) into (4), we have

217
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2\ \ : A
oDy Z Bty = [ (-"H‘(:l'.. el ! Y PO+ e S Pl e Y. 2

£y
=\l ) e 1=0 {
] k(e e SR D) = = b e 5 vra Bl ()

Thus, (8) simplifies further to:

DO = ey DN U = ca DU S0y = - - Fen D) = [ Fend Pl
e WA (i 7 i L eI VOEPN U = e 20 = e T2 (P )
R U e R P e e Y (P () = 1. (0 _
' Applying the rractional differential operator, Da = , and the integral operator, J, to !

equation (9) leads to:

I“H—l;' F A et}

o —————— ] —

I'(n—1) i |

rl”_l' . —_—ae

R L gy S I

-t

IS T e e i ) e )
c Hu--.-»ll’ _-,(J‘—(”I‘n-\'l-ltl (lnll-‘”-“’

(NS 1) 'n il

=l s e l‘m-—l} R
{ g N e T T 32

T A= N T 2= 1)
o R U R S Y e [T e bl a2
Ly .'v".f-»l![ L v i f AR

1 {n1) =)
g i =32

g - N 2.0 Eeii

where, from equation (5), n indicates the power of t in the individual terms of theorthogonal

polynomials. Equation (10) is collocated at equally spaced interior points; ;= (b—a)/N, (i = 0(1)N
), to give (N +1) linear equations in (N +1) unknown constantswhich are put in the forms:

A £ ] b e g

lerts S\on L) AL «

. 4 < = : (S

Gy 1 Do — )

2 VP ol -'lln'.' o1 -‘\ul:{ L P <o
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A COLLOCATION TECHNIQUE BASED ON AN ORTHOGONAL POLYNOMIAL FOR.....
whereAj are the coefficients of Cizand By, are the values (1))
These (N +1) linear equations are then solved using the Gaussian elimination method

toobtain the unknown constants ¢;,(i = 0(1)N),and which are then substituted backinto the
approximate solution to give the required approximate solution.

3. NUMERICAL EXAMPLES

-We present some examples to illustrate the method.

Example 1

Consider the initial value problem that consists of the multi-fractional order nonlinear

integro differential equation:

9 b o iy o P ;
PO (1) = I‘(ll)‘)ln.-g;-. 4 l‘(.;—__),'z.-» s e [0 1 (12)
2 IS 10)

together with the in;'tial condition; y(t) = 0 The exact so}ution isEy(t)as"t- W.e useorthogona!
polynomial basis function with weight function w(t) = t* — (1 an 1l to so]veth|§ IVP of multi
fractional order differential problem for N =2 by assuming an approximate solution of the form
(7). We apply D0.75 and J0.75 to (12),to have

I B a ril g OB 5 W= S 52
e (D=3 1 = =) == (23 =p it = 25-—wtiie
v Rl R R S
. il STLL _3.__,,'_2__.,,_._-__‘1‘!—'
AlTl"_il'f“":) = H‘—;;“ e (6} — 2eoer + f = e + )
—(— lr-.f — %2('.,1'2 % Arper + %:’-4-11'-_1 — %,—_—‘1 :;))—‘fl_-l' == (o 5= %-51'“('3 — 3_'_';-‘-1-1 o — "l'“:';-’r::)lf—_l.l';_
+(25¢y 02 — 22e3) Tt (13)
1
Equation (13) is collocated at equally spaced points of [0,1],to obtain: i
OO =) g . a1 Q.— 10
o = 0.499999979. ¢; = 0.5000000000. ¢» = —1.6319632218¢
Substituting these values into assumed solution, we have the approximate solution,
o (1) = —2563106822¢ 7" + 1.0000000003¢ — 2.80.108013567 Y17
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Table 1: Numerical Results for Example 1,

Approxitnate [ rror

0.0 D.0000000000 | <0.0000000026 | 2.5652-110)

N I xaet

L 0000000000 | 00000000077 | 2

U2 1 02000000000 | 0, 190900009070 | 2.0700e-10

D31 03000000000 | 0,2000000050 | 19237 ¢-00

Lo O Thoaonnaon | 0,50999090900N 1.826 1-09

0.5 1 DA0DANNNNNG | 0L 1HHHOUHIN2 1756000

0.6 | 0.GODNNNONN0O | 0.5995999982 1 1805 1e-00)

0.7 1 0. TOUOOODUND | 0.640G909G0N T | LN TTe-04

DN | ONODOOBOO0D | 0. 790000047 2 016019

0.0 | 06000000000 | 0.8090G0889 TS D 90N ] =00

(0 L oononaoann fo.990994947 I [ S S EICh

Example 2: Consider the initial value problem that consists of the multi-fractional
orderintegro differential equation

( SN e
et '’
_'..';._:ll | B (e

AL T e 1R vl

tion is y(t) = . We use orthogonal polynomial
nw(t) = t2—t-+1 to solve this IVP of multi-fractional
2 ¥ "4 by assuming an approximate solution of the form(7).

nd then follow the same procedure, to obtain:

( 't~:JI‘r-iummmmnmm'wimﬂlﬁmm.xw
i
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