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ABSTRACT: Generalization of distributions is usually motivated by limitations in characteristics of existing distributions
so as to introduce more flexibility and improve goodness of fit. This is done by parameter induction into an existing
distribution and therefore remains an approach to generalizing distributions. In this article, families of generalized
distributions are generated by sequential application of methods in permutations of five distinct parameter induction
methods: Lehmann Alternative 1 (LAL); Lehmann Alternative 2 (LA2); Marshal and Olkin Method (M-OM); a-Power
Transformation (APT); and Power Transformation Method (PTM). This is done by taken two methods at a time. Sixteen
distinct families of generalized distributions were generated. Some of the families of generalized distributions obtained are
already in existence while several others are entirely new.

KEYWORDS: Generalized distributions; Lehmann Alternatives, a-Power Transformation Method; Power Transformation
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1. INTRODUCTION

There are several parameter induction methods in literature. These methods have received many applications
and produced more flexible distributions that improved goodness of fit. ([MO97]) introduced a method for
adding a parameter to a base distribution. The Probability Density Function (PDF) and Cumulative Distribution
Function (CDF) of any random variable belonging to the family of generalized distributions obtained from this
method forx € R andany @ € (0, «) are

o) - 0y (x) 0
(1-(1-0)1-G(x)?

and

F(x;0) = e @

1-(1-0)1-G((x)

0 is the introduced parameter, where g(x) and G(x) are the PDF and CDF of any base distribution, ([MK16])
proposed another method of introducing an extra parameter (0>0) to a family of distributions in what they called
a-Power Transformation Method. The a-Power transformations of the CDF (F(x)) and PDF (f(x)) of a

continuous variable X for X € ‘R are defined as follows:

FApT(x)zaF(X)‘l/a—lifa 21 @A)

and

fapr (x) = 109 f()a™® ifa =1 (4)
a-1

When a=1, The PDF and CDF becomes those of the base distributions.
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([TN15]) discussed Lehmann Alternatives as ways of obtaining Exponentiated families of distributions with
additional parameter (a>0). For any baseline distribution having PDF (g(z)) and CDF (G(z)), Lehmann
Alternative 1 has the following PDF and CDF,

f(z) =ag(z)G(z)° (5)
and
F(z) = G(2)° (6)

Whereas the PDF and CDF obtained using Lehmann Alternative 2 are

f(z) = ag(2)[1-G(2)r

and

F(z) =1-00- G(2)r (7)
(IGK09]) gave different interpretations to these exponentiated families of distributions and also discussed the
Power Transformation method of parameter induction. Suppose X is random variable, then for an additional
parameter (o > 0), consider a new random variable Y such that Y = X" then the corresponding function PDF
and CDF satisfy the following;

f(y) =ax* f(x
and
F(y) = F(x9 ®8)

Other parameter induction methods and applications can be found in ([GK09]), ([LFA13]), and ([TN15]).

This article generates families of generalized distributions with two additional parameters. Methods can be used
similarly to obtain generalized distributions introducing more than two parameters. In the next section, we
obtain and present some functions of derived families of generalized distributions while conclusion is done in
section 3.

2. FAMILIES OF GENERALIZED DISTRIBUTIONS AND THEIR FUNCTIONS

Let X be a base random variable having the following functions;

Probability Density Function denoted by f (X) Cumulative Distribution Function denoted by F (X). If Xisa
lifetime random variable, then, the Survival Function (SF) is denoted by, the Hazard Function (HF) is denoted
by h(X), and the Reversed Hazard Function (RHF) is denoted by I (X) .

Let Y be a continuous random variable obtained by introducing a parameter (¢c>0) to the base random variable
X, and let Z be another continuous variable belonging to a family of generalized distribution obtained by
introducing another parameter(t>0) to .

Then to generate families of generalized distributions introducing two parameters, we first obtain permutations
of five distinct parameter induction methods (those reviewed) taken two methods at a time. The methods in each
permutation are then applied sequentially to obtain a family of generalized distributions. Below are the families
obtained and some of their statistical functions.

Permutation 1: LA1, LA2

Applying LAL first and then LA2,

Family 1:

f (X) =ct(F()) f ()@-F )™
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F, (x) =1-(1— (F(x))%)"

F () =@a—(Fe)))!

h, (x) = ct(F(x)°™ F ()A- (F(x))*) ™

ct(F(x)* ™ f ()L (F(x)*)'™!
1-1-(F(x))%)"

9)

r,(x) =

Permutation 2: LA2, LA1
Applying LAZ first and then LA,
Family 2:

0 =ct(FO) Hoa- (Fe))

F (X)) =@—(Fx)))"
F (x)=1—A—(F(x)°)"'
"l c-1 (E Cyt-1
hz(x):ct(F(X)) f (0@ (ffx)”
1- @ (F(x)°)
r (x) =ct(F () f Q@— (F(x))) ™"

(10)

Permutation 3: LA2, PTM
Apply LA2 first and then PTM
Family 3:

f(x) = ' T ERYS T
F () =1— (F(x')' F, (x) = (F(x"))
h (x) =ctx"f (x")(F(x)™

£ (y) = ot L (<) (F () - (F oy

c (11)

Permutation 4: PTM, LA2
Apply PTM first and then LA2

Family 4:

0 =ox’ Loy EECy T

F,(x) =1— (F(x°)"" F, (x) = (F(x°))"
h (x) =ctx®Hf (x®)A - F(x®) "

r (%) =00 ()1 FO) - 0 Focy

(12)

From equations in (11) and those in (12) it is observed that PTM and LA2 are commutative.

Permutation 5;: LA2, APT
Apply LA2 first and then APT
Family 5:
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|09t =, \jc—1 1-[F ()¢
f(x)_{ S[F (01° £ (0t

c[F (x)]°T f (x), when(t =1)

1 [FOOI° 4 _ (13)
F,(x)= /t
[F (x)]¢,when(t =1)
1-[F(0)1° _q/k _
F ()= t 1/t
1—[F (x)]¢, when(t =1)
h () — ) Cloa(DIF OOTEL £ ()t IF OOT° R eor°
cf (X)[F (x)]*, when (t =1)
C 00— clog(t)[F (x)]°~L f (xyttLF COI° /-IF ol g
cf ()[F ()1° M1 - (F(x))°1", when (t =1)
Permutation 6: APT, LA2
Apply APT first and then LA2
Family 6:
f(x) = (c —cF™ e 1)t_1(log c/c—1)f (x)cF ¥
t[F 001t f (x), when(c = 1)
B 1—(c—c"™/c_1t
1— [If(x)]t’ ,when (c = 1)
[F(x)] ,when (t = 1)
_ Jt(log c/c—1)f(x)ecF®(c-cF®/c_1t
tf (X)[F (x)]%, when(c = 1)
o _Jt(log ¢/c—1)f(x)cF (- c':(x)/c 1t-t
’ tf O)LF ()T L~ [(F (x))°1'17", when(c = 1)
Permutation 7: M-OM, LA2
Apply M-OM first and then LA2
Family 7:
_ ctFOonTH i)
200 = @-@-c)@-FE)™
(15)

cF (%) Jt
1-(1-c)(1—-F(x)

— t
F (%) :( cF (x) j
z 1-(1-c)d—- F(x))
tf (x) th(x)
h. (x) = =
z L-(1-o)@-F(X))F(x) 1-(@L-c)d-F(x))
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. c't(F (x)' ™ f (%)
2 - a-oa- Fe)a- a-oa-F)) - tF ()

Permutation 8: LA2, M-OM
Apply LAZ2 first and then M-OM

Family 8:
0o SEOTHEE) atF) T
z _ _ 2 _ 2
L-Fe +tFES  [-a-nEE)E)
N S (1€ _ - (F(x)°
2T 1 (FO +t(F())® 1-@—t)(F(x)°
S {(s1 ) W oS ¢
2T - (FOO) +(F(x)°  1-@-t)(F(x)°
h (o= SECDTI) _ et(F) ()
- (FOO) H+F () 1- -t (F(x)°
- 0 = SUEOD 0l (F )
‘ 1—(F (X)) +t(F(x)°
Permutation 9;: LA1, PTM
Apply LA1 first and then PTM
Family 9:
t-1 t t.c—-1
fZ (x) = ctx f(x )(F(x))
F (x) = (F(x)°
F, () =1 (F (x"))° ()
h, (x) = et () (F ) - (F(x)e )
r,(x) =ctx" 7t (x)(F(x) ™ = etx"r(xh)
Permutation 10: PTM, LA1
Apply PTM first and then LA1
Family 10:
o) =ox” LSy EEY) T
F (x) = (F(x*)"
(18)

F, () =1- (F(x°))'

h, (x) = et () F (Y- (F o)
r,(x) = ot (xO)(F(x) ™ = ctx I (x°)
From equations in (17) and those in (18), it is observed that LA1 and PTM are commutative.

109



Anale. Seria Informatica. Vol. XV fasc. 2 — 2017

Annals. Computer Science Series. 15" Tome 2" Fasc. — 2017

Permutation 11: LA1, APT
Apply LA1 first and then APT
Family 11:

f(x)= {C('Og t/t-1)F EOLF (11 O
Z cf ([F (x)]°~*, when(t =1)
F, (x)= {t[F(X)]C —1/t -1
[F(x)]¢, when(t =1)
F (x) = {t PO
L= (FO0°T when(t =1)
h. (x) = {C log(t) f (x)[F (x)]¢LtLF OO /t _IFOr°
Z cf ()[F ()1° - (F(x))°1*, when (t =1)
r(x) = {clog(t) f (x)[F(x)]C—lt[F(x)]C /t[F(x)]C 1
‘ of (OLF (0T, when (t = 1)

Permutation 12;: APT, LAl
Apply APT first and then LAL
Family 12:
F 0= tlogc/c—1) f (x)cF O (cF™ _1/c 1)1
’ tf (x)[F (x)]' %, when (c = 1)
F(x) _ _
F ) = (c 1/c—1)
[F ()%, when(c = 1)
_(cF ) _nt
Ifz(x)z 1-(c 1/c 1)
1-[F(x)]', when(c =1)

h () t(logc/c—1)f (x)cF X cF) —1/c —1)tt
’ tf (OLF ()] - (F (x))']™", when(c =1)
LG c¢/c—1)f(x)cFOCF® —1/c 1™
‘ tf (x)[F (x)] "%, when(c =1)

Permutation 13: M-OM, LA1

Apply M-OM first and then LAl
Family 13:

-1
L G GIEY)
z L-(@L-c)@-F)n™t

£ ) :[ F(x) J‘
z 1-1-0)Q-F(Xx)
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F(x) jt
1-Q1-c)1-F(x))
h (0 = ctf ()(F ()" ™

‘ L-@-c)A-FO@A-A-c)@-F)N' = (FO)
£ (x) = ctf (x) _ ctxr(x)

277 F(XX)-(@1-c)1-F(x)) 1-(-c)1-F(x))

Fz(x)=1—(

Permutation 14: LA1, M-OM
Apply LAL first and then M-OM

Family 14:

fge STOUEONTE _ ctf GAFe)
’ (F)® +t@— (FON)?  (t+@-t)(F(x))°)?
F, (x) = (F ) _ (FO)°

? (FOOC +t@— (F())®)  t+@—t)(F(x))°
P S €)M (G €

(P At (F(0)®)  t+ (@A—t)(F(x)°
c(F(x)® 1 f(x)

h (x)=
(t+ @ —(F () A— (F())°)
o (x) = ctf (x)
Z (t+ @ —t)(F (X)) (F (X))

Permutation 15: PTM, APT
Apply PTM first and then APT
Family 15:

f(x) = C(|Ogt/t—1)xc_1f(XC)tF(xC)
z Cxc_lf (XC),When ('[ _ 1)

F(x%)
. “1h-1
F(x%),when(t =1)

I:z(x)—{t_tF(XC)/t_1

1- F(x°),when(t =1)

) (X)_{clog(t)xc1f(x°)tF(Xc)/ttF(XC)
’ ox®h(x®), when (t = 1)

r (x)_{clog(t)xc1f(xc)tF(X°’/tF(xc’—1
’ ex®2r(x®), when (t =1)

Permutation 16: APT, PTM
Apply APT first and then PTM
Family 16:
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(1 B ty.F(x")
f(x)= (Iogc/c Df(x)c
txt 1§ (x!), when(c =1)
F(xt)_ _
F (x) = 1/e-1
F(x ),when(c =1)

I
{1 (70 —1/c-1)
"

(24)

1 F(x ),when(c =1)
x"log(c) f (x')cF & )/C—CF(Xt)
“Ih(xh),when(c = 1)

. (X)_{xt lIog(c)f(xt)cF(Xt)/cF(Xt)—1
Z tx!r(x!), when(c = 1)

h, (x) =

From equations in (23) and those in (25), it is observed that APT and PTM are commutative.
Permutation 17: M-OM, APT

Apply M-OM first and then APT

Family 17:

£ 00— {(log t/t=D)(ef (0/A- A=) = F ()t ECIa-a-at=F e
cf (x)/(l— l-0)@-F (x)))2 ,when(t =1)
{t(F(x)/(l—a—c)(l—F(x))) Y
cF(x)/1— (@A —c)(L— F(x)),when(t =1)
B {(t _ 1 (FOOA=A-0)A-F Dy p 1 (25)
cF(x)/1— (1—c)@— F(x)),when(t =1)

log()(cf (x)/ (@~ @=c)(1— F ()))?)t(F /A=A~ F
h (x)= t —t(F(0/1-0—c)@-F (%))

h(x)/1—(1—c)@L— F(x),when(t =1)

Jc log(1)(cf (x)/ (L= (L—c)(L— F (x)))2)t(F (0/1=(A=e)a=F ()
r.(x) { (FOO/1-A-0)@-F () _4

Lcr(x)/l— QA-c)@A- F(x)),when(t=1)

F (x) =

z

z

Permutation 18: APT, M-OM
Apply APT first and then M-OM
Family 18:

(

f 00 = tlog(c) f (x)cF ™
z c-1(cF™ -1/c-1) +tc—cFX /c-1))?
Lf (x)/(l— 1-tH@a- F(x)))z,when(c =1)
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F, (X) ={(CF(X) ~1/c-D@/(cF® -Ye-1 +t(c-cFP/c-1)
F(x)/1-(@—-t)(d - F(x)),when(c =1)

E (x :{t(C—cF(x)/c—l)(l/(cF(x) 11y +t(c—cFO /e 1)

‘ tF (x)/1- (1 —-t)@d— F(x)), when(c =1)

(26)
h (x) = - log(c) f (x)c™ )
‘ ((c—cFONEF™ —1/c—1) +t(c—cF X /c—1))
h(x)/A—@Q—-t)@A— F(x))),when(c =1)
f(x) = tlog(c) f (x)c™ )
2 T _1)(cF® —1/c—1) +t(c —cF X /c—1))
Ltr(x)/(l— QA-t)A—-F(x))),when(c =1)
Permutation 19: M-OM, PTM
Apply M-OM first and then PTM
Family 19:
t—1 t
fz (x) = ctx f(x) S
L-a-oa-FoH)
t
F,(x) = PO
1-Q—c)@—F(x))
= t (27)
F (x) = tF (x") :
1-QA—c)@A—F(x))
t—1 t
h (x) = tx ~h(x")
z 1-(1—c)@— F ()
t—1,_, t
F(x) = Ctx " r(x")
‘ 1- (1—c)@- F(x*))

Permutation 20: PTM, M-OM
Apply PTM first and then M-OM

Family 20:
£ (x) = ctx 1§ (x©) )
- a-va-Fxo))
C
F,(x) = FO) _
1-Q-t)@- F(x%))
— C
Ifz(x): tF (x~) !
1—(1—t)(L— F(x%))
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c—-1 c (28)
h (x) = cx” ~h(x™) .
1-QA-0)A - F(x7))
-1
r(x) = ctx T Tr(x°)
1-A—-t)@A— F(x%))

From equations in (27) and (28), it is observed that PTM and M-OM are commutative. Methods 1 and 2
producing families 1 and 2 agree with those found in ([C+13]) and ([CD11])). Some generalizations of
POM/MOE family of distributions can be found in ([JM08]) and ([TN15]).

3. CONCLUSIONS

Twenty methods producing sixteen distinct families of generalized distributions with two additional parameters
were obtained. Models introducing two parameters in any base distribution may be generated from sequential
applications of methods in permutations of s > 2 distinct parameter induction methods taken two methods at a
time. In general, models introducing n parameters may be obtained by sequential application of methods in
permutations of s (s > n) distinct parameter induction methods taken n methods at a time. Sequential application
of methods in permutations of two distinct parameter induction methods (PTM inclusive) produced two
generalized distributions belonging to the same family hence PTM and such other method are said to be
commutative. Some of the families of generalized distributions generated are already in existence while several
others are entirely new. Properties of new families of distribution need to be studied.
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