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ABSTRACT

A binary block design of size D(t, b, k,r) has t treatments, set out in b blocks, each block
having k units, and each treatment occurring once or not at all in each block and r = bk /t
the number of replicates. The focus in every experimental situation is to search for a design
that provides maximum information but utilizes minimum experimental material. A design
which can guarantee high precision in estimating parameters with small probabilities of
committing Type | and Type Il errors is considered useful to the experimenter. Therefore, the
aim of this research work was to construct a new class of optimal designs with minimum
replication. The specific objectives were to; (i) develop an algorithm for the optimal binary
block designs, (ii) assess the binary designs constructed using a new optimality criterion,
Minimum Variance MV ={X3!_1(e; — )2} where ¢; is the i*"* eigenvalue of the information
matrix D (¢, b, k r)and & the mean of the eigenvalues, (iii) classify the obtained designs as
partially balanced incomplete block design PBIBD with m associate classes, with m =
1,2,. . .. The best designs being cases with m = 1 or 2, namely PBIBD/1 and PBIBD/2,
respectively.

Classes of optimal designs were constructed using the developed algorithm for the following
parameter combinations, namely, 2 <r <t , 6<t <15, and 2 <k<t/2. The
information matrix was obtained for each design ©(t, b, k r) and the one with minimum MV
was selected. Designs with equal eigenvalues were classified as the PBIBD/1, those with only
two distinct eigenvalues as PBIBD/2.

The following were the major findings from this study:

(i) The algorithm developed had been able to search for the optimal design amongst a class
of designs of same size D(¢t, b, k ).

(i) The MV criterion used in design assessment outperformed the well known A-, D-, or the
E-Optimality criteria and it was found to be less cumbersome in computation,

(i) A new class of optimal designs were constructed and results obtained for parameters
combinations2 <r <t,6 <t <15,and2 <k < t/2.

The study concluded that the algorithm for constructing small size replicates optimal
experiments was effective. The study also confirmed that increasing the number of
replications or block sizes would lead to improved efficiency but higher cost for the
experiment. Thus, the research has opened up efficient designs for pilot survey and for easier
computation with less cost. For an experimenter to obtain optimal design for the replication
and unit constraint problem, construction of designs and their complementary designs should
be considered. Optimal minimum replicate design is recommended for the construction of a
better design for a particular anti-symmetric design with an improved frequency distribution
of concurrence matrix.

Word Count 440
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CHAPTER ONE
INTRODUCTION

Experimentation is an essential part of learning process in order to optimize the
variable of interest. To get reliable and objective conclusion from an experiment,
statistical procedures are necessary and in fact, statistical experiments are economical.
Statistical error is un-avoidable in statistical experiments, but can be controlled.
Excessive error in experimental procedures may destroy experimental validity which
could affect the accuracy of estimates (Gauch and Zobel 1997). Variations within
experimental field are monitored and controlled when optimal design and appropriate
model are used with all sources of variation accounted for. A suitable design strategy
is capable to improve the accuracy of comparison. Therefore, Incomplete Block
Design is appropriate when all the treatments cannot appeared in a block which is
common in science, agronomy, medicine, psychology, sociology and other fields,
Divecha and Ghosh (1994), Sharma (1996) and Sharma and Fanta (2010). These
incomplete block designs are wide and complex therefore; from the planning phase, a
researcher should find a design that provides the maximum information among others.
To determine the appropriate design to be selected, it is necessary to keep the
experimental objective in mind which in turn provides solution to the problem of
inference. Failure to find optimal research design leads to inadequacy in inference
from such kind of experiment, no matter how sophisticated the statistical tool used.
The analysis of incomplete block design is a bit difficult in that treatments and blocks
are no longer orthogonal (Bayrak and Buluf 2006). In incomplete block designs only
treatment contrasts are estimable Das (2002), because block effects are eliminated and
the estimates are the function of treatment effects and error only. Hence, substantial
error in an experiment leads to erroneous conclusion. Maximizing the parameters of
interest and minimizing the error term at the same time is the major concern. The
target of this research is to present a new class of optimal designs with minimum
replications as promoted by Sharma and Fanta (2010).

In this research work, optimal incomplete block designs were investigated from a
class of obtainable designs which are valuable in general theory of incomplete block
designs and in practice. The partially Balanced Incomplete Block Design with m
associates denoted by PBIB/m, were introduced by Bose and Nair (1939). The class of
design avoids the large class of replicates which may be required by a completely
balanced design. PBIB/2 and PBIB/3 or more associate classes were constructed
using R-statistical package. PBIB/1 designs are rare, exist for certain set of design
parameters Das (2002) and often need large number of replicates, a great demand on
researcher. Ordinarily, an experimenter looks for a design that maximizes information
with less experimental units. That is why PBIB/2 and PBIB/3 or more associate
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classes were major concern in this research work. Due to the great demand as a result
of large units, the most often used design is PBIB/2 design, it is the simplest extension
of BIB design, in view of this BIB designs can be written as PBIB/1. BIB designs
have attractive property, having all the treatment contrasts estimated with the same
accuracy. Core PBIBD have different sets of treatment differences with a set
estimated with the same accuracy different from other sets. A design that maximizes
information in an experiment is called an optimal design. An optimal design is known
to produce unbiased estimates, minimum variance, and require minimum number of
experimental units. In this research work, four (4) optimality criteria which are A-, D-,
E-, and SS- were used.

Partially balanced incomplete block designs (PBIBD) were introduced to deal with the
challenges of field heterogeneity to a large extent than what Randomized Complete
Block Designs (RCBD) could handle when the number of treatment required for the
experiment is large. In breeding science, genealogical history of varieties could help in
the choice of varieties selection to be used in the experiment, so PBIBD or its

complementary design may be a better choice..

Error control is one of the basic principles of experimental design which when failed
could cause inaccuracy in estimates Gauch and Zobel (1997). Variations within
experimental field are controlled when the right model is used and all sources of
variation are accounted for. In a situation where two sources of variation are included
which are treatment and blocking with a constraint that all the treatments cannot
appear in each block which is common in agronomy, engineering science, medicine,
psychology, sociology and other fields, is called incomplete block design Divecha and
Ghosh (1994), Sharma (1996) and Sharma and Fanta (2010). Incomplete block
designs are wide and complex therefore; there is need for selection of appropriate
design from the catalogue of obtainable designs. The objective behind an experiment
will aid and determine the appropriate design to be selected which will definitely help
out in providing solution to the problem of inference. A significant test is a tool that
can be used to establish whether or not a difference between treatments is real.

Precision and Canonical efficiency factors

Precision depends mostly on the number of replications and the choice of design in
any experiment. Therefore, the issue of replication is important in this work

Canonical efficiency factors of an information matrix from a particular design could
be used for comparison among different designs. A design with very good structures
in its information matrix will produce high and less variable canonical efficiency
factors. This in turn, would rank such a design better than others with low and less
variable, low and high variable, high and high variable canonical efficiency factors.
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Optimal designs could be compared using Type-1 optimality, E- and SS- optimality
criteria to select optimal designs in order to obtain the possible maximum information.
Eigenvalues, also recognized as canonical efficiency factors are a function of
information matrix Das (2002) and would be used to determine choice of designs.

Selection of good optimal designs using optimality criteria

Statistical criteria are important and required in the selection of experimental designs
for estimating statistical models with high precision. These criteria are also called
optimality criteria. A non optimal or less optimal design would utilize a large number
of experimental resources in the estimation of parameters with the same precision as
an optimal design. Careful selection of a design is necessary because, a design
selected would guide researcher on how well to collect the right data and analyzed in a
manner that a valid and subjective conclusion would be made.

FOUR OPTIMALITY CRITERIA

Rational assessments of optimal designs are only possible after identifying the criteria
for evaluation. Constant block size and equireplicate design d which is widely used in
several fields of research would be considered Bronislaw Ceranka and Malgorzata
Graczyk (2007).

E- optimality criterion is a useful criterion, but does not give full detail of the
occurrences in the canonical efficiency factors just like A-, D-, or SS- optimality
criterion. Individual handling canonical efficiency factors in different ways providing
attractive information. These four criteria are combined, in determining optimal
designs. Type-1 optimality criteria produced robust averages in canonical efficiency
factors.

E- optimality criterion produces the least or the minimum value from canonical
efficiency factors stressing the variation in it without giving this measure. SS-
optimality criterion produce this measure of variation.

HOMOSCEDASTICITY ASSUMPTION

Homoscedasticity assumption play a serious role in general linear model Bronislaw
Ceranka and Malgorzata Graczyk (2008) and Sharma and Fanta (2010). Violation of
this assumption, has serious negative effect on the proposed model, the interpretation
as well as inconsistency in the optimality criteria. This is the foundation upon which
A-,D- and SS-optimality criteria are based.

Complementary designs are common under Balanced Incomplete Block Designs
(BIBD). A complementary design of a design denoted as d.(t, b, k,r) is defined as the
position replacement between t treatments and b blocks such that N= tr = bk is of
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interest. Complementary designs under symmetric PBIBdesigns, where t=b
and r =k, generate the same concurrence matrix. When t >b and r <k ,
complementary design of a design produces different concurrence matrix having
different dimension and different content from the original design. The
complementary design for a design where t > band r <k isb >tand k <r, with
the constraint that tr = bk. The complementary design for the design where t > b
and r < k and the design where b > tand k < r, are both called anti-symmetric
designs with constraint tr = bk. For symmetric design or anti-symmetric design, it
Is possible to obtain a design that would utilize the same number of units but different
amount of information. The derived design from any of the two type of designs
mentioned above is called complementary design.

Under symmetric design, the number of treatments to be compared must be equal to
the number of blocks to be considered in the experiment with inevitable constraint that
each treatment must be replicated in accordance to the block size. Similarly, under
anti-symmetric design, the number of treatments must not be the same as the number
of blocks to be considered in the experiment with inevitable constraint that each
treatment must not be replicated the same number of time as the block size.

The objective here is to reduce the number of replications and maximize the estimates
of the parameters of interest, so the interest lies ont > b and r < k, anti-symmetric
designs will be of help in the construction of optimal designs through its
complementary designs.

A design which could account for assignable causes of variation effectively must be
selected from a catalogue of obtainable designs, such designs are often called optimal
error controlled designs. Optimal designs has properties of unbiasedness, minimum
variance, minimum number of experimental units utilization with little cost
determined by some statistical criteria. These properties make an experiment cheap to
run and providing reliable results. In this thesis, Type 1-, E- and SS optimality criteria
were used to select optimal designs and their performances were also assessed. If an
experimenter/ researcher fail to search for an optimal design, larger sample size would
be required to test whether or not a difference between treatments is real. Minimum
variance is the idea of precision. Accuracy is wider than precision due to the effect of
biasedness but precision affects accuracy. Mean Square Error (MSE) measures
accuracy. Accuracy is affected by type | error, type Il error and effect size. The
smaller the MSE the better the design.

In this research work a new class of optimal designs will be presented. Let d.(t, b, k, )
represent a block design consisting of t treatments, b blocks of k units replicated r
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times. Our objective here is to find a class of design that are optimal for small

replication r, where r= bt—k and is an integer; r = 2,3,...,t — 1.
1.1 Definitions

Block Design

A Dblock design is a list of t treatments and their corresponding b blocks of sizes
ki, ks, .. .. k, respectively such that the treatment i occurs in 7; blocks and the it"
and j* treatments occur together in A; ; blocks.

Binary Design

A design of size (t, b, k,r) is called a binary design provided every treatment occurs
once or not at all in each block of the experiment, i.e the incidence matrix of a design
N = Tlij, Where nij =Q0orl

Incidence matrix:

The matrix N=n;; : (i = 1,2, ....t,j = 1,2 ...b) where n;; is the number of times the
treatment i occurs in blockj is called the incidence matrix.

Information matrix

Let d € D(¢,b, k,r) be a equireplicate (where bk/t=r) design with t-treatments, b-
blocks, each of size k > 2, using Reduced Normal Equation (RNE), information
matrix is obtained. Let C,; be the information matrix given by

— —-1pa71
Cg =Ry — NyKg Ny
Where R, and K, are diagonal matrices respectively, the treatment replications

Tis ve ver oee rqe and the block sizes ky; ..........kq, and where N, is the incidence
matrix with (i) element n;; . We denote the eigenvalues of C;, by

1) €g2s wen ve e €41, 0
Connected Design

A design d e D(t, b, k,7) is said to be connected provided all possible treatment
differences are estimable or if the rank of the information matrix of the designd is t —
1.

Partially Balanced Incomplete Block Design with one associate class PBIBD/1
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(1) Let e;, ey, .....€,_, be the canonical efficiency factors of the information
matrix for d.(¢, b, k,r), then d.(t, b, k,r) is said to be BIBD iff

Where 0 < e <1 is a constant and all treatment differences are estimated with the
same variance.

Partially Balanced with 2 Associate Classes (PBIB/2)

Some Pairs of treatments are estimated with the same variance, whereas some other
pairs are estimated with the same variance but different from the variance of earlier
pairs of treatments. In PBIB(2), every design has two unique eigenvalues (or
canonical efficiency factors) .

0<e <1, 0<ez<1; ey > eg
Partially Balanced with 3 or more Associate Classes

PBIB(3 or more) is a design that has three or more unique canonical efficiency

factors ey, ep....¢;;

0<e =1 0<eg<e, 0<e <ep j=¢(,..,L where L is
number of unique canonical efficiency factor.

€A>€B>“'>BL

Complementary Design

A design d.” having parameters t,, b,, 1, k;, A, IS said to be a complementary design
of a design d. with parameters ¢, b, k,r, A, if d.* is obtained by taking in the j" block
of d* all those treatments which do not occur in the j** block of d, j = 1,2 ..... b.

t,=b, by=t, n=k , k=1
Variance Balanced Design:

A design of size (t,b,k,r,A) is said to be variance balanced iff the elementary
treatment contrasts are estimated with the same accuracy.
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Symmetrical Balanced Incomplete Block Designs

A class of balanced incomplete block designs (BIBD) in which the number of
experimental treatments is equal to the number of blocks considered in the experiment
is called symmetrical BIB designs.

Complete Design

A design is called complete design if every treatment occurs in each block, otherwise
it is called incomplete.

Equireplicate Design:
A design is said to be equireplicate if all replications are equal to a constant r.
A-Optimality Criterion

A design 4 € D(t, b, k,r) is A- optimal if it maximizes

—1 over all possible designs in D(¢, b, k, ).
i=1e_i

D-Optimality Criterion

A design d° € D(t, b, k, ) is D- optimal if it maximizes

1
{TT¢1 e; 31 over all possible designs in D(t, b, k, 1) .
E-Optimality Criterion

A design ¢ € D(t, b, k,r) is E- optimal design if it maximizes min(e;) over all
possible designs in D(t, b, k, 7).

MV-optimality Criterion

A design d."eD(t, b, k) is said to be MV-optimal if for any other d. € D(¢, b, k)
ST —1) < r.— 1.

rriliajx Varg- (1 T]) < nil;ajx Vary (t; — ;) .

1.2 STATEMENT OF THE PROBLEM

The focus in every experimental situation is to search for a design that provides
maximum information but utilizes minimum experimental material. A design which
can guarantee high precision in estimating parameters with small probabilities of
committing Type | and Type Il errors is considered useful to the experimenters.
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1.3

RESEARCH AIM AND OBJECTIVES

The aim of this research work is to present a new class of optimal designs with
minimum replications with objectives, to construct Optimal incomplete block designs
with min{Y.(e; — &)*}

(i
(i)

(iii)

Partially Balanced Incomplete Block Design with one associate class PBIBD/1.

Partially Balanced Incomplete Block Designs with two associate classes
(PBIBD/2).

Partially Balanced Incomplete Block Designs with three or more associate
classes (PBIBD/3).

(iv) Compare optimal, less optimal and non-optimal designs performances.

v)

(vi)

v)

(Vi)

1.4

Construct symmetric designs and their corresponding complementary designs
and evaluate their performances using Type | and E-optimality criteria.

Construct non-symmetric designs and their corresponding complementary
designs and evaluate their performances using Type | and E-optimality criteria.

To present competing anti-symmetric designs having varying block and block
sizes; and

To present competing complementary designs for anti-symmetric designs
presented above.

JUSTIFICATION OF STUDY

A small size design is usually used as pilot survey and pre-test experiments. They are
optimal in the sense that nearly equal information is obtained on each treatment
comparison.

var(f, =) =c or ¢orc,
where |c; — ¢,| <€

Where ¢, and c, are the basic contrasts and ¢ is a small positive number

Small sample size design arrived at a quick decision with limited amount of resources.
Small sample size experiment is recommended for the following cases where
experiments are conducted such as
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(1)
(i)
(iii)
(iv)
v)

(vi)

A stage at a time.

Each stage is independent from the other

Each stage is efficient to proving information each basic contrast.

Losing one stage should not adversely affect the overall result.

Small sample size experiment increases accuracy with high precision
that is a result with high efficiency can be obtained in an experimental
design with less cost and small units utilization.

If a larger number and/or size of the experimental units is considered in
an experimental design it is a bit difficult to ensure that they are all
equivalent for the purpose of treatment comparisons, the less certain the
equivalence of the treatments is, then the less accurate the overall result
of the experiment will be.

9 |Page



CHAPTER TWO
LITERATURE REVIEW

A lot of literature has shown that without good design, the information for the conduct
of forward looking experiment would be complicated and misleading. Earlier
experimental strategy when two sources of variation are present denoted as Treatment
and Block is called Randomized Complete Block Design but increase in the number
of treatments to be compared leads to increase in variation within the block as well
leading to imprecise information. This led to the introduction of Binary Incomplete
Block Design experiments. Under the Incomplete Block Design exists Partially
Balanced Incomplete Block Design. In recent years, several researchers and
experimenters have investigated the use of optimally connected designs. Most
especially, Partially Balanced Incomplete Block Experiments have been extensively
studied by experts in both academic and empirical realms. The investigations revolve
around two aspects namely, analysis of experimental data and construction of partially
balanced incomplete block experiments.

Prominent among such researchers is Lewis and Dean (1971): In a book titled
“Design and Analysis of Experiment “dealt with symmetric PBIB designs and their
corresponding complementary designs where the number of treatments is equal to the
the number of blocks which automatically force the number of replications to be equal
to the block sizes. It was shown that a symmetric design and its complementary design
have the same concurrence matrix.

Bimal (1982): Constructed (M,S)-optimal designs for block size three (3) when the
number of treatments is of the form 6t + 3. Showing a form of uniqueness in the
construction of experiment.

Taylor and John (1983): worked on the incidence matrix of binary incomplete block
designs with a given concurrence matrix where an algorithm was developed to find a
design with a given concurrence matrix. It was discovered that the precision of
comparison between treatments in incomplete block designs with equal block sizes
depends only on the concurrence matrix.

Kageyama,S(1985).Presented some classes of incomplete block designs such as
varianced-balanced, efficiency-balanced and so on and determined the minimum
number of experimental units required for an incomplete block designs to be
connected given t and b where t is the number of treatments and b is the number of
blocks. Another situation was also considered in which the number of replications
r; = 2 and the block sizes ki =2 for all i=1,2....t,j =1,2.......b under this
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constraint , the minimum number of experimental units is determined along with some
construction methods.

Sinha Kishore(1987): Worked on Generalized partially balanced incomplete block
designs to construct equireplicate balanced block designs and pair-wise balanced
designs and balanced incomplete block designs (i.e. BIB designs). The theorems,
corollaries and the illustrative examples showed the existence of Generalized partially
balanced incomplete block designs with 2 or 3 associate classes with the parameters
t, b1, ki, A, Ay, 1=1,2, implies equireplicate balanced block design with
parameterst, b =b; +b,, r=1, + 15, ki, k, , w=p

A pair-wise design was obtained if A,;; + 4,, = 4,1 + 1,, = A3, + A3, when k; =k,
a BIB design is obtained.

Mike Jacroux (1987): Considered a general method for finding MV -optimal designs
and some sufficient conditions under which a design obtained using the proposed
method will be MV-optimal in some experimental situations where t treatments are of
interest and are to be compared with some standard treatments in block of size k units.
A design is considered to be MV-optimal in such an experimental situation if it
minimizes the maximal variance with which the elementary treatment contrasts
involving the standard treatments are estimated.

Mike Jacroux et al (1988): Constructed optimal incomplete block designs in classes
D(t,b, k) where t < k E- and MV-optimality criteria were used in selecting an
optimal design in D(t, b, k). Several sufficient conditions for designs to be E-and
MV-optimal were derived in classes of D(t, b, k) where k > t and the information
matrix C-matrices were characterized for certain designs which satisfy the sufficient
conditions.

Donev (1989): looks into point-exchange algorithms for the construction of
experimental design and explains the main drawback of point-exchange algorithms.
That is, they require a list of possible design points, called a candidate set, as an input.
For design problems involving large numbers of experimental factors, this list
becomes too large to handle.

Kraft (1990), Mukerjee and Sinha (1990), Bapat and Dey(1991), Birke
Dodge(1991) and Mandal et al (1991) worked on the optimality of connected block
designs which is in line with Mukherjee et al (1986) when the number of
experimental units is small, typically, n, or ny+ 1. Very small number of
experimental units was the focus, it was reported that the usual argument for arriving
at the optimality results no longer work.
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Bapat and Dey (1991): use and study D- and E- criteria in the class of connected
block designs, when the number of observations is minimal. It was reported that all
designs in the class of competing designs are comparable with respect to the D- and
E- optimality criteria values, and optimal designs are also identified.

Mukherjee et al (1992): examine the study of a minimally connected block design
under mixed effects additive model without interaction where the block effects are
random with variance o7 and the treatment effects are fixed. It was reported that
designs obtained are E-optimal uniformly by comparing the ratio of the variance
components.

Jerzy K. Baksalary and Jaun Hauke(1992): Considered additional properties to
determine minimum number of experimental units required for an incomplete block
designs to be connected. Since it is known that the minimum number of experimental
units for a block design with t treatments and b blocks to be connected ist+ b — 1
.This minimum number may not be attainable particularly when it is required that the
design in question should satisfy certain additional conditions on treatment
replications and /or pairwise balanced. The problem of determining the minimum
number of experimental units in connected block designs satisfying such additional
properties is considered. Some of the results derived are extensions of those given by
Kageyama(1985), while some other results are new.

Sunanda Bagchis and Ching-Shui Cheng (1993): Established E-optimality of many
designs with block size two over the whole class of competing designs. The result
identified the E- optimality of a class of partially balanced incomplete block designs
with a rectangular association scheme. A simple method of construction of highly
efficient designs of block size two was also considered.

Dey et al (1995): take the research further and gave special techniques that are needed
for identifying optimal designs when the number of experimental units is minimal or
nearly minimal. The purpose of this is to present additional optimal results in different
classes of connected block designs with n, or n; = (n, + 1) experimental units.

Hedayat et al (1995): Developed a sequential search algorithm for constructing two
classes of designs contingently balanced incomplete block designs (i.e, C-BIBD) and
virtually balanced incompletely block design for a situation when a balanced
incomplete block design of size (t, b, k, 1) does not exist or its existence is not known.
The result showed that C-BIB designs can also be used to construct BIB designs by
taking multiple permuted copies of it. The performance of C-BIB and V-BIB were
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evaluated it is discovered that some V-BIB designs were shown to be highly efficient
under A-, D- and E- optimality criteria.

Balasubramanian and Dey (1996): Identify D- optimal designs in the classes of
connected block designs with fixed block size, when the number of experimental units
is one or two more than the minimal number required for the design to be connected.
It was reported that an application of these results was made to identify D- optimal
designs in a class of minimally connected row-column designs. Graph-theoretic
methods were employed to arrive at the optimality results.

Olaf Crafft and Schaefer (1997): investigate the features of A- optimal block
designs in the class of connected block designs with constant block size under the
restriction that the number of observations is v + b where v is the number of
treatments and b is the number of blocks. Results were obtained through Graph-
theoretic methods. Moore-penrose inverse of the C-matrix was obtained in terms of a
distance matrix of a graph associated with the design.

John and Sudesh (2000): Are concerned with the class of nearly balanced incomplete
block designs with concurrence range [ or NBBD (1) where sufficient conditions for
type-1 optimality of NBBD(2)’s were derived. A- and D- optimality in the families of
NBBD(2) were established in settings where optimal designs were not previously
known. It was observed in some cases NBBD (3) ‘s were found to be uniquely A- and
D- optimal.

Luis, B.Morales (2000): Gives a theorem on 2-concurrence designs where a lower
bound of imbalance measure of an equireplicate incomplete block design is attained
with certain parameters. The result obtained was used to formulate the construction of
regular graph designs as a minimization problem with an objective function. A similar
result for general 2-concurrence designs was also obtained which allows one to
formulate the construction of these designs as an optimization problem.

Luis Morales (2002): Applies combinatorial approach to constructing resolvable and
nonresolvable partially balanced incomplete block designs with 2 associate classes
using Tabu Search algorithm. It is discovered that tabu search could also find many
PBIBD(2)’s that were previously obtained by other existing methods. The result
showed that 2-concurrence designs can be used to formulate the construction of
PBIBD(2)’s as a discrete optimization problem where optimal solutions are required
rather than close approximations. Random neighborhood search and tabu search were
tested on the problems at hand, it was discovered that for easy instances the difference
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between neighborhood search and tabu search is not significant. For difficult and hard
Instances, tabu search gives the best result.

Bo Jin (2003): Developed an algorithm to search for optimal designs with a minimum
number of blocks. A binary balanced incomplete block design d in the class of

designs D (¢, 2, k) was constructed with a constraint% < k < t using two blocks of the
same number of experimental units, Type | optimal designs were identified. The same

design is also E-optimal in the class of designs D(t, 2, k) when% <k< % When

there are three blocks of the same number of experimental units it is discovered
that a competing design d* is E- and type 1-optimal in the class(t, 3,k) . When

k = %, k > 3 an M,S-optimal incomplete block design was also indentified.

Ge, Gennian et al (2008): Are concerned with resolvable balanced incomplete block
design on points with blocks of size 4, the existence of resolvable balanced incomplete
block designs RIBIBDs containing a resolvable balanced incomplete block design as a
sub design was investigated. An incomplete RBIBD was obtained by removing the
sub designs. Necessary and sufficient conditions for the existence of an incomplete
RBIBD were derived. Some results on pair-wise balanced were obtained. The results
also showed that existence of pair-wise balanced incomplete implies the existence of
an incomplete resolvable balanced incomplete block design.

Bailey, R.A (2009): Studies the existence of a relationship among variance,
concurrence, pseudo variance, distance and the canonical efficiency factors of
incomplete block designs. Theorems, corollaries and illustrative examples showed that
as variance decreases, concurrence matrix gets better or variance increases with
distance for all partially balanced incomplete block designs with two associate classes.
An example also showed that in partially balanced incomplete block designs with
three or more associate classes, variance may not decrease as concurrence increases.
In a distance —regular graphs with the same parameters, then the pseudo- variance is a
monotonic increasing function of distance. The result established a simple statement
linking variance to concurrence or distance for all incomplete block designs in that
class.

Alison B. Smith et al (2012) Used a model-based design technique to produce
designs for both composite and individual replicates sample. An approach was
proposed in which some treatments are tested using individual field replicate samples
and others as composite samples. A-optimality criterion was used to minimize the
average pairwise prediction error variance of treatment effects, since the interest of the
researcher is to estimate the sources of variation rather than the estimate of treatment
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effects. The model- based design technique resulted into confounding of multi-phase
treatment trials.

Olieveiral, T.A et al (2011): Review construction methods of Balanced Incomplete
Block Designs with block repetition (BIBDR). Balanced Incomplete Block Designs
with block repetition reduces the cost of experimentation to a greater extent and allow
to get reasonable results even when some experimental units are lost. Sufficient
conditions for Balanced Incomplete Block Designs were presented, such as (i) N =
tr = bk, (iD)A(k—1)=r(t—1) (iii) b =t (Fisher inequality).

Trade-off method was developed by Hedayat and Li(1979), which involves
replacement of some blocks with other blocks, so that the general properties of a
BIBD is maintained. The basic parameters of a trade-off method are the integers
numbers m, k, V, t which represent the volume-sum of all positive entries of a block in
the trade, the block dimension, the number of treatments and the strength of the trade.
A BIBD with parameters (V, k, t) which contain the block collection of T, of a trade
T(t,k,V). By replacing in this design the blocks of T, for the blocks of T, we
obtained a new BIBD structure that besides satisfying the same parameters may have
support size different from the original design. Another method is juxtaposition
method which is based on the definition of complementary designs and it is mostly
useful in situations when blocks have large number of plots. The complementary
design of a BIBD (t,b,7,k,A) is a BIBD with parameters (t* =t,b* =b, r* =,
k*=t—k, A" =Db—2r+1). Some connections between BIBDR and sampling
theory were also presented. Application of BIBDR in education sciences was
considered, based on a sample resulting from an inquiry to students.

Davinder, K.G, and the Syed, A.F (2014): Constructed some new partially balanced
incomplete block designs using (s — 1)?replicates, where each of the s rows and s
columns of square array of order s X s are taken as base for constructing PBIB
designs. Illustration of some of the new PBIB designs along with two associate classes
was presented. It is observed that some newly constructed designs are more efficient,
compared to the existing designs based on their respective parameters.

Cakiroglu, S.A (2015): Used exact computer search to construct Regular Graph
Designs RGDs by ordering all possible matrices T according to the performance of the
corresponding Laplacian matrix L(x) on the A- and D-optimality criteria. The
approach was able to find the best Regular Graph Designs in large systems compared
to other existing methods by John and Michell (1976), John et al (1976) and
Clatworthy (1973).
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Mandal, B.N (2015): Used a proposed linear algorithm to construct balanced
incomplete block designs. The performance of the algorithm was tested with the aid of
illustrative examples, it is discovered that the algorithm is able to generate balanced
incomplete block designs very fast in most cases than other algorithms proposed in the
literature.

Jyoti Sharma et al (2016): Used semi-regular group divisible design (SRGD) and
Regular Group Divisible Design RGD to construct balanced incomplete block design
BIBD and partially balanced incomplete block design PBIBD based to their
parameters. Theorems, proofs, illustrative examples and tables of designs generated in
each case were presented.

Faghihi and Tat (2016): Developed an algorithm to search for ¢,,-optimal or nearly
@,-optimal incomplete block design. Since the interest of statisticians is to find an
optimal incomplete block designs with limited experimental materials. The criterion
for optimality in this work is ¢, . This algorithm is a variant of exchange and
interchange of Jones and Eccleston(1974). The algorithm utilizes the canonical
efficiency factors of an information matrix of designs. In most of the cases optimal or
nearly optimal designs were found, which shows the good performance of the
algorithm.

Franklin, M.F and Payne (1993): Review some of the theory and tools for design
construction with a view to providing the statistician and experimenter with a tool Kit
for building efficient designs. Techniques in the design process are used to determine
aliases and patterns of confounding, algorithms for constructing fractional factorial
and incomplete block designs and method of randomization. Algorithms in the
analysis are used in the computation of canonical efficiency factors, estimating
variance components and for assessing general balance.
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CHAPTER THREE
RESEARCH METHODOLOGY
3.1 Introduction

A suitable model for a block design having a factor known as treatment without
covariate and interaction, with additivity assumption is generally defined as

Where u is the grand mean of the experiment, a; is the i" treatment effect with
constraint }; «; = 0, p; is the j™ block effect with constraint Y. B; =0, g; is the error
term with expectation zero and y;; is the characteristic to be measured in the
experiment.

The model above is defined as incomplete block design if and only if t > k an
indication that not all treatments are present in any block of the experiment (Sharma
and Fanta, 2010).

3.2 Construction Of Optimal Connected Designs

The model (3.1) can be expressed in matrix notation as
Y=1u+Ha+68B+e (321)

Where

Y is the vector of observations, 1 is the vector of 1s, u is the mean parameter, / is the
design matrix for treatments, 6 is the design matrix for block, «a is the vector of
treatment parameters, S is the vector of block parameters and ¢ is the vector of error

terms. HH is a diagonal matrix of replications, 88" is a diagonal matrix of block sizes
such that 71 is a vector of replications and 61 is a vector of block sizes.

N = H8 = (n;;) which reveals the number of times treatment i appear in block j of
the experiment and NN' = (4;;) reveals the of times treatment i and treatment j
appear together in the same block of the experiment.

To simplify model (3.2) above, we have

Y=X0+ ¢ (3.2.2)
Where X is a matrix containing unity vector of 1s, transpose of design matrix for
treatments and transpose of design matrix for block. @ is the vector of design
parameters which are u, «, and £.
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XX'0 produces three linearly dependent equations which are expressed below
ni+ra+kpf=G (3.23)
i+ rl@+NE =T (3.2.4)
ki+ Na@+kIf =B (3.2.5)

Since the equations (3.2.3), (3.2.4) and (3.2.5) above are linearly dependent, unique
solution cannot be obtained.

Therefore, equation (3.2.4) - N(kI)~! * equation (3.2.5) results in

rl@ — N(kD)"N'a=T — N(kI)™'B
By factorization

(rl = N(kI)™*'NYa=T — N(k)"'B
Equivalently written as

Aa=Q (3.4
Such that
A1=0

Meaning that, every element in A is a contrast.

For the information matrix denoted as C
C= 1 xA  (35)
When eigen function is placed on the information matrix
EV(C) =e, ey, ...,€i-4,0
Suchthate, > e, >+ >¢,_., >0

In incomplete block design, treatment effect is of key interest due to the fact that the
source of variation denoted as block would be removed from the experiment (Pierre
Druilhet, 2004) therefore, we can specify the problem of inference as

H: I)=La

Where I] contains p treatment contrasts, L is a p X t matrix with LI=0 with an
assumption that all the treatment contrasts are estimable and a is a vector of effects. C
Is sometimes called information matrix and determined mainly by the incidence
matrix denoted as N of a specific design with rank(C) <t — 1. When rank(C) =
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t — 1 then we have a connected design Das (2002). And Q =T — NK !B is called
the adjusted treatment total due to the fact that not all treatments occur in a block and
also sometimes not all treatments occur the same number of times in blocks. For this
study, classes of optimal designs with the following constraints were constructed

(D2<r<t (ii)6<t<15,(iii)2<k<t/2, and
(ivA=rk-1)/(t—-1)

Information matrix is derived from the statistical model depending on the structure of
the design in a model therefore, a design with very good structures are selected to
obtain the possible maximum information based on some statistical criteria.
Eigenvalues, also known as canonical efficiency factors are a function of information
matrix (Das, 2002) which would be used to determine the quality of designs while the
number of eigenvalues would be used to determine the associate class of designs.

3.3  Selection of good designs using optimality criterion

Knowing the associate class of a design is not enough, it is necessary to find out the
quality of such a design in terms of the level of information it provides. The selection
of experimental designs for estimating statistical models require statistical criterion.
Examples are A-, D- and E. Using these optimality criteria for selecting good designs
leads to having optimal designs. Optimal designs assured unbiasedness and minimum
variance with less cost. A non optimal design needs a greater number of experimental
units in the estimation of parameters with the same precision as an optimal design
leading to increase in cost. We proposed SS optimality criterion.

3.4 SS — Optimality Criterion

Let I] be the Best Linear Unbiased Estimator (BLUE) of I] using a constant block size
and equireplicate design d.(t,b,k,r) € D with an assumption that there is
orthogonality between treatment effects such that var(1])=vq
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v, O 0
v, 0 v, 0
0 O Vy,
ss,, /df,; 0 0
B 0 ss,, /df,, .. 0
0 0 .. SS, [df,
ss,;, O 0
0 ss 0
SS, = 22
0 0 SS,

Using the concept of the sum of squares

A-Optimality: A design d.” € D is said to be A-optimal in D iff
tr(Vg-) < tr(Vy) foranyd € D

equivalently

tr(Cyq-) 2 tr(Cy) forany d. € D

D-Optimality: A design d.” € D is said to be D-optimal in D iff
det(Vy-) < det(Vy) foranyd € D

equivalently

det(Cy-) = det(Cy) foranyd €D
E-Optimality: A design d.” € D is said to be E-optimal in D iff
min(eigenvalue(Vy+)) < min(eigenvalue(Vdo)) foranyd €D
equivalently

min(eigenvalue(Cd*)) > min(eigenvalue((]dp)) foranyd. € D
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where eigenvalue(Cy) = ey, e, ..., e,
3.5 Relationships between Type | and E- Optimality Criteria
A design d.” € D is said to be A-, D- and E-optimal in D iff

tr(Vg-) < tr(Vy) foranyd. €D
det(Vy+) < det(Vy) foranyd. € D
min(eigenvalue(Vy-)) < min(eigenvalue(V,)) for any d € D

Or

tr(Cy:) = tr(Cy) foranyd €D
det(Cy~) = det(Cy) foranyd. € D
min(eigenvalue(Cd*)) > min(eigenvalue(Cd)) foranyd €D

The optimality criterion minimizes variance (V) component. As the

variance (V4) component is minimized, the information Cq4 component is maximized.
Sum of Squares (SS) Optimality

A design d.* € D is said to be SS-optimal in D iff

tr(§Sy+) < tr(S8Sy) foranyd € D
det(5Sy+) < det(SSy) foranyd € D
min(eigenvalue($Sy4-)) < min(eigenvalue(SS,)) forany d. € D

3.6 Relationship between Type I, E- and SS- Optimality Criteria
A design d.* € D is said to be A-, D-, E- and SS-optimal in D iff

tr(Cyq+) =2 tr(Cy) foranyd €D

det(Cy+) = det(Cy) foranyd. € D

min(eigenvalue(Cy+)) = min(eigenvalue(C,)) for any d. € D
tr(S§Sy+) < tr(S8Sy) forany d. € D

An increase in sum of squares is directly proportional to increase in variance with
respect to decrease in information.

Note: to have an optimal designs, we seek for two scenarios

1. When A;; = Aforany i # j
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2. When A;; = A, or 4, such that [A; — 1,|=0 or 1 (only interested in minimal
variation)

3.7 Advantage of SS- Optimality Criterion over A,D and E-optimality criteria

A-, D-, and E- optimal Criteria are on assumption that the variations in eigenvalues
are close. The Sum of Squares optimality gives the estimate of the variation.

3.8 Symmetric, Anti-symmetric Designs and their Complementary Designs

A symmetric of size (t, K, A) design with parameters is an incident structure satisfying
the following six requirements:

(1).There are t points

((2) There b blocks

(3) Any block is incident with k points

(4) Any point is incident with k blocks

(5) Any two blocks are incident with A points
(6) Any two points are incident with A blocks.

In a symmetric design of size (t, K, 1)

1. t—DA=k(k—-1)

2. k*—tdA=k—-2

3. (t=Ik)A=(kk-1D(k-21).
The value of (k — A1), which occurs in two of the equations above is an
extremely important parameter. We set n = k — A and calln the order of the
symmetric (t, K, A) design.

Theorem: (Schutzen berger). Suppose that there exist a symmetric (t, K, A) design. If
t is even, then n must be a square.

The incidence matrix N of a symmetric design is the ¢t X t matrix whose rows are

indexed by points, with the entry in row R and column C being 1 if C and R are
incident and O otherwise.

The incidence requirements can be expressed in terms of N.
NJ=JN=KJand NN'=N'N=(K—-A)I=nl + 1]
| is the identity matrix and J is the matrix with every entry 1.

If N is the incidence matrix of a symmetric (¢, K, 1) design then |detN| =
1 —
Kn'/2¢-D
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Complementary Designs: By replacing incidence by non-incidence, we obtain the
complement of D, denoted byD'. The incidence structure D'is a symmetric(t’, k', 1")
design where (t',k',A")=(t, t —k, t — 2k + 1)

3.9 Definitions

We use "A" to show that statement S; and S, are true if both statements S; and S, are
true indicated as S; A S,

Definition 3.9.1: A PBIB design is said to be symmetric if
ORO = QRO

Where 6 indicates function for a PBIB design and @ a function for its complementary
design
Proof:
6RO = QRO
ORP=0 < {v,x,y,z} AQ S {v,x,y,2}
=0c{vxyzia{v,x,yz} S0
=0c{vxyz}<S0O
=0 c{vxyz}<h
6RO = QRO Proved
Also @R6 = 6RQ.
Definition 3.9.2:A PBIB design is said to be nonsymmetrical if
OR® + QRO
0 ={v,xyz}and ® = {x,v,z v}
Where 8 = {t,b, k,r} and @ = {t’,b’, k',r'}
Suchthatt #t', b#b" k+ k' andr =71’
Proof:
OR® =6 < {t,b,k,r}a@ < {t',b', k',1'}
6 c{t,bkria{t b k' r'}co
o <& {t,bkria{t b ,k',r'} €0
OR® + QRO proved.
Also
ORO + ORQ.
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Definition 3.9.3. Let 8 and y be any two non-empty sets of a design d.(t, b, k,r) and
its complementary design d.(t,, b,, k,,r,) respectively with a binary operation *
satisfying the following conditions where p is a constant, e as an identity element, p
be any parameter of “a design d.(t,b,k,r) or its complementary design
d.(t,, b, k,,r.)and p~* as the inverse of p such that

1. (txr)xp=t=*(r=*p) Associative law
(t,*1)*xp=t, x (r, *x p) Associative law

2. pxe=exp Identity law

3. pxpt=ptxp=e Inverse law

Then, y is a permutation group of 0.

Definition 3.9.4. Given that y is a permutation group of 6 where the information
matrix for 0 is C = I —k NN’ and for yo is C, =, —k,”'N,N,’ then, NN’ #
N.N,'. If t+#t, and b # b, this results into having different number of efficient
factors and, if r # r, and k # k,, this results into having different optimality criteria
values otherwise NN’ = N_N,'.

Definition 3.9.5 Let ¢ be a non-empty set such that ¢ = {v,x,y, z} where f is a
function. If f: 6 — ¢ and f: y— @ where t #¢t,, b # b,, r # 1, and k # k, then
unequal one to one mapping is the result, represented graphically as

t Y

b X

k y
\r J \Z J

unequal one to one mapping

- t*\ ,X N

b, \Y;

k., Z

T y
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Definition 3.9.6 Let 0 and y be any two non-empty sets of a design d.(t, b, k,r) and
its complementary design d.(t,, b,, k., ;) respectively

I. The relation denoted as R is symmetric in d. (¢, b, k,r) if and only if
ORyYy=yYRO
ii. The relation denoted as R is anti-symmetric in d.(t, b, k,r) if and only if
ORYy =y RO

3.10 Analysis of Connected Optimal Designs

The study would be concluded by comparing the performance of those designs
constructed using Maximum likelihood estimator (MLE) and Restricted Maximum
likelihood estimator (RMLE). Experimental data would be simulated to compare the
two estimators mentioned above.

3.11 Simulation

Incomplete block design data were simulated using mean model defined as
Where

y;j is the observation from ith treatment and jth block, u;;is the sum of treatment
effect, block effect and the overall mean and e;j is the error from ith treatment and
jth block; el-j~N(O,02). The variability in u;; depend heavily on model parameters
and e;; is added to it in order to have response variable as a random variable. In this
experiment, the addition of the e;; to the y;; varies with changes in variance such that
0 < var < 2 the effects of these error terms would also be observed on both optimal
and less optimal designs. Here, treatments and blocks are no longer orthogonal

(Bayrak and Buluf, 2006), only treatment contrasts are estimable because block
effects are eliminated (Das, 2002).

P-value approach was used in the decision making regardless of whether or not to
reject Ho. This approach gives information about how deep the test statistic enters the
rejection region, a plus to a researcher (Hun Myoung Park 2010). Actually, P-value
show case the smallest level of significance possible to reject Ho, this will help an
experimenter to take a decision at any recognized level of significance.

Heteroscedasticity between treatments tends to inflate the experimental error
(Bronislaw Ceranka and Malgorzata Graczyk, 2008 and Sharma and Fanta, 2010),
making the test statistic less sensitive to detect true effects. When interaction occurs
between treatment and block and this interaction are not accounted for in the model, it
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invalidates the outcome of the experiment. All these and others were considered in the
simulation.

The crossdes and agricolae package in R would be useful in the construction of
designs and analysis of data respectively.

Construction of Optimal Anti-symmetric PBIB Designs With Varying Block and
Block Size and Their Complementary Designs

It is possible to vary block and block sizes when the number of treatment and the
number of replication remain the same considering constraint tr = bk.

Methodology
Algebraic Algorithm

Find a number with at least two factors for treatment and replication such that the
following constraint holds tr = bk

Ift=xyandr = sz
Such that x # yand s # z
Then tr = bk

xyXsz=xsXyz )

xyXsz=xzXys

> Competing designs

xyXsz=xysXz

xyXsz=xyzXs )
Stop when repetition starts.

The complementary designs for the set of designs above is position replacement
between treatment t and block b and r and k such that tr = bk.
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CHAPTER FOUR
RESULTS
4.1 INTRODUCTION

Classes of one, two and, three or more associate classes of partially balanced
incomplete block designs with the following constraints were constructed

(D2<r<t (ii)6<t<15(iii)2<k<t/2,
(iv)d=rk-1)/(t—-1)
A-, D-, E- and SS- optimality criteria were used in the selection of optimal designs.

In this chapter, the conditions for the existence of associate classes are first
considered. The result of the study presented gave explanation to those conditions.
This would help experimenters to find optimal designs in the catalogue of possible
designs. The concept of symmetric and anti-symmetric designs and, their
complementary designs can pave ways for finding optimal designs when an
experimenter has reached a compromise on the number of units to use for the study.

Corollary 4.1.1

When r =t — 1 BIB design is attained provided ¢t is even with A-, D- and E-values
equal with minimum sum of squares zero.

Corollary 4.1.2
Whenr =t —2and k = 2, PBIB(2) is attained provided t is even.
Corollary 4.1.3
Adesign d. € D(¢t, b, k,r) is PBIB(2) if it has a structure defined as
d(t, bk =2r= t/z)
Corollary 4.1.4

Increase in replications or block sizes or both in a design d.(t, b, k, ) improves the
frequency distribution of the concurrence matrix.

Proof: Let C be the information matrix givenas C = rl — %NN’

Asr — oo, C— oo proved
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Corollary 4.1.5

A symmetric design d.(t = b, k = r) produces at least PBIBD (k) or PBIBD
(k—1)

Proof: Let the concurrence pair of treatment be

k-1
L _rle=1)
t—1

AMt—-1)=rk—-1)
Sincet = band k =r then
Mt —1) =k(k—1) proved.

Corollary 4.1.6

A design d.(t, b, k,r) which produces PBIB(k), PBIBD(k +1) ..... PBIBD (k +
j) gives A- and D-highest optimality values for PBIBD (k) and lowest to PBIBD (k +

1),

Proof: Letd and ©® be two designs having the same parameter sets. Let 8;and ©,be

their concurrent pairs of treatments set respectively.
If n(6,) <n(0,)
And
0, =0,
Where the unique elements in 8,are fewer than that of 0.

4.2 Mathematical expression on symmetric and anti-symmetrical designs

Under PBIBD, a design with its complementary designs is constructed. Let a PBIB

design parameters be

kd—Y
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and its complementary design be

td——>x
b¢——p \

Kd— 7

r*ji» Y

If 6RY =yYRO then we have symmetric designs such that t =bandk =r
otherwise it is called nonsymmetrical design i.e.

ORY + YRO.

Suppose Cy is the information matrix for a PBIB design and C,, for its complementary
design then

Co=rI—-NN' and Cy =1'l ——NN'
k K
If design d.g is symmetric thenr = r" and k = k' thus
Cg = Cl,b

Where v=xand t =b also y =2z and k =r . Thus Cy and C,, have the same
dimension taking EV as eigenvalue function on the information matrices having the
rank(Cy) =t — 1 and rank(Cy) =t —1

EV(Cy) =2, A5 e eii iy ,0 whered;, =4, >............ >y
EV(Cy) = A1, 2% e Ap_y, Owhere Ay = 2 = -2 Ay,
Since Cy = Cy,

A=
Ay, =25
Aimq = Aioq
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Let A-optimal=Y,(.), D-optimal=Y,(.) and E-optimal=Y;(.) such that A,-
optimal=Y,(C,) and A, —optimal=Y,(C,,)

Thus ¥, (C) = Y,(Cy)
15 (Ce) =1 (Cw)

Ve (Ce) =1 (Czp)

If design d.y is non-symmetric design then Cy # C;, where v # xandt # balsoy #
zand k # r. Thus they do not have the same dimension, taking EV as eigenvalue
function on the information matrices

EV(Cy) =2, A5 e eii iy ,0 whered;, =4, >............ >y
EV(Cy) =A% e Ay, Owhere Ay 2 25 = -2 Ay
Wheret #t' and b # b" alsor = r"and k # k'
dim(Cy) # dimCy, where dim =dimension.
and
rank(Cy) # rank(C¢)
A; # A; For at least one i
Therefore
Y,(Co) # Y,4(Cy)
Y,(Co) # Y5 (Cy)
Note :
as r-ooo, k-0
also,as r—->0 k- o

From a relationship in their information matrix

NN’
B rl — Cg

k
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On account of limit

NN’
k=1im< )—>0
r—00 T'I—Cg

Since r=k" andk =1’
There exist a relationship between Cy and C,,

Therefore

Yg (Ce) =Yg (Cw)
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TABLE 4.2.1. ALL DESIGNS GENERATED

This table consist of all designs generated having r < k

Design A D E Y(e; — e)?

D (6,9,2,3) 0.555 0.574 0.500 0.2

D(6,12,2,4) 0.576 0.588 0.500 0.075
D(6,15,2,5) 0.600 0.600 0.600 6.162e **BIBD
D(6,18,2,6) 0.588 0.594 0.500 0.033 Good design
D(6,4,3,2) 0.769 0.784 0.667 0.133

D(6,6,3,3,) 0.784 0.792 0.667 0.059

D(6,8,3,4) 0.787 0.793 0.667 0.05 Good design
D(6,10,2,3) 0.800 0.800 0.800 1.235¢ 3?BIBD
D(8,12,2,3) 0.487 0.526 0.333 0.380
D(8,18,2,4) 0.538 0.552 0.500 0.214
D(8,20,2,5) 0.545 0.557 0.438 0.114
D(8,24,2,6) 0.560 0.565 0.500 0.047 G design
D(8,28,2,7) 0.571 0.571 0.571 9.861e*?BIBD
D(8,4,4,2) 0.807 0.834 0.500 0.232

D(8,6,4,3) 0.838 0.847 0.666 0.107

D(8,8,4,4) 0.849 0.853 0.750 0.044
D(8,10,4,5) 0.854 0.855 0.800 0.017 Good des
D(8,12,4,6) 0.853 0.855 0.833 0.023
D(8,14,4,7) 0.857 0.857 0.857 2.465¢ 3*BIBD
D(9,6,3,2) 0.667 0.707 0.500 0.500

D(9,9,3,3) 0.727 0.737 0.667 0.167
D(9,12,3,4) 0.750 0.750 0.750 4.930e 3*BIBD
D(10,15,2,3) | 0.454 0.500 0.333 0.556
©(10,20,2,4) | 0.500 0.525 0.345 0.347
D(10,25,2,5) | 0.539 0.540 0.500 0.222
©(10,30,2,6) | 0.530 0.542 0.417 0.139
D(10,35,2,7) | 0.541 0.548 0.428 0.079
D(10,40,2,8) | 0.548 0.552 0.500 0.034Good design
D(10,45,2,9) | 0.556 0.556 0.556 3.204e3?BIBD
D(10,4,5,2) 0.850 0.871 0.600 0.245
D(10,6,5,2) 0.878 0.883 0.800 0.089
D(10,8,5,3) 0.883 0.886 0.800 0.049
©(10,10,5,5) | 0.886 0.887 0.815 0.025
D(10,12,5,6)* | 0.886 0.887 0.833 0.022
©(10,14,5,7) |0.888 0.888 0.857 0.007Good design
©(10,16,5,8) | 0.887 0.888 0.844 0.014
D(10,18,5,9) | 0.888 0.888 0.844 2.761
D(12,18,2,3) | 0.424 0.482 0.239 0.727
D(12,24,2,4) | 0.479 0.509 0.375 0.477
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D(12,30,2,5) | 0.508 0.521 0.400 0.327
D(12,36,2,6) | 0.523 0.532 0.500 0.227
D(12,42,2,7) | 0.523 0.534 0.410 0.156
D(12,48,2,8) | 0.532 0.538 0.500 0.102
D(12,54,2,9) | 0.537 0.541 0.500 0.060
D(12,60,2,10) | 0.541 0.543 0.500 0.027
D(12,66,2,11) | 0.545 0.543 0.500 1.599
D(12,8,3,2) | 0.599 0.665 0.33 0.848
D(12,12,3,3) | 0.680 0.702 0.553 0.404
D(12,16,3,4) | 0.709 0.718 0.668 0.181
D(12,20,3,5) | 0.721 0.724 0.667 0.048
D(12,24,3,6) | 0.723 0.725 0.667 0.034
D(12,28,3,7) | 0.720 0.724 0.631 0.059
D(12,36,3,8) | 0.721 0.724 0.667 0.056
D(12,36,3,9) | 0.722 0.725 0.657 0.041
D(12,44,3,11) | 0.727 0.727 0.727 5.460
D(12,6,42) | 0.750 0.785 0.500 0.511
D(12,9,4,3) | 0.805 0.811 0.750 0.136
D(12,12,4,4) | 0.813 0.815 0.750 0.042
D(12,15,4,5) | 0.810 0.814 0.750 0.076
D(12,18,4,6) | 0.812 0.815 0.750 0.053
D(12,21,4,7) | 0.816 0.817 0.786 0.013
D(12,24,4,8) | 0.816 0.817 0.758 0.019
D(12,27,4,9) | 0.815 0.816 0.777 0.025
D(12,30,4,10) | 0.816 0.817 0.800 0.016
D(12,33,4,11) | 0.818 0.817 0.800 1.232
D(12,46,2) | 0.880 0.895 0.667 0.242
D(12,6,6,3) | 0.894 0.902 0.722 0.131
D(12,8,6,4) | 0.901 0.905 0.833 0.075
D(12,10,6,5) | 0.905 0.907 0.833 0.042
D(12,12,6,6) | 0.907 0.908 0.888 0.020
D(12,14,6,8) | 0.908 0.908 0.857 0.013
D(12,18,6,9) | 0.907 0.908 0.875 0.013
D(12,20,6,10) | 0.908 0.907 0.900 0.009
D(12,22,6,11) | 0.909 0.909 0.909 3.698eL
D(14,21,2,3) | 0.408 0.469 0.264 0.897
D(14,28,2,4) | 0.460 0.497 0.305 0.605
D(14,35,2,5) | 0.487 0.511 0.319 0.431
D(14,42,2,6) | 0.506 0.521 0.417 0.314
D(14,49,2,7) | 0.520 0.527 0.500 0.231
D(14,56,2,8) | 0.519 0.528 0.397 0.168
D(14,63,2,9) | 0.524 0.531 0.444 0.197
D(14,70,2,10) | 0.528 0.533 0.450 0.0807
D(14,77,2,11) | 0.532 0.535 0.470 0.048

33

|Page



D(14,84,2,12) | 0.535 0.537 0.500 0.224
D(14,91,2,13) | 0.538 0.538 0.538 15770
D(14,47,2) | 0.893 0.909 0.571 0.270
D(14,6,7,3) | 0911 0.917 0.761 0.134
D(14,87,4) | 00917 0.920 0.857 0.066
D(14,10,7,5) | 0.919 0.921 0.857 0.041
D(14,12,7,6) | 0.921 0.922 0.857 0.025
D(14,14,7,7) | 0.922 0.923 0.889 0.013
D(14,16,7,8) | 0.922 0.923 0.877 0.012
D(14,18,7,9) | 0.922 0.923 0.889 0.007
D(14,20,7,10) | 0.922 0.923 0.892 0.009
D(14,22,7,11) | 0.923 0.923 0.896 0.005
D(14,24,7,12) | 0.923 0.923 0.896 0.006
D(14,26,7,13) | 0.923 0.923 0.901 0.002
D(14,28,7,14) | 0.923 0.923 0.902 0.005
D(15,10,3,2) | 0.565 0.641 0.333 1.195
D(15,15,3,3) | 0.660 0.685 0.556 0.635
D(15,20,3,4) | 0.682 0.698 0.583 0.357
D(15,25,3,5) | 0.700 0.706 0.667 0.190
D(15,30,3,6) | 0.707 0.710 0.667 0.079
D(15,35,3,7) | 0.714 0.714 0.714 1.010e™
D(15,6,52) | 0.808 0.833 0.600 0.514
D(15,9,5,3) | 0.833 0.845 0.631 0.274
D(15,15,5,5) | 0.850 0.854 0.800 0.082
D(15,18,5,6) | 0.853 0.855 0.780 0.047
D(15,21,5,7) | 0.855 0.856 0.794 0.019
D(15,24,5,8) | 0.855 0.856 0.805 0.027
D(15,27,5,9) | 0.855 0.856 0.808 0.025
D(15,30,5,10) | 0.856 0.857 0.822 0.010
D(15,33,5,11) | 0.856 0.856 0.819 0.009
D(15,36,5,12) | 0.856 0.857 0.821 0.014
D(15,39,5,13) | 0.863 0.857 0.824 0.010
D(15,42,5,14) | 0.857 0.857 0.828 0.002
D(15,45,5,15) | 0.857 0.857 0.830 0.008
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TABLE 4.2.2 PARTIALLY BALANCED INCOMPLETE BLOCK DESIGNS WITH
2 ASSOCIATE CLASSES PBIB (2)

This table consists of partially balanced incomplete block designs with two associate
classwhenr < k

Design A D E Y(e; —e)*
D(6,9,2,3) 0.556 0.574 0.500 0.200
D(6,12,2,4) | 0.577 0.588 0.500 0.075
D(6,4,3,2) 0.769 0.784 0.667 0.133
D(6,6,3,3) 0.784 0.792 0.667 0.059
D(8,16,2,4) 0.538 0.552 0.500 0.214
D(8,24,2,6) 0.560 0.565 0.500 0.048
D(8,10,4,5) 0.854 0.856 0.800 0.017
D(8,12,4,6) 0.854 0.855 0.833 0.024
D(9,6,3.2) 0.667 0.707 0.500 0.500
(9,9,3,3) 0.727 0.730 0.667 0.167
D(10,15,2,3) | 0.455 0.501 0.333 0.556
(10,25,2,5) 0.529 0.540 0.500 0.222
(10,40,2,8) 0.549 0.552 0.500 0.035
D(10,6,5,3) 0.878 0.883 0.800 0.088
D(10,14,5,7) 0.888 0.888 0.857 0.007
D(12,36,2,6) 0.523 0.523 0.500 0.227
D(12,48,2,8) 0.532 0.538 0.500 0.102
D(12,54,2,9) 0.536 0.541 0.500 0.060
D(12,60,2,10) | 0.541 0.543 0.500 0.027
D(12,16,34) | 0.710 0.718 0.667 0.181
D(12,20,3,5) 0.721 0.724 0.667 0.048
D(12,24,3,6) 0.723 0.725 0.667 0.034
D(12,40,3,10) |0.724 0.726 0.700 0.022
D(12,9,4,3) 0.804 0.811 0.750 0.136
D(12,12,4,4) 0.813 0.815 0.750 0.043
D(12,21,4,7) 0.817 0.817 0.786 0.014
D(12,4,6,2) | 0.880 0.895 0.667 0.242
D(12,8,6,4) 0.902 0.906 0.833 0.075
D(14,49,2,7) 0.520 0.527 0.500 0.231
D(14,84,2,12) | 0.535 0.537 0.500 0.022
D(14,8,7,4) 0.918 0.920 0.857 0.066
D(14,10,7,5) 0.919 0.921 0.857 0.041
D(15,25,3,5) 0.700 0.706 0.667 0.190
D(15,6,5,2) 0.808 0.833 0.600 0.514

The table above shows that PBIB designs with two associate classes, some designs
utilize large number of units while others low.
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TABLE 4.2.3 PARTIALLY BALANCED INCOMPLETE BLOCK DESIGN WITH

3 OR MORE ASSOCIATE CLASSES

This table consists of partially balanced incomplete block designs with three or more

associate classwhenr < k

Design A D E X(e; — e)?
D(6,8,3,4) 0.787 0.794 0.667 0.050
D(8,12,2,3) 0.488 0.526 0.330 0.381
D(8,20,2,5) 0.545 0.557 0.438 0.114
D(8,4,4,2) 0.808 0.834 0.500 0.232
D(8,6,4,3) 0.838 0.848 0.667 0.107
D(8,8,4,4) 0.849 0.853 0.750 0.446
(10,20,2,4) 0.50 0.525 0.345 0.347
©(10,30,2,6) 0.530 0.542 0.417 0.139
©(10,35,2,7) 0.541 0.548 0.429 0.079
(10,4,5,2) 0.850 0.871 0.600 0.249
D(10,8,5,4) 0.883 0.886 0.800 0.489
©(10,10,5,5) 0.886 0.887 0.815 0.025
(10,12,5,6) 0.886 0.888 0.833 0.022
(10,16,5,8) 0.887 0.888 0.844 0.013
D(12,18,2,3) 0.424 0.482 0.240 0.727
D(12,24,2,4) | 0.479 0.509 0.375 0.477
D(12,30,2,5) 0.502 0.522 0.400 0.327
D(12,42,2,7) 0.523 0.534 0.411 0.156
D(12,8,3,2) 0.599 0.665 0.333 0.848
D(12,12,3,3) | 0.68 0.701 0.554 0.404
D(12,28,3,7) | 0.720 0.724 0.639 0.059
D(12,36,3,8) 0.721 0.724 0.667 0.057
D(12,36,3,9) 0.723 0.725 0.658 0.0412
D(12,6,4,2) 0.750 0.786 0.500 0.511
D(12,15,4,5) 0.810 0.814 0.750 0.076
D(12,18,4,6) 0.813 0.815 0.750 0.050
D(12,24,4,8) 0.816 0.817 0.759 0.019
D(12,27,4,9) 0.816 0.817 0.778 0.025
D(12,30,4,10) | 0.817 0.817 0.800 0.016
D(12,6,6,3) 0.894 0.902 0.722 0.131
D(12,10,6,5) 0.905 0.907 0.833 0.424
D(12,12,6,6) 0.907 0.908 0.89 0.020
D(12,14,6,8) 0.908 0.908 0.857 0.013
D(12,18,6,9) 0.908 0.908 0.875 0.013
(12,20,6,10) | 0.908 0.909 0.900 0.009
D(14,21,2,3) 0.409 0.469 0.264 0.897
D(14,28,2,4) 0.460 0.497 0.305 0.606
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D(14,35,2,5) | 0.488 0.511 0.319 0.431
D(14,42,2,6) | 0.506 0.521 0.417 0.314
D(14,56,2,8) | 0.519 0.521 0.398 0.168
D(14,63,2,9) | 0.524 0.531 0.444 0.197
D(14,70,2,10) | 0.528 0.533 0.450 0.081
D(14,77,2,11) | 0.532 0.535 0.470 0.049
D(14,4,7,2) 0.894 0.909 0.570 0.270
D(14,6,7,3) 0.911 0.917 0.762 0.134
D(14,12,76) | 0.921 0.921 0.857 0.025
D(14,14,7,7) | 0.922 0.923 0.889 0.013
D(14,16,7,8) | 0.922 0.923 0.877 0.012
D(14,18,7,9) | 0.922 0.923 0.889 0.007
D(14,20,7,10) | 0.922 0.923 0.892 0.009
D(14,22,7,11) | 0.923 0.923 0.897 0.005
D(14,24,7,12) | 0.923 0.923 0.896 0.006
D(14,26,7,13) | 0.923 0.923 0.901 0.002
D(14,28,7,14) | 0.923 0.923 0.902 0.005
D(15,10,3,2) | 0.545 0.641 0.333 1.190
D(15,15,3,3) | 0.660 0.685 0.5556 0.6349206
D(15,20,3,4) | 0.682 0.698 0.583 0.357
D(15,30,3,6) | 0.707 0.710 0.667 0.079
D(15,9,5,3) 0.833 0.845 0.631 0.274
D(15,15,5,5) | 0.851 0.854 0.800 0.082
D(15,18,5,6) | 0.853 0.855 0.780 0.048
D(15,21,5,7) | 0.855 0.856 0.790 0.020
D(15,24,5,8) | 0.855 0.856 0.805 0.027
D(15,27,5,9) | 0.855 0.856 0.808 0.025
D(15,30,5,10) | 0.856 0.857 0.822 0.010
D(15,33,5,11) | 0.856 0.857 0.819 0.010
D(15,36,5,12) | 0.855 0.857 0.821 0.014
D(15,39,5,13) | 0.856 0.857 0.824 0.010
D(15,42,5,14) | 0.857 0.857 0.828 0.001
D(15,45,5,15) | 0.856 0.857 0.830 0.008

The table above shows that PBIB designs with three or more associate classes some
designs utilize large number of units while others low.
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TABLE 4.2.4. SELECTED GOOD DESIGNS WITH SMALL REPLICATIONS

This table consists of optimal partially balanced incomplete block regardless of

associate class designs except BIBD when r < k

Design A D E Y(e; — e)>
D(6,12,2,4) | 0.577 0.588 0.500 0.075
D(6,6,3,3) 0.784 0.792 0.667 0.059
D(8,24,2,6) 0.560 0.566 0.500 0.047
D(8,10,4,5) 0.854 0.857 0.800 0.017
(9,9,3,3) 0.727 0.738 0.667 0.167
(10,40,2,8) | 0.549 0.552 0.500 0.035
D(10,14,5,7) |0.888 0.888 0.857 0.007PBIB(3)
(12,60,2,10) | 0.5409836 0.5432021 0.500 0.272
D(12,40,3,10) | 0.7247059 0.7259622 0.700 0.022
D(12,30,4,10) | 0.816 0.817 0.8 0.016PBIB(3)
D(12,20,6,10) | 0.908 0.909 0.900 0.0090909
PBIB(3)

D(14,8,4,2,12) | 0.535 0.536 0.500 0.022
D(14,28,7,14) | 0.923 0.923 0.901 0.001
D(15,30,3,6) | 0.707 0.710 0.667 0.079
D(15,30,5,11) | 0.856 0.857 0.819 0.010
D(15,42,5,14) | 0.857 0.857 0.829 0.002

The table above shows that good designs are influenced by replications or/ and block

sizes.
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TABLE 4.2.5 PARTIALLY BALANCED INCOMPLETE BLOCK DESIGNS

WITH ONE ASSOCIATE PBIBD/1.

This table consists of optimal balanced incomplete block (BIBD) when r < k

Design A D E X(e; — e)?
D(6,15,2,5) 0.600 0.600 0.600 6.1692e°%2
D(6,10,3,5) 0.800 0.800 0.800 1.234e%
D(8,28,2,7) 0.571 0.571 0.571 9.860e732
D(8,14,4,7) 0.857 0.857 0.857 2.465¢7%?
D(9,12,3,4) 0.750 0.750 0.750 4.930e3?
D(10,45,2,9) 0.560 0.560 0.560 3.204e3%?
D(10,18,5,9) 0.890 0.890 0.890 2.761e2
D(12,60,2,11) | 0.550 0.550 0.550 1.590e3?
D(12,44,2,11) | 0.727 0.727 0.727 5.460e°32
D(12,33,4,11) |0.818 0.818 0.818 1.232e%2
D(12,22,6,11) | 0.909 0.909 0.909 3.698e32
D(14,91,2,13) | 0.538 0.538 0.538 1.578e%
D(15,35,3,7) 0.714 0.714 0.714 1.017¢73°

The table above shows that BIB designs are not easy to come by and even when they
are found they utilize large number of units.

We used a graphical representations to visualize what is happening in accordance to
the tables given above.
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Type |, and E- Optimality Criteria for all Designs Generated
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Type |, and E- Optimality Criteria in Balanced Incomplete Block Designs
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Type |, and E- Optimality Criteria in Selected Good Designs
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Type |, and E- Optimality Criteria in PBIB (2) Designs
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Type |, and E- Optimality Criteria in PBIB (3) Designs
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4.3 SYMMETRIC, NON-SYMMETRIC AND COMPLEMENTARY DESIGNS
Table 4.3.1 Complementary designs for Symmetric PBID

SN | Design Efficiency factors Optimality Criteria Freq. Distr.
1 (6,6,3,3) 0.8888889 0.8888889 Geometric mean (D optimal) 123
0.8888889 0.6666667 0.7922678 24 6 6
0.6666667 Harmonic mean (A optimal)
0.7843137
Maximizes Min (E optimal) 0.6666667
2 (8,8,4,4) [1]0.9633883 0.9633883 Geometric mean (D optimal) 124
0.8750000 0.8750000 0.8534372 1640 8
0.7866117 0.7866117 Harmonic mean (A optimal)
0.7500000 0.8497616
Maximizes Min (E optimal) 0.75
[1] 1.0000 0.9375 0.9375 1234
0.8125 0.8125 0.7500 1836 2 8
0.7500 Geometric mean (D optimal)
0.8521779
Harmonic mean (A optimal)
0.8472998
Maximizes Min (E optimal) 0.75
3 (9,9,3,3) 1.0000000 1.0000000 Geometric mean (D optimal) 013
0.6666667 0.6666667 0.7377879 1854 9
0.6666667 0.6666667 Harmonic mean (A optimal)
0.6666667 0.6666667 0.7272727
Maximizes Min (E optimal) 0.6666667
4 (10,10,5,5) | 0.9600000 0.9447214 Geometric mean (D optimal) 0.887323 |2 3 5
0.9447214 0.9047214 Harmonic mean (A optimal) 702010
0.9047214 0.8552786 0.8857495
0.8552786 0.8152786 Maximizes Min (E optimal) 0.8152786
0.8152786
5 (12,12,3,3) | [1] 1.0000000 0.9892458 Geometric mean (D optimal) 013
0.9225306 0.9225306 0.7020355 607212
0.7562293 0.6666667 Harmonic mean (A optimal)
0.6666667 0.5555556 0.6777251
0.5219138 0.5219138 Maximizes Min (E optimal) 0.4767472
0.4767472
[1] 1.0000000 1.0000000 013
0.8888889 0.8888889 607212
0.8888889 0.5555556 Geometric mean (D optimal)
0.5555556 0.5555556 0.7027644
0.5555556 0.5555556 Harmonic mean (A optimal)
0.5555556 0.6800618

Maximizes Min (E optimal) 0.5555556
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(12,12,4,4) | [1]1.000 0.875 0.875 Geometric mean (D optimal) 0.814261 |0 1 2 4
0.8750.875 0.750 0.750 Harmonic mean (A optimal) 4112 16 12
0.750 0.750 0.750 0.750 0.8105263

Maximizes Min (E optimal) 0.75
[1] 0.8750.8750.875 0.875 124
0.8750.875 0.750 0.750 Geometric mean (D optimal) 120 12 12
0.750 0.750 0.750 0.8157887

Harmonic mean (A optimal)

0.8133803

Maximizes Min (E optimal) 0.75

(12,12,6,6) | [1]0.9982065 0.9722222 Geometric mean (D optimal) 2346
0.9528549 0.9166667 0.9079461 3892 212
0.9166667 0.9038167 Harmonic mean (A optimal)

0.8888889 0.8757546 0.9068216
0.8611111 0.8611111 Maximizes Min (E optimal) 0.8527007
0.8527007
[1] 0.9722222 0.9722222 236
0.9528549 0.9528549 3696 12
0.8888889 0.8888889 Geometric mean (D optimal)
0.8888889 0.8888889 0.9080895
0.8888889 0.8527007 Harmonic mean (A optimal)
0.8527007 0.9070977
Maximizes Min (E optimal) 0.8527007
[1] 1.0000000 1.0000000 236
0.8888889 0.8888889 3696 12
0.8888889 0.8888889
0.8888889 0.8888889
0.8888889 0.8888889 Geometric mean (D optimal)
0.8888889 0.9081298
Harmonic mean (A optimal)
0.9072165
Maximizes Min (E optimal) 0.8888889

The same number of efficiency factors, A-, D- and E-optimality criteria values and
frequency distribution in the concurrence matrix for symmetric and complementary
designs are observed.
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Table 4.3.2 Anti-symmetric PBIDs

SN | Design Efficiency factors Optimality Criteria Freq. Distr.
1 (6,4,3,2) 1.0000000 1.0000000 Geometric mean (D optimal) 0.7840527 |0 1 2
0.6666667 0.6666667 Harmonic mean (A optimal) 0.7692308 | 624 6
0.6666667 Maximizes Min (E optimal) 0.6666667
2 (8,4,4,2) (8,4,4) Geometric mean (D optimal) 0.8342552 | 0 1 2
1.001.001.00 1.00 0.75 Harmonic mean (A optimal) 0.8076923 | 1240 12
0.750.50 Maximizes Min (E optimal) 0.5
3 (8,6,4,3) 1.0000000 1.0000000 Geometric mean (D optimal) 0.8479116 | 1 2 3
0.9166667 0.9166667 Harmonic mean (A optimal) 0.8384755 | 4212 10
0.7500000 0.7500000 Maximizes Min (E optimal) 0.6666667
0.6666667
4 (9,6,3,2) 10101.01.0050505 Geometric mean (D optimal) 0.7071068 | 0 1 2
05 Harmonic mean (A optimal) 0.6666667 | 36 36 9
Maximizes Min (E optimal) 0.5
5 (10,45,2) 1101.01.01010100.8 Geometric mean (D optimal) 0.8708282 | 0 1 2
060.6 Harmonic mean (A optimal) 0.8503937 | 1864 18
Maximizes Min (E optimal) 0.6
6 (10,6,5,3) 11.01.01.01.0080.80.8 Geometric mean (D optimal) 0.8834075 | 1 2 3
0.80.8 Harmonic mean (A optimal) 0.8780488 | 60 30 10
Maximizes Min (E optimal) 0.8
7 (10,8,54) 11.01.0090909090.8 Geometric mean (D optimal) 0.8858496 |0 1 2 4
0.80.8 Harmonic mean (A optimal) 0.8828338 | 216 72 10
Maximizes Min (E optimal) 0.8
8 (12,8,3,2) | 1.0000000 1.0000000 Geometric mean (D optimal) 0.6647605 | 0 1 2
1.0000000 1.0000000 Harmonic mean (A optimal) 0.5992218 | 84 48 12
0.9023689 0.9023689 Maximizes Min (E optimal) 0.3333333
0.6666667 0.4309644
0.4309644 0.3333333
0.3333333
9 (12,6,4,2) | 1.001.001.001.001.00 Geometric mean (D optimal) 0.7855698 | 0 1 2
1.00 0.750.75 0.50 0.50 Harmonic mean (A optimal) 0.75 607212
0.50 Maximizes Min (E optimal) 0.5
10 | (12,9,43) | 1.001.001.000.750.75 Geometric mean (D optimal) 0.8112141 |0 1 3
0.750.750.750.750.75 Harmonic mean (A optimal) 0.804878 | 24108 12
0.75 Maximizes Min (E optimal) 0.75
11 | (12,4,6,2) | 1.0000000 1.0000000 Geometric mean (D optimal) 0.8953135 |0 1 2
1.0000000 1.0000000 Harmonic mean (A optimal) 0.88 2496 24
1.0000000 1.0000000 Maximizes Min (E optimal) 0.6666667
1.0000000 1.0000000
0.6666667 0.6666667
0.6666667
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12 | (12,6,6,3) | 1.0000000 1.0000000 Geometric mean (D optimal) 0.9021048 |0 1 2 3
1.0000000 1.0000000 Harmonic mean (A optimal) 0.8947286 | 478 48 14
1.0000000 1.0000000 Maximizes Min (E optimal) 0.7222222
0.8888889 0.8333333 0123
0.8333333 0.7222222 6725412
0.7222222
13 | (12,8,6,4) | 1.0000000 1.0000000 Geometric mean (D optimal) 0.9053369 |1 2 3 4
1.0000000 1.0000000 Harmonic mean (A optimal) 0.9016393 | 36 84 12 12
1.0000000 0.8333333 Maximizes Min (E optimal) 0.8333333
0.8333333 0.8333333 01234
0.8333333 0.8333333 42496 812
0.8333333
14 | (12,10,6,5) | [1] 1.0000000 1.0000000 | Geometric mean (D optimal) 0.9069748 |1 2 3 5
0.9666667 0.9333333 Harmonic mean (A optimal) 0.9048686 | 6 84 42 12
0.9333333 0.9333333 Maximizes Min (E optimal) 0.8333333
0.8666667 0.8666667
0.8333333 0.8333333
0.8333333
[1] 1.0000000 1.0000000 Geometric mean (D optimal) 0.9070067 |1 2 3 5
1.0000000 0.9333333 Harmonic mean (A optimal) 0.9049633 | 6 84 42 12
0.9000000 0.9000000 Maximizes Min (E optimal) 0.8333333
0.8666667 0.8666667
0.8666667 0.8333333
0.8333333
15 | (14,4,7,2) | 1.0000000 1.0000000 Geometric mean (D optimal) 0.9095436 |0 1 2
1.0000000 1.0000000 Harmonic mean (A optimal) 0.8934708 | 34 128 34
1.0000000 1.0000000 Maximizes Min (E optimal) 0.5714286
1.0000000 1.0000000
1.0000000 1.0000000
0.7142857 0.7142857
0.5714286
16 | (14,6,7,3) | 1.0000000 1.0000000 Geometric mean (D optimal) 0.9171636 {0 1 2 3
1.0000000 1.0000000 Harmonic mean (A optimal) 0.9109489 | 2 114 60 20
1.0000000 1.0000000 Maximizes Min (E optimal) 0.7619048
1.0000000 1.0000000 0123
0.8571429 0.8571429 6102 72 16
0.7619048 0.7619048
0.7619048 123
120 54 22
0123
89678 14
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17 | (14,8,7,4) | 1.0000000 1.0000000 Geometric mean (D optimal) 0.9203473 | v9
1.0000000 1.0000000 Harmonic mean (A optimal) 0.9176471 |0 1 2 3 4
1.0000000 1.0000000 Maximizes Min (E optimal) 0.8571429 | 2 36132 12 14
0.8571429 0.8571429
0.8571429 0.8571429 01234
0.8571429 0.8571429 6 24144 8
0.8571429 14
1234
42 126 14 14
18 | (14,10,7,5) | 1.0000000 1.0000000 Geometric mean (D optimal) 0.9213667 |1 2 3 5
1.0000000 1.0000000 Harmonic mean (A optimal) 0.9196758 | 6114 62 14
0.9142857 0.9142857 Maximizes Min (E optimal) 0.8571429
0.9142857 0.9142857
0.9142857 0.8571429
0.8571429 0.8571429
0.8571429
19 | (15,6,52) {1.01.01.01.0101.01.0 Geometric mean (D optimal) 0.8332365 |0 1 2
1.01.00.60.60.60.6 0.6 Harmonic mean (A optimal) 0.8076923 | 90 120 15
Maximizes Min (E optimal) 0.6
20 | (15,9,5,3) | 1.0000000 1.0000000 Geometric mean (D optimal) 0.8451191 |0 1 2 3
1.0000000 1.0000000 Harmonic mean (A optimal) 0.8326351 | 48 144 18 15
1.0000000 1.0000000 Maximizes Min (E optimal) 0.6311941
0.8586257 0.8586257
0.8000000 0.8000000
0.7101802 0.7101802
0.6311941 0.6311941

The different number of efficiency factors, A-, D- and E-optimality criteria values
and frequency distribution in the concurrence matrix for symmetric and
complementary designs are observed.
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Table 4.3.3. Complementary Designs For Anti-symmetric PBIDs

SN | Design Efficiency factors Optimality Criteria Freq. Distr.
1 (4,6,2,3) | 0.6666667 0.6666667 Geometric mean (D optimal) 0.6666667 | 1 3
0.6666667 Harmonic mean (A optimal) 0.6666667 | 12 4
Maximizes Min (E optimal) 0.6666667
2 (48,2,4) |0.750.750.50 Geometric mean (D optimal) 0.6551853 | 124
Harmonic mean (A optimal) 0.6428571 | 84 4
Maximizes Min (E optimal) 0.5
3 (6,8,3,4) | 0.9166667 0.9166667 Geometric mean (D optimal) 0.793763 |1 2 4
0.7500000 0.7500000 Harmonic mean (A optimal) 0.7875895 | 1218 6
0.6666667 Maximizes Min (E optimal) 0.6666667
4 (6,923) 1005050505 Geometric mean (D optimal) 0.5743492 | 0 1 3
Harmonic mean (A optimal) 0.5555556 | 1218 6
Maximizes Min (E optimal) 0.5
5 (4,10,2,5) | 0.80.6 0.6 Geometric mean (D optimal) 0.6603854 | 125
Harmonic mean (A optimal) 0.6545455 | 48 4
Maximizes Min (E optimal) 0.6
6 (6,10,3,5) | 0.80.80.80.80.8 Geometric mean (D optimal) 0.8 25
Harmonic mean (A optimal) 0.8 30 6
Maximizes Min (E optimal) 0.8
7 (8,10,45) | 0.90.90.90.90.80.80.8 | Geometric mean (D optimal) 0.855697 |2 3 5
Harmonic mean (A optimal) 0.8542373 | 48 8 8
Maximizes Min (E optimal) 0.8
8 (8,12,2,3) | 0.9023689 0.9023689 Geometric mean (D optimal) 0.5264184 | 0 1 3
0.6666667 0.4309644 Harmonic mean (A optimal) 0.4875622 | 3224 8
0.4309644 0.3333333 Maximizes Min (E optimal) 0.3333333
0.3333333
9 (6,12,2,4) | 0.750.750.50 0.50 0.50 Geometric mean (D optimal) 0.5880395 | 0 1 4
Harmonic mean (A optimal) 0.5769231 | 624 6
Maximizes Min (E optimal) 0.5
10 |(9,12,34) | 0.750.750.750.75 0.75 Geometric mean (D optimal) 0.75 14
0.750.750.75 Harmonic mean (A optimal) 0.75 72 9
Maximizes Min (E optimal) 0.75
11 | (4,12,2,4) | 0.6666667 0.6666667 Geometric mean (D optimal) 0.6666667 | 2 6
0.6666667 Harmonic mean (A optimal) 0.6666667 | 12 4
Maximizes Min (E optimal) 0.6666667
12 | (6,12,3,6) | 0.8888889 0.8333333 Geometric mean (D optimal) 0.7971964 | 2 3 6
0.8333333 0.7222222 Harmonic mean (A optimal) 0.7943782 | 1812 6
0.7222222 Maximizes Min (E optimal) 0.7222222
13 | (8,12,4,6) | 1.0000000 0.8333333 Geometric mean (D optimal) 0.8553234 | 2 3 6
0.8333333 0.8333333 Harmonic mean (A optimal) 0.8536585 | 24 32 8
0.8333333 0.8333333 Maximizes Min (E optimal) 0.8333333
0.8333333
14 | (10,12,5,6) | [1]1.0000000 0.9333333 | Geometric mean (D optimal) 236
0.9000000 0.9000000 0.8875455 306010
0.8666667 0.8666667 Harmonic mean (A optimal)
0.8666667 0.8333333 0.8862464
0.8333333 Maximizes Min (E optimal) 0.8333333
[1] 0.9666667 0.9333333 236
0.9333333 0.9333333 3060 10
0.8666667 0.8666667 Geometric mean (D optimal)
0.8333333 0.8333333 0.8875073
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0.8333333 Harmonic mean (A optimal)
0.8861355
Maximizes Min (E optimal) 0.8333333
15 | (4,14,2,7) | 0.7142857 0.7142857 Geometric mean (D optimal) 237
0.5714286 0.6630841 844
Harmonic mean (A optimal)
0.6593407
Maximizes Min (E optimal) 0.5714286
16 | (6,14,3,7) | 0.8571429 0.8571429 Geometric mean (D optimal) 237
0.7619048 0.7619048 0.7986596 624 6
0.7619048 Harmonic mean (A optimal)
0.7973422
Maximizes Min (E optimal) 0.7619048
17 | (8,14,4,7) | 0.8571429 0.8571429 Geometric mean (D optimal) 37
0.8571429 0.8571429 0.8571429 56 8
0.8571429 0.8571429 Harmonic mean (A optimal)
0.8571429 0.8571429
Maximizes Min (E optimal) 0.8571429
18 | (10,14,5,7) | 0.9142857 0.9142857 Geometric mean (D optimal) 347
0.9142857 0.9142857 0.8884331 801010
0.9142857 0.8571429 Harmonic mean (A optimal)
0.8571429 0.8571429 0.8879753
0.8571429 Maximizes Min (E optimal) 0.8571429
19 | (6,15,25) |0.60.60.60.60.6 Geometric mean (D optimal) 0.6 15
Harmonic mean (A optimal) 0.6 30 6
Maximizes Min (E optimal) 0.6
20 | (9,15,3,5) | 0.8586257 0.8586257 Geometric mean (D optimal) 125
0.8000000 0.8000000 0.7449143 5418 9
0.7101802 0.7101802 Harmonic mean (A optimal)
0.6311941 0.6311941 0.7397758

Maximizes Min (E optimal) 0.6311941

The same number of efficiency factors,

A-, D- and E-optimality criteria values and
frequency distribution in the concurrence matrix for symmetric and complementary
designs are observed.
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Table: 4.4.1 Treatment and Replication constraint (Incomplete Block Designs)

Parameters (t,b,k,r) Design Optimality Criteria and Associate

And eigenvalues Class

8,12,4,6 {2 3 5 8,{2 5 6 7} Geometric mean (D) 0.8553234

1.00000000.8333333 | {1 4 5 7}1L{1 3 6 7} Harmonic mean (A) 0.8536585

0.83333330.8333333 | {1 2 4 8}L{2 4 5 6} Maximizes Min (E ) 0.8333333

0.83333330.8333333 | {4 6 7 8} {1 3 4 5}

0.8333333 {3 57 8,{L 2 3 6} PBIB(2) ———
{1 2 7 8,{3 4 6 8}

8,16,3,6 {2 3 81L{1 4 5} {1 6 8} Geometric mean (D) 0.8197391
{2 4 7}:,{6 7 8},{3 4 6} Harmonic mean (A) 0.8180878

0.9166667 0.8590847 | {2 3 5}, {1 4 8}{2 5 6} Maximizes Min (E) 0.7659153

0.8590847 0.7916667 ({3 6 7}, {4 5 7} {3 4 8}

0.7916667 0.7659153 | {1 2 6}, {1 2 7}+,{1 3 7} PBIB(4)

0.7659153 {5 6 8}

10,12,5,6 {1 6 8 9 10}{1 3 4 7 8} | Geometric mean (D) 0.8875455

1.00000000.9333333 | {1 4 5 7 9}, {1 3 5 6 10} | Harmonic mean (A) 0.8862464

0.9000000 0.9000000 | {3 4 5 6 8}{1 2 4 9 10} | MaximizesMin (E) 0.8333333

0.8666667 0.8666667 | {2 3 4 6 9}, {2 3 7 8 10} <=

0.8666667 0.8333333 | {3 5 7 9 10}{2 4 5 8 10} |PBIB(5)

0.8333333 {1 256 7,{2 6 7 8 9}

10,15,4,6 {1 4 7 8,{5 7 8 9} Geometric mean (D) 0.8333333
{2 5 6 8},{3 6 7 10} Harmonic mean (A) 0.8333333

0.83333330.8333333 | {1 3 4 5}, {3 4 6 8} Maximizes Min (E) 0.8333333

0.83333330.8333333 | {1 5 6 10}, {2 3 5 7}

0.83333330.8333333 | {2 4 6 9}, {1 2 8 10} BIB

0.83333330.8333333 | {1 6 7 9}, {2 4 7 10}

0.8333333 {1 2 3 9}, {3 8 9 10}
{4 5 9 10}

10,20,3,6 {8 9 10}, {2 3 4}, {1 5 10} Geometric mean (D) 0.736173
{5 6 9}, {3 6 10}, {4 7 10} Harmonic mean (A) 0.7317073

0.83333330.8333333 | {3 6 8}L{2 6 9}, {3 5 7} Maximizes Min (E) 0.6666667

0.83333330.8333333 | {1 4 8}, {2 8 10}, {3 4 9}

0.6666667 0.6666667 | {1 5 6}, {4 6 7}{1 2 9} PBIB(2)

0.6666667 0.6666667 | {1 3 8} {L 2 7},{6 7 8}

0.6666667 {2 4 5} {7 9 10}

12,18,4,6 {3 6 7 11},{1 4 7 9} Geometric mean (D) 0.8153507
{r 8 11 12}3{1 5 7 8} Harmonic mean (A) 0.812633

0.96726330.9202554 | {1 5 6 9}, {3 4 8 10} Maximizes Min (E) 0.7285776

0.85253380.8333333 | {3 7 9 10}, {3 4 5 12}

0.8095003 0.8052029 | {5 6 8 10}{2 5 9 11} PBIB(9)

0.7916667 0.7916667 | {1 2 8 12}, {1 4 10 11}

0.7500000 0.7500000 | {2 3 8 9}, {2 4 5 11}

0.7285776 {9 10 11 12}, {2 4 6 7}

{2 6 10 12},{1 3 6 12}
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12,24,3,6 {1 2 11}, {6 6 10}{7 9 12} Geometric mean (D) 0.7251455
{1 10 12} {1 3 9} {3 7 11} Harmonic mean (A) 0.7230047
0.77777780.7777778 | {2 3 8}, {4 8 12}, {5 8 11} Maximizes Min (E) 0.6666667
0.77777780.7777778 | {2 4 7}, {4 6 9} {3 10 12}
0.77777780.7777778 | {7 8 10}, {1 4 6},{6 11 12} PBIB(2)
0.6666667 0.6666667 | {5 9 11},{2 6 7}, {3 4 5}
0.6666667 0.6666667 | {4 10 11}, {1 8 9}, {1 5 7}
0.6666667 {3 6 8}{2 5 12}, {2 9 10}
12,9,8,6 {1 2 3 4 5 6 10 11} Geometric mean (D) 0.9541474
{1 4 5 8 9 10 11 12} { | Harmonic mean (A) 0.9537572
1.0000 1.00001.0000 |1 2 5 6 7 8 11 12} Maximizes Min (E) 0.9375
0.93750.937509375 |{2 4 6 7 9 10 11 12}
0.93750.937509375 | {1 3 4 5 6 7 9 12} PBIB(2)
0.9375 0.9375 {2 3 45 7 8 10 12} P—
{1 2 3 4 7 8 9 11}
{356 7 8 9 10 11}
{1 2 3 6 8 9 10 12}
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Table: 4.4.2 Block and Block size Constraint (Incomplete Block Complementary Designs)

Parameters (t,b,k,r) Design Optimality Criteria and
And eigenvalues Associate Class
128,64 1] 1 7 8 9 10 12 Geometric mean (D) 0.9053369
1.0000000 1.0000000 2] 2 4 7 8 9 11 Harmonic mean (A) 0.9016393
1.0000000 1.0000000 3] 2 3 6 8 10 12 Maximizes Min (E) 0.8333333
1.0000000 0.8333333 4] 1 3 4 5 7 10
0.8333333 0.8333333 5] 3 4 5 6 8 9 PBIB(2)
0.8333333 0.8333333 6] 1 5 6 9 11 12
0.8333333 [7] 2 5 6 7 10 11
B8] 1 2 3 4 11 12
16,8,6,3 [1] 1 4 10 13 14 15 Geometric mean (D) 0.8790841
[2] 3 8 9 10 11 16 Harmonic mean (A) 0.8688401
1.0000000 1.0000000 [3] 2 4 5 6 15 16 Maximizes Min (E) 0.687887
1.0000000 1.0000000 [4] 1 5 8 9 12 15
1.0000000 1.0000000 [5] 4 6 7 10 11 12 PBIB(5)
1.0000000 1.0000000 6] 2 3 6 9 13 14
0.8888889 0.8121130 [7] 1 3 5 7 11 14
0.8121130 0.7222222 [B] 2 7 8 12 13 16
0.7222222 0.6878870
0.6878870
12,10,6,5 [1] 1 3 6 9 10 11 Geometric mean (D) 0.9070067
2] 1 2 6 7 8 11 Harmonic mean (A) 0.9049633
1.0000000 1.0000000 3] 2 6 7 9 10 12 Maximizes Min (E) 0.8333333
1.0000000 0.9333333 4] 1 4 8 9 11 12
0.9000000 0.9000000 [5] 2 3 5 9 11 12 PBIB(5)
0.8666667 0.8666667 6] 1 4 5 6 10 12
0.8666667 0.8333333 [7] 3 4 7 8 9 10
0.8333333 [B] 3 5 6 7 8 12
@] 1 2 3 4 5 7
[10] 2 4 5 8 10 11
15,10,6,4 [1] 1 6 8 9 12 14 Geometric mean (D) 0.8894013
2] 1 2 3 5 9 13 Harmonic mean (A) 0.8860759
1.0000000 1.0000000 3] 4 56 7 915 Maximizes Min (E) 0.8333333
1.0000000 1.0000000 [4] 1 4 7 10 13 14
1.0000000 0.8333333 [5] 2 3 6 10 14 15 PBIB(2)
0.8333333 0.8333333 6] 1 3 4 11 12 15
0.8333333 0.8333333 [7] 2 6 7 11 12 13
0.8333333 0.8333333 8] 3 5 7 8 10 12
0.8333333 0.8333333 9] 2 4 8 9 10 11
[10,] 5 8 11 13 14 15
20,10,6,3 [1] 1 10 11 15 16 19 Geometric mean (D) 0.8649489
1.0000000 1.0000000 [2] 1 3 7 12 14 20 Harmonic mean (A) 0.8520179
1.0000000 1.0000000 3] 1 2 5 11 13 18 Maximizes Min (E) 0.6666667
1.0000000 1.0000000 4] 2 7 9 16 19 20
1.0000000 1.0000000 [5] 6 8 13 14 17 19 PBIB(3)
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1.0000000 1.0000000 6] 3 4 5 9 13 15
0.8333333 0.8333333 [7] 3 4 6 12 16 18
0.8333333 0.8333333 8] 8 9 15 17 18 20
0.6666667 0.6666667 O] 4 6 7 8 10 11
0.6666667 0.6666667
0.6666667
18,12,6,4 1] 1 3 6 7 9 18 Geometric mean (D) 0.8762652
[2] 3 7 8 11 12 17 Harmonic mean (A) 0.8701851
1.0000000 1.0000000 31 2 4 9 11 16 17 Maximizes Min (E) 0.75
1.0000000 1.0000000 [4] 5 6 12 14 17 18
1.0000000 1.0000000 [5] 2 7 10 12 13 14 PBIB(5)
0.9471688 0.9471688 6] 1 2 5 8 16 18
0.8333333 0.8333333 [7] 1 2 3 10 15 17
0.8333333 0.8028312 [B] 6 9 12 13 15 16
0.8028312 0.7500000 9] 4 5 6 10 11 15
0.7500000 0.7500000 [10] 3 4 5 7 13 16
0.7500000 [11] 1 8 11 13 14 15
[12] 4 8 9 10 14 18
24,12,6,3 [1] 8 9 11 15 22 23 Geometric mean (D) 0.8575251
[2] 2 9 10 11 13 24 Harmonic mean (A) 0.8451444
1.0000000 1.0000000 3] 1 6 7 13 16 23 Maximizes Min (E) 0.6666667
1.0000000 1.0000000 [4] 5 8 16 18 21 24
1.0000000 1.0000000 [5] 5 6 10 19 20 22 PBIB(3)
1.0000000 1.0000000 6] 1 3 12 14 22 24
1.0000000 1.0000000 [7] 2 12 15 16 17 20
1.0000000 1.0000000 B] 1 4 5 9 17 18
0.77777780.7777778 [9] 3 7 11 14 18 20
0.7777778 0.7777778 [10,] 3 13 17 19 21 23
0.7777778 0.7777778 [11] 4 7 10 12 15 21
0.6666667 0.6666667 [12] 2 4 6 8 14 19
0.6666667 0.6666667
0.6666667
9,12,6,8 1] 1 3 4 5 6 7 Geometric mean (D) 0.9375
0.9375 0.9375 0.9375 0.9375 2] 2 3 4 5 8 9 Harmonic mean (A) 0.9375
0.9375 0.9375 0.9375 0.9375 B] 1 2 3 46 9 Maximizes Min (E) 0.9375
[4] 2 4 56 7 9
[5] 1 2 3 5 6 8 BIB
6] 1 3 4 7 8 9
[7] 1 4 5 6 8 9
B] 1 2 6 7 8 9
O] 356 7 89
[10] 1 2 3 5 7 9
[11] 1 2 4 5 7 8
[12] 2 3 4 6 7 8
A design that optimizes both block size and replication is the optimal design.
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Table: 4.4.3 Unit constraint

PBIB designs

Complementary Designs

8,12,4,6

Geometric mean (D) 0.8553234
Harmonic mean (A) 0.8536585
Maximizes Min (E ) 0.8333333
PBIB(2) <—

12,8,6,4

Geometric mean (D) 0.9053369 *
Harmonic mean (A) 0.9016393
Maximizes Min (E) 0.8333333

PBIB(2) G

8,16,3,6
Geometric mean (D) 0.8197391
Harmonic mean (A) 0.8180878
Maximizes Min (E) 0.7659153
PBIB(4)

16,8,6,3

Geometric mean (D) 0.8790841
Harmonic mean (A) 0.8688401
Maximizes Min (E) 0.687887
PBIB(5)

10,12,5,6

Geometric mean (D) 0.8875455
Harmonic mean (A) 0.8862464
Maximizes Min (E) 0.8333333
PBIB(5) <—

12,10,6,5

Geometric mean (D) 0.9070067 *
Harmonic mean (A) 0.9049633
Maximizes Min (E) 0.8333333 puuun
PBIB(5)

10,15,4,6

Geometric mean (D) 0.8333333
Harmonic mean (A) 0.8333333
Maximizes Min (E) 0.8333333
BIB

15,10,6,4

Geometric mean (D) 0.8894013
Harmonic mean (A) 0.8860759
Maximizes Min (E) 0.8333333
PBIB(2)

10,20,3,6

Geometric mean (D) 0.736173
Harmonic mean (A) 0.7317073
Maximizes Min (E) 0.6666667
PBIB(2)

20,10,6,3

Geometric mean (D) 0.8649489
Harmonic mean (A) 0.8520179
Maximizes Min (E) 0.6666667
PBIB(3)

12,18,4,6

Geometric mean (D) 0.8153507
Harmonic mean (A) 0.812633
Maximizes Min (E) 0.7285776
PBIB(9)

18,12,6,4

Geometric mean (D) 0.8762652
Harmonic mean (A) 0.8701851
Maximizes Min (E) 0.75
PBIB(5)
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12,24,3,6

Geometric mean (D) 0.7251455
Harmonic mean (A) 0.7230047
Maximizes Min (E) 0.6666667
PBIB(2)

24,12,6,3

Geometric mean (D) 0.8575251
Harmonic mean (A) 0.8451444
Maximizes Min (E) 0.6666667
PBIB(3)

12,9,8,6

Geometric mean (D) 0.9541474
Harmonic mean (A) 0.9537572
Maximizes Min (E) 0.9375
PBIB(2) <—

9,12,6,8

BIB

Geometric mean (D) 0.9375
Harmonic mean (A) 0.9375
Maximizes Min (E) 0.9375

4.4. ANALYSIS OF CONNECTED OPTIMAL DESIGNS

To conclude this study, we observed two important methods which could be
considered for the analysis of partially balanced incomplete block designs which are
the Maximum Likelihood method and Restricted Maximum Likelihood method using
the Mean Square Error as the yardstick for judgement.

Table 4.5.1: Performance of REML and ML Criterion in Incomplete Block

Analysis (9,6,3,2) PBIB(2)

A=0.6667

D=0.7071068

E=0.5

SS=0.5

Random variation RML

Random variation ML

Bahavior of randomness

Df SSq MSq F  Pr(>F)
trt 8631.1 78.9 4779 1.095e-09
Re 4 0.01 0.002

Efficiency 0.6666667

Mean = 34.76729

CV =0.1168622

AIC 62.39154

BIC 64.75824

-2 Res Log Likelihood  -19.19577

Df SSq MSq

F Pr>F)

trt 8315.6 39.4 71683 4.865¢e-10

Re 4 0.002 0.001

Efficiency 0.6666667
Mean = 34.76729
CV =0.06747032
AIC
BIC
-2 Res Log Likelihood

25.9395514
36.6240125

-0.9697757

Min -0.0627
Max 0.09984
Var 0.00188
SS 0.03394
MD 0.03144

The design above is optimal in the sense that the optimality criteria used testified to it
which are A= 0.6667, D= 0.7071068, E= 0.5 and SS=0.5. A- and D- optimality
criteria values are greater than 0.5 with low SS optimality criterion value. It is
observed that ML performed better than REML due to the fact that ML has the

minimum MSE.
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Table 4.5.2: Performance of REML and ML Criterion in Incomplete Block
Analysis (12,8,3,2)PBIB(5)

A=0.5992218 D=0.6647605 E=0.3333333 SS5=0.8484848

D(12,8,3,2)PBIB(5) (6,10,11),(2, 7, 8),(3,5,11),(2, 9,12),
(1, 5,12),(1, 6, 8),(3,4, 7),(4,9,10)

Random variation RML Random variation ML Bahavior of randomness
Df SSqg MSq F  Pr(>F) Df SSq MSq F  Pr;>F) Min -0.07201

trt 11 1605.1145.9 61752 4.26e-12 trt 11 802.6 72.9 98804 1.32¢-12 Max 0.086816

SS 0.048238

Efficiency 0.6470588 Efficiency 0.6470588 MD 0.03804

Mean =33.86624 Mean = 33.86624

CV =0.143537 CV =0.08023939

AIC 85.73222 AIC 36.649452

BIC 93.00582 BIC 54.320259

-2 Res Log Likelihood  -27.86611 -2 Res Log Likelihood  -3.324726

The design above is less optimal in the sense that the optimality criteria used testified
to it which are A=0.5992218, D=0.6647605, E=0.3333333 and SS=0.8484848. A- and
D- optimality criteria values are greater than 0.5 with medium SS optimality criterion
value while E- optimality criterion value is less than 0.5. It is observed that ML
performed better than REML due to the fact that ML has the minimum MSE.

Table 4.5.3 Performance of REML and ML Criterion in Incomplete Block
Analysis (18,12,3,2)PBIB(8)

A=0.5323194 D= 0.6233753 E=0.2397412 SS=1.529412

D(18,12,3,2)PBIB(8) (2, 4,17),(1, 8,12),(9,15,18),(3, 5,10),
(2,11,13),(7,14,17),(4, 6,15),(5,11,16),
(1,14,16),(7,10,18),(9,12,13),( 3, 6, 8)
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Random variation RML Random variation ML Bahavior of randomness
Df SSqg MSq F Pr(>F) Df SSq MSq F  Pr(>F) Min -0.10546

trt 17 2275.5133.85 49.45 1.192¢-05 trt 17 1132.6 66.6 84.7 1.87e-06 Max 0.091914

Re 7 18.95 2.707 Re 7 55 0.786 Var 0.002936
o o SS 0.104581

Efficiency 0.6296296 Efficiency 0.6296296 MD 0.045721

Mean = 38.29848 Mean =38.29848

CV =4.295782 CV = 2.315508

AIC 179.66409 AIC 219.58374

BIC 198.36190 BIC 252.83764

-2 Res Log Likelihood  -68.83205 -2 Res Log Likelihood  -88.79187

Table 4.5.4: Performance of REML and ML Criterion in Incomplete Block
Analysis (21,14,3,2)PBIB(3)

A=0.5147059 D=0.6118411 E=0.2642977 SS=1.866667

D(21,14,3,2)PBIB(3) (3,12,20),(7, 8,14),(2, 9,16),(13,17,18),
(4,10,11),(5, 6,21),(3, 9,15),( 1,15,19),
(4, 7,19),(1 5,18),(8,20,21),(6,10,16),
(11,12,17),(2,13,14)

Random variation RML Random variation ML Bahavior of randomness
Df SSq MSq F Df SSqg MSq F Pr(>F) Min -0.10393

Pr(>F) trt 20 1267.5 63.4 86911 < 2.2¢e-16 Max 0.101144

trt 20 2534.96 126.8 49664 < 2.2e-16 Re 8 0.01 0.001 Var 0.002197

Re 8 002 0003 N ss 0.091455
N Efficiency 0.625 MD 0.036081

Efficiency 0.625 Mean =40.69617

Mean = 40.69617 CV =0.06635373

CV =10.124136 AIC 59.048731

AIC 152.56171 BIC 100.752802

BIC 177.63025 -2 Res Log Likelihood  -5.524366

-2 Res Log Likelihood  -52.28085

Table 4.5.5: Performance of REML and ML Criterion in Incomplete Block
Analysis (24,16,3,2)PBIB(13)

A=0.4938019 D=0.601624 E=0.1898657 SS=2.202899

D(24,16,3,2)PBIB(13) (1, 6,24),(3, 9,18),(5, 10,21),(2, 7,12),
(14,18,19),( 1,10,17),( 8,11,20),( 4,13,16),
(17,19,22),( 7,13,15),(16,20,22),( 4,21,23),
(,9,15,24),(2, 6,11),(12,14,23),(3, 5, 8)
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Random variation RML Random variation ML Bahavior of randomness
Df SSqg MSq F Df SSq MSq F Min -0.10139

Pr(>F) Pr(>F)

trt 233063.4133.19 41960 <2.2e-16 | trt 23 1531.7 66.6 74596 <2.2e-16 | M 0.097915

Re 9 0.03 0.003 Re 9 0.01 0.001 Var 0.002087

Effici 0.6216216 Effici 0.6216216 55 0.098943
iciency O. iciency 0.

Mean = 42.91244 Mean = 42.91244 MD 0.034941

CV =0.1312919 CV =0.06962824

AlC 177.92794 AIC 75.26030

BIC 209.73539 BIC 125.78273

-2 Res Log Likelihood -61.96397 -2 Res Log Likelihood -10.63015

Table 4.5.6: Performance of REML and ML Criterion in Incomplete Block
Analysis (27,18,3,2)PBIB(8)

A=0.4818781 D=0.5945557 E=0.188967 S$S5=2.538462

D(27,18,3,2)PBIB(8) (4,9,24),(5, 6, 7),(9, 22,23),(12,17,26),
(11,22,25),( 1, 6,23),(8, 13,27),( 4,10,18),
( 2, 5,16),(12,18,19),( 2, 19,25),(14,17,21),
(15,16,20),( 1, 3,26),(7, 10,27),(14,1524),
( 3,13,20),( 8, 11,21)

Random variation RML Random variation ML Bahavior of randomness
Df SSg MSq F  Pr(>F) Df SSqMSgF Pr(>F) Min -0.12957

trt 26 3834.0147.46 67.62 3.383e-08 trt 26 1913.6 73.6 121.18 1.90e-09 Max 0.084308
o o SS 0.128564

Efficiency 0.6190476 Efficiency 0.6190476 MD 0.037843

Mean =42.17153 Mean =42.17153

CV =3.501672 CV =1.847998

AIC 267.0303 AIC 320.0301

BIC 305.9054 BIC 379.6996

-2 Res Log Likelihood  -103.5151 -2 Res Log Likelihood  -130.0150

The design above is non optimal in the sense that the optimality criteria used testified
to it which are A=0.4818781, D=0.5945557, E=0.188967 and SS=2.538462. D-
optimality criterion value is greater than 0.5 with high SS optimality criterion value
while A- and E- optimality criteria values are less than 0.5. It is observed that ML
performed better than REML due to the fact that ML has the minimum MSE
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Table 4.5.7: Performance of REML and ML Criterion in Incomplete Block

Analysis (16,8,4,2)Pbib(2)

A= 0.7142857

D=0.7578583 E=0.5

SS=0.9

D(16,8,4,2)PBIB(2)

(1,5, 9,13),(2, 7, 8,15),(3,10,11,14),( 4, 6,12,16 ), (
2,6,13,14),( 5, 7,11,12),(1, 8,10,16),( 3, 4, 9, 15)

Random variation RML

Random variation ML

Bahavior of randomness

Df SSq MSq F  PI(F)
trt 15 2246.13 149.7 90784 < 2.2e-16
Re 9 0.01 0.002

Efficiency 0.7142857
Mean = 33.3106
CV =0.1219228
AIC

BIC

-2 Res Log Likelihood

82.81241
97.49159
-22.40620

Df SSq MSq F
Pr(>F)
trt 151123.174.9 121045 <2.2e-16
Re 9 0.01 0.001

Efficiency 0.7142857

Mean = 33.3106
CV =0.07466216
AIC 7.731961
BIC 35.580944

-2 Res Log Likelihood  15.134019

Min -0.09338
Max 0.087048
Var 0.002254
SS 0.069986
MD 0.038156

Table 4.5.8: Performance of REML and ML Criterion in Incomplete Block

Analysis (20,10,4,2)PBIB(4)

A=0.6785714

D=0.7372383

E=0.3454915

SS=1.282895

D(20,10,4,2)PBIB(4)

(12,13,14,20),(10,11,19,20)

(1,4,6,16),(3, 4,8,14),(6, 7,17,19),(1, 2,10,18),
(5,12,15,16),( 3, 7,15,18),( 2, 9,13,17),( 5, 8, 9,11),

Random variation RML

Random variation ML

Bahavior of randomness

Df SSq MSq F  Pr(>F)
trt 19 2831 149 71427 <2.2e-16
Re 11 0.02 0.002

Efficiency 0.7037037
Mean = 34.86016
CV =0.1310182
AlC

BIC

-2 Res Log Likelihood

106.45995
129.36180
-30.22998

Df Sum Sq Mean SqF Pr(>F)
trt 19 14155 74.5 97400 < 2.2e-16
Re 11 0.01 0.001

Efficiency 0.7037037
Mean =34.86016
CV =0.07933548
AlC
BIC
-2 Res Log Likelihood

13.78794
52.63217
16.10603

Min -0.07877
Max 0.152973
Var 0.002223
SS 0.090812
MD 0.034373
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Table 4.5.9: Performance of REML and ML Criterion in Incomplete Block

Analysis (24,12,4,2)PBIB(6)

A=0.6580381

D=0.7242399

E=0.375

SS=1.663043

D(24,12,4,2)PBIB(6)

(2,10,13,17),(3,13,23,24),(7,10,18,22),(2,12,14,15),
(3,9,11,20),(1,4,16,18),(5,6,12,19),(1,5,11,17),
(8,16,19,23),(7,8,14,20),(4,9,15,21),(6,21,22,24)

Random variation RML Random variation ML Bahavior of randomness
Df SSq MSq F Pr(>F) Df SSqg MSq F Min -0.08058
trt 23 3738.6 162.6 66420 < 2.2e-16 Pr(>F) Max 0.126619
Re 13 0.0 0.002 trt 23 1869.3 81.28 91966 <2.2e-16 Var 0.001923
Re 13 0.01 0.001 SS 0.090473
Efficiency 0.6216216 MD 0.030415

Mean = 40.2932
CV =0.1227756
AIC

BIC

-2 Res Log Likelihood

131.71108
163.51853
-38.85554

Efficiency 0.6216216

Mean = 40.2932

CV =0.07377898

AIC 21.80031

BIC 72.32274

-2 Res Log Likelihood  16.09984

Table 4.5.10:Performance of REML and ML Criterion in Incomplete Block

Analysis (28,14,4,2)PBIB(7)

A=0.6391613

D=0.7141151

E=0.3048059

SS=2.041667

D(28,14,4,2)PBIB(7)

(2,6,10,18),(3,13,15,21)

(9,17,21,22),(7,12,19,23),(6,11,14,15),(4,5,10,23),
(8,13,16,19),(3,4,24,26),(1,17,20,28),(1,5,8,14),
(2,20,24,27),(16,18,22,25),(7,9,11,27),(12,25,26,28),

Random variation RML

Random variation ML

Bahavior of randomness

Df SSq MSq F Pr(>F)
trt 27 3845 142.41 81388 < 2.2e-16
Re 15 0 0.002

Efficiency 0.6923077

Mean =42.18138

CV =0.09916716

AlC 148.53830
BIC 189.83664

-2 Res Log Likelihood  -43.26915

Df Sum Sqg Mean SqF Pr(>F)
trt 27 1922.571.2 113943 < 2.2e-16
Re15 0.01 0.001

Efficiency 0.6923077

Mean =42.18138

CV =0.05926374

AlC 9.186555
BIC 71.972458

-2 Res Log Likelihood  26.406722

Min -0.08401
Max 0.129432
Var 0.001941
SS 0.107219
MD 0.036257
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Table 4.5.11:Performance of REML and ML Criterion in Incomplete Block

Analysis (27,27,3,3) PBIB(26)

A= 0.5999261

D=0.6459757

E=0.3519388

SS=1.538462

D(27,27,3,3) PBIB(26)

(2,9,18),(1,16,20),(1,3,18),(6,10,12),(16,24,26),
(3,5,21),(7,22,27),(5,23,27),(3,6,13),(19,24,25),
(7,18,19),(1,10,27),(7,11,14),(4,15,21),(6,22,26),
(13,17,25),(5,14,24),(2,8,26),(4,9,16),(8,11,21),
(9,12,14),(4,17,22),(11,13,20),(12,15,19),
(8,10,25),(2,17,23),(15,20,23)

Random variation RML Random variation ML Bahavior of randomness

trt 26 5396.4 207.6 103.38 < 2.2e-16 trt 26 3592.4 138.2 132.7 < 2.2e-16

Re 28 56.2 2.008 Re 28 29.2 1.041 Max 0.13043
Var 0.002136

Efficiency 0.6842105 Efficiency 0.6842105 sSS 0.172074

Mean =42.74456 Mean =42.74456

CV = 3.31487 CV = 2.387077 MD 0.036961

AIC 423.9176 AIC 471.5312

BIC 483.5871 BIC 543.3647

-2 Res Log Likelihood  -181.9588

-2 Res Log Likelihood  -205.7656

Table 4.5.12:Performance of REML and ML Criterion in Incomplete Block

Analysis (15,20,3,4)PBIB(3)

A=0.68191

D=0.6974384

E=0.5282626

SS=0.3571429

D(15,20,3,4)PBIB(3)

(1,2,12),(3,12,13),(8,12,14),(1,10,11),(2,4,13),
(1,14,15),(2,7,10),(7,13,15),(3,8,11),(1,6,9),
(6,8,15),(5,7,11),(7.9,12),(2,5,8),(4,10,14),
(5,6,13),(5,9,14),(3,6,10),(4,11,15),(3,4,9)

Random variation RML

Random variation ML

Bahavior of randomness

Df SSq MSq F Pr(>F)
trt 14 4124.3294.6 143912 <2.2¢-16
Re 26 0.1 0.002

Efficiency 0.7241379
Mean = 39.6746
CV =0.1140381
AlC
BIC
-2 Res Log Likelihood

149.80657
182.32650
-56.90329

Df SS¢ MSq F Pr(>F)
trt 14 3093 220.9 166052 <2.2¢-16
Re 26 0.03 0.001

Efficiency 0.7241379

Mean = 39.6746
CV =0.09194044
AlC 78.59711
BIC 116.29532

-2 Res Log Likelihood  -21.29856

Min -0.07892
Max 0.10876
Var 0.001736
SS 0.106226
MD 0.033529

63

|Page




Table 4.5.13: Balance Incomplete Block Analysis (4,4,3,3) PBIB(1)

A= 0.8888889 D=0.8888889

E=0.8888889 SS=0

D(4,4,3,3)

1 2 4,2 3 4,(1 3 4,(1 2
3)

Generalized Least Square Method

Bahavior of randomness

Df SSq MSq F Pr(>F)
trt  3260.47 86.824 37956 2.6e-11
Res 5 0.01 0.002

Efficiency 0.8888889
Mean =20.24927
CV =0.2361947

Min -0.0792
Max 0.084758
Var 0.001688
SS 0.018572
MD 0.029051

Table 4.5.14: Balance Incomplete Block Analysis ©S(8,28,2,7)PBIB(1)

A= 0.5714286 D=0.5714286 E=0.5714286 SS=0
Least Square Method Bahavior of randomness
Df SSq MSq F Pr(>F) Min -0.09963
*kx
gt 27l 17(1)%2 glgg.89 219585 < 2.2e-16 Max 0.0878
¢ e Var 0001473
Efficiency 0.5714286 SS 0.081706
Mean =40.85361 MD 0.02926

CV =0.08174294
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In this research work, three major designs and their performances were checked. The
first design is considered to be an optimal design due to A-, D- and E- optimality
criteria values greater than 0.5 with low SS value. The second design is considered to
be a less optimal design due to one of the A-, D- and E- optimality criteria value less
than 0.5 having others medium SS value. The third design is considered to be a non
optimal design due to two or all of the A-, D- and E- optimality criteria values less
than 0.5 with high SS value.

The graphical representation of analyses of the simulated data under Partially
Balanced Incomplete Block Designs were also observed comparing ML and REML
methods using P-values, AIC and BIC. The analyses were shown below.
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Table 4.5.15 MSE Criterion Under RML and ML Approaches for Optimal
Design (9,9,3,3) PBIB(2)

A=0.727272 D=0.7377879 E=0.66667 SS=0.166667
Variation RML ML
0.001957 0.002 0.001
0.134975 0.035 0.019
0.260761 0.31 0.174
0.31054 0.604 0.34
0.466344 0.401 0.223
0.527299 0.485 0.27
0.689203 0.737 0.409
0.760583 1.073 0.596
0.894148 1.105 0.614
1.218913 0.84 0.467

ML performs better than RML under optimal design due to the fact that it has smaller
MSE regardless of the amount of variation in the experiment.

Table 4.5.16: MSE Criterion Under RML and ML Approaches for Less Optimal
Design (15,10,3,2) PBIB(3)

A=0.545 D=0.64117 E=0.333 SS=1.190476
Variation RML ML
0.0022 0.002 0
0.1225 0.05 0.015
0.22776 0.141 0.042
0.38947 0.749 0.225
0.41762 148.01 46.69
0.51925 147.494 46.321
0.66614 46.32 44.384
0.70578 150.467 48.11
0.80563 149.034 47.086
0.94493 170.04 54.961
1.22278 137.094 43.334

ML performs better than RML under less optimal design due to the fact that it has
smaller MSE regardless of the amount of variation in the experiment.
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Table 4.5.17: MSE Criterion Under RML and ML Approaches for Non-Optimal
Design (30,20,3,2) PBIB(15)

A=0.4706192 D=0.5885551 E=0.1774279 SS=2.873563
Variation RML ML
0.001935 175.11 52.585
0.230646 173.6 52.2
0.301957 173.2 51.9
0.48304 176.8 53.3
0.520981 172.38 51.6
0.623416 186.5 56.08
0.795896 176.1 52.9
0.827241 172.7 51.6
0.961578 156.84 46.79
1.434232 180.74 54.9
6.381211 165.64 49.635

ML performs better than RML under non-optimal design due to the fact that it has
smaller MSE regardless of the amount of variation in the experiment.

68

|Page




Performance of P-value under REML and ML Performance of AIC & BIC under REML and ML

8e-08 7 ~=REMER-HL B 45
/ i
qjﬁe-I]E‘r - j a
$4-09 / o100 1 g
“pe09 { ﬁ‘\ﬂ o 74
§ A/ 0 50 -
Fi = -:'l Ll El L ..
06200 gl g : I 2 RE4] =K La =¥ REMIE=MLD
L D L I N T T T T T 1T [ 1T
00ME57  O26OTE1 O4EEMM QDD QEMIE 00M%T  0260TE1 Q4ER3M  QAERS QA48
Variance in error term D(9,5 3,3) Variance in error term D(%8,9 3,3)

Performance of P-value under REML and ML Performance of AIC & BIC under REML and ML

0.8 o 200 -
o
3 250
05 @
5 > 200
£ 041 2 150
o 100
0.2 4 o g A : ]
00 _#3_ o 4 ey hIZI it == AEiE=iiLa =Rz MEE-iiLb
' _:*_#_ I I I I I I I I I I I I I I I I I I
000220 OXVE  04fTER Q666N 080563 1227 000ZN  OXTIE O4fTER 0BSE4 Q8083 1278
Wariance in error term D(13,10,3,2) Variance in error term D(13,10,3,2)
Performance of P-value under REML and ML Performance of AIC & BIC under REML and ML
- 800 -
o 06 qs,_'"""ﬂ"'" E T R e e £ B S B O
| y
3 ) 450
] 0
0.4 =
i b g A D400 7| gt —r— ¥ ——t———p
0.2 - : o 350 T b s R ey
Fig.3 T EE” figh M REMTETHLaFREMEEHLD
L N B B e S B et e e B B L B e e e S et
0001935 020263 4S040 OG2SM6 DM 143 DODISES 02023 04BSMM0 OEIMIG QB 1434232

Variance in error term D(30 20 3,2) Variance in error term D(30 20 3,2)

69 |Page



In the analysis, it is discovered that ML criterion detect true effect faster than REML,
indicated by the P-value on Table 1, Table 2 and Table3 even as the variance in error
term increases. This can be graphically seen in Fig. 1, Fig.3 and Fig. 5. The error term
variance has different effect on optimal, less optimal, and non optimal designs. In the
presence of true effect for the optimal design, even as the variance in the error term
increases, it is more likely to detect it, observed in Fig. 1. In the presence of true
effect for a less optimal design, if increase in the error term variance gets to a point,
true effect would no longer be detected,

In this study, it is noticed that optimal design helps to control both type | and type I
errors by minimizing MSE appropriately, determining an appropriate cost effective
sample sizes with high precision, are the benefits of the experimenter. Through these,
quality conclusions would be made on well planned experiments. Even at increase of
error in an experiment, optimal design has the tendency to detect true effect.

This study also testify to the effectiveness of using A-, D-, E- and SS- optimality
criteria in selecting optimal designs.

In this work, we are able to solidify that there is high tendency to find significant
difference when it is actually there for an optimal design than for non- optimal design
according to A-, D- E- and SS- optimality criteria. If a researcher fails to find an
optimal design, larger sample size would be required to detect true effect by
increasing replications. Less optimal design may lack capability to minimize type |
and type Il errors thus causing confusion in conclusion, is another problem a
researcher may face.

Huge error in experimental procedures affects the outcome of the experiment
negatively (Gauch and Zobel 1997), most especially the less optimal and non optimal
designs. Experimenter should know that as the inflow of error increases, it is more
likely to commit type Il error.

REML and ML criteria were considered in the analyses above, ML often get
significant difference faster than REML. Often REML are considered better than ML
using AIC and BIC. Due to inconsistency showed in Fig.4, it would be better to use
ML when fixed effects only are for consideration since REML was developed for
Mixed Models Karin Meyer (1987).
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Note:

1.

2.

As optimality criteria values Type | and E- increase with respective decrease in SS
optimality criterion value, better precision would be recorded.

Low E- optimality criterion value even when A- and D- optimality criteria values
are high will produce less precision with respective high SS optimality criterion
value.

With Type |, E- and SS optimality criteria values, type | and type Il errors can be
controlled which also safe difficulties in finding prior information to determine the
sample size.

It is important to recognize that there is difference between practical significance
and statistical significance. ML and REML can be compared to justify the better
based on the practical knowledge of the experiment.

Experimenter should know that as the inflow of error increases, it is more likely to
commit type Il error.
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CHAPTER FIVE
CONCLUSION AND RECOMMENDATION
5.1 INTRODUCTION

In this study we presented Balanced Incomplete Block Designs (BIBD), Partially
Balanced Incomplete Block Designs with two associates (PBIB/2), Partially Balanced
Incomplete Block Designs with 3 or more associates (PBIB/3 or more) with the
following constraints

D2<r<t (i))6<t<15 (iii)2<k<t/2
(i) A=rk—-1)/(t—-1)

A-, D- and E-criteria values were computed with corresponding sum of squares to
identify designs that are optimal.

5.2 FINDINGS

From the new class of designs constructed with varying values of replications. It was
discovered that as the number of replication increases Type I, and E- criteria values
increases, with corresponding decrease in sum of squares respectively which is, an
indication of optimal designs.

Amongst the class of design D(t, b, k,r) with fixed block sizes and the minimum
number of replications, we look at the Type | and E- efficiency of the designs. When
r =t —1 BIB design is attained except for t=15, with Type | and E- criteria values
equal and minimum sum of squares zero when r = t — 2 optimal designs with higher
values of Type | criteria values were obtained provided t, k and r are even.

Fig. 4.2.1 showed the relationship among the three optimality criteria and the sum of
squares for all the designs generated, we observed that as Type | and E- optimality
criteria values increase the sum of squares decreases.

Fig. 4.2.2 revealed Balanced Incomplete Block Designs. They are found to be optimal
due to the fact that they produced Type | and E- optimality criteria values higher than
0.5 and their corresponding Sum of Squares are zero.

Fig. 4.2.3 revealed that as the block size or/and replication increase there is an
increase in the Type | and E- optimality criteria values. Among the selected optimal
designs, only three of the designs are Partially Balanced Incomplete Block Designs
with 3 or more associate classes others are Partially Balanced Incomplete Block
Designs with 2 associate classes. It would be recalled that design having maximum
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Type | and E- optimality criteria values indicates optimal designs provided the
Y(e; —e)* is minimum. Designs D(12,30,4,10),D(12,20,6,10),D(15,42,5,14)
have the highest Type | and E- values with their sum of squares close to zero which
indicates optimal designs but these designs are partially Balanced Incomplete Block
Designs with three or more associates and they utilize a large number of units.

Fig. 4.2.4 revealed that Type | and E- optimality criteria values are closer, and the
designs with high optimality criteria values also have their corresponding sum of
squares closer to zero which also indicates optimal designs.

Fig. 4.2.5 shows partially Balanced Incomplete Block Designs with three or more
associate classes which reveal that as the number of replication increases we achieved
optimal designs.

In this research work, the analysis of Partially Balanced Incomplete Block Designs
were observed where moderate P-values suggest little signal against the null
hypothesis whereas small P-values suggest that the null hypothesis is false. R package
was used for the simulation and the analysis.

In the analysis, it is discovered that ML criterion detect true effect faster than REML,
indicated by the P-value on Table 4.4.1, Table 4.4.2 and Table 4.4.3 even as the
variance in error term increases. This can be graphically seen in Fig. 4.4.1 (Fig. 1,
Fig.3 and Fig. 5). The error term variance has different effect on optimal, less optimal,
and non optimal designs. In the presence of true effect for optimal designs, even as the
variance in the error term increases, it is more likely to detect it, observed in Fig. 4.4.1
(Fig. 1.) In the presence of true effect for a less optimal design, if increase in the error
term variance gets to a point, true effect would no longer be detected, noticed in Fig.
4.4.1 (Fig.3). It is unlikely to detect true effect under non optimal designs, Fig. 4.4.1
(Fig. 5) shows this.

Akaike Information Criterion (AIC) and Bayesian Information Criterion (BIC) are
useful for model selection. The performances of these two criteria were also observed
for the three designs mentioned above. REML criterion produces lower AIC and BIC
values for the three designs observed in Fig. 4.4.1 (Fig. 2, Fig. 4 and Fig. 6), but only
consistent on average with optimal design even as the error term in variance increases.
As error term variance increases the AIC and BIC increase on a reasonable average.
ML criterion produces higher AIC and BIC values for the three designs, but only
consistent on average with optimal design and partially for less optimal design even as
the error term variance increases. As error term variance increases the AIC and BIC
Increase on a reasonable average seen in Fig. 4.4.1 (Fig. 2) for optimal designs. When
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the variance in error term increases to a point for less optimal design, the AIC and
BIC reach their peak noticed in Fig. 4.4.1 (Fig. 4). Both REML and ML criteria
produce constant values for AIC and BIC even as the variance in error term increases
but each having unique value.

We are able to construct symmetric and anti-symmetric designs and their
corresponding complementary designs. A design d.(t,b,k,r) having t > b and r <
k with the constraint that tr = bk has the same E-optimal value with its
complementary design having b > tand k <r. In this study, it is observed that
Type | optimality criteria values for a design having t > b and r < k is higher than
its complementary design having b >t and k <r with an impression that
unnecessary increase in blocking does not improve the precision of an experiment.
The concept of E-optimality can help in the construction of a better design for a
particular anti-symmetric design. Any design d(t = b,k = r) has the same Type |
and E- optimal criteria values with its complementary design and it is known to be
symmetric design. We also observed that increase in replications or block sizes or
both in a design d.(t, b, k,v) improve the frequency distribution of the concurrence
matrix.

Algebraic algorithm developed had been able to search for competing anti-symmetric
designs with varying block and block sizes and their competing complementary
designs for anti-symmetric designs.

The algorithm also presented optimal designs that optimizes both block size and the
replication

5.3 CONCLUSION

In conclusion the results revealed that as the number of replication or/and block sizes
increase optimal designs were identified. For some design parameter sets where Type
I optimality values are closer to each other, it can be said that those design parameter
sets are Type | optimal, which is an indication that most of the designs generated
satisfied Type | optimality criteria. Among the selected good designs Partially
Balanced Incomplete Block Designs with 3 or more associate classes are the best
based on some well-defined optimality criteria but they utilize large number of units.

In this study, we presented Complementary designs for Symmetric and Anti-
symmetric Partially Balanced Incomplete Block Designs with Type | and E-
optimality criteria values.
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Table 4.3.1 shows that the same number of efficiency factors (that is, eigenvalues),
Type | and E- optimality criteria values and frequency distribution in the concurrence
matrix for symmetric and their complementary designs are observed.

Table 4.3.2 shows that different number of efficiency factors, Type | and E-
optimality criteria values and frequency distribution in the concurrence matrix for
anti-symmetric and their complementary designs are observed.

Note:

1. As optimality criteria values Type | and E- increase with respective decrease in
SS- optimality criteria values, better precision would be recorded.

2. Low E- optimality criterion value even when Type | optimality criteria values
are high will produce less precision with respective high SS optimality criterion
value.

3. With Type I, E- and SS optimality criteria values, type | and type Il errors can
be controlled which also safe difficulties in finding prior information to
determine the sample size.

4. It is important to recognize that there is difference between practical
significance and statistical significance. ML and REML can be compared to
justify the better based on the practical knowledge of the experiment.

5. Experimenter should know that as the inflow of error increases, it is more
likely to commit type Il error.

A design that optimizes block size is the optimal design and when BIB design is found
under competing incomplete block designs, it is unlikely to be the optimal except it
optimizes both replication and block sizes.

A design that optimizes both block size and replication is the optimal design.

To have a design that optimize both block size and replication among competing
PBIB designs under constant number of units in order to have optimal design, t > b
andr < ksuchthatr >r*»r*€eRandk > k* ¥ k* € K.

5.4 Contribution to Knowledge

1. Minimizing replications can result in optimal design when block size is
optimized;
2. Introduction of new optimality criterion which is SS criterion; and
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3. BIB design might not be the optimal design when the block size and
replications are not optimized.

5.6 Recommendation

Competing PBIB designs could be extended to augmented designs.
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APPENDIX A:

The R program used in the construction of new classes of optimal designs with
the following constraint2 <r <t, 6 <t <15,and2 <k <t/2.

This a programme for searching new class of optimal Incomplete Block Designs of
size (t, b, k,r) givent, k is an integer between 2 and t/z

library(crossdes)

Opimal<- function (x) {
gm<-exp(mean(log(x)))
hm<-1/mean(1/x)
mn<-min(X)

ss<-sum((x-mean(x))"2)
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cat("Sum of Squares(Dispersion)"”,ss,"\n")
cat("Geometric mean (D optimal)”,gm,"\n")
cat("Harmonic mean (A optimal)*,hm,"\n")

cat("Maximizes Min (E optimal)",mn,"\n")

d1=find.BIB(t,b,k) #Generating IBD or PBIBD
mat=isGYD(d1,tables=TRUE) # Incidence and concurrence matrices
conc=mat$ Concurrence w.r.t. rows;conc;class(conc)
I=matrix(,byrow=T,nrow=t);r;k

A=r*1-(1/k)*conc #Informatiom matrix

C=A*(1/r);canonicalEF=eigen(C)
canonicalEF;Eigenvalue=canonicalEF$values;EigenValue=Eigenvalue[-t]

Optimal(EigenValue)

APPENDIX B:

A R programme for checking the performance of ML and REML criteria in
incomplete block analysis.

Data were simulated using mean model defined as
Yij = Ky +epi=12,..tj=12, ..b

The addition of the error term e; to the sum of treatment effect, block effect and the

grand mean varies with changes in error term variance such that 0 < var < 2. effect
of these error term variance were used to classify the optimal designs into optimal,
less optimal and non-optimal designs
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library(agricolae)

HiHHHHHHHHHEXperiment D(9,9,3, 3)###HHHH#HHHHTHHH
HHH R A
trt<-1:9;t <- length(trt)

# size block k and Blocks s

k<-3:;s<-t/k ;r <- 3

outdesign<- design.alpha(trt,k,r,serie=2)
book<-outdesign$book

plots<-book[,1] ;book

bb=c(rep(7,3),rep(22,3),rep(11,3),rep(5,3),rep(35,3),rep(54,3),rep(19,3),rep(0,3),rep(1
7,3))

yt=c(3,23,20,6,10,11,16,4,19,6,20,4,19,23,11,16,3,10,16,23,6,19,10,20,11,4,3)
yb=yt+bb
r=rnorm(27,0,0.05);var(r)

r1=c(0.019734007,-0.078055964,0.005105432,-0.085700523,-0.001076978,-
0.029060119,

0.034833202,-0.004150924,-0.046728399,0.017982175,-0.050106003,-0.044840080, -
0.010222431,

-0.041503852,-0.079065775,0.013279383,0.072987729,-0.002298586,-0.0287066 15, -
0.049942896,

-0.134245747,-0.033331955,0.003044409,0.007719521,-0.087817800,-0.023520252, -
0.015494703)

min(rl);max(rl);var(rl);sum(r1”*2);sum(abs(rl-mean(rl)))/27
book$yl=yb+rl
fit=PBIB.test(book$block,book$trt,book$replication,book$y1,3,
method="REML" test="Isd",alpha=0.05);fit #MSE=0.22 180.75 df=11

81 |Page



fit=PBIB.test(book$block,book$trt,book$replication,book$yl,3,

method="ML" test="1Isd",alpha=0.05);fit

r=rnorm(27,0,0.3);var(r)

r2=c(-0.453990078,0.208641065,0.280299223,-0.338859811,-0.225797564,-
0.240548531,

-0.761440771,-0.025468520,-0.152054771,-
0.094372503,0.798598765,0.309279159,0.167958373,

0.776253387,-0.001571695,-0.009944148,-0.426842509,-0.019278869, -
0.244544650,-0.226832783,

-0.553033002,0.103499008,-0.054570776,0.454151464,0.191427991,0.352279792, -
0.049262065)

min(r2);max(r2);var(r2);sum(r2°2);sum(abs(r2-mean(r2)))/27
book$y2=yb+r2
fit=PBIB.test(book$block,book$trt,book$replication,book$y2,3,
method="REML" test="1sd",alpha=0.05);fit #MSE=0.22 180.75 df=11
fit=PBIB.test(book$block,book$trt,book$replication,book$y?2,3,

method="ML" test="Isd",alpha=0.05);fit

r=rnorm(27,0,0.4);var(r)

r3=c(0.67134928,-0.61432620,-0.47649255,-0.37266319,-0.33207766,-0.34188189, -
0.18408969,

0.07314434,-0.51102735,0.23304864,-0.56341759,-0.40708671,-
0.49710022,0.98032652,

0.09159056,-
0.72966805,0.85037220,0.38258237,0.53830806,0.41669865,0.02568358, -
0.37670424,

-0.32167204,0.61500282,0.10191350,-0.65625849,-0.73716312)
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min(r3);max(r3);var(r3);sum(r3*2);sum(abs(r3-mean(r3)))/27
book$y3=yb+r3
fit=PBIB.test(book$block,book$trt,bookS$replication,book$y3,3,
method="REML" test="Isd",alpha=0.05);fit #MSE=0.22 180.75 df=11
fit=PBIB.test(book$block,book$trt,book$replication,book$y3,3,

method="ML" test="1Isd",alpha=0.05);fit

r=rnorm(27,0,0.5);var(r)

r4=c(0.60914919,-0.84153061,-0.75211097,0.56107087,-
0.01622987,0.40153356,0.09074914,

-0.02258729,0.29132092,-0.28489198,0.69006928,-0.08680016, -
0.24724648,0.44200846,

-0.65747600,0.69480279,-0.60024187,0.40091816,-0.61658441,0.84832563,-
0.11070842,

0.15008746,-0.01534440,-0.82208072,0.32897773,0.46348604,-1.21314305)
min(r4);max(r4);var(r4);sum(r4"2);sum(abs(r4-mean(r4)))/27
book$y4=yb+rd
fit=PBIB.test(book$block,book$trt,book$replication,book$y4,3,
method="REML" test="Isd",alpha=0.05);fit #MSE=0.22 180.75 df=11
fit=PBB.test(book$block,book$trt,book$replication,book$y4,3,

method="ML" test="1sd",alpha=0.05);fit

r=rnorm(27,0,0.6);var(r)

r5=c(0.18597367,-0.30762058,-0.38980141,-0.87055124,-1.20948136,-
0.23316474,0.11375219,
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-0.22185615,0.81010436,0.46682237,0.33180890,-0.32287737,-
0.08589421,0.52861742,0.29956080,

0.42372452,0.52688621,0.95789643,1.49885495,1.01183603,-1.23484848,-
0.74514822,0.29742627,

-0.63733691,0.21059407,-0.80161005,0.41615838)
min(r5);max(r5);var(r5);sum(r5°2);sum(abs(r5-mean(r5)))/27
book$y5=yb+r5
fit=PBB.test(book$block,book$trt,book$replication,book$ys,3,
method="REML" test="Isd",alpha=0.05);fit #MSE=0.22 180.75 df=11
fit=PBB.test(book$block,book$trt,book$replication,book$ys,3,

method="ML" test="Isd",alpha=0.05);fit

r=rnorm(27,0,0.7);var(r)

r6=c(-0.45492662,0.45566578,-0.43476620,-0.33167715,0.28126170,-1.96470631, -
1.07931909,

-0.13319733,-0.81641895,-0.34270337,-
0.07947526,0.07452153,0.97905401,0.29661871,

-0.20838473,-1.06218295,0.57898116,0.23720011,-0.04289053,-0.05655385, -
0.31864725,

-1.48603747,1.24491518,0.93725818,-0.24212153,-0.22571816,0.38998030)
min(r6);max(r6);var(ré);sum(r6”2);sum(abs(r6-mean(r6)))/27
book$y6=yb+r6
fit=PBIB.test(book$block,book$trt,book$replication,book$y6,3,
method="REML" test="Isd",alpha=0.05);fit #MSE=0.22 180.75 df=11
fit=PBIB.test(book$block,book$trt,book$replication,book$y6,3,

method="ML" test="Isd",alpha=0.05);fit
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r=rnorm(27,0,0.8);var(r)

r7=c(-0.30666967,-0.81504299,0.96250953,-1.32636228, -
0.25447847,2.03218766,0.88224090,

-0.34679658,1.08190375,1.06203098,-0.27148285,-0.214483009, -
0.11734131,0.01685678,

0.39092815,-
0.62611962,0.67932612,0.69002186,0.39371885,1.16445827,0.58386958, -
0.63766454,

0.18304652,-0.91208127,-0.65874101,-1.35152500,-0.45493291)
min(r7);max(r7);var(r7);sum(r7°2);sum(abs(r7-mean(r7)))/27
book$y7=yb+r7
fit=PBB.test(book$block,book$trt,book$replication,book$y7,3,
method="REML" test="Isd",alpha=0.05);fit #MSE=0.22 180.75 df=11
fit=PBIB.test(book$block,book$trt,book$replication,book$y7,3,

method="ML" test="1Isd",alpha=0.05);fit

r=rnorm(27,0,0.9);var(r)

r8=c(1.40127653,0.21042654,-1.45107154,-0.13074089,1.63898671,-0.02572420, -
0.45555325,

-0.55482760,-0.18814329,-0.57546769,-0.61968605, -
0.82550307,0.01602786,1.45014276,

-0.11615147,-0.79919053, -
1.57260957,1.15777950,0.45380717,0.83513058,0.10072780,0.17642731,

-0.64798642,0.31585702,1.66031482,-0.18267796,-0.45982094)
min(r8);max(r8);var(r8);sum(r8"2);sum(abs(r8-mean(r8)))/27
book$y8=yb+r8

fit=PBIB.test(book$block,book$trt,book$replication,book$y8,3,
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method="REML" test="1sd",alpha=0.05);fit #MSE=0.22 180.75 df=11
fit=PBIB.test(book$block,book$trt,book$replication,book$ys,3,

method="ML" test="Isd",alpha=0.05);fit

r=rnorm(27,0,1.0);var(r)

r9=c(-0.187709980,-0.340749022,0.561047190,-0.277636909, -
0.134233680,0.549726482,

-1.432270602,-1.382251062,-0.080419340,-1.398902151,1.559391539,0.431182590, -
0.482302924,

-0.842794123,0.067118287,1.998665218,-1.104056764,-
0.074736080,0.008383285,0.070659196,

-0.345565146,0.356752810,-1.550914503,-1.777539516,-0.640592163,-
0.615258405,1.490055920)

min(r9);max(r9);var(r9);sum(r9*2);sum(abs(r9-mean(r9)))/27
book$y9=yb+r9
fit=PBIB.test(book$block,book$trt,book$replication,book$y9,3,
method="REML" test="1sd",alpha=0.05);fit #MSE=0.22 180.75 df=11
fit=PBIB.test(book$block,book$trt,book$replication,book$y9,3,

method="ML" test="Isd",alpha=0.05);fit

r=rnorm(27,0,1.0);var(r)

r10=c(1.91528578,0.53900547,-0.24597952,0.05789964,-2.13372793,0.75565845, -
0.74717555,

0.98363398,0.37172277,-0.28464279,-0.10126243,-3.17061561,-1.64127110,-
0.02452360,

1.31298533,-0.80616549,0.13527355,-0.87741502,-
1.80475227,0.50344800,0.03191705,
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-0.30498887,-1.15576429,-1.00291708,-0.25474530,-1.02585602,-1.32014296)
min(r10);max(r10);var(r10);sum(r1072);sum(abs(r10-mean(r10)))/27
book$y10=yb+r10
fit=PBB.test(book$block,book$trt,book$replication,book$y10,3,
method="REML" test="1sd",alpha=0.05);fit #MSE=0.22 180.75 df=11
fit=PBIB.test(book$block,book$trt,book$replication,book$y10,3,

method="ML" test="1Isd",alpha=0.05);fit

HHHHHHHHHHHEXperiment D(15,10,3,2)###HHHHHHIHIHHH
HHH R A
trt<-1:15;t <- length(trt)

# size block k and Blocks s

k<-3;s<-t/k ir <-2

outdesign<- design.alpha(trt,k,r,serie=2)
book<-outdesign$book

plots<-book[,1] ;book

bb=c(rep(7,3),rep(22,3),rep(11,3),rep(5,3),rep(35,3),rep(54,3),rep(19,3),rep(0,3),
rep(17,3),rep(39,3))
yt=c(20,19,4,10,0,30,6,3,8,26,23,2,27,11,16,16,3,19,30,23,11,20,2,10,6,27,26,4,8,0)
yb=yt+bb

r=rnorm(30,0,0.05);var(r)

r1=c(0.040280172,0.027200785,0.079238657,-
0.021627851,0.042470104,0.019933565,-0.033382471,
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0.049976133,0.048362029,-0.011066508,0.048265133, -
0.078425293,0.013223891,0.039930154,

-0.073785656,-
0.074015380,0.023696204,0.005541606,0.049753775,0.009946163,0.064323704,

-0.045917503,-0.018680228,0.040596203,-0.082191336,-0.063146879,0.045109753, -
0.007832629,

0.060129885,-0.002317256)
min(rl);max(rl);var(rl);sum(r1”*2);sum(abs(rl-mean(rl)))/30
book$yl=yb+rl
fit=PBIB.test(book$block,book$trt,book$replication,book$yl,3,
method="REML" test="Isd",alpha=0.05);fit #MSE=0.22 180.75 df=11
fit=PBB.test(book$block,book$trt,book$replication,book$yl,3,

method="ML" test="Isd",alpha=0.05);fit

r=rnorm(30,0,0.3);var(r)

r2=c(0.04859497,0.49465340,0.27801089,-0.01516754,0.07276114,0.24257222, -
0.23224101,

-0.29141651,0.39645506,0.27018414,-
0.31003484,0.03121966,0.42144824,0.56201473,0.07/535079,

-0.23108899,-0.29704481,0.51469947,-0.12529470,0.45876478,0.26 725608, -
0.56603090,0.12833014,

-0.08901919,-0.64236377,-0.55021112,0.49680685,0.37410879,-0.32399936,-
0.08134205)

min(r2);max(r2);var(r2);sum(r2"2);sum(abs(r2-mean(r2)))/30
book$y2=yb+r2
fit=PBIB.test(book$block,book$trt,book$replication,book$y2,3,

method="REML" test="Isd",alpha=0.05);fit #MSE=0.22 180.75 df=11
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fit=PBIB.test(book$block,book$trt,book$replication,book$y2,3,

method="ML" test="1Isd",alpha=0.05);fit

r=rnorm(30,0,0.4);var(r)

r3=c(0.22322581,0.61282904,-
0.37547324,0.31444868,1.00718966,0.15962962,0.27163499,

0.66525392,0.41662424,-0.19496632,-0.33843111,-0.40245510,0.49484231 -
0.07257704,

0.24127493,-0.61031477,0.09101484,0.10881549,0.44360269, -
0.96352065,0.77966947,-0.45207511,

-0.63046055,-0.34642292,0.14903988,-0.22247861,-0.17748090,-0.48262311,-
0.19770572,0.63919236)

min(r3);max(r3);var(r3);sum(r3”*2);sum(abs(r3-mean(r3)))/30
book$y3=yb+r3
fit=PBIB.test(book$block,book$trt,book$replication,book$y3,3,
method="REML" test="1sd",alpha=0.05);fit #MSE=0.22 180.75 df=11
fit=PBIB.test(book$block,book$trt,book$replication,book$y3,3,

method="ML" test="Isd",alpha=0.05);fit

r=rnorm(30,0,0.6);var(r)

r4=c(0.71746838,-1.11740853,0.24616280,-1.02390751,-0.18362894,0.14508595, -
0.15690221,

-0.41256388,0.75699843,-0.74980163,-0.15967783,-0.57219885,0.89235457 -
0.89359716,

0.16097004,-0.31990375,0.65833888,-0.15287711,0.41802071,-
0.82831468,1.13004682,0.02709239,

0.40381238,-0.87393885,0.50723159,0.46242330,-0.44351480,-0.46705117,-
0.80376789,0.29806150)
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min(r4);max(r4);var(r4);sum(r4"2);sum(abs(r4-mean(r4)))/30
book$y4=yb+r4
fit=PBIB.test(book$block,book$trt,book$replication,book$y4,3,
method="REML" test="Isd",alpha=0.05);fit #MSE=0.22 180.75 df=11
fit=PBIB.test(book$block,book$trt,book$replication,book$y4,3,

method="ML" test="1Isd",alpha=0.05);fit

r=rnorm(30,0,0.6);var(r)

r5=c(0.62101943,-1.52984195,0.75363033,-0.27716058,0.24516282,-1.21399727 -
0.78179233,

0.07076150,1.26247227,0.18697399,0.28426568,-0.62403152, -
0.08342923,0.25451993,

1.00324809,0.31607195,-0.91572576,0.75253066, -
0.11658201,0.11849640,0.09820287,

-0.20841024,-0.36026528,-0.47773063,-0.74352216,0.01789323,-0.20850110,-
0.32379434,-0.04332297,-1.02766353)

min(r5);max(r5);var(r5);sum(r5°2);sum(abs(r5-mean(r5)))/30
book$y5=yb+r5
fit=PBIB.test(book$block,book$trt,book$replication,book$ys,3,
method="REML" test="Isd",alpha=0.05);fit #MSE=0.22 180.75 df=11
fit=PBB.test(book$block,book$trt,book$replication,book$ys,3,

method="ML" test="1Isd",alpha=0.05);fit

r=rnorm(30,0,0.7);var(r)

r6=c(0.35994799,0.35608384,-0.99805138,-0.02420185,0.39307610,-1.36414952, -
1.27670039,
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-0.02737906,-1.33383817,0.43310305,-0.05381123,0.12435699, -
0.13499748,0.78161326,

0.74570522,-1.13484944,-0.19827290,-0.16160352,0.26666542,0.26075504,-
0.17675974,

0.27534445,1.34899190,0.31209308,-0.93827563,0.97687128, -
0.72765844,0.63860773,

-0.80030392,-0.53616094)
min(ré);max(r6);var(r6);sum(r6”2);sum(abs(r6-mean(r6)))/30
book$y6=yb+r6
fit=PBB.test(book$block,book$trt,book$replication,book$ys,3,
method="REML" test="Isd",alpha=0.05);fit #MSE=0.22 180.75 df=11
fit=PBIB.test(book$block,book$trt,book$replication,book$y6,3,

method="ML" test="Isd",alpha=0.05);fit

r=rnorm(30,0,0.8);var(r)

r7=c(-0.10515582,-0.55764638,-0.09483567,-1.22353113,0.34561187 ,-
0.66799190,0.52451565,

-0.88816776,0.60219625,0.28024984,0.70028405, -
0.77226565,0.73730972,1.67716817,

0.48938989,-1.56972799,-1.12751504,-1.00525881,-0.57285182,0.63258375, -
0.20979671,

1.05739499,1.03914274,-0.02117888,1.19953998,-0.35464589,-0.29103523, -
0.88514289,

0.03399261,0.76688566)
min(r7);max(r7);var(r7);sum(r7”2);sum(abs(r7-mean(r7)))/30
book$y7=yb+r7

fit=PBIB.test(book$block,book$trt,book$replication,book$y7,3,
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method="REML" test="1sd",alpha=0.05);fit #MSE=0.22 180.75 df=11
fit=PBIB.test(book$block,book$trt,book$replication,book$y7,3,

method="ML" test="Isd",alpha=0.05);fit

r=rnorm(30,0,0.9);var(r)

r8=c(-0.39427458,0.06678556,0.67961630,-0.44101216,1.34351593, -
0.09995444,0.57600049,

0.48471587,-0.21751833,0.51287156,-1.39414440,-1.716318809, -
0.95794324,1.36670593,

0.80165277,0.81846601,-0.10975906,-0.49050267,1.40347675,-0.57589710,-
0.33176749,

0.30774603,-
0.36137588,0.60769085,0.73642505,0.64252813,0.97117590,1.04084664, -
1.48300952,

0.29593519)
min(r8);max(r8);var(r8);sum(r8"2);sum(abs(r8-mean(r8)))/30
book$y8=yb+r8
fit=PBIB.test(book$block,book$trt,book$replication,book$y8,3,
method="REML" test="Isd",alpha=0.05);fit #MSE=0.22 180.75 df=11
fit=PBB.test(book$block,book$trt,book$replication,book$ys,3,

method="ML" test="1Isd",alpha=0.05);fit

r=rnorm(30,0,1);var(r)
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r9=c(-0.91021729,0.58088736,0.87439645,-0.90257312,-0.54123645,0.30844400,

0.90294503,

-1.73819622,-0.05463297,-0.93696501,0.39943194, -
1.60070987,0.14506174,0.51462591,

1.14998107,0.29536657,-0.79098869,1.52228986,-0.08600261,-0.34233719,-
0.15998500,

-1.42435235,1.84252142,-0.05519652,-0.66034293,0.13455531, -
0.68443818,0.42183993,

-1.52483590,-0.41705746)
min(r9);max(r9);var(r9);sum(ro9"2);sum(abs(r9-mean(r9)))/30
book$y9=yb+r9
fit=PBIB.test(book$block,book$trt,book$replication,book$y9,3,
method="REML" test="Isd",alpha=0.05);fit #MSE=0.22 180.75 df=11
fit=PBB.test(book$block,book$trt,book$replication,book$y9,3,

method="ML" test="1Isd",alpha=0.05);fit

r=rnorm(30,0,1);var(r)

r10=c(-0.03835490,-0.27982352,-0.44345190,-
2.75976712,0.74700148,1.36087304,1.78666285,

0.62593947,-1.20960481,-0.81884488,-0.29341510,0.21997784,-0.05806412, -
0.66032170,

0.24092896,0.27599040,-1.04803959,-0.37144269,0.80560536,-1.29399253, -
0.13614321,

1.75547768,-1.16859878,-0.60676692,0.69832014,0.67863545,0.54025668, -
0.84675837,

-0.25081244,-0.79600236)
min(r10);max(r10);var(r10);sum(r1072);sum(abs(r10-mean(r10)))/30
book$y10=yb+r10
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fit=PBIB.test(book$block,book$trt,book$replication,book$y10,3,
method="REML" test="Isd",alpha=0.05);fit #MSE=0.22 180.75 df=11
fit=PBIB.test(book$block,book$trt,book$replication,book$y10,3,

method="ML" test="Isd",alpha=0.05);fit

r=rnorm(30,0,1);var(r)

r11=c(0.80628098,0.63577724,0.77084417,-0.65725796,-1.05905615, -
0.52609470,0.27152086,

1.75129833,0.24056606,1.14803458,-1.15703729,-1.59473048,-0.42715016,-
0.36604601,

-0.79419565,0.14938116,-1.70938887,-0.51904957,-0.47821718, -
0.27115457,0.33455735,

-1.31993401,1.91638505,2.38064689,2.44674104,-0.01663056, -
0.74756793,0.17414681,

-1.02336935,-0.55123259)
min(rll);max(rll);var(rll);sum(r1172);sum(abs(rl1-mean(r11)))/30
book$yll=yb+rll
fit=PBIB.test(book$block,book$trt,book$replication,book$yl11,3,
method="REML" test="Isd",alpha=0.05);fit #MSE=0.22 180.75 df=11
fit=PBIB.test(book$block,book$trt,book$replication,book$y11,3,

method="ML" test="1Isd",alpha=0.05);fit

HHHHHHHHEXperiment D (30,20, 3, 2)#HHHHHHHHHHHHH
R R R ]
trt<-1:30;t <- length(trt)

# size block k and Blocks s
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k<-3;s<-t/k:r <-2
outdesign<- design.alpha(trt,k,r,serie=2)
book<-outdesign$book

plots<-book[,1] ;book

bb=c(rep(7,3),rep(22,3),rep(11,3),rep(5,3),rep(35,3),rep(54,3),rep(19,3),rep(0,3),
rep(17,3),rep(39,3),rep(51,3),rep(31,3),rep(44,3),rep(30,3),rep(8,3),rep(57,3),
rep(48,3),rep(2,3),rep(26,3),rep(14,3))
yt=c(9,7,11,20,25,6,19,29,30,12,5,8,4,22,14,3,32,16,15,27,28,34,10,27,23,26,18,0,1,2,
22,30,8,11,28,1,7,0,5,34,26,16,19,6,4,12,9,14,18,2,27,27,29,20,3,15,23,25,10,32)
yb=yt+bb

r=rnorm(60,0,0.5);var(r)

r1=c(0.4589736707,0.3217421890,-0.7912687388,-
0.7223812406,0.3822875106,0.3070470276,

0.2039671848,-0.2708196778,-
0.1588806486,0.8517019848,0.0284134294,0.3149725039,

-0.1765422043,0.3979787924,-0.0020115075,0.2215814502,0.2333919175,-
0.4012039023,

-0.1490948868,0.5736587337,0.4029289147,0.4739737385,-0.3848888746,-
0.3546417361,

0.5298581868,-0.0996760916,0.0486886719,-0.2225415772,-0.1389933912, -
0.1944204238,

0.2911589464,0.5630098100,-0.1988336005,-0.7661863319,-0.2049372320,-
0.4533172235,

-0.4545277911,-0.8380235391,0.7315849582,0.5644989256, -
0.5818902505,0.4419185193,

0.0976119920,-0.2164735846,-0.1274163211,0.3836108546, -
0.3779934793,0.9448555232,
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0.0975049233,0.7607542695,0.0734114025,-0.3272356011,0.0001482248, -
0.1016439657,

0.2868751464,-1.1529340177,0.2220259156,-0.0274152438, -
0.0881537454,0.6852658638) #0.2260991

r2=c(1.19622134,-0.04726055,-0.39141542,0.41325622,-0.79265556,0.07259193,

0.17578027,

-0.08737926,-0.59492642,-0.16575295,0.46128831,0.06156930, -
0.14272907,0.06037169,0.31566525,

0.30088308,-0.47273967,-0.77912012,-
0.69522927,0.15930863,0.31595300,1.50982870,0.41447213,

-0.32691437,0.06564833,1.70786086,-0.12937185,0.53828943, -
0.46650221,0.17944387,-0.12415438,

-0.88313766,-0.30527311,-0.19402031,0.47017399, -
0.15630840,0.94412155,0.19115724,0.74706171,

0.33712315,-0.25319607,0.53467834,-0.47754565,-0.481 79987, -
0.73207923,0.32094416,0.57946271,

-0.29603051,0.27058762,0.50531959,0.20862156,-0.08479212,0.56881062, -
0.21890453,-0.44992646,

-0.14368102,-0.81093604,-0.73004265,0.45425211,-0.38172731)#0.301957
book$yl=yb+rl;book$y2=yb+r2
min(rl);max(rl);var(rl);sum(r1~2);sum(abs(rl-mean(rl)))/60
min(r2);max(r2);var(r2);sum(r2”2);sum(abs(r2-mean(r2)))/60
range(rl);range(r2)
fit=PBB.test(book$block,book$trt,book$replication,book$y1l,3,
method="REML" test="Isd",alpha=0.05);fit #MSE=0.22 180.75 df=11
fit=PBIB.test(book$block,book$trt,book$replication,book$y1l,3,

method="ML" test="Isd",alpha=0.05);fit
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fit=PBIB.test(book$block,book$trt,book$replication,book$y2,3,
method="REML" test="Isd",alpha=0.05);fit #MSE=0.16
fit=PBIB.test(book$block,book$trt,book$replication,book$y2,3,

method="ML" test="1Isd",alpha=0.05);fit #MSE=0.16

r=rnorm(60,0,0.6);var(r)

r3=c(-1.141684297,-0.511103960,-0.686126109,-0.212212453, -
0.971360055,0.304082399,

-0.672782667,-0.910039826,-0.658982565,-0.096043751,-
0.278659946,0.438069209,0.859367227,

0.970449940,0.438376510,-0.891001181,-0.960350950,0.452943234, -
1.085904147,0.511598187,

-0.783332492,1.002589921,-0.112091299,0.340384782,-0.386101555, -
1.748361391,0.311530054,

0.848121570,-0.145841982,-0.603826007,0.088128668,0.325053905,0.368053333, -
0.373814305,

0.821953436,0.278090633,0.422634390,0.376200275,0.754238709,0.791158877,0.6
97539848,

0.419120786,-0.580540576,-0.006998845,-0.942612785,-1.003463456,0.824032533, -
0.177667434,

0.358520044,-0.597744681,-1.162113043,-0.303547107,0.565664721,0.749816931, -
0.024628274,

-1.344962342,0.602021621,0.342945975,0.060840873,0.893989997)
book$y3=yb+r3
min(r3);max(r3);var(r3);sum(r3”2);sum(abs(r3-mean(r3)))/60
fit=PBIB.test(book$block,book$trt,book$replication,book$y3,3,

method="REML" test="Isd",alpha=0.05);fit #MSE=0.16
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fit=PBIB.test(book$block,book$trt,book$replication,book$y3,3,

method="ML" test="1Isd",alpha=0.05);fit

r=rnorm(60,0,0.7);var(r)

r4=c(1.435084407,-0.637711014,-0.671519373,0.283082571,0.174360183,-

0.204265732,0.206000842,

0.581722651,-0.514842801,-0.136185593,0.039437452,0.674001498, -
1.468229974,0.222978412,

1.143627803,0.278321078,-0.385001625,-0.298539049,-0.642127077 -
0.336021008,0.873897745,

-0.766853655,1.281945938,-0.539947564,1.046988669,-0.608173044,-
0.383102708,0.005627349,

-0.244738894,-1.287277729,-0.432651864,-1.143817045,0.410024079,-
0.961687946,0.961035456,

0.360008128,0.752195707,-0.168763633,-
0.530761534,0.320441440,0.159600600,0.446039722,

-0.542956751,0.436952572,-1.044731346,-1.278933487,-0.520865820,-
0.248708863,0.240026312,

-0.378295866,1.366169668,1.560973552, -
0.141253383,0.066526513,0.067064254,1.455865554,

-0.696139763,-0.125984609,-0.081378257,0.175817627)
book$y4=yb+r4
min(r4);max(rd);var(rd);sum(r4"2);sum(abs(r4-mean(r4)))/60
fit=PBIB.test(book$block,book$trt,book$replication,book$y4,3,
method="REML" test="Isd",alpha=0.05);fit #MSE=0.16
fit=PBIB.test(book$block,book$trt,book$replication,book$y4,3,
method="ML" test="Isd",alpha=0.05);fit
r=rnorm(60,0,0.8);var(r)
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r5=c(-0.540102537,-0.522264859,-1.649411700,-
0.073635851,0.170188495,0.930370529,

0.652788357,0.356366730,0.091827033,-0.338302601,-1.076483498,-1.230238443, -
0.589962982,

-0.691132690,-0.804563847,1.581458627,0.535919916,-0.269685427 ,-
0.724507179,0.049714108,

0.150877731,-0.592007590,-1.220360776,1.086896281,-1.074848521,-0.223493322, -
0.262686430,

0.381676711,0.500281881, -
0.370080271,0.780729446,0.446824961,0.272925733,0.130306592,

-0.242157190,-0.496016494,0.410544063,0.805137539,0.546412617,-
1.961294456,1.048925812,

0.265975175,-0.097754167,2.235351587,-0.924964748,-0.559974424 -
0.013588211,0.462446556,

0.392444655,-0.796907988,0.561400097 , -
0.599887926,0.619299904,0.436301248,1.066042915,

0.905101614,-0.199828460,-0.180405214,0.003062443,1.324598785)
book$y5=yb+r5
min(r5);max(r5);var(r5);sum(r5°2);sum(abs(r5-mean(r5)))/60
fit=PBIB.test(book$block,book$trt,book$replication,book$ys,3,
method="REML" test="Isd",alpha=0.05);fit #MSE=0.16
fit=PBB.test(book$block,book$trt,book$replication,book$ys,3,

method="ML" test="Isd",alpha=0.05);fit

r=rnorm(60,0,0.8);var(r)

r6=c(-0.427253921,-1.293966707,0.333398024,-0.024325417,1.160813061,-
0.096356884,

-0.175229641,-0.447336612,-1.275453106,-0.460023584,0.026999812,0.41 7605378, -
1.994058853,
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-0.344208797,-1.445716747,-0.581133982,-1.200500080,-0.722122182,-
0.779835327,-0.414796728,

0.602598648,-2.009713997,-1.458697111,-0.156453473, -
0.117129553,0.005252359,0.484187347,

-0.993686873,0.871942618,1.484188673,-0.557918503,-0.659439335, -
0.773721109,0.745909814,

0.349101065,-0.466648715,-0.937393008,-1.534708007,0.734913338,-0.481360493,

0.547336160,

0.945793201,-2.634279270,-1.545831287,-0.386669523,0.608555719, -
0.457802016,0.447463676,

-0.716039222,-0.877649682,-0.767712311,-0.416225749,-0.373144600,-
0.009371953,0.841727893,

1.149392913,1.602506380,-0.213328696,-0.566370774,-0.333330758)
book$y6=yb+r6
min(r6);max(r6);var(ré);sum(ré"2);sum(abs(r6-mean(r6)))/60
fit=PBIB.test(book$block,book$trt,book$replication,book$y6,3,
method="REML" test="Isd",alpha=0.05);fit #MSE=0.16
fit=PBIB.test(book$block,book$trt,book$replication,book$y6,3,

method="ML" test="Isd",alpha=0.05);fit

r=rnorm(60,0,0.8);var(r)

r7=c(-0.36704654,0.07524488,-0.16754720,-0.86408663,2.03252106, -
1.01198225,0.38441523,

-0.32044830,-2.07609314,0.30543290,-0.51447408,0.88021116,-0.79866163,-
1.19068331,

-0.17152354,-1.05885945,-0.89222762,0.07559505,1.69808414,0.66698130,-
0.90898682,0.42339980,

1.08455577,-1.29043936,0.40556702,0.97593752,-0.76490417,0.03573186,-
0.95848777,1.39289335,
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0.04668988,-0.55926026,-1.31684353,-0.15287326,0.17635881, -
0.04893556,0.30979130,-1.73523195,

0.05157541,1.89453778,-0.01439785,0.15439204,2.37067562,-0.18001480,-
0.05877035,-0.31945692,

-0.51646341,0.31194999, -
0.04892637,0.11784485,1.86306359,0.15153241,0.15316401,-0.56073350,

-0.38263706,-0.57501453,-0.85392586,-0.87027825,-0.92705910,0.02498628)
book$y7=yb+r7

min(r7);max(r7);var(r7);sum(r7”2);sum(abs(r7-mean(r7)))/60
fit=PBB.test(book$block,book$trt,book$replication,book$y7,3,
method="REML" test="Isd",alpha=0.05);fit #MSE=0.16
fit=PBIB.test(book$block,book$trt,book$replication,book$y7,3,

method="ML" test="Isd",alpha=0.05);fit

r=rnorm(60,0,1);var(r)

r8=c(1.558604705,-0.073884426,-0.925803815, -
0.837829775,1.205969415,0.090883733,

-1.261730678,-0.459374177,0.232622118,-0.555945148,0.991833841, -
2.181571781,0.282139668,

-0.747403710,0.086819267,-1.766282085,-0.245638890,-0.436777985,-
0.043017404,-1.001697772,

-0.391454625,0.978854598,0.339058124,1.427986975, -
0.845480371,0.165457222,0.830513841,

0.264677217,-1.294180217,-0.055559804,-1.745529328,0.599055444,-0.905931764, -
2.084798637,

-0.274009627,-0.546784451,-0.952257566,1.574848924,-0.333327639,0.453491403, -
0.936093180,

0.856852988,0.146321716,0.065312195,-1.576503167,0.937411480, -
0.007153096,0.917409632,
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-1.240654529,-0.710509483,-1.273108064,1.401583984,-0.196768802,
0.282471361,-1.210066218,

1.329747610,0.146879186,0.503401853,-1.679367725,-0.727029682)
book$y8=yb+r8
min(r8);max(r8);var(r8);sum(r8"2);sum(abs(r8-mean(r8)))/60
fit=PBIB.test(book$block,book$trt,book$replication,book$ys,3,
method="REML" test="Isd",alpha=0.05);fit #MSE=0.16
fit=PBIB.test(book$block,book$trt,book$replication,book$y8,3,

method="ML" test="Isd",alpha=0.05);fit

r=rnorm(60,0,1.5);var(r)

r9=c(0.01635545,-0.02117010,1.19335475,0.64819835,-2.16451744,-
0.08237787,0.25368682,

-0.27163590,1.59004258,-2.43306087,1.77804649,0.9494 7486, -
0.85262913,0.49001664,1.43300570,

-1.11901521,0.76645695,-0.27856416,1.76893068,-1.63650821, -
2.75282493,0.32296216,1.17870902,

-0.39314623,-0.91736501,0.29613360,-0.83727115,0.42267840,-0.48640714,-

0.09809795,

-0.53578132,-0.21564781,-0.30175879,0.68808025,0.35001364,-2.24231095, -

0.18749964,

0.35907811,0.64802155,-0.85148175,1.62700328, -
0.39677711,1.87532780,2.28224190,1.01865180,

-1.51371820,1.43070704,0.10320902,0.97127875,0.19166703, -
1.39648026,0.26190537,0.89679900,

-0.03477915,2.14241021,-1.26030451,-
2.16952721,0.39841720,0.60641479,2.10777662)

book$y9=yb+r9
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min(r9);max(r9);var(r9);sum(ro”2);sum(abs(r9-mean(r9)))/60
fit=PBIB.test(book$block,book$trt,book$replication,book$y9,3,
method="REML" test="Isd",alpha=0.05);fit #MSE=0.16
fit=PBIB.test(book$block,book$trt,book$replication,book$y9,3,

method="ML" test="1Isd",alpha=0.05);fit

r=rnorm(60,0,2.5);var(r)

r10=c(0.64245121,0.75452098,-0.08781389,-5.02516548,0.03462379,-
1.39659748,0.73590487,

-3.19640933,-2.34005975,-3.31287645,0.13015616,3.90350611, -
3.02756359,2.91521442,2.91969162,

-1.21213693,-4.75249650,0.53402440,-0.12283471,-2.10928177,2.14 796000, -
0.15741816,-3.77869739,

-1.21396784,2.21329631,3.54828002,-0.67651904,-1.09921531, -
0.71350348,2.11886440,2.73861103,

2.23164151,2.26796953,2.12918152,-2.50111519,-0.36572833,1.37301655,-
1.87166687,-2.47698512,

-3.38783769,-0.80463587,-
0.47660129,3.43498634,4.05069994,5.39327030,2.28766901,-4.51971427,

0.88008880,4.19183312,4.24182799,2.08465043,3.19456671,-
0.80359858,1.03482584,-0.64225717,

3.23266786,-1.53945074,-0.30197057,3.09799468,0.45873596)

r=rnorm(60,0,0.3);var(r)

r10=c(0.003641889,0.542003459,-0.825703736,0.251897092,-
0.076357065,0.171330122,

-0.145653878,0.327588310,-0.058980207,-0.279803826,0.320065632, -
0.336141960,0.237578825,
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-0.373926957,-0.042668243,-0.420898488,0.120574201,-0.029029894, -
0.021253840,0.305250705,

0.119826739,-0.286708523,-0.171777402,0.208820344,0.417035810,-0.163463181, -
0.451910245,

0.452315730,-0.001931775,-0.395195169,0.015705703,0.159041846,0.090204374, -
0.069173023,

-0.224614559,0.061295031,-0.530526724,-0.205481736,-0.745864751,0.117758909, -
0.353762061,

0.090043197,-0.099589628,0.500124957,-0.416668356,0.296400167,0.121773299, -
0.561318186,

-0.230763838,0.326333494,-0.212131338,-0.135936110,0.256168085,0.312518122, -
0.559893360,

-0.355306525,-0.533722881,0.170278886,-0.236861419,-0.428606271)
book$y10=yb+r10
min(r10);max(r10);var(r10);sum(r1072);sum(abs(r10-mean(r10)))/60
fit=PBIB.test(book$block,book$trt,book$replication,book$y10,3,
method="REML" test="Isd",alpha=0.05);fit #MSE=0.16
fit=PBIB.test(book$block,book$trt,book$replication,book$y10,3,

method="ML" test="Isd",alpha=0.05);fit

r=rnorm(60,0,0.05);var(r)

r11=c(9.790872e-03,-1.845235e-02,1.356565e-02,-4.420238e-02,5.602581e-02, -
8.617406e-02,

-7.800003e-02,3.180368¢e-03,4.621108e-02,-1.430731e-02,6.645179e-02,3.376807e-
02,

-1.404830e-02,-3.614131e-02,3.237769e-02,-2.961500e-02,-6.173268e-02, -
4.006609¢e-02,

1.506845e-02,-5.072958e-02,1.555518e-02,-2.102849e-02,8.663366€e-02,3.669771e-02,
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3.116730e-03,-5.393598e-03,-9.731189e-03,8.578423e-02,-3.836480e-03,-2.207501e-02,
8.974404e-05,-3.078041e-03,-1.604027e-02,5.060338e-02,1.007530e-02,1.290942e-02,
-2.369581e-02,3.061493e-02,4.849913e-02,4.172777e-02,-1.773314e-02,2.954503e-03,
-3.003159¢e-02,-6.964408e-02,2.765667e-02,1.262137e-02,-2.662726e-02,4.139482e-02,
-6.102625e-02,1.290055e-02,-3.600072e-02,-1.029811e-02,-2.686718e-02,-2.957937e-02,
-4.759028e-03,5.376177e-02,1.087977e-01,5.722086e-02,-5.203428e-02,-1.102325e-01)
book$yll=yb+rll

min(rll);max(rll);var(rll);sum(r1172);sum(abs(r11-mean(r11)))/60
fit=PBIB.test(book$block,book$trt,book$replication,book$yll,3,

method="REML" test="Isd",alpha=0.05);fit #MSE=0.16
fit=PBIB.test(book$block,book$trt,book$replication,book$y11,3,

method="ML" test="1Isd",alpha=0.05);fit

i HEXperiment D(15,10,3,2) otherst####HH#HH I
HHHH R A
trt<-1:9;t <- length(trt)

k<-3;s<-t/k;r <- 2

outdesign<- design.alpha(trt,k,r,serie=2)

book<-outdesign$book

plots<-book[,1] ;book

bb=c(rep(7,3),rep(22,3),rep(11,3),rep(5,3),rep(35,3),rep(54,3))
yt=c(20,16,6,4,19,23,11,10,3,16,19,11,23,3,20,10,6,4)
yb=yt+bb

r=rnorm(18,0,0.05);var(r)
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r1=c(-0.014202553,-0.014078781,-0.011293268, -
0.032960033,0.033928844,0.062660638,

-0.039710134,-0.059815306,-0.047247668,-0.062712236,0.001385751,-
0.061505438,0.008915553,

-0.044143889,0.099835459,-0.010722668,-0.002244605,0.005054734) #0.2260991
book$yl=yb+rl

min(rl);max(rl);var(rl);sum(r1~2);sum(abs(rl-mean(rl)))/18
fit=PBB.test(book$block,book$trt,book$replication,book$y1l,3,

method="REML" test="Isd",alpha=0.05);fit #MSE=0.22 180.75 df=11
fit=PBB.test(book$block,book$trt,book$replication,book$y1l,3,

method="ML" test="Isd",alpha=0.05);fit

trt<-1:12;t <- length(trt)

k<-3:s<-t/k;r <- 2

outdesign<- design.alpha(trt,k,r,serie=2)
book<-outdesign$book

plots<-book[,1] ;book

bb=c(rep(7,3),rep(22,3),rep(11,3),rep(5,3),rep(35,3),rep(54,3),rep(19,3),rep(0,3))
yt=c(3,27,6,11,4,20,10,23,30,8,16,19,10,8,27,11,6,19,4,16,23,20,30,3)

yb=yt+bb

r=rnorm(24,0,0.05);var(r)

r1=c(0.086815710,0.044027260,0.025465147,-0.003002413,-0.044356726,-
0.023215602,

0.069564826,-0.062109503,-0.035810436,-0.046151450,0.031000839,0.014953546, -
0.061974536,
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-0.055420782,-0.024751982,0.031784128,-0.025781857,-0.005971531,-
0.072005169,0.039760990,

0.015701363,-0.054021241,0.001251462,-0.056012434) #0.2260991
book$yl=yb+rl
min(rl);max(rl);var(rl);sum(r1”~2);sum(abs(rl-mean(rl)))/24
fit=PBIB.test(book$block,book$trt,book$replication,book$y1,3,
method="REML" test="1sd",alpha=0.05);fit #MSE=0.22 180.75 df=11
fit=PBIB.test(book$block,book$trt,book$replication,book$yl,3,

method="ML" test="Isd",alpha=0.05);fit

library(agricolae)

trt<-1:18;t <- length(trt)

k<-3;s<-t/k;r <-2

outdesign<- design.alpha(trt,k,r,serie=2)
book<-outdesign$book

plots<-book[,1] ;book

bb=c(rep(7,3),rep(22,3),rep(11,3),rep(5,3),rep(35,3),rep(54,3),rep(19,3),rep(0,3),
rep(17,3),rep(39,3),rep(51,3),rep(31,3))

yt=c(27,30,0,2,1,11,3,19,25,6,4,20,22,23,8,10,26,16,10,11,6,20,0,1,4,26,3,30,25,23,22
16,19,8,27,2)

yb=yt+bb
r=rnorm(36,0,0.05);var(r)

r1=c(-0.105463683,0.027470999,-
0.084931297,0.054204056,0.059911691,0.017542770,0.047895195,
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0.001564556,0.042593930,0.001882506,-0.007650429,-0.012672426,-
0.077661423,0.027648634,

-0.035998123,-0.004823658,-0.057625647,0.045826727,0.070652557,-0.012907802,
0.008062959,

-0.065648014,-0.060526986,-0.072375546,-0.084182839,0.037611535,0.084811592, -
0.059122441,

0.055932816,0.091914370,-0.038467349,-0.043154572,0.040011436,-0.018925781, -
0.057460964,

-0.054601976) #0.2260991

book$yl=yb+rl
min(rl);max(rl);var(rl);sum(r1”2);sum(abs(rl-mean(rl)))/36
fit=PBB.test(book$block,book$trt,book$replication,book$y1l,3,
method="REML" test="Isd",alpha=0.05);fit #MSE=0.22 180.75 df=11
fit=PBB.test(book$block,book$trt,book$replication,book$yl,3,

method="ML" test="1Isd",alpha=0.05);fit

trt<-1:12;t <- length(trt)

k<-3;s<-t/k;r <-2

outdesign<- design.alpha(trt,k,r,serie=2)
book<-outdesign$book

plots<-book[,1] ;book

bb=c(rep(7,3),rep(22,3),rep(11,3),rep(5,3),rep(35,3),rep(54,3),rep(19,3),rep(0,3))
yt=c(3,27,6,11,4,20,10,23,30,8,16,19,10,8,27,11,6,19,4,16,23,20,30,3)
yb=yt+bb

r=rnorm(24,0,0.05);var(r)
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r1=c(0.086815710,0.044027260,0.025465147,-0.003002413,-0.044356726,-
0.023215602,

0.069564826,-0.062109503,-0.035810436,-0.046151450,0.031000839,0.014953546,
0.061974536,

-0.055420782,-0.024751982,0.031784128,-0.025781857,-0.005971531, -
0.072005169,0.039760990,

0.015701363,-0.054021241,0.001251462,-0.056012434) #0.2260991
book$yl=yb+rl
min(rl);max(rl);var(rl);sum(r1~2);sum(abs(rl-mean(rl)))/24
fit=PBIB.test(book$block,book$trt,book$replication,book$y1l,3,
method="REML" test="Isd",alpha=0.05);fit #MSE=0.22 180.75 df=11
fit=PBB.test(book$block,book$trt,book$replication,book$yl,3,

method="ML" test="Isd",alpha=0.05);fit

library(agricolae)

trt<-1:18;t <- length(trt)

k<-3;s<-t/k;r <-2

outdesign<- design.alpha(trt,k,r,serie=2)
book<-outdesign$book

plots<-book[,1] ;book

bb=c(rep(7,3),rep(22,3),rep(11,3),rep(5,3),rep(35,3),rep(54,3),rep(19,3),rep(0,3),
rep(17,3),rep(39,3),rep(51,3),rep(31,3))

yt=c(27,30,0,2,1,11,3,19,25,6,4,20,22,23,8,10,26,16,10,11,6,20,0,1,4,26,3,30,25,23,22
16,19,8,27,2)

yb=yt+bb
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r=rnorm(36,0,0.05);var(r)

r1=c(-0.105463683,0.027470999,-
0.084931297,0.054204056,0.059911691,0.017542770,0.047895195,

0.001564556,0.042593930,0.001882506,-0.007650429,-0.012672426,-
0.077661423,0.027648634,

-0.035998123,-0.004823658,-0.057625647,0.045826727,0.070652557,-0.012907802, -
0.008062959,

-0.065648014,-0.060526986,-0.072375546,-0.084182839,0.037611535,0.084811592, -
0.059122441,

0.055932816,0.091914370,-0.038467349,-0.043154572,0.040011436,-0.018925781, -
0.057460964,

-0.054601976) #0.2260991

book$yl=yb+rl
min(rl);max(rl);var(rl);sum(r1”*2);sum(abs(rl1-mean(rl)))/36
fit=PBIB.test(book$block,book$trt,book$replication,book$y1,3,
method="REML" test="1sd",alpha=0.05);fit #MSE=0.22 180.75 df=11
C

outdesign<- design.alpha(trt,k,r,serie=2)

book<-outdesign$book

plots<-book[,1] ;book

bb=c(rep(7,4),rep(22,4),rep(11,4),rep(5,4),rep(35,4),rep(54,4),rep(19,4),rep(0,4),
rep(17,4),rep(39,4),rep(51,4),rep(31,4),rep(44,4),rep(30,4))

yt=c(22,12,1,19,10,11,7,27,16,25,20,4,28,26,32,23,34,14,29,30,8,2,15,18,6,3,9,0,25,1
1,9,

23,30,2,27,22,1,34,15,3,20,19,6,32,18,16,26,7,29,12,4,0,10,28,8,14) ;table(yt)

yb=yt+bb
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r=rnorm(56,0,0.05);var(r)

r1=c(0.071268324,-0.023799955,-0.024657780,0.010866280, -
0.056263815,0.031410384,

-0.029119700,0.033599405,0.010496073,0.079456663,-0.006643428,0.03592 7904, -
0.019226964,

0.005347389,-0.059476749,-0.036957885,0.039695357,-0.034749800,0.018039168, -
0.013392115,

-0.045359994,-0.025095306,0.033832768,0.071889084,-0.040632904, -
0.051507284,0.030759865,

0.030740958,0.046606586,0.002652726,0.0246 75582, -
0.036093542,0.011550665,0.006580305,

-0.005505973,-0.040816918,0.063489335,-0.001977513,0.068432587 -
0.007808198,0.025042544,

-0.074553268,-0.034882652,-0.084007868,-0.052483799,0.026441110,0.048469070, -
0.023759206,

-0.053580542,-0.022582842,0.027017983,0.063397207,-
0.010084553,0.046491724,0.129431537,

-0.021436198) #0.2260991

book$yl=yb+rl
min(rl);max(rl);var(rl);sum(r1”2);sum(abs(rl-mean(rl)))/56
fit=PBIB.test(book$block,book$trt,book$replication,book$yl,4,
method="REML" test="Isd",alpha=0.05);fit #MSE=0.22 180.75 df=11
fit=PBB.test(book$block,book$trt,book$replication,book$yl,4,

method="ML" test="Isd",alpha=0.05);fit

trt<-1:27;t <- length(trt)
# size block k and Blocks s
k<-3:s<-t/k ;r <- 3
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outdesign<- design.alpha(trt,k,r,serie=2)
book<-outdesign$book

plots<-book[,1] ;book

bb=c(rep(7,3),rep(22,3),rep(11,3),rep(5,3),rep(35,3),rep(54,3),rep(19,3),rep(0,3),
rep(17,3),rep(39,3),rep(51,3),rep(31,3),rep(44,3),rep(30,3),rep(8,3),rep(57,3),
rep(48,3),rep(2,3),rep(26,3),rep(14,3),rep(32,3),rep(16,3),rep(49,3),rep(25,3),
rep(28,3),rep(29,3),rep(36,3))
yt=c(1,8,34,10,22,4,6,9,2,29,7,30,27,12,16,20,23,18,25,28,19,14,0,26,15,11,3,8,4,
14,7,25,11,19,29,12,26,3,22,6,18,1,20,16,2,10,15,30,28,23,27,34,0,9,12,20,9,0,11,22,
1,14,10,29,4,15,28,7,3,18,27,34,25,2,26,8,6,23,19,16,30);table(yt)

yb=yt+bb

r=rnorm(81,0,0.05);var(r)

r1=c(0.0229451258,0.0662080785,0.0158690430,0.0344725505,-
0.0227644807,0.1030904895,

-0.0743904071,-0.0284784145,0.0497122108,-0.0261339521,-0.0360575645, -
0.0124639907,

0.1304303303,-0.0082275401,-0.0507817768,-0.0009346505, -
0.0077498345,0.0353630605,

0.0115221653,-0.0167302126,0.0439449273,-0.0225748532,0.0333445358, -
0.0413352283,

0.0094730853,0.1171770939,0.0573014434,0.0837060927,0.0783449442,0.0401196
148,

-0.0198839376,-0.0345706947,-0.0004465528,-0.0491976887,0.0251313682, -
0.0232212055,

0.0546464026,-0.0290101505,-0.0050545844,0.0159340912,0.00604 33014, -
0.0102888761,
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0.0638225809,-0.0188350556,-0.0929712246,0.0573844024,0.0320252543, -
0.0010269631,

0.0478575281,0.0099336834,0.1090653287,0.0126984805, -
0.0501532659,0.0271213377,

0.0178800978,0.0411272121,0.0220375123,-0.0094936544,0.0249095549, -
0.0581530047,

-0.0098837026,-0.0111823834,-0.0527678278,-0.0518956262,0.0139001091, -
0.0211777782,

0.0401744537,-0.0120762089,-0.0266435110,-0.0868622229, -
0.0257913736,0.0425580229,

0.0279598190,-0.0250167368,-0.0604687418,-0.0086178935,-0.0685336001,-
0.0387807389,

0.0167071837,-0.0506953891,-0.0314891911) #0.2260991
book$yl=yb+rl
min(rl);max(rl);var(rl);sum(rli”*2);sum(abs(rl-mean(rl)))/81
fit=PBIB.test(book$block,book$trt,book$replication,book$y1l,3,
method="REML" test="1sd",alpha=0.05);fit #MSE=0.22 180.75 df=11
fit=PBIB.test(book$block,book$trt,book$replication,book$y1,3,

method="ML" test="Isd",alpha=0.05);fit

trt<-1:15;t <- length(trt)

# size block k and Blocks s

k<-3;s<-t/k ;r <-4

outdesign<- design.alpha(trt,k,r,serie=2)
book<-outdesign$book

plots<-book[,1] ;book
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bb=c(rep(7,3),rep(22,3),rep(11,3),rep(5,3),rep(35,3),rep(54,3),rep(19,3),rep(0,3),
rep(17,3),rep(39,3),rep(51,3),rep(31,3),rep(44,3),rep(30,3),rep(8,3),rep(57,3),
rep(48,3),rep(2,3),rep(26,3),rep(14,3))
yt=c(6,16,26,20,30,27,8,11,3,0,10,23,4,2,19,19,26,10,0,20,3,23,6,11,16,2,27,8,30,

4,0,4,26,30,19,11,3,10,27,20,2,6,8,23,16,10,30,6,0,11,2,4,27,23,3,16,19,26,20,8);table
(Y1)

yb=yt+hb
r=rnorm(60,0,0.05);var(r)

r1=c(-0.051879157,-0.078922216,0.054512012,-0.048474637,-
0.031396771,0.074281240,

0.035037228,-0.049892249,0.046544941,0.056801365,0.048172823, -
0.073588870,0.055984171,

0.047686593,0.012945273,-0.004864691,-
0.012692040,0.044919601,0.009168935,0.008721107,

-0.020387979,0.067621060,-0.002352731,-0.008798356,0.052807117,-
0.027388782,0.019628299,

-0.033322376,0.046112663,0.051944995,0.011907274,-0.005522156,-0.019927389, -
0.007724711,

-0.016678486,0.032310910,-0.008215439,0.092470750,-0.020375609, -
0.033848280,0.008117869,

-0.048728606,-0.023922638,0.031872972,-0.021468118,-0.012494480,-
0.041777852,0.022239309,

-0.032096038,0.010467977,0.029120439,0.004239701, -
0.047587043,0.014945634,0.020346003,

0.029038976,0.004404549,0.108759665,0.012626017,0.094828666) #0.2260991
book$yl=yb+rl

min(rl);max(rl);var(rl);sum(r1”2);sum(abs(rl-mean(rl)))/60
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fit=PBIB.test(book$block,book$trt,book$replication,book$yl,3,
method="REML" test="Isd",alpha=0.05);fit #MSE=0.22 180.75 df=11
fit=PBIB.test(book$block,book$trt,book$replication,book$y1,3,

method="ML" test="Isd",alpha=0.05);fit

trt<-1:14;t <- length(trt)

# size block k and Blocks s

k<-2:s<-t/k ;r <- 3

outdesign<- design.alpha(trt,k,r,serie=2)
book<-outdesign$book

plots<-book[,1] ;book

bb=c(rep(7,3),rep(22,3),rep(11,3),rep(5,3),rep(35,3),rep(54,3),rep(19,3),rep(0,3),rep(1
7,3))

yt=c(3,23,20,6,10,11,16,4,19,6,20,4,19,23,11,16,3,10,16,23,6,19,10,20,11,4,3)
yb=yt+bb

r=rnorm(27,0,0.05);var(r)

ri=c()

min(rl);max(rl);var(rl);sum(r1”2);sum(abs(rl-mean(rl)))/27

book$yl=yb+rl
fit=PBIB.test(book$block,book$trt,book$replication,book$yl,3,
method="REML" test="1sd",alpha=0.05);fit #MSE=0.22 180.75 df=11
fit=PBIB.test(book$block,book$trt,book$replication,book$y1,3,

method="ML" test="Isd",alpha=0.05);fit
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Appendix C: A R programme for searching symmetric, anti-symmetric PBIB
designs and their complementary designs.

HHARARlambda=2, Trt=4 k=3 b=4, 1=ttt
# 4 treatments and k=3 size block

trt<-c("1","2","3","4")

k<-3

outdesign<-design.bib(trt,k,serie=2,seed =41,kinds ="Super-Duper™) # seed = 41
print(outdesign$parameters)

book<-outdesign$book
bb=c(rep(7,3),rep(22,3),rep(11,3),rep(5,3))
yt=c(3,16,6,16,11,3,16,6,11,6,11,3);table(yt)

yb=yt+bb

r=rnorm(12,0,0.05);var(r)

r1=c(0.084758207,0.029241899,-0.079203774,-0.025895422,-0.043777900,-
0.003317968,

-0.021797196,0.027128970,0.019647274,0.005118108,0.004005356,-0.004718916)
min(rl);max(rl);var(rl);sum(r1”2);sum(abs(rl-mean(rl)))/12
book$yl=yb+rl

fit=BIB.test(book$block,book$trt,book$yl,test="1Isd",alpha=0.05,console=TRUE);fit
#MSE=0.22 180.75 df=11

#itlambda=2, Trt=4 k=3, b=4 r=3#H T
# 4 treatments and k=3 size block
trt<—C("1","2","3"’"4"’"5"’"6"’"7"’"8")

k<-2

116 |Page



outdesign<-design.bib(trt,k,serie=2,seed =41,kinds ="Super-Duper") # seed = 41
print(outdesign$parameters)

book<-outdesign$book
bb=c(rep(7,2),rep(22,2),rep(11,2),rep(5,2),rep(35,2),rep(54,2),rep(19,2),rep(0,2),
rep(17,2),rep(39,2),rep(51,2),rep(31,2),rep(44,2),rep(30,2),rep(8,2),rep(57,2),
rep(48,2),rep(2,2),rep(26,2),rep(14,2),rep(32,2),rep(16,2),rep(49,2),rep(25,2),
rep(28,2),rep(29,2),rep(36,2),rep(52,2))

yt=c(23,3,4,20,20,11,4,6,3,20,19,23,11,6,19,11,3,6,16,19,20,23,3,19,4,11,16,4,3,16,4,
23,

16,23,6,20,4,3,16,11,6,16,4,19,20,19,6,19,6,23,20,16,3,11,23,11);table(yt)
yb=yt+bb
r=rnorm(56,0,0.05);var(r)

r1=c(1.986032e-02,-8.160819e-03,-1.264887e-02,-2.377188e-04,3.79524 2¢-
02,1.590653e-02,

-7.803889¢-02,-2.786818e-02,-5.110209¢-02,-1.208346e-02,1.595612e-02, -
1.989486e-02,

4.537389¢-03,2.393936e-02,3.20581 7e-02,4.191532¢e-02,-7.849883e-02,3.738678e-
02,-4.045095e-02,

-3.672814e-02,-2.435899e-05,3.891244e-02,-5.445510e-02,2.945644e-02, -
1.228367e-02,

-3.964510e-02,1.821737e-02,1.009200e-03,-2.218346€e-02,-1.239345e-02, -
2.095448e-02,

6.644216e-03,8.779997e-02,-1.843301e-03,-2.812353e-02,3.112845e-02,-1.755786¢-
03,

7.594061e-02,-9.963365€e-02,-7.574059¢e-02,5.092180e-02,-7.771403e-03, -
5.148326e-02,

-9.875568e-04,3.045468¢e-02,-5.407682e-03,6.618542¢e-03,-4.049353e-02, -
2.539729e-02,
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1.725503e-02,6.769097e-03,6.675480e-02,-4.613829¢-02,6.698483e-03,-2.98697 2e-
03,

1.354552¢e-02)
min(rl);max(rl);var(rl);sum(r1~2);sum(abs(rl-mean(rl)))/56
book$yl=yb+rl

fit=BIB.test(book$block,book$trt,book$y1,test="Isd",alpha=0.05,console=TRUE);fit
#MSE=0.22 180.75 df=11

Appendix D: R Programme for searching optimal designs under treatment
and replication constraint, Block and block size constraint.

Algebraic Algorithm

Find a number with at least three factors for treatment and replication such
that the following constraint holds tr = bk

Ift =xyandr = sz
Suchthat x # yands # z
Then tr = bk

xyXsz=xsXyz )

xyXsz=xzXys

> Competing designs

xyXsz=xysXz

xyXsz=xyzXs )
Stop when repetition starts.

The complementary designs for the set of designs above is position
replacement between treatment t and block b and r and k such that tr = bk.
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