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Abstract

Inequalities are essential branches of Mathematics and are useful tools in some theory
of analyses. Some inequalities such as Wirtinger’s, Holder’s, Cauchy’s, Minkowski’s, Hardy’s and
Opial’s inequalities are more currently used by researchers and these are of particular interest
in this study. Opial inequality and its generalisations have various applications in the theories of
differential and difference equations. Opial inequality on time-scale (an arbitrary non-empty
closed subset of real numbers) was introduced by Hilger in order to unify discrete and
continuous analyses. Little work has been done on the determination of best possible constant
for Opial-type inequalities on time-scales, multi-function and higher order delta derivatives.
This study aimed at generalising Opial-type inequalities with best possible constant. The
objectives of the study were to: (i) obtain some deductions from Opial-type inequalities of
Shum, Pachpatte, Olech, Calvert, Fabelurin, Oguntuase, Beesack, Yang, and Maroni; (ii)
investigate the nature of the deduced Opial-type inequalities; (iii) obtain sharp bound of the
new Opial-type inequalities; and (iv) generalise Opial-type inequalities on time-scales. The
methodology adopted was based on the definite and indefinite integrals with modified Jensen’s
inequality. The theorem relating to this inequality states that:

Let w eC((y,w),R) be convex. Then, for each te(y,m), there exist B, eR such

that w(p)—w ()= B (p—t), forall p e(y,w).Then

Jrdas || [t s)? die)
faas) | | [da6) '

implies

( J:d}t(s))_g < { .[:(/?(V/(S))él”dxl(s)T( _El//(t)d)t(s))_g( L‘dz(s)f.

The findings of the study were that:

(i) deductions from Shum(1974), Pachpatte(1986), Olech (1962), Calvert(1967),
Fabelurin(2010), Oguntuase(2009), Beesack(1962), Yang(1983), and Maroni(1967) results were
generalised;

(i) the properties of Opial-type inequalities involving integral of functions and their
derivatives were verified;

(iii) sharp bounds for the new Opial-type inequalities were obtained; and

(iv) Opial-type inequalities were generalised on time-scales.

The study concluded that modified Jensen’s inequality was useful in refining and
extending Opial-type inequalities in order to generalise some results on time-scales. The results
recommended that refined Jensen’s inequality is sufficient in obtaining Opial-type inequalities.
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1 GENERAL INTRODUCTION

1 Introduction
Inequality has been in existence since the beginning of the world, disparity in sizes,
ages, heights and way of thinking of human being confirms the existence of inequality in
nature.

The differences in mass, volume, length and area of objects give illustration of
inequalities in non-living things.

Economically, variance in wages and salaries explains the concept of inequalities. This
lead to income and wealth inequality. Another concept that explains inequality is the
divergence found in the economic well being of individuals, group of people and countries at
large.

In mathematics, an inequality can be expressed as a relation that exists between two
values when they are not same. The notation « # f means that « is not equal to . It
does not say that one is greater than the other, or even that they can be compared in size. If
the values in question are elements of an ordered set.

The concept of inequality is of great importance in mathematics and the study has a
history dated back to the early eighteen century with a lot of applications in the theory of
difference equations.



Some centuries ago, some inequalities were in their reigns, these include Wirtinger s



inequality, Holder s inequality, Cauchy s inequality, Miskwoki s inequality. Hardy s inequality



was discovered by G. Hardy in 1922. A few decades after this, a Polish Mathematician called
Zdzidlaw Opial established an inequality involving integral of a function and its derivatives



which was named after him as Opial s inequality.



Since its discovery in early 1960 Opial inequality has proved to be one of the most useful
inequality in analysis.

Its application in proving the existence and uniqueness solutions to initial and boundary
value problems for differential equations has been noticed in the literature. The importance of



Opial s result, however, with the establishment of the best possible constant just after its



publication has lead to many simplifications of the original proof. In respect of this, many
generalization and refinement has been considered by researchers in the literature.

Today, the study of Opial inequality has developed into a substantial field, with
numerous significance applications.

Time scales was introduced by Hilger (1988) in order to unify discrete and continuous
analysis. Hence, a time scale is an arbitrary nonempty closed subset of real numbers. Thus,

R, Z, N,N,
that is the real numbers, integers, natural numbers and non negative integers are example of
time scales, also are [0,1]U[2,3], [0,1] N and the cantor set, while
Q, R\Q, C,(0,1),

that is the rational number, the irrational numbers, complex numbers, and the open interval
between 0 and 1, are not time scales. We shall denotes time scale by the symbol T.

Time-scale T being a closed subset of R, topological structure of T, especially from
the openness point of view has various features. Obviously any subset A of T which is open in
R, is also openin T. The reverse is generally not true, though, as the simple example T:=Z7
shows, where any subset in the induced topology is open in T but not open in R. This is
taken care of by distinguishing between R -openness and T -openness. In order to investigate
the details of the notion of openness in time-scales, we must define the concept of
neighborhood in this set-up. We give two different versions of neighborhood definitions,
distinguishing between the concepts of R -neighborhood and T -neighborhood, giving way to
the distinction between R -opennessand T -openness.

Givenatime-scale T,teT andan &>0, we denote by

R.(t)={xeR: t—g<x<t+eg}

T.(t)={xeT: t-e<x<t+sg}
the &-neighborhoods of teR and T, respectively.

An interval, in the time-scale context, is always understood as the intersection of a real
interval with a given time-scale.

2  Definition of Terms
The following definitions are used in this research work.

2.1 Convex Function
Let f(x) be a real valued function defined on the interval | =[a,b]. f is said to

be convex if for every X, X, €[a,b] and 0<A<1,
f (A + A=), <AF(x)+(Q-2) T (X,)
A function is said to be strictly convex if the equality is strict for X, # X,.
f(x) issaid to be concave (strictly concave) if — f(x) is convex (strictly convex).
2.2  Integrable or Summable
Let f be measurable and consider the two integral IEf+d,u and IEf “du where

f" and f~ and f* =max(f,0), f  =min(f,0). Then if at least one of the above is finite. we
define



jfd@z[ f*dz—j fdA.
E E E
If both integral are finite, we say f isintegrable (or summable) on E inthe Lebesque sense.
2.3 Differentiable Function
Suppose that f:(a,b) >R and a<c<b. Then f is differentiable at X with
derivative f'(x) if
, . F(x+h)—f(x
/() = m 0= T
h—0 h
The domain of f'is the set of points x e (a,b) for which this limit exists. If the limit exists for

every xe(a,b) thenwesay f isdifferentiable on (a, b).

2.4  Continuously Differentiable Function
Let | R be an open interval. Then f is continuously differentiable on | if and

only if f isdifferentiable on | and its derivative is continuouson | .

2.5 Absolutely Continuous Functions
A real-valued function f defined on [a,b] is said to be absolutely continuously on

[a,b] ifgiven £>0,thereis 6>0 suchthat
DIEx)-f(x)<e
i=1

for every finite collection (x;X;) of non overlapping interval with

n
2Ix=x;<8
i=1

Note that the sum and difference of two absolutely continuous functions is absolutely
continuous. In fact, every indefinite integral is a absolutely continuous.



2.6 Some Adaptations of Jensen s Inequality



Let ¢ be continuous and convex and let h(s,t) be non-negative, s>0,t>0 and
A be non-decreasing. Let —oo<&(t) <n(t) <o and suppose ¢ has a continuous inverse

(@)™* (which is necessarily concave).
Then,

7 "0,
, L(t)h((t),S)d/”t(S) . Lm((p)( )h(t,s)di(s) .

o dA(s) o dA(s)

with the inequality sign reversed if ¢ is convex. The inequality (1.1) above is known as




Jensen s inequality for convex function. Setting @(u) =u', &(t)=¢& and n(t) =y, then as a



consequence of (1.1), we have for |>1
1

[ h(t.9)dA() T [t ) dA(s)
>
JLdas) J[84)

which we write as

{ '[;h(t,s)lldl(S)}l <| j:idz(s)]_l[ J[ht.s)d2(s)|

andfor 0<lI<l1, as

[t 5)da(s) < [ j;dz(s)}l_l { [in. s)'dﬂ(S)}

as the reverse of (1.4).
Furthermore, if 1<1< p, it follows from (1.3) that

{th(t,s)"adz(s)} S[I;dﬂ(s)]_l{ﬁh(t,s)pdﬁ(s)}

(2)

(3)

(4)

(5)



The next definition is the modified Jensen s inequality on time scale.



Let w,peC([t,e],R) . Suppose ¢ is convex, W non-negative and S
non-decreasing. Then,

( L‘dz(s))_g < [ L}o(w(s)); dz(s)T( J:y/(t)d/i(s)j_g[ Ltdﬂ(s)j_g. (6)

2.7 Cauchy inequality
If a=(a...,a,) and b=(b,..,b,) aresequences of numbers, then

n n ) % n ) %
2 lab 1< (Zak) (Zbk) (7)
k=1 k=1 k=1
with equality if and only if the sequence {a},., and {b},_, are proportional. Inequality (1.7)
is called Cauchy inequality.



2.8 Hdlder s inequality



let a=(a..,8,) and b=(b,..,b) for k=1..n and %+%:1 with p>1
then

1 1
S lab, |s[i|ak|p]"(i|bk |‘*j“ ®)
k=1 k=1 k=1
with equality holding if and only if aakp :ﬂokq and k=1,..,n where ¢ and [ are real
non-negative constants with a” + % > 0. This inequality is called H § Ider’s inequality.
2.9  Minkowski inequality
If a=(a..,a) and b=(b,...,b) for k=1,..,n and p>0,then

(anlawbkl");s(ilak" If{ilbé’ Ij: (9)

k=1 k=1 k=1
with equality holding if and only if the sequence a=(a,..,a,) and (b=Db,..,b,) are
proportional(1.9) is called Minkowski inequality.
2.10 Geometric inequality
If a,.,a, and b,.,b, be two real sequence such that 4& <..,<a, and
b, <,...<b, or a>,..,>2a, and b >,..,>b, then,the following inequality is true.

BNEAEEN

Ni= N=



it is called chebysev s inequality.



2.11 Young inequality
Let f be areal-valued, continuous and strictly increasing function on [0,c] ,c>0.

If £(0)=0,ae[0,c] and be[0, f(c)], then
ab < ["f () + [ "f (x)dx (11)

where ' is the inverse function of f equality holds in (1.11) if and only if b= f(a).



Then, since this result is due to W. H. Young (1.11) is called Young s inequality.



2.12 Monotone
A sequence {a,|”

n=1’

(a) monotone increasing if a,, >a,,vVneN.

n+l —

of the number is called:

(b) strictly monotone increasing if a,,, >a,,vVnhe N.
(c) monotone decreasing if a,, <a, ,vneN.
(d) strictly monotone decreasing if a_ ., <a, ,VneN.
2.13 Some Basic Definitions on Times Scales
We shall write the delta derivatives f* forafunction f definedon T asfollows:
() f*=1f" isthe usual derivativeif T=R. and
(ii) f2 = Af isthe usual forward difference operatorif T=2Z
Let T betimefor, teT, we define the forward jump operator o: T —>T by
ot)=inf{seT:s>t}
while the backward jump operator p: T —>T by
p(t) =sup{seT:s<t}
In this definition we put inf &= supT (i.e, o(t)=t if T has a maximum t) and
sup d=inf T (i.e, p(t)=t.If T hasaminimum t where J denotes the empty set.
If o(t)>t, we say that t is right-scattered and while p(t)<t we say that t is

left-scattered. Points that are right-scattered and left-scattered at the same time are called
isolated. Also, if t<sup T and of(t) =t, then t is called right-dense, and if t>inf T and

p(t) =t,then t is called left-dense. Point that are right-dense and left-dense at the same time
are called dense. Finally, the graininess function :T — (0,) is defined by
ut)=o()-t
If T has a left-scattered maximum m, the T* =T—m. Otherwise T*=T.Insummary
T = {T\((p sup T),sup T) sup T<oo
T, sup T =0
Like T“=T is defined as the T, =T\(inf T,o(inf T)). If finf T|<wo and T, =T if
inf T=-w

(12)

For a function f:T —R, we define the derivative f* as follows. Let teT. If there
exista number a€R suchthatforall £>0 there exist a neighborhood U of t with
| f(o()—f(s)—a(co(t)— s)| < g|0'(t) - S)| (23)
for all seU, then f is said to be differentiable at t, and we call o the delta derivative
of f at t anddenoteitby f*.
If T=R,then

fAt) = f'(t) = lim f(t),for allteT (14)

At—0

f(t+At)—
A

If T=R, then f*(t)=f(t+1)—f(t) for all teT. For a function f:T —>R the (delta)
derivative is defined by



(= He®) - O
o(t)-t
If f is continuous at t is right-scattered. If t is not right-scattered then the derivative is
defined by

(15)

o f0-16)

fA(t)=Iim—f(G(:)3;f(s)=Hw -

t—owo
provided this limit exists.
A useful formular is

fo=f+uf* where f7=foo
A function f :[a,b]—>R is said to be right dense continuous (rd —continuous) if it is right

continuous at each right dense point and there exist a finite left limit at all left dense points,
and f is said to be differentiable if its derivatives exist. The space of rd —continuous

functions denoted by C (T,R). A time scale T is said to be regular if the following two
conditions are satisfied simultaneously:

(i) Forall teT,o(p(t)) =t

(i) Forall teT, p(o(t)) =t

Example 1.1 Taking T=R

(i)If T=R,thenwehaveforany teR

o(t) =inf {s eR:s >t} =inf (t,00) =t
We canalso put p(t) =t.
Every point teR is dense. The graininess function u is
ut)=0viteT
Example 1.2 Taking T=Z
(i) If T=2Z,thenwe haveforany te”Z

o(t) =inf {seR:s>t}=inf {+1,t+2,t+3,..}=t+1
We observe that p(t) =t—1. Hence every point teZ isolated. The graininess function u
here is
ut)=1vtieT

Remark 3.1 If T is regular time, then both operator are invertible with o =p and
1

p =0.
The following theorem given the product and quotient rules for the derivatives of the

f
product fg and the quotient — (where gg° #0) two derivatives functions f and g.
g

Theorem 1.1
Assume f,g:T —>R aredelta differentiableat tT. Then



(fg)* =1t g+f7g"=fg"+f'g”
(fg)** =(fg+f7g*)

(fg)AA: fAAg+ fA"gA+ faAgA_l_ foagAA
(fg)* = fAAg+(on'+ faA)gA+ f o gaa

g
9 99°”

(o2
where we wrote %% for f% e.t.c

By using the product rule, we see that the derivatives of f(t)=(t—a)™ for meN
and a €R can be calculated as

A0 =(t-a)")" = mZ(G(t) —a)'(t-a)" "

As a special case when ¢« =0. we see that the derivative of f(t)=t" for meN can be
calculated as

m-1
(tm)A — Zaytm—y—l
7=0
We see that when
() T=R, wehave o(t)=t, u(t)=0, f*(t)=f'(t)
We see that when
(i) T=Z, wehave o(t)=t+1,u(t) =1, f*(t) = Af(t)
(iii) We note that when T=hZ,h>0 wehave o(t)=t+h,u(t)=nh,
N UG RO
h

(iv) We observe that when T = {t ‘t=qkeN,,q> 1}, we have o(t) =qt, x(t) = (g-1)t

Afsy — _ (f(at)-f (1)
PO=a,f0=0
(v) We see that when T =N; = {t2 ‘te N}, we have o(t) = (Vt +1)%, u(t) =1+ 24/t,

(f (VT +1)* - f (1))

FA) = A, f(t) =

1+ 241)
(vi) We see that when T=T, ={tn :neN}, where (t,) are the harmonic number that are
) _ _vn 1 _ _ 1
definedby t, =0 and t, = Zk:lE’n eN, andwehave o(t))=t ., u(,)= YL

fAt)=Af(t)=(n+1)f(t)
(vii) We note that when T, = {\/ﬁ ‘ne N}, we have of(t) = \/m,,u(t) =t +1-1
JE+1)— £ ()
(WP +1-1)

(viii) We see that when T, = {i/ﬁ ‘ne N}, we have o(t) =t° +1, u(t) =Vt3 +1-t

fA(t)=A2f(t):(




Yt +1) - f(t)

QAP +1-1)

For a,beT and delta differentiable function f,the cauchy integral of f* isdefined by
[[f°®at=F(o)-F(a)

fA(t)=A3f(t)=(

Theorem 1.2
Let f,geC  ([a,b],R) be rd-continuous functions a,bc eR. Then, the following are

valid

[EEN

. j:(af )+ AgO)AL = & jbf DAL+ 3 f’g (DAL,
j:f (at=—["f @At

j:f (at= "f (t)At + [foat

. ‘ ['of <[] @At

. jbf (g BAat= f gL At [ 14 (1)g” (Bt
- [trmeimat= fgmfat- [ T Bgmat

An integration by parts can be expressed as:

[fmo*®at= fme* O] -[ O M)At

and infinity integrals are defined as

N

w

D

ul

[e)]

rf(t)Atsnm jbf(t)At.
a b0 va
We see that when T =R, we have
[fmat=[fmat
a a
We see that when T =Z, we have
b-1
[foat=Xf@
t=a

We see that when T =hZ, we have
b—-a-h

[t mat= i f (a+kh)h

3 Statement of the Problem
In the last few decades, a lot of research has been carried out on Opial-type inequality.
Some of the notable generalizations are those of Pachpatte, Yang and Wong. The research
problem in this work is to provide new generalizations of some variations of Opial-type
inequalities on time scales and their applications to differential, integral and integro-differential
equations.



4 Aim and objectives of the Study

This study aimed at generalising Opial-type inequalities with possible values. The
objectives of the study were to: (i) obtain some deductions from Opial s inequality, especially
those of Shum, Pachpatte, Olech, Calvert, Fabelurin, Oguntuase, Beesack, Yang, and Maroni
inequalities; (ii) investigate the properties of inequality involved integration of functions and
their derivatives; (iii) obtain sharp bound of Shum, Pachpatte, Olech, Calvert, Fabelurin,
Oguntuase, Beesack, Yang, and Maroni; and (iv) generalise opial-type inequalities on time
scales.

5 Significance of the Study
The study will extend the frontier of the knowledge in providing better understanding
of Opial- type inequalities on time scales. To improve results of some earlier researchers is
envisaged. The results obtained will provide bound to differential and difference equations.
6 Research Methodology
The methodology adopted was based on the modified was Jensen s inequality which
stated as follows:
Let w eC((y,w),R) be convex. Then, for each te(y,m), there exist B, eR such

that w(p)—w ()= B (p—t), forall p e(y,w).Then

Jrda || [t s)* die)
faas) | | [da6) '

implies

U:d/t(s))_g < U:go(l//(s))éd}t(s)j ( Ltw(t)dg(s)j_g[ fd P (S))_g.

2 LITERATURE REVIEW

1 Some Classical Theorems
In 1960, Opial established the following interesting integral result.

Theorem 2.1
Let 7(y)eC'[0, p] be such that 7(0)=7n(p)=0 and 7(y)>0 in (0,p). Then, the

following inequality holds.
LGy dy <2 [ )y dy. (16)

In (2.1), the constant % is the best possible.

Immediately after Opial, many authors came out with different methods and
approaches to extend and generalize (2.1).



In 1962, Olech gave a simplified proof of the original inequality, he noted that in
Theorem 2.1, the positive requirement of 7(y) is unnecessary and that inequality (2.1) holds
absolutely continuous in [0,b]. He however demonstrated this, in the theorem below.

Theorem 2.2

Let 7n(y) be absolutely continuous in [0, ] such that #7(0)=7(p)=0 and
n(y)>0 in (0,p) with 7n(y)eC’[0, p]. Then following inequality holds.

Lo ey <2 [ ) dy. (17)

Beesack (1962) established and proved Theorem 2.3 which is an improvement on Theorem
2.2. This paved way for further results on Opial-type inequality. His results are stated in the
theorem below.

Theorem 2.3
Let —o<a<f <o, and p(t),r(t) be functions which are positive and continuous

on (a,B). Let (p(®)r(t)) be continuous on (a,B). If a<a'<rz<pf and A(t) is
absolutely continuous on [, '], with A(t)=th’(S)dS tela,r].
a
We have

T 1 T dt T
ARA' ) |dt <= | — | p)((A'(t)*dt 18
[1ama ) sz(t) “pO(A'D) (18)

In the same trend, Godunova and Levin (1967) stated and proved the following theorem.
Theorem 2.4
Let f be real-valued absolutely continuous function defined on [0,b] with f(0)=0
. Let F be a convex, increasing function on [0,0) with f(0)=0. Then, the integral
inequality

IGCIRICIREOIE SCINRROtT (19)



Using HOIder s inequality with indices ¢ and v Maroni (1967) obtained a generalized



form of Opial s inequality as follows.



Theorem 2.5
Let p(t) be positive and continuous on [r,a] with jfpl‘”(t)dt<oo, where

41 >1,x(t) be absolutely function on [a,7] and x(0) =0. Then, the following inequality
holds.

[ xox fd < %( [ @at ) ([po 1@ ot ) (20)

1 1 :
where —+==1. Equality holds in (2.5) if and only if Cj p#(s)ds.
H oV “
This inequality serves as a generalization to all Opial-type inequalities existing before it
in the literature.

As a further extension on the work of Maroni (1967), Calvert in 1967 obtained a
convex-like structure of Opial-type inequality which he stated and proved in the theorem
below.

Theorem 2.6

Assuming that

(i) n(t) is absolutely continuousin [a,7],and 7(a)=0

(ii) n(t) is continuous, complex-valued, defined in the range of 7(t) and for all real

value t of the form t(s):r|77(u)|du,77(|t|) for all t and 7(t) is real for t>0 and is
increasing there and;

- 1 1
(iii) p(t) is positive, continuous and Ip“(t)dt<oo, where, —+==1 Then, the
(o4 ,Ll V

following inequality holds.
{1 oe)r )] de < F[( [ oa ([ polror dt)V]. (21)

where
t
F(t) = [n(s)ds,
t >0, equality holds only if 7(t) = r p*#(s)ds.

It was Willet (1968) that first obtained an Opial-type inequality (2.1) that involved n"
derivative of the given function 7(w). His celebrated result is stated and proved in the

theorem below:
Theorem 2.7
Let @(t)eC™[0,b] such that A”(0)=0,0<i<(n-1)(n>1). Then, the following

inequality holds.
b . b" (b N
,1#@)a ) dy <= [ (7" @))*dy (22)



Beesack and Das (1968) established generalization of some results embodied in Theorem 2.8

as follows:
Theorem 2.8
Let ¢,0 be real such that ¢o >0 and either ¢+1>1 or ¢+0<0. Let p(t) and

g(t) be non-negative measurable functions on («,7) such that
1

[P “dt <o (23)

and
1

z (c+o)

— (¢+o-1)
(s+5) : - L ere
Ki(7.6.5) =(J%gj | [a®) < p)° (Lp(s)"*”” ds] dt| <o

If £(t) is absolutely continuous on [e,7], {(x)=0 and ¢'(t) do no change sign in
(a, 7). Then, the following inequality holds:

[aOIcOFICOr dt<K(zg0)[ pM)S'OF dt (24)

Remark 1.2:
For ¢=0=1, p(t)=q(t)=1,K(z',g,0')=g. Then, (2.9) reduces to (2.2). Similarly,

for ¢ =0 =1, p(t),q(t), K(r,5,0) = % Then, inequality (2.9) reduces to (2.1)

In the same year, Das obtained an improvement on inequality (2.7). His result which is
stated in Theorem 2.9 below paved way for many subsequent results on Opial-type inequality.

Theorem 2.9
Let A(t) eC™P[0,b] be such that A”(0)=0,0<i<(n-1)(n>1). Further more let

b
x"(t) be absolutely continuous and jo | A(t) | dt < oo. The following inequality holds

job XX @) |dt <c,a" | (X (0) 2t (25)

1
where Cn:i n )2,
2n! ‘2n-1

In 1969, Boyd and Wong introduced a new trend into the generalization of Opial-type
inequality by adopting the method of boundary valued problems for ordinary differential
equation. This innovation was considered a great improvement in the literature on
generalization of Opial-type inequalities and his well known result is summarized in Theorem
2.10 below.

Theorem 2.10
Let p(t) and q(t) be non-negative continuously differential functions on [0,b] such

that boundary value problems

(PM®Y'®)")) = Aq(t) y(t) (26)



y(0)=0, p(a)(y'(a))' = 2a(a)y'(a), y'(t) > 0t €[0, ] (27)
has a solution for some A >0. Let A(t) be absolutely continuous on [0,b] and A(0) =0.
Then forany | >0 the following inequality holds:
1

[am1amade< 0D [P A M dt (28)

where (4,) is the only positive eigenvalue of (2.11), (2.12) and (2.13), equality holds if and

only if A(t) isthe eigenvalue of (2.11) and (2.13) corresponding to A, .

The argument that Opial’s inequality can be easily generalized to abstract was
established by Vranceanu (1973) established in the theorem below.
Theorem 2.11

Let H be a Hilbert space with the inner-product <,> and norm ||,|| Let the function

A:[0,b] > H have a continuous derivative and A(0) =0. Then, the following inequality
holds.

NIECRNOTET

In 1974, Shum added his own contribution to knowledge. He used differential inequality for a
result that looked more complex in the expression than other generalizations.
Theorem 2.12
Let A(t) be absolutely continuous on [0,b] and A(0)=0. If I>0 and

[ 1) dt <o, then

A'(t)|dt (29)

b ' Ibl b g(t) bl b ’ +1
[ |A(t)|'|A(t)|dt+|+1jo e dtsHle |(A'(D) [ dt (30)
where

g =(+1)[ 1AE)[4()] ds—| A®) 20, (31)
If either |<-1 and both J.Ob|A(t) [|A'(t)|dt <o and J:|(A’(t)) " dt < oo; or

b
-1<I1<0 and J.O |A(t)|'| A'(t)|dt <oo, the reverse inequality holds. Further, for >0

or —-1<1<0, equality holds in (2.15) if and only if A(t) =ct, whereasfor |<-1, equality
never holds.

Remark 2.3

If g(t)=0,(2.15) reduces to

L1aonawids = e d (32)



which is a special case of Shum s generalization.



In 1977, PecariC generalized Opial-type inequalities for the case of many independent
variables. The result is as follows:
Theorem 2.12

Lletm > 2andlet f,D'f..D"f,i=1,...,n be real valued continuous function on
7 with fi(t)|ti: a=0,i=1,..,n,j=1,...m.or

f,(t) |t1: a, = Di(t) |t2: a, =...=D(t) |tm: a, =0i=1,..,n

Let F be a non-negative and differentiable function on [0, o] with F(0, ....,0) = 0 such
that D,F,i=1, ..., n are non-negative continuous and non-decreasing on [0, ]". Then the
integral inequality

[30F 0. 010" (@ ldt<F[ D" f@dt,.. [ ID"f,01c] (33

Theorem 2.13



Using the Holder s inequality, Beesack (1979) gave a refinement of Opial-type inequality



by establishing the conditions under which the weighted Opial-type inequality (2.19) holds

1 1
( NIES I’(x)|su(t)dx)s+q < c( [ I'(t)|pu(t))p (34)
holds for all | with I(a)=0, where p>1,g>0 and 0<s<p. The case of negative
valuesof p,q and S was also considered.
(2.20) has as special case (2.22)
b NS b b, ,.\2
j0||(x)||| (X)| o(t)dx < jo () u(t) (35)
and the weighted Hardy inequality
1
b a q b b %
L‘Lf(t)dt v(x)dx sCUa|f(t)dt| u(t)j (36)

Remark 2.4
For, if g=s=1u(t)=v(x)=1 and p=2, (2.19) is equivalent to (2.20) and if s=0,
(2.19) is equivalent to (2.21).

In 1980, Wong extended Opial’s inequality in the following ways.
Theorem 2.14
Let A(t) be absolutely continuous on [a,b] and A(0)=0. Let 1>0,0<a<pf<b .

Then, the following holds.

OO RO (37)



Cheng-Shyong(1980) established the following shum s inequality.



Theorem 2.15 (Shum Inequality)
Assume that a,beR,a<b,p>0, and seC([a,b],(0,%)) is non increasing. If
f eC'([a,b],R) satisfies f(a)=0,then

fsorior e E8 290 a< B g rora e
where

g(t) = (p+1)£S(T)| f@) I /()| dz=s®)] f@©)*)"" 20(a<t<b)

We note that Theorem 2.15 implies Theorem 2.2 by choosing a=0,b=h, p=1 and s(t) =1
forall tela,b].

In 1985 Fagbohun and Imoru generalized Opial-type inequality
Theorem 2.16

Let A(t) be absolutely continuous and non-negative function on [0,b], with 4(0) =0
and A(t) >0,t €[0,b]. The function A(t) is absolutely continuous on [0,b] and that

A= [ 14(5) @ p(s) | dA(s),t [0,b] (39)

where p(s) is a non-negative function on [0,b], and @ is a binary operation defined on
R = (—o0,40) , satisfying |u®vI|u|®@|v|uveR . Let f(u)
1

non-decreasing functionon R suchthat >0, f(u)E is convex and

fludv)=f)f(v) uv=0 (40)
Let A(t), x(t), f(u) be as defined above and let &>0,7,1,m be real numbers such that
either 1 >0, m>0, I1>&m, or <0, m<O

be non-negative and

, I <ém. Let p(t),q(t) be non-negative
and measurable functions on [0,b] such that
fn (1-¢m)
1(n-£) [
() {I (@) G0 x (p) om(t)} <o (41)
Then, the following inequality holds
&(+m)
[ame)” f[ Afi J[f (A ®) D] da(t) < K[ INHESOIELO)E dﬂ(t)} (42)

The concept of generalizing Opial-type inequalities involving inequalities involving two

functions and their derivatives was introduced by Pachpatte in 1986. This was established in
Theorem 2.16 below.

Theorem 2.17

Let p(t) and q(t) be positive and continuous with q(t) non-increasing on («,7)
and let x() and Xx(t) be absolutely continuous on [a,7]

and
(t) = %, (t) = X, (t) = x(0) = 0. Then, the following inequality holds



[a®0% OO 1+ x 0% O Ddt<> j “pOaAM]x O Fl+ 1% O (43)

p(®) >

In 1980, Milovanovic et. al established the following results:
Theorem 2.18

Let p(t) be positive and continuous on (a,b) with jbp(t)dt= p<oo. Let x(t) be
a

absolutely continuous on [e,7],A(e) =0 and J:r(t)(A'(t))zdt <o where r(t)= ﬁ . Then,

the following inequality holds

I U p(s)dsj

where A is the positive solution of the equation Cotht =t (A=1.996786) holds if and only

if A(t)= csmh( J'p(s)dsj
p

r(t) |A' @) dt, (44)

In 1991, Sinnamon established an integral inequality of the type of Hardy and Opial
mainly by H 0 Ider’s inequality in the theorem below

Theorem 2.19

Suppose that 0<Il<ow,0<m<k<oo,k>1 and P(t),q(t):(a,7)—>[0,0] are
measurable functions. Further, suppose that for all non-negative measurable function y(t) on



(a,7) then, the following Hardy s result holds:



k-m

[Lf(qk ©p O [y dtj SUCCIMOI R (45)

a

where L is a positive constant. Then, for X(t) € AC (e, 7) the following inequality holds

Ja®IxofxOr d=L| [pOIoF d| " (46)

In 2006, Wu Shan He established the following inequality.
Theorem 2.20
Let f(x),g(x),e(x) be the integrable functions defined on [a,b] and

f(x)>0,g(x)>0,1-e(x)+e(y)>0 forall x,ye[a,b] and let p2q>0,%+%£1.Then,
[ £ (99 (xdx

<(b- a)l_%_% U:g ! (x)dx);_(lq [U: 9° (X)dxj: r (X)dsz (47)

1

-( [’9 (0eeodx [ t? (x)dx— g ()ax " p(x)e(x)dx)z}zp

. In 2006, Imoru and Adeagbo-Sheikh established an integral inequality using the combination



of Jensen s inequality for convex functions and result of Minkowski to obtain the following



result:
Theorem 2.21

Let g(x) is continuous, non-decreasing on [a,b],0<a<b<o, with g(x)>0 for
Xx>0,1<p<g<w and f(x) is non-negative Lebesgue-Stieltjes integrable with respect to

g(x) on [a,b].Suppose ¢ isareal number such that _—p<5<0,then

p X X 4 é b 2
{ ICRCERIGET0) dg(x)} <C(ab.p.a.8) 000" F(7dg00 | (48)

. Wwhere

1
a@-p) >

—(_ p p P P+ -5 —5Q(p7p4)
C(a,b, p,q,8) = (=5) [—p+5qj g)**(g(b)° —g(@)*) » >0.

In a recent time, Oguntuase present a transparent proof of an integral inequality of Hardy type



by using HO Ider s inequality to obtain an integral inequality which has as special cases Opial s



and Hardy s inequalities. However, we observed that the constant of (2.33) at the right hand



side is wrong. In his work, he refined the result of Adeagbo-Sheilkh using standard HO Ider s



inequality and obtained a better constant. This can be observed in the theorem stated below:
Theorem 2.22
Let g be continuous and non-decreasing on [a,b],0<a<b<o, with g(x)>0 for

Xx>0. Let q>p=>1 and f(x) be non-negative and Lebesgue-Stieltjes integrable with

respectto g(x) on [a,b].Suppose & isareal number such that _Po 0 <0 then

1
- 1

b L g 4 b "
{ IORIRICET0) dg(x)} <C(ab,p.a.8) 000" F(07dg00 | (49)

where
P

q(2-p)
= (- p P 4 p+& -5 _ -5 %(P*l)
C(a,b, p.q,8) = (-9) (p+§q] g(b)™™ (g(0) —g(a)? o™ >0



Fabelurin et. al(2010) got a result which is special case of Shum-Opial s inequality. This occur



when the main functions does not change in the interval [a,b]. In their work they took a class
of functions that satisfies a condition and obtain generalization of the special case using



adaptation of Jensen s inequality for convex function. They obtained the following result:



Theorem 2.23
Let f(t) be continuous functions and non-decreasing on [a,b], and 0<a<b<w

with f(t)>0fort>0.Supposethat p>1>1,0>0,0<l+qg<pand o >0. Then,
|
‘ [ (t)[ ['1 (s)ds} dt

<[5 PP Y [
I+q
s(+a) (1+q9)

n [5—1](Ip—(l+q)+ p)p p a p [J-bf p (S)S|p(1+5)/(l+q)(l+6)ds‘:| P )
I+q a

boco Ip(1+5)/(1+q)-1 (e
j (fP(s))s ds
a

(50)




Adeagbo-Sheikh and Fabelurin (2011), follows a trend in using Jensen s inequality in



conjunction with a form of Minkowski’s integral inequality to establish a result that generalizes



Theorem 2.21. He established an integral inequality of Hardy-type mainly by Jensen s



inequality.

Theorem 2.24
Let g be a continuous function which is non-decreasing on [a,b],0<a<b <, with

g(x)>0 for x>0. Suppose that p>q=>10<q+s<p,6>0 and f(x) is non-negative,

non-decreasing and Lebesgue-Stieltjes integrable with respectto g(x) on [a,b], Then
1

U)Ub f (t)o'g(t)}q fF()*v.(x)dg(x) +B(p.g.s.9, g(a))}qﬁ

<C(p.0.5.0)™"| [ O u0dg(®) | (51)
where
9(a+s) 4 (a+s)-pg
0()=9(0) ° [0 -g®)?] »
pa(+s) 4
u ()= g(t) °°
pg—(g-+s)+p
C(p.q,8,8)=[6"] ° {i}
q+s
and

a+s

5(q+s) PAA+S) (1, s

B(p.9,s,6,9(a)) =C(p,a,s,6)g(a) * {f:g(t) " f(t)"dg(t)} ,,

In 1979, Beesack used different measure and obtained that if Xx(t) is a positive and

s 1
continuous function with _[ ?ds <oo satisfies the inequality
@ X(S

[ Ix@x®dt< %{ ﬁ%}( [/pex ) et) (52)

Yang (1983) in his own write up replaced p(t) by p(t)q(t), chosen x(t) assameand q(t)
is a positive, bounded and non increasing functions on [«, £]

S , 1 B dt B ' 2
[[a® 1 x®x()|dt < 5( ) Wj( [ pP®aOX®) dtj (53)

He also extended the result to a more generalized form. we observe that the following result
of Yang have (2.36) and (3.37) and that

Y, . m | 7 dt B L 2
a0 1XOx® dt<——(f-a) ( ) WJ( [ PO ®) dtj (54)



In 2001, Bohner and Kaymakcalan extended Theorem 2.2 to an arbitrary time scale on
dynamic Opial inequality and proved the following:

Theorem 2.25(Dynamic Opial Inequality)

Let T be a time scale with 0eT. If f eC/([0,h];,R) with h>0 and heT

satisfies f(0) =0, then
h h
jo\(f ) (n[at<h jo (f (t)*)?At. (55)

Theory can be applied to any nonempty closed set T —R, the so-called underlying time
scale. We note that T =R in observed that (2.25) results in (2.2). The following generalization
of Theorem 2.25.

Theorem 2.26(Dynamic Beesack Inequality)
Let T be a time scale with 0eT. If f eC/([0,h];,R) with h>0 and heT

satisfies f(0) =0, then
H(f )" (t)[At +hj t_h_[ (f (t)*)?At (56)
where
T
g = [|(F*) @Az —(f )’ 20
We note that Theorem 2.26 implies Theorem 2.25. We also note that Theorem 2.26 implies
h ’ h h g(t) h h i 2
j0|f(t)f (t)o|t|o|t+E jo Sordt<s jo(f (t)2dt (57)
where
g0 = [(13)*@ar—(f(2)*)*Ar=0

Theorem 2.2 since, for T=R ,wehave o(t)=t forall teT.

The extension of Opial-type inequalities on the theory of time scales was initiated by
Agarwal et al (2001) when they extended Theorem 2.1 on a time scale and obtained the
following:

Theorem 2.26

Suppose that Xx:[0,h] >R is delta differentiable with x(0) =0, we have

joh\(x+ x7)*|at <h[ "I (). (58)

Bohner and Kaymakcalan (2001) obtained Opial type inequality on Opial dynamic inequality
time scale with two different weight functions.
Theorem 2.27

Let r and g are positive rd—continuous functions on [0, h],, Lh%<°0 and q
is non increasing and X:[0,h]; &> R is the delta differentiable with x(0) =0 then
At h
[la® 1O +x* @)1 x* @)t <( .- (t)J( Lroao e oF at) (59)

Srivastava et. al (2010) established some general weighted Opial-type inequalities on time
scale which improved, generalized and extended some very recent results. They obtained the



following inequality.
Theorem 2.28
Let each of the functions f(t) and g(t) given by
f,g:[a,b]nT—>R (b>a>0)
be delta differentiation n times(neN)on [a,b]"T. Suppose also that
p=>0, q=1 and h(t)eC,([a,b][1,2)).

ifthe f(t)=f@)=..f* (@)=0 and g(t)=g*(@)=..g" (a)=0 (neN) then,
[hCOf gOO P E 01 +1 (0 17] £ A

2 b— d b + An p+q
< pfq{({‘j } JhOOT £ 0O P19 (9 1 ax

George (2010) presented an Opial-type inequality on time scale.

(60)

He assume that T =T and presented a time scales Opial type inequality. He also gave
the generalized analogs of all these inequalities involving high order delta derivatives of
functions on time scales.

Theorem 2.29

1 1
Let feCy(T), n is an odd number, a,beT,a<b:p,q>1 satisfy —+—=1.
P q
Assume f& (a)=0,k=0,1,2,3,..n—1. and that 2" is increasing on [a,b]"T. Here o is
continuous and h_,(t,s) jointly continuous. Then,

[IEOITOFa@)<o- a)q{ L([hatow) pA(r)j"A(t)]( [ @Fam) (6

Theorem 2.30
let T be a time scale with a,beT and yeC®([a,b]nT) . If y*(a)=0, for
i=1,2,3..,n-1, then
1

CIyoly* a0 < g( F(LiHacomnae po] <[y of a0 ©

Theorem 2.31
Let T be a time scale with a,beT and |I,m be positive real numbers such that

l+m>1 and yeC®([a,b]nT) .If y*(a)=0,for i=123..,n—1, then

I+m

[Iyoly" orsm < (%j( [HE09a0 )" <[y" o] a0 (63

where

I+m

H(t5) = [H,.(to(s) " As

Theorem 2.32
Let T be a time scale with a,beT and |I,m be positive real numbers such that



l+m>1 and yeC%([a,b]nT) .If y*(a)=0,for i=123..,n-1,then

Fiyony* or s <m( [, caa0) [y oo (64

In 2013, Qiao-Luan Li and Wing-Sum Cheung considered the Opial-type inequality which
involves higher-order delta derivatives of two functions on time scales. Their results yield some
of the recent results on Opial’s inequality and provide some new estimates on such types of
inequalities.

Theorem 2.33
Let 0<r<s<t,s>0,t>1 be real numbers, and let m,k , be integers with

0<k<m-1.LlLet p>0 and >0 be measurable functions on Y =[a,b]T . Further, let

m

f,geC™(Y) with f¥@)=g"(@)=0, i=12..m-1 and let %" ,g*" " be absolutely
continuous on Y such that the integrals .[bP(t)| 4 (x)[ Ax and IbP(t)lgAi (X)|' Ax exist.
a a

Then we have,
09 | 00] +]o* )

g (X)HAX

jjq(x){

< 21-“( I:h(x)fs ij s [ F ()G (b) + (1- B)K’ (F(b) + G (b)) [

(65)

Agarwal et.al (2017) gave refinements of Opial inequalities on time scales that reduce in the
continuous case to classical inequalities named after Beesack and Shum. The following
inequality was established.

Theorem 2.34
Let T be a time scale. Assume that a,beT,a<b,o0>1, and seC/([a,b],(0,x))

is non increasing. suppose

x(t) = (t—a)* " for all t [a,b],.
If €C/,([a,b];,R) satisfies f(a)=0,then

j:s(t)\( £2)* ()|t + x(b) j:(a) %m < x(b) jb | ()" [° At (66)

where

9(t) = [S@|(F)* (@)ar—| () 20
We observed that, with p =oc -1, Theorem 2.34 implies Theorem 2.15 since, for T =R, we
have

') _pt-a" _  p

KOx(e®) (-2  (t-a)*

We also seen that Theorem 2.34 implies Theorem 2.26 by choosing
a=0,b=h,o0=2,and s(t) =1 forall t e[a,b];

We concluded this chapter with consequences of above literature in which different methods




and approaches were used to obtained generalizations, extensions and special cases of Opial
type inequality . Little work has been done in Opial type inequality on time scales. In the next



two chapters, we will use modified Jensen s inequality to obtain our results.



3 PRRLIMINARY RESULTS

1 Introduction
We shall discuss some results in this section, the generalizations of some results in the
literature which of course, are inequalities involving integral of functions and its derivatives.
However, adaptation of Jensen inequality plays a fundamental role in achieving our results for



the case of convex functions. Hence, we shall have our results by employing adapted Jensen s



inequality.



2 Generalization of Shum s Inequality of Opial-type



We obtain a special case of Shum s generalization of Opial s inequality. We take a



class of functions which does not change sign on [a,b] and the result will direct extension of
(2.17).

We have the following Theorem.

Theorem 3.1

Let f(t) be absolutely continuous function and non-decreasing on [a,b], and

O<a<b<ow with f(t)>0fort>0

Suppose that
p>1>1,9>0,0<l+q<pando>0. Then,
|
[ q(t)t‘“[ ['1 (s)ds] dt
1+q
lp—(l+q)+p [ 7 S(+q) Ip(1+5) e
—(1+6) p
< P |Pfacr { [[f2(s)s 0 ds} (67)
L 1+q a

g
I-(+a)+pr ] Ip(t+5) ,

i p
s | jbfp(s)s (1+a) ds}
I+q |




Proof: By using the standard Jensen s inequality:



{I;h(t,S)"’d?t(S)} SU;d/”t(s)]_l{gh(t,s)pdﬁ(s)} (68)

With
h(S,t) =f Ip(s) f pa (t)t§(|+q)slp(1+§)’
dﬁ,(S) = S*(1+5)ds1
V= b and &=t

b 1 I
Ut (f Ip (s) f ™ (t)t5(|+q)slp(1+5) )lp S(1+6)ds:|
1
< 1

J‘bsf(h‘y)ds I-1 J-b(f Ip (S)f pq (t)t5(|+q)slp(1+5))p 5 ) s
t t

Then, we have
5(1+q)

fayt ? Uf’f (s)ds}l

g (1+o) e s(1+q) b
g, U ol )
b

5(l1+q)

— [t—§ _b—é‘]l—l[é‘—l]l—lt p f q (t)J.tbf | (S)S(I—l)(l+5)ds

Since >0, wehave f(t)<f%s) Vse[t,b]. Consequently,

FIO] ' ()50 ds < [ £ (5)s! s (70)
Combining (3.4) and (3.5), yields,
LGN [ s(+q)
o |16 | < -b 1@ 7 [ est s
5(1+q)
:[tfé_bfﬁ]lfl[é‘fl]lflj‘tbt p fI+Q(S)S(I71)(1+5)dS (71)
_1+g . l+q - T
let {=—— andsince 0<——<1,then ¢ satisfies the condition in (3.3). Consequently,
putting
5(1+q)
h(s,t) =)t 7 st (72)
dA(s) =s®ds

We have,



I+q

A 5(1+q) 5(1+q) l+q
J‘tf|+q(s)t p S|(1+5)7(1+5)dSJ‘t f”q(s)t P gl 5 g

I+q

Ll+a p e o0va) IPA+8) 1,5y | P
=[6"] "[t°-b°] "t ° jt fP(s)s ' ds (73)

Combining (3.5) and (3.7), we have

1+q
5(1+q) ry

b | 1,|+7q l,HJM b M—Pré‘) p
-1 -5 -0 I+
fayt ? Uf(s)ds} <[5 P[t°-b?] °t P f[fp(s)s q ds} (74)

On simplifying and arranging last inequality, it becomes

I+q
S(l1+q) 'y

b | (I+q)-Ip (I+a)-Ip o(1+q) b Ip(1+9) 145) p
fane P U f(s)ds} R B ) R | {fp(s)s I ds} (75)

Let
& >0and (W)SO.

Thus

(1+a)-Ip (1+a)-Ip
o] > <[t?-b°] o vtelab] (76)
Putting inequality (3.9) into (3.10), we have
I+g

) | Ip-(1+q) &(1+q) |P(l+5)7(1+5) p
t"‘fq(t)U f(s)ds} <5 "t ° {fp(s)s I ds] (77)

Multiplying both sides of (3.11) with t™ then, integrate over [a,b] with respectto t, we

obtain
1+q

[rome e (t)[ ['1 (s)ds] dt <[57']

Ip—(1+q) 5(1+q) Ip(1+6
——— b — 1| b —(1+5) p
AN Dfp(s)s I+a ds} dt (78
a t

Take the right hand side (3.12) and then integrate by parts to obtain



Ip(1+5)

j fP(s)s '

Ip=(I+q)  o(1+q)

[67% P It p

{
i

Ip—(1+q) z5(|+q)71 Ip(1+5)7l

«[671 » [frr » ot

{
o

Ip-(1+q) s(+a) 4

w6’ ¢ [

Ip(1+

j fP(s)s "

Ip—(1+q)
p

= ()67

Simplifying (3.13), we have

Ip(1+5)

j fP(s)s '

|
by

5>0,t° <s’ V[t,b]

{
o

Ip—(1+q) Ip(1+0) .

w7 ¢ [

Ip—(1+q) o(1+q) .

A

Ip—(1+q) 0(|+Q)

p

= (67

using the fact that

we have

Ip(1+5)

j fP(s)s '

|
1

o(1+q) .
S

Ip—(1+q)
p

Ip—(1+q) (|+Q)

[67]

§(I+q)

= (6]

Simplifying (3.15) further, we obtain,

I+q

)

X |:J‘tbf P(t)s

Ip(L+5)

j fP(s)s "¢

Ip(1+5)

[Er(s)s

Ip(1+0)

j fP(s)s

Ip(1+9)

j fP(s)s "

@) | P
ds} dt

@) | P
ds} ds

Ip(1+5)
1+q

I+q

—(1+5) T
ds} dt

1) | P
ds} ds

1+q

@) | P
ds} dt

) | P
ds}

—(1+5) p
ds} dt.

~(1+6) p
s5ds} dt.

1+q

(79)

+a

p
dt.

~(1+5)
ds}

1+q

(80)

+q

I+q

(81)

+q



Ip=(l+q) ~ o(1+q) Ip(1+6) —(1+5) ”Tq
[ P jt P {[fp(s)s I+ ds} dt

1+q
Ip—(1+q) S(1+q) Ip(l+5)( 5) o
=™ LL}"‘ p U’fp(s)s ds:l ds
+q

(82)
v,
Ip-(1+q) Ip(1+5) a1 b Ip(1+5)7l p
+[671] P j fr() "o [L fP(s)s ds} dt.
Evaluating the last integral on the right hand side of (3.16), we have
I+q
Ip—(1+q) s(l+q) . Ip(1+5) n
—(1+6) p
Y [t U fP(s)s ds} dt
1+q
Ip—-(1+q) D 6(I+q) Ip(1+5) —(+6) p
—(_ -1 p p I+q

Ip—(1+q) Ip(1+6) . HTq
L[5 [%}[j fP(s)s ds} dt.

We combine (3.12) and (3.17) to obtain

b b al s é(l+q) 100+8) . ) ”Tq
.[ fq(t)t&IU f(s)ds|dt<[67] * |— J' fP(s)s ds
: t - I+ q o)

1+q

lp—(1+q)+p 0 7 Ip(+5) , b
+[s1 P [|+q jfp(s)s (e ds} .

This completes the proof of the Theorem.
Lemma 3.1

Let all assumptions of Theorem 3.1 hold. Then,

Pxox oo 2 ooy a2 a1 [0, (85)
Proof :
Suppose q=1and p=I1+1 ininequality (3.18) above, then
[ (t)[ ['1 (s)ds}l dt<[5] aé‘[ ['1 '*1(3)5"“5"(“‘%3}
1[5 [ [t '*1(5)3'(1*‘”‘1d5} (86)

Since f(t)>0,vte[0,b] we can write (3.21) as



[ (t)[ [t (s)ds}l dt <[5 a‘5[ ['1 '*l(s)s("l)(l“”ds}
A5 [ [t '*1(3)5'(1+‘5)‘1ds}

Rearranging and factoring gives

0< I:td_{[é,_lr (F ) +[67] % F' @)t — f (t)l:J'tbf (S)ds}' }dt

Furthermore, since t>0 on [a,b],itthen follows from (3.22) that

0< j:{[&l]' (Fapt' +[oTa’ f ' — f (t)[ jt f (s,)ols]I }dt.
Rearranging (3.23) gives

|
Ibf (t)Utbf (S)ds} dt S[&’l]'.[b(f I+1(t))t'dt+[5’l]'a5j.bf Lyt
Use the factthat te[a,b] and |>0,the (3.24) above yields

b b ! ~ b ~ b _
[t (t)[ ['1 (s)ds} dt<[s 70! ['(F @)at-+[57]a’h! [ £ o et
Note that  f(t) =(—f(t)). Then, from (3.25).

j:(— f (t))[ [ f (s)ds] dt<[5b j:(—f )" Ldt +[5] a’b j:(—f ()"t

1
Now put & =(1+1)" inthe (3.26) to obtain

[ (t))[ ['1 (s)ds}l dt < % AETORE: +%a"”" [ f o)t

If we put x(t) = ff (s)ds and noting that x'(t) = —f (t),then, (3.27) becomes (3.19).

Remark 3.1
If welet a—0 then, (3.27) becomes a special case of (2.17).

(87)

(88)

(89)

(90)

(91)

(92)

(93)

We have succeeded in obtaining a special generalization of the inequality of Shum, using

Jensen’s inequality for convex functions.



3 Generalization of Beesack s Inequality



In this section, we will obtain a generalization of Beesack s inequality from Jensen s



inequality for convex function is stated as follows.

1

[ [y ||| [ e da

f)~ =| f < (94)
(He) J‘Oyd/l(t) j:dz(t)

The result is the following:

Theorem 3.2

Let Xx(t)and A(t) be absolutely continuous functions [a,b] with A(t) >0,te[a,b].
Let Q(t) and R(t) be non-negative and measurable function on [a,b] such that either

k>0,1>0,m>0,1>um or <0 and | < um .then, the following inequality holds:
k-m I(k—m) m |

[02OxO"( [x©' RO <[QOEE * 40 © RTOYO YO (@)




Proof: By using the Jensen s inequality:



[ 0o ||* | oo .
[[da@ - [[da@

With (s) = X'(s)R(s) Using the fact that f(u) =u'

( j;x’(t)R(t)di(t))l {

A(t)

A(t)

(X'(t)'R(t)' )”d/”t(t)] (97)

( j;x'(t)R(t)owt)jI < j (t)[ﬂx'(t)' R()')" di(t)}
|

(98)
Setting u = m then, inequality (3.32) becomes

ki

( j;x’(t)R(t)d/i(t))l <iv (t)( [®'R®)! d/i(t)jk

Putting y(t) = sz’(t)k R(t)“dA(t) to obtain the following inequality
! 1(k-1) !
([xOROGO )| <20 * y©! (99)
Now that

y'(t) = X () R 2'(t)

y'(t)* =xO)"RO"A(®)*

XO"=RO M) *yR)* (100)
Then, multiplying both sides of (2.34) with A'(t) to have

k-m m
AOXO" =41 © RETY D) (101)
Combining both (3.33) and (2.35) to obtain

t ! kem o1k ]
ZOXO"( [XORDIO) 20 F 20 * RO <YO* y©" (102)

Multiplying both sides of (3.36) with Q(t) then integration over [a,b] with respect t to
obtain

{ ! kem 1k mo1
[0 OxO"( [XOROIAO | dt= QOO 40 * ROTYO*yO dt (209
Next, by applying the Holder’s inequality with indices h and

to the right hand side
m k—m




of (3.37), we have
[O2OIXO ([xOROGE ) ot

I(k-1) —km

S{I:Q(t)“”i'(t)i(t) o R(t)kmdt} k D:y'(t)y(t)mdt}k (104)

Hence,

[e0r01x0 " ([xOROMO ) d

k—m

S{If@(t)kkw(twt)”kk?R(t)k_kzdt} k

. & (105)
[ jb( [RORAO) dz(t)j”‘ ( [x R dz(t)jdt}

(k-1
k

- R(t)kkzq“dty{ jb( I;X'(t)k R(t)" Olfl(t))+mrn dt} k

k
b -
= [ [ A M)A
and the proof is complete.

Lemma 3.2 Under the assumptions of Theorem 2.2 then the following inequality

[laOx@"x®'dt<Lg.m, k)[ [POx @) dt}k (106)
holds .

Proof:
1

In Theorem 2.2, setting A'(t)= P(t)fa,Q(t) = q(t)P(t)E, R(t) = P(t)ﬁ and

1
At) = J.;P(t)_adt,then (3.40) yields



j:q(t)P(t)ﬂ P(t) ** x(t)m( I;x'(t)dt) dt
k wo T
J'q(t ) p(t) & 1)(k ™ P(t) = 1p(t) (k 1)(k m) [J‘ P(t) ¥ 1dt]
(j X'(t)* P(t)* 1P(t) "k-ldt]
(107)
L e
IQ(t) “m P(t)(k 1)(k m) P(t) k “P(t) (k 1)(k m) [J’tp(t)mdtJ
U:X'(t)k P P(t)'kk-ldt] :
Further simplification yields,
[Catx @)™ x@'dt
. . I(kk—l) k% 1
< j:(q(t)kP(t)‘m)m{ j(jp(t)kldt) dt [ J:P(t)x’(t)kdt} ‘ (108)
By setting
L(l,m,k) = j:(q(t)k P(t)™ )k—m( j;P(t)’@ dtJ dt
then, (3.42) becomes
[laOx®"x@'dt< L1, m, k)[ [Pox @) dt}k, (109)
where,
L(l,m,K) = [ly C(1,m,k) (110)
l+m

The proof is complete.
Remark 3.2 In (3.43), setting q(t)=P(t)=m=1=1,k =2 and taking x(t) to be

absolutely continuous, then we have the following inequality



[xOx(t < [ j:tdt}[ I:x'(t)zdt} (111)

Pxoxous 2 112)



4 Generalizations of Sinnamon s result



In this section, Sinnamon (1991) also used Holder s inequality to obtain an integral



inequality which has as special case Hardy s inequality.



We obtain integral inequalities which are Opial-type inequalities, mainly by using Jensen



s inequality for the case of convex function.



We shall give our result using the well known Jensen s inequality for convex function.



Firstly, we need the following:
Theorem 3.3
Let x(t) and A(t) be absolutely continuous functions [a,b] with A(t) >0,te[a,b].

Let Q(t) and R(t) be non-negative and measurable function on [a,b] such that either
k>0,1>0,m>0,I>mm or I<0, m>0 and I<um where |I<|m-k|, then, the
following inequality holds:

k-m 1@
—kIm kI

If[Q(t)kk-lm'(t)' Rk—mxl(t)k““dt} ‘ [( J';x'(t)R(t)dl(t))IdtJm dt

<], {V'“)TV“)L“TM) [QW(tM(t)'(k?m) X dtjw i 13




Proof: By using Jensen s inequality:



t v(E)dAE) || . 1
jodz(s)[f[%ﬂ < [F () *da(s) (114)
S

with w(s)=xX{)R(), £=0 yp=t and rearrange we have,
1

f j;x'(t)R(t)dz(t) ”< J‘;f(x'(t)R(t));d}t(t)
[CEG - [[dam

Using the fact that f(u) =u', implying

(115)

( JZX’(t)R(t)dA(t)jl < (t)[ [x 'R dz(t)J (116)

I
Setting u = M then, inequality (3.50) becomes

K- X

( j;x’(t)R(t)dﬂ(t))l <Ak (t)[ [®'RO)! d/i(t)j

1(k-1)

<ik (t)( [X® RO" d,z(t))k

Putting y(t) = jo‘ X'(t)*R(t)*dA(t) to obtain
I(k-1) |

( j;x'(t)R(t)dz(t)) <A K y(t)* (117)
where

y'(t) = X () R 2'(t)

m
k

y'(t)F =xO)"RE)™A'(t)

ROZO =XO"YO (119
Then, multiplying both sides of (3.52) with Q(t) A'(t) to have
kem m
QMA'(t)  RM™ =QMA'M) X M)|" y'(t) * (119)

Combining both (3.51) and (3.53) to obtain
1(k-1)

QURO ™20 * ([XOROIAD | <QOIOL © OYO YO XO" (120

By integration both sides of (3.54) over [a,b] with respect to t and by using Holder’s



inequality with indices and 1 on left hand side with (I-m) and & on the right
1)

k—m W
hand side to obtain:

k—m 17]®

[ [Q(t)" " () R;klfr‘r‘]/l(t)kklmdt} - [(J';X’(t)R(t)d/I(t)jldtjw dt

1 4]

-mo b lm) I(k=m) o
< Ib{y'(t) YO* dt} x (Q(t)/t'(t)/t(t) k x'(t)mdtJ (121)
This completes the proof of the Theorem 2.3
Remark 3.3
1 1 1 1

If we put R(t)=P@)'*? Q(t)=q(t) P®)*™?, 2'(t)=P@t) "® in (3.55), we obtain
another useful inequality:

1

3

k km 1 K—m
kem (k=Ly(k—m) k-m (k-Dyk—m)| [* T 1(k-1)
j q(t) P(t) ( jop(t) dtJ dt

Ffevay|
) 1 (122)

-m | (I-m)
!U X (1) R(D)* d/I(t)) (Xt RO dA®D) K dt}

[0}

[ J':q(t)'lx’(t)m j;P(t)kk—T dtj”

implies
k—-m
X o
k—(k-m)—km k—m

I q(t) kL P(t) «Dkm U P(t) T dtj it l( ﬁx(t)dt)‘”]

1 1@

[U X1 R()* dA(t) dtj T ! U:q(t)'lx'(t)”‘ IQP(t)‘kdeth (123)

Simplify further yields



k—m

{j:q(t)kka(t)‘k%[I;P(t)“kl”dtjkmdt] !U:x(t)dtj”] dt
S[U:IX’(t)Ik R(t)kdxl(t)jdt} {U a®)' |¥® " [P) it j”] (124)

k—m
kI

@: CONZON )k[ ij(t)'(k-“ka dt} [( j;x'(t)dt)w]
{UQG) | X' ()" jP(t J% jal (125)

< (I:X'(okpa)}dtﬂ {(I ' X" [P0 4 ]]

|

< ( [ Ix®F RO" d/l(t)dtﬂ

Remark 3.4

1

If r(t)=P(@) "® = x'(t), P(t) = P(t)%,w =0 and

L

{U%)'x(t) jP(t = Jw] in (3.59) to obtain

[ [law P )klm( J‘;r(s)ds)kmdt} < L[ j:P(t)r(t)kolt}k (126)

Theorem 3.4 Let takes all assumptions of Theorem 3.3. Then, the following inequality also
holds:

k-m I(k m) m |

Fawxox @ [x' RO < [oOr® * 40 © R OYO YO 127)

Proof:
Rearrange equation (3.52) and simplify to obtain the following

moom
k

X" =REAM) “y®)*.
Then, multiplying both sides of (3.62) with A'(t) to have

(128)



k—m m
k

AOXO"=AE) kK REH™Y'®) (129)
Combining both (3.51) and (3.63) to obtain:
. . kem Ik moo
A ()" x(J.Ox’(t)R(t)dl(t)j <A %A K RO xy' () y)X (130)

Multiplying both sides of (3.64) with Q(t) then integration over [a,b] with respectto t to

obtain:
I(k-1)

[2®Ox " [XOROGLEO | dt < [Q2® 40+ ROTYO YO dt (131

Next, by applying the Holder’s inequality with conjugate exponents % and - to the
right hand side of (3.65), we have:
t |
[ bQ(t)ﬂ,’(t)x’(t)m( [ x'(t)R(t)d}t(t)) dt
1(k-1) —km e b 1 %
D QT WA 7 RO mdt} [Ly'(t)y(t)mdt} (132)
Hence,
1(k-1) —km kTm
[ mx " ( [ix (t)R(t)dz(t)) dt<[j OOF A OAM 7 REM)- mdt}
Il 3
{ jb( [ [RO" di(t)jm( [1xo* R(t)kd/l(t)jdt] (133)
k—-m il
I(k-1) —km [+m k
D 0T AW A) ™ R mdt} [j U X (1) R(t)* dl(t)) }
and the proof is complete.
Lemma 3.3:
Under the assumptions of Theorem 3.4, then the following inequality holds:
I+m
[laOx@"x®'de <L [ [POx @) dt] ‘ (134)
Proof:
1
In Theorem 3.4, setting A'(t)=P(t) k 1,Q(t) = q(t)P(t) k1 R(t) = P(t)*! and

i
At) = J.;P(t)_"*l dt, then (3.68) yields



1
k

[amP@*P@) x(t)mU;x’(t)dt)l dt

k—m
N
jq(t) “m P(t)(k 1)(k m) P(t) k 1P(t) (k 1)(k m) [Ibp(t)HdtJ “
(135)

{[f X POP(E) kdt] ' ]

That is

j:q(t)x(t)m( I;x’(t)dt)l dt

k—m

(S e
<| [aF =P P pgy Kpg) ©E U bP(t)_“dJ
(136)
[U KO POFEP( “dtj ]
further simplification yields,
[Cat) X0 x(t)'dt
{ja(q(t)kp(t)m)m(jop(t) “dtJ dt] (137)
[POIXOd|*
By setting
- {Jb (ay Py ™ )k—m( j;P(t)’ﬂ dtj dt}
then, (3.71) becomes
[laOx O x@'dt < [ j:P(t)x'(t)kolt]k (138)

Taking the (1+m)™ root of both sides of (3.71) to obtain



1

[aOx®'x@rat| " < L'+lm[ [PoxX©*d] (139)

|~

Remark 3.5
1

For, if q=m, L™ =C, s=1, I'(x) = x'(t), 1(x) = x(t), u(t) = P(t) q(t) =v(t) and p=k
, (3.73) is coincides to (2.19) .

5 Multifunctional Opial-type Integral Inequalities

In this section, we obtain a generalization of Opial-type inequalities which involving



functions and it s derivatives from which we deduce an extension and improved versions of



several recent results.

We begin with the following theorems.

Theorem 3.5

Let A(v) be absolutely continuous, A(v) non decreasing functions on [7,0] for
0<n<®<w with v>0 and convex function @(1(v)) =A(L)°.Llet «,F,k and ¢ be real
numbers such that 6>0, ¢>0 and suppose P(v) and R(v) are non negative and
measurable function on [7,0] such that

1

A'(V) ¢[ j:A'(u)P(u)’ﬂ P(v)*! du] <A) T y)¢ xPL) FLP)IV'(L).  (140)
Then, the following inequality holds:
[ ) xq)( LUA'(U)dU) <[V dv) (141)



Proof: By Jensen s inequality:



([ ALRE)AW) ( j (A @)R(U»W(U»é

VIR A(v)*
With
h(s,t) = A'(v)R(v) , we have
1 ¢
A [AOROEE) )< 20) (Ij(A'(v)R(v»ﬁdx(u)} SARFVEY. (142)
but,
V(L) = [ p(A ©)RE)* ()
V'(t)¢ = A'(b)° Rv)* A (). (143)
Hence,
A'(t) = R(t) A (1) V(1) (144)

Combining both (3.76) and (3.78), yields (3.74) and the proof follows as:
_1 1
Let R(v)=P() ¥, A'(v)=P)*t,{=¢  inTheorem 2.4 yields,

1 1

_r 1 _1 1
A'(v) x (pUO A'(V)P() “P(v)** du] <L) y(v)* xP() ¥1P()V'(v).
Integrating both sides of the last inequality over [7,0] with the respectto t, which implies

) A(U)xgp“ A(U)duj INORLCLD (145)

That is,
© ! v , V 4'+1
L A)x q)(,[oA (v)d u) < %

By using H 0 Iders inequality with @ and S we obtain

g+l
1 +1 — 1 © e —
V@) ‘;_+1( LA(U)dU) _—( IR TR (U)(U)dr]

g+l [
%U Rl-“(u)duj UQR(U)A'(U)ﬂdUJﬂ
Therefore,
o !
;A @)p(aw)do sﬁ( JRE@do ) ([REIA©) dv) ] (146)
which gives,
o o

EXCIORE Sg%l[ [Ree (u)du) “ ( fR(u)A'(u)ﬂdu) 2 (147)

Remark 3.7



(1) If £=0 in(3.81)yields,

1

[RNONORLE ( [R-wyd uj( [R)N @)’ dujﬁ (148)

[

that is,
1

ENOZCOLEE ( [R (t)dt)“ ( [ RN @) d ujﬁ (149)
Also ¢=¢=1,and 6=0 in(2.82)reduces to

o, 1 © 1-a 2 © ’ 5
[’ (U)A(U)dUSE( [R (u)du) ( [ Rw)A (u)ﬂduj”’
2) f ¢=¢C=a=R(v)=v=1 and =2 in(3.81)yields,
[RNONOLBE % [[awydo (150)

which is Opial-type inequality of (2.16).
If weset 1-6=¢ in(3.79)yields

LG)A'(U) x (o( fA'(U)d ujd v< JfV(U)l’EV'(U)d v< f’q)(wu))dv'(u). (151)

By similarly argument with conjugate exponents « and f, we have

[ENOUE L@R; )R A'L)dv < ( JR (u)du)a ( 0% A’(u)du)ﬁ

Hence
fA'(U) x (D( IOUA'(U)dv)dU < (ol( Ile,a (u)duji( L@R(U)ﬂ A'(v)d U}ﬂ (152)
that is
j} ?A’(u)(p(A(U))du < ({( L@Rl—a (U)dj‘i( L@R(u)ﬂ A'(v)d U);} (153)

which is an Opial-type inequality of Calvert.
Similarly, we need the following theorems to obtain a new Opial-type inequalities by
modified Jensen’s inequality for the case of convex functions. Theorem 3.6
Let A(v),A(v), f(u),R(v),{ and k be defined as in Theorem 2.4 and 7>0, p>0

such that:
A’(u)go( ['A) R(u)dﬂ(u)) <V'(O)RL) A (1) V(0)* (154)

Then, the following inequality holds:

A'(z))go( [ UA'(u)du) <V(0)" V(). (155)
Proof: By using (1.4) and if { =0 -1, (1.4) becomes



1

(¢[J:A'(U)R(U)dﬂ(u) ]}(61) < J:@(A'(U)R(U))a d/%(l))

jo “dA(v) jo “dA(t)
thatis ‘
q{jo“A'(u)R(u)di(u))s(jo‘fq)(A'(u)R(u))Hdz(u)J ,
but
V'(0)R©) (1) = A'(v) (156)
then,

A'(t)go( jO“A'(u)R(U)d/l(u)j <V'(O)RW) A (1) V(0)*

This completes the proof of the Theorem.
Remark 3.7
Consider all conditions of Remark 2.5 then, we have

(1)
A'(v) x go( [A@PE) P(U)kl] <V'(0)V()"'P(v) “*P(v)**
Hence,

A'(u)gp( ['a')d u) <V(L)" V')
(2) Also, integrate both side of the last inequality above over [7,0] with respect to v,

yields
L@A'(U)A(U)ﬁfldu < J-jV(U)ﬁ’lV’(U)
- %v(@)fS < %( [aw) P(u)_% P(U);du} < %( L@P(U)”duj” ( [a©y P(U)du)p.
[ENONORLE %( [Py u)[ [ AWy P(U)du)p.
that is,

J[a@ptaendvs %Ujp(“)” d”)i(fﬂ(v)ﬂ p(u)olu)i

which also implies,
5

[RNONORLE %( [awy P(U)dujp (157)

where,



=( L@P(U)”du)i.

We shall have another result here, using the modified Jensen’s inequality to proof a new
Opial-type inequalities for multifunction.
Theorem 3.7

Let A, (v) and A,(v) be absolutely continuous, A(v) non decreasing functions on
[7,0] for 0<n<®<o with v>0, and convex function Al(u)gw(joqu'(u)du),n:1,2.

Let I,k and ¢ be real numbers such that >0 and also let R(v) be non negative and
measurable functionon [®,7] such that:

A,' (V)% ¢(I:A2'(U)R(u)dﬂ(0)) <V, (L) V() xR@)FA(L) ! (158)
Then, the following inequality holds:
[, (U)w( IO“AZ-(U)dU) <[V.v, @) (159)



Proof: Assume h(s,t) = A,'(v)R(v), inJensen s inequality then we have,



o]0 ORI _ (9, @RE)* dAw)*
A(v)¢ B A(v)*

Further simplification yields,

1 ¢
<o[ [[Ay) R(u)dz(u)) < z(u)g{ [[o(a, ORE)* owu)J <V, () 4V, (0)°

Suppose,
V() = A and Vi) = [ oA, (0R)7 A(0)
Hence,
A, (V) =RO) A (L)Y, ()
Then,

2, O)xof [ A ORO)IA) |2 V0 9,0 < ViORE) 2O

and the proof of the Theorem is complete.

Corollary 3.1
1 1

(160)

(161)

(162)

By setting R(v) = P(v) 1, A'(v) = p(v)**,V,(v) =1, =1 and ¢ =2 in(3.97)then,

1 1

e xc{L“Az'(u)P(u)kll P(u)kllduj <L)V, )P P
Proof: This implies that,
[EMOE (p( jO“AZ'(u)dujdu < [V.)v, 0o

J-:)Az'(U)Al(U)dU < L@VI(U)VZ'(U)dU

Similarly, replacing A,(v) with A,(v) in (3.97) yields,

1 ¢
o [ A ORIAE)) [L(P(Mt)R(v))fdﬂ(t)j
A(v)* = A(t)°

Hence,

N ¢
q JJA;(u)R<u)dz(u)jsvz(u>g{ Jjw(Al'(wR(u»'dz(u)] = V(L) 4V, o)

Let,

Vi)F =A@y and V()= [ p(a, 0RE) A (0)dv
Hence,
A (V) = V5 ()RE) A ()
from (3.99) and (3.100), we have

(163)

(164)

(165)

(166)



A, (V)% (DUOUAl' (v) R(u)dl(u)) <VI(L) 7V, () xVy(L)R®L) A ()™ (167)

and the proof is complete.

Corollary 3.2
1 1

By setting R(v)=P(v) “1, A ()= p)*,V,()=1,=1 and ¢=2 in (3.101)
yields,

_t 1 _t 1
A,'(L)x go(J.:Al' (L)P(v) ¥t P(U)kldUJ <V (1)*'V,(0)x P(v) “P(v)*t (168)
Proof:
Integrating both sides of (3.102) over [@®,7] with the respectto v,
[ ®A;(U)x¢( j:Al'(u)dujdu < [V, (0)v, ©)d (169)
n n

If A,(v)< goU:Al'(u)duj in (3.103) becomes

LQAl'(U)AZ(U)dU < L@VZ(U)Vl'(U)dU (170)
Adding both sides of (3.97) and (3.104) together to yields
LG)AZ'(U)AI(U)dU+A1'(U)A2(U)du < J:)V(u)lvz'(u)du+V2(U)V1'(u)du <V,(O)V,(0).
Since V,(17) =0 then,

V,(0)= [[A ©)dv = [ A R RO) <[ [R) 2do [ [RE)A ) dw |
Since V,(a)=0 then,

V,(0)= [4, 0)dv = ['a, QR REdv <[ [R0) 2do [ [R0) 24, )t
Hence,
["8,)A, @)dv+ A, ()4, (v)dv
! o E Lo Lo 1 (171)
S(LPl(U)ZdUJZ(LF’l(t)zAl'(v)Zdu)z(LPz(u)zdujz(LPz(u)ZAZ'(U)ZdU)Z

which is the desired inequality.
Remark 3.8
(@) In(3.104) with the fact that f(t) =t° it becomes,

[ 8w ( j:Al'(u)dujg SRACIAOT
that is,
[ 80) A0 do< [V, @)V, (0)dv (172)
(b) We observe that V,(v)=V,(v)=V(v) and V() =0 in(2.106), we obtain



L@A'(U) A) do < LGV(U)V'(U)dU < %V(@)Z = % [ ?V'(U)zdu (173)

thatis, If in (3.106) ¢ =1, it becomes the result in Olech.

Theorem 3.10
Let A (v) and A ,(v) be absolutely continuous, A(v) non decreasing functions on

[7,0] for 0<nP<O®<w with v>0,i=y,y+1. Let ¢,k and ¢ be real numbers such
that >0 andalsolet R(v) be non negative and measurable function on [7,0] such that:

A" (L)x ¢(IOUAy+1' (v) R(u)dl(u)) <V, L)V , (L) xR@) A (V)™ (174)
Then, the following inequality holds:
[EOR (0( ['A,.,/ @) u) <[V, )V, 0)do (175)

Proof: The proof of Theorem 3.8 could be sourced from the proof of Theorem 3.5.
Theorem 3.9
Assume all assumptions in Theorem 3.5 holds, we have

A, (L)% @(JZAy'(U)R(U)dﬂ(U)) <V (V) V, . (V) xR(©) A (v)™ (176)
Then, the following inequality holds:
[ xw)x K( J:Ay'(u)du) <[V,.40)V, @)do (177)

Proof: The proof of Theorem 3.9 is similar to the proof of Theorem 2.8.

Corollary 3.3
1 1

By setting x(v) = vf,R(t) = P(v) *,A'(v) = p(v)*,£ =1 and ¢=2 in Theorem 2.4

yields,
1

Ayﬂ'(u)xco[ [8, 4 O)P@) P(u)klldu] VL), @PE) FPEE (79
Proof: Integrating both sides of (3.112) over [7,0] with the respectto v,
[ESCR q)[ [,/ u) <[V, )V, 0o (179)
If A (v)< (o(J‘:AM'(U)de in (2.113) becomes,

[, @A, @)do< [V, @)V, (0)dv (180)

Corollary 3.4
1 1

By setting R(v) = P(v) 1, A'(v) = p(v)**,£ =1 and ¢ =2 inTheorem 3.5 yields,
1

_1 1 L 1
A, (0)x (pUO A,'(v)P(v) 1P (v) kldu} <V (t)z‘lVM(u) xP(v) “TP(v)kt (181)
Proof: Integrating both sides of (3.115) over [77,0] with the respectto y,to get
0] v (0]
[ xw)x go( JOAy'(u)du) <[V,.40)V, @)do (182)



If A )< goU:Ay'(u)duj in (2.116) becomes,

] 0]
[A©A,,@)dos [V, .0V, 0)do (183)
Adding both sides of inequality (3.114) and (3.117) together to yields,
(0]
[A,4/ A, ©)do+4, ()4, 4©)dv

<[V©),9,4 )40+, ©do = [ (7,0, )y

[[8,()A,.,/ @)do+A, ©A, (), (©O)V,4(0) (184)
Since V_(17)=0 then,
v, (©)= LG’AV'(U)dU = J‘jAy'(u)Pl(u)’lH(U)dv

< ( L@a(u)*du);( IjH(U)ZAy'(U)Zdujé

)
Also, V_,(7)=0 then, V ,(©)= L A, ' (v)do
1

= [[8,2 RO R0 [P0 d [ [R0) 24,0 0|
Thus,

1

78, 08,0 ©) 4, )4, 40)do < [R) 2do [ [RE)Fa, ) 0]

1 \ (185)
([P0 2o [ [P, 0% )
which can also be written as:
[ 10,018, )+ (8e@A, @)+ (8, ), . @)+ (8, 0)A, . @)Fo
< [[7.0)7.0)+(7,@7.0)++ 7, 0}V, .0)
that is,
jj(iAi (U)Ai+l(u)jdu <[ f{ﬁvi (0)V,., (u)jdu (186)

which indeed is an Opial-type inequality.



6 On Some Results of Hardy s and Opial s Inequality



In this section, we shall use inequality (1.3)to obtain both Abdulaziz Gbadebo
Adeagbo-Sheikh and Olanrewaju Olabiyi Fabulurin, and James Oguntuase results.
The modified Minkowski integral inequalities (3.121) and (3.122) is stated in Opic

and Kufner (1990) on page 21 and 22 as follows :
Lemma 3.9
Let K(x,y) be a non negative measurable function on (a,b)x(c,d) and let r>1

Then,
1

{ j:[fK(x, y)dy}rdx}r <| d[ j:Kf(x, y)dy}i (187)

If K(x,y)=H(X)G(y) where xe(a,b) and ye(c,d) then (2.122) reducesto

{ e [H (y)dy]dxf <[Ho)| Jj’e(x)dxf (188)

Our result is the following:
Theorem 3.10
Let g be continuous and non-decreasing on [a,b], and 0<a<b<oo with

g(t)>0fort>0 . Suppose that I>p>1,v>0,0<v<land6>0 . Let f(x) be
absolutely, non-decreasing function and Lebesgue-Stieltjes integrable with respect to g(x) on
[a,b]. Then,

909 ~9@ ] [l [T a0 aaco

—|<

+[5ﬁ['— g(a)'[ [RECLIGERES dg(t)]

|4

v
|

<[] H[ [t (t)g(x)'“”)-ldg(t)] | (189)

Proof:



In Jensen s inequality (1.3) with



(190)

h(x,t) = ') F*(x)g(x)’ g(t)" ™"
dA(s) = g(t) “*dg(t)

Then, we have
{[LX 109909°9®" " 17 g(“ﬁ)dg(t)]
<[Fe0 4] 101 00900°90)“ 90 g0

which implies
U:f (x)'g(x)' g f (t)g“*“dg(t)}
<l 9@ T ]| [0 900" £ 20000 2 g0

Therefore, we have
JOREROIRIGE)
<[00 - g l5] 900” 120 [ D9 2= dg(0) |

which gives
£09909°lg00* - 9@ 1| [ dg() |
<[] 9007 2 09) [ 1090 dg®) (191)

factor out f(x)?, take I"™ root of both sides, multiplying the powers with v and
simplifying the above yields

009" lo00 ~o(@r*] [t 0oy

v(1-1)

<l a00 T JIRECECIREETC) (192)

—<

Integrating both sides of (3.126) over [a,b] with respect to g(x)'dg(x), we have
v(1-1)

900~ 9@ ] ['a00 T It ode | dgto
<]V Poo [ 000" 900 |'dg (193)

Using integration by parts to simplifying the right hand side of above inequality



RN IR G IR

v(a-h)-I

-OlT [ Mo [ 0o ag0]

v(l |)

[T o002 1'(0) 9007 [ (t)g(t)“-““”)dg(t)ﬂ'_1dg(x).

Therefore, choose that & >0, g(x)° < g(t)° integral inequality above becomes
v(1-1)

[Q(X) -9(a)” PJ.Q(X)I 1[J.Xf(t)dg(t)}vdg(x)
|: }g(a)llij f|(t)g(t)(l_l)(l+5)dg(t):|l

v (a-1)-I

<Es]

(1 |)

+oT T o001 00| [lg00 1dg(t>} dg ().

Evaluating the last integral on the right hand side of the inequality above, we have
v(1-1)

g0 g(a)—éﬁfg(x)u lUXf(t)dg(t)ng(x)
|: }g(a)l[‘[ f|(t)g(t)(l_l)(l+5)dg(t):|l

[ }U £()g(x) ldg(t)}T

v(A-1)-I

<E)[o]

v(1-1)-I

+[o]

That is
o0 —g@] T r’g(x)"ﬂxf(t)dg(t)}vdg(x)
V(1-1)- ||: :l (@)’ Uf (t)g(t)(l_l)(lw)dg(t)}

L omeoso]

+[s]

This completes the proof of the theorem.
Let

(194)

(195)

(196)

(197)



v(1-1 ov

v, =g —g@ ] T g
C,0v.8)=[s]" 1" H
14

‘ ) (198)
B,(,,5,9(a) = C,(Lv.8)g(@) | [ (990" dg(y |
U,(x) = g(x)" >

then, substitute (3.132) in (3.131), we obtain

v
|

[ [10da | v.00dg00 + B,(1v5, 9(@) <€, (v, [ Ou,00dg [+ (299)

Finding the v"" root of both sides we have the following

{ NIK (t)dg(t)]vvz(x)dg(x)}v +B,(1v,6,9(a)" <C,(L.8)'| [ 10, (9dg(® | (200)
which generalizes Fabelurin result.
Remark 3.9

(i) We see this by letting

fO) =10 [, 1(x) = fo (t)dg(t), v, (x) = v(x),u,(x) =u(x),g(x) =t and  B,(l,v,5,9(a))=0
and C=C, (I,v,5)% in (3.134) reduces to the (2.21).

Furthermore, we shall need (3.126) to generalize Oguntuase result. To have this result,
(3.126) becomes

v(1-1

g(x)g'v[ [foe| < 617 000~ 9@ g(x)ﬁv[ [f®e@ e oy

We integrate both sides of (3.135) with respect to g(x) from a to b and then raising

— <

I
both sides to power — to obtain
v

( j:g(x)ﬁ'v[ ['1 (t)dt}vdg(x)jv

5 [[51% [low-9@<T" 9t [ [T dt]'dg(x)J (202)

We shall need Minkowski integral inequalities of (3.121) and (3.122) to the right hand side of
(3.136) yields.



( ng(x)a-r[ [t (t)dt}vdg(x)jv

<[] o ¢ '(t)( [loco o] g(x)'vdg(x)Jv g )

<[5 o) - 9@ ] o e f '(t)( jfg(x)'vdg(x)Jv dg ()

=52 [ j 909 - g™

(203)

v+ ov+l |y,

jjg(t)"”‘““f'(t){g(b) i —g(t)'} dg ()

< [y]‘{ﬁj” o0 —g(@]" {g(bw - g(t)ﬂv

[[a® > £ t)dg(t)
Therefore, (3.137) becomes

1

( jfg(x)g'v[ ['1 (t)dt]vdg<x)jv
<o ( j o0 - g(a)°f “{g(b)&'ﬂ

1

(Lo 1'0dg(o) )

—g(t) ! } (204)

which completes the proof of the Theorem .
We also see that (1.138) coincides with (2.34),if g=v, and I=p.



Remark 3.10:
(i) Forthe case g(x) =x,and v=1=1 (3.138) becomes

o of [ (9d)™* ~g@®™)( p
[’x ( ['1 (t)dg(t)jdx <951 [ [t (t)dg(t)]
(i) We also see thatif 1=1 and g(t) =0 (3.138)then, we get

v+l

[t ®dg(

Lo00™([[1 a0 dg < ( . V1+1j” g(b)

(iii) We observe that if
|

c= [51]1[#j”g(a> T o - g(a)ﬁ}'“{g(b) T g " }

ov+l



g(xX)=x,v=q, and |=p, in(3.138) it reduces to weighted Hardy s (2.34).



4 MAIN RESULTS

The purpose of this section is to obtain some Opial-type inequalities for convex



functions, through the modified Jensen s inequality, which extends and generalizes some



recent results on time scale.



1 Jensen s inequalities on Time Scale



The original Jensen s Inequality proved by Jensen states that if g e C([a,b],(c,d))



and ¢eC([a,b],R) isconvex, then
[[a(s)ds
b-a

1 b
< [[#a(s)ds. (1)

If f isstrictly convex, then the inequality sign > in (4.1) should be replaced by >.
The following Lemma was adopted from Agarwal and Bohner (2010)

Lemma 4.1
Let ¢ C((c,d),R) be convex. Then, foreach te(c,d),thereexist B, eR such that

#(X)—d(t) > B, (x—1), for all x < (c,d). 2)

In this section, the extension of the results above shall be showed on time scales.



We shall extend our result to Opial s inequality on times scale.



Theorem 4.1
Let [0,t]e T and c,d eR. Suppose that AeC,([0,t],(c,d)) and Re([0,t]};,R)

with
j;A'(s)dz(s) >0

If ¢ isconvex (4.1) could be written as follows:
JAOR®AAE) | _[ [#a ORI
j;dz(t) - J:dﬂ(t)

if ¢ is strictly convex, then the inequality < can be replaced by <.

Proof:
Since ¢ is convex it follows from Lemma 4.1 that for each te(c,d) there exist

B, €R such that (4.3) holds. Let

(3)

. 'f;A’(s)R(s)d/l(s)
) [[da(s)

(4)

Thus
U;dft(S)jcb(t) < I;¢(A’(t)R(s))d A(s)

I;¢(A’(s) R(s))dA(s) - ¢(t)( I; d/i(s))
= [HAE RE) - gOMAS) = A (A9 RE)-t)A()

- ,[)’t( [REA(9)dA(s) -t j;d/z(s))

=g, th(s)A’(s)dﬂ,(s)—'[OA,(S)tR(S)d/l(S)Utdl(s)) =0
° jodz(s)

0

2 Opial-type inequalities on time scales

We present the results as follows:
Theorem 4.2
Let T be a time scale with teT . Let ¢, ¢ be real numbers, let

h,qeC,, ([, f];.R) where h and q are positive rd-continuous functions on [«, f]; such

that I[Ot]r(t)A(s)<oo. We define ¢ as convex function and if X:[e,f]l; >R is delta

differentiable with «(0) =0, then we have



.[[a,ﬁ](M)gﬂ XA (t)Xg (t)A(t)

1 — A(t) A i
Sﬁ(ﬂ -a) {[I[a,m ( \/@)h;]fw( h(t)a(t))" < x* ()" A(t)




Proof: Modified Jensen s inequality



U:d/t(s))_g < [f;o(l//(s));d}t(s)T ( Ltw(t)dg(s)j_g( rd P (S))_g.

With w(s) =/q(s),dA(s) = x*(s) B=t and a=¢

we have,

Vel {I[ ﬂl(p(‘//(s))éxA(S)A(s)] (-[ l//(S)X (S)A(s))
([ P (\/WTX (S)A(S)j (_[ q(s)x (S)A(S))

J}a,ﬁl(\/@)ﬂA(s)A(S)] (J[a,m q(S)XAA(S))g(ﬂ —a)*
) Q(S)XAA(S))gU[a,ﬁ] Q(S)XA(s)A(s))g(ﬂ_a)ﬁ

Hence,

[, o2 <, Voo a0 (5 o
y©=[  Ja)x ($)A()

Now,

() =at)x* () (6)
In view of (4.5) and (4.6), we obtain
Ol Ja@x ©AE) <(6-af~ ;% y)°

which implies

WO el @A) <(B-aF < 0r0°

Integrating both side of the latter mequallty with respect to delta derivative, we have the
following inequality:

WA O OAQ <(B-af <[ A0 AW < ——(B-af < (B
[a.5] [a,B]

1+¢
+g
= (p-a) U“ﬂ] N J.,/h®a®x" (t)A(t)J

1+¢ h(t)

Which implies,



»[[a,ﬂ](myﬂ XA (t)Xg (t)A(t)

1 aa _A(t) 14+¢ A f4\1+
- ﬁ(ﬂ ) [IW] (Jht))*< Jf[a,m(v h(H)a(t))™ x* " A (7)
The above (4.7) becomes (2.41) when T=Rand ¢=¢=q(t) =1 is
' 1 A(t) Lo
J’[a,ﬂ]X OXAD < E(J.[aﬁ] Wﬁa,mh(t)x 7AW, (8)
The casewhen T=Rand ¢ =¢ =h(s)=1 in (4.7) coincides with the following inequality
I[a, LAOXOXMAR) < (f-a) ; %) j[ L AOXOAQ), (9)
we also observe that inequality (4.7) reduces to (2.43) when T=Rand ¢=¢ =1.
A 1 A(t) A2
. LAOX OXMOA®R) < E[ | i %J [ L, NOAOX O AQ), (10)

The next Theorem generalizes Opial type on time scale.
Theorem 4.3 Let T be a time scale with teT. Let ¢, and o be real numbers,

let h,qeC,([a, fl;.R) and positive rd-continuous functions on [ea,f]; such that
J’[Ot]r(t)A(s)<oo and q(t) is nonincreasing on [0,b] . We define ¢ as convex function and
if X:[a,f]—>R isdelta differentiable with «(0) =0, then we have

.[[a’ m(m S XA (1) X (1) A(t)

O ¢ A(t) A ct+o
Sl ) ( LMWJ J..,(Ja®h®X©)7 A®)



Proof: Modified Jensen s inequality



(fw]d ()) [ w(w(s))gdﬂ(s)]([ w(t)dz(s))([ om(s))

With
w(s) = a(s), ;zg, p(u) = uf
and
dA(s) = x*(s)
We have,
(B-a)* {j[ mco(w(s»?xA(s)A(s)] ([ y(E)x* (s)A(s))
[I[ ﬁ](\/q(S))gx (S)A(S)j ([ q(s) XAA(S))
< (([aﬁ]\/q(s)"xA(s)A(s));([w]\/q(s)xA (s)A(s))g (B-a)s
Which is,
[ Jaoxesof ([ o aof - (1)
Now,

y® =], Va6 X (5)7AS)
70 =aO" " 1) (12)

In view of (4.11) and (4.12), we obtain

x* (t)ff([[ ) ©A©)f <(B-afs” \/yq(% 0%

(J@)Wxﬂ(t)“(j[mx%sm(s))‘ <(p-a)"s P Or0°
Which implies that,

[, e e, eoaofsns@-a ] erema

(o-1) st+o
<7 (p-a) o 1) °

ct+o




By H{ Ider s inequality



L,m(\/@)“"XA(t)”x(t)gA(t)

cto
o

o s(o-1) sto cro ¢ |7
S§+G(ﬂ_a) 0 Uj[aﬂ]?’(t) A(t)} [[[a,ﬂ]A(t)

Iwg/(t)g:A(t)D (13)

__C (,B—a){ J'[a'ﬁ](,/q(t)"xA(t)" “ A(t)ﬂ

c+o

<7 (p-aF| (a©x )} A0

c+o af]
Therefore,

-[[a,m(mym x* ()7 x(t)° A(t)

o c A(t) A g+o
< V) ( o O j [, (Ja®h®OxX* ) A (14)

which coincides with (2.50),if |=m=0c=¢=1.

+ +
By replacing the exponent components of (4.13) with °T9 and °19 we

o (6-¢)(o-1)

have

I[a’ﬂ](\/W)W X2 (1) x(t)¢ A(t)

c+o
. 570
o—¢)(c-1)

o g(o-1) gta o
< c +G(ﬁ—(%) o way(t) A(t)} [[[aﬁ]A(t) c

By simplification,

o yA@) X O XO A < (ﬂ—a)“_l{ha,ﬁ]ﬂtffA(t>D

c+o
Therefore,
Jo OO O X0 a0 < T ‘“)@_lﬂf[m(vq<t>“xA(tr ff Amﬂ
<7 (p-af’f (JaOX ©)" A0

G+o
Then,



o WaA®) X O X7 AD)

c-1 A(t) A cto
(p-a) [ IMWJ [, Ja®h®x* ) am (15)

In (4.15) reduces to (2.43),if ¢ =oc =1.
We need the following Theorem to prove the next result.
Theorem 4.4 Let T be a time scale and «,fe€T and let ¢:[a,8]; >R" be a

<
c+o

absolutely continuous convex function and C,([a,f];,R") be such that &(t) is non-

increasing on [, ] and Suppose that Xx:[a, S]; > R" is delta differentiable with x(«) =0
. Then,

ntg
n

[, OO OAO——(8-af'[ 00" AQ (16)

n+g [a.p]




Proof : Modified Jensen s inequality



U:d/t(s))_g < [f;o(l//(s));d}t(s)T ( Ltw(t)dg(s)j_g( rd P (S))_g.

With
p(s)=Em(s), ¢ = %
and
dA(s) = x*(s)
we have,

(B-a)*

I

by convexity, we have

(B-a)*

{j[a,ﬁ](f'”g(s)]”XA(S)A(S)} {j[ mé’”g(s)xA(s)A(s)} (B-a)

s
n

S

Sha,ﬁ]f”*“s’x“s)“s’} hmm‘f”%’*‘s’“s’} ()

we see that
n

o®)= [ £7 ()X (5)"A(S)

R (t) = E7F (D)X (1)

Further simplification yields,

(17)



s
n

(j[aﬁ]gwxA (S)A(S)J ) l:J-[a,ﬂ]éWXA (S)A(s)} (B-a)s

s
g c(n-1) (1)

S[I[a,ﬂ1§WXA(S)AS] (B-a) + =) (B-a) s (18)

In view of (4.17) and (4.18),

: g

g’"*g(t)xA(t)(jMw(s)xA(s)A(s)] <(p-a) 1 v L)

Which implies,

-1)

0] ©a0f <(p-a)

v* (t)v(t)%

Also,
S

[, EOCOCOAN<(B-a) T [ v @) A0

o(B) "

< (ﬂ_a)g(,:;l) 77
c+n




Applying H 0 lder s with conjugate exponents

¢+




., £OxOx OAD

_stn
. n
e n+g
n s(n-1) T A d 2
< - ()X (1) At ([ A(t) frs 19
el AL N P ERRCLR0 A (19)
Therefore, we have
n+g
n n

s(n-1) s

A (Y7 v 6 n 51 < s A evy
fup £ OO OAO= (o) o (Bmahf OO AO

=T (B-af[ OXO™ AW (20)

When T=R, &(s)=1 and X iscontinuous function on [«, f], then (4.20) yields
! 77 - ’ =+,
n Sds < _ n+g
_f[aﬁ]x (s)7x(s) ds < 77+§(ﬂ a) j X'(S)7* ds.

[a,8]
If the conjugate exponents in (4.19) are replaced with gxn and zgi we have
n neg+tg—ng
., £OX "% OAD
’ - s+
. n
e n+s
n n 2
n c(n-1) o A 0 i1 te—ng
< — ()X (1) Alt A(t)] s
s B e oxeor o an| A0
L J (21)
n+g
n s(7-1) n’ctsne 7 A !
<——(B-a) » (B-a) + | [EOCN| A
n+g [,

n a1 A (p\1+e
< Bl [, £OCO A

Finally, if T=R,n=¢£(t)=1=¢ and a =0, we note that (4.21) becomes the celebrated
Olech of (2.16) on time scale. Theorem 4.5 Let «,f<T and let ¢:[a,f]; >R" be a
absolutely continuous convex function and v € C,, ([, f];,R") with J.[ ﬁ]v(s)l‘gA(s)<oo be

such that &(t) is non- increasing on [«, ] and Suppose that X:[a,f]; >R" is delta
differentiable with «(0) =0 and 7 > 0. Then, the following inequality holds:



1+
fu £ OXO 80 <(8-a) 1 {Lﬁﬁ“ﬂﬂvﬂwAayAaﬂ 22)
where

+¢
=[], v ao)-
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[ axo) < [ .f[aﬁ]co(l//(s))édﬂ(s)}g(‘[[aﬁ]y/(t)d/l(s))g (e

With
w(s) = £ (s)
and dA(s) = x*(s)

We have,

(B-a)*

1 ¢
1 c 1 -5
< |:J‘[a'ﬁ]¢(é:1+§ (S)} x4 (S)A(S)] I:J;a]ﬂ]églﬂ (S)XA (S)A(S)i| (ﬂ . 0!)_4

By convexity,

(B-a)®

0 1 ¢
£ ¢ 1 -

i 1 ¢ 1

at)=[ (X ()A)

@ (t) = ¥ ()X (t) (23)
Which gives,
S ¢ S d
{j[mﬁl*g (s)xA(s)A(s)} S(ﬁ—a)g_{f[amé“g (s)xA(s)A(s)} (24)
Combining (4.23) and (4.24), then
£ (o (t)( & G (s)A(s)] <(f-af ‘@) a'®) (25)

That is,
1

£ 0 000l x 0A0) <(B-af ‘a0 a’
Which yields,



o £OXCOXO MO (B-a) *[ o) @ OAO=(F-af ﬁw(t)w

Further simplification yields,

+g
J O OXO Q) < (B-af - : U ﬂ]cf“g(t)x (t)A(t)J

1+4
<(p-a) ¥ (j[ 20l e (t)v(t)m(t)}

1+¢
Which implies,
o, OX* OX®A®
' 1 1¢
<(p- a)“llg(j[ O ()J U £ (o) (t)yA(t)]
1+¢
<(p-af* P ()“A(t))L[j £ Ou(on® (s)m(oj
We have,
¢

J‘[almé:(t)XA(t)X(t)gA(t)g( € ¢ 7( [J‘[ ﬁ]gl*g(t)v(t)x (t)yA(t)]

r

If T=R and £&(t)=£&M(s)=1=¢=¢ in(4.26)yields

j[ L X Ox(E)ds < %({[ aﬁ]v(s)x'(s)yds);

which is equivalent to Maroni of (2.5).
Y

(26)

We note that if T:R,§(t):é:g(t):l:g:(ﬁ—a),g”:O and y =2 in (4.26), we

have

J‘[a’ﬁ]X'(t)X(t)dt < (_[[a’ﬁ]‘/(t)l_‘g dt)%(j[a'ﬂ]l/(t) X'(t)” dtﬁ

which is a special case of Opial-type inequalities, since ¢ is non-decreasing. The last inequality

is equivalent to the result of Anthonio (2014).



3 On Opial-Type Inequalities Related to Pachpatte s Result



We present the results as follows:
Theorem 4.6 Let T be atime scale with s,7eT.Llet ¢, ¢ bereal numbers, let

N, x€C. (o, fl:,R) where h and y are positive rd-continuous functions on [a, f];
such that J.[O’t]r(t)A(s) <o. We define ¢ as convex function and if 9,18, e, fl; >R is
delta differentiable with «(0) =0, then we have

fo (2 @) 5, ()5, () A(h)

1 c— A(h) e A
Sﬁ(ﬂ ~a) gua,mWwa( N(m) x (1)) @), ()< Ah) (27)



Proof: Modified Jensen s inequality



U:d/t(s))_g < [f;o(l//(s));d}t(s)T ( Ltw(t)dg(s)j_g( rd P (S))_g.

With
w(s) =+ x(5)
and dA(s) = pflA(s)
We have,
(B-a)* U P (s ))C 2, (s)A(s)j ([[ ]w(s)goyl(s)A(s))
U[ ATO o306 )j (e y(s)A(s))
[ ﬁ](VZ(S )prl(s)A(S)j ([ Nz(s) pylA(S))
<\, 2O, A (S))g(.[[a,m\/ 2(9)9), (S)A(S))
which is
24
< (J-[aﬁ]\/ )((S)Sﬂfl (S)A(S))g (j[a,ﬁ]‘/Z(S)@fl (S)A(S))g (B-a)¢
Hence,
([[a’ P4 (S)@flA(S)); < (J[aﬁ]\/ x(8)), (S)A(S))g(ﬂ—a -
Now,

nm =] 269 ($)AE)

7 (h) = ), ()

In view of (4.28) and (4.29), we obtain

o0 @0 a0 <(-ay < 72Dy

J2)
Wz ol o MG <(8-aF 2y

Furthermore, the proof of Theorem 4.6, with substitution of w(S)—+/x(S)

é’

(28)

(29)

(30)

and



dA(s) > (pfz (s) inabove modified Jensen s inequality, then we have



(B-a)” U{ W6 ))gsor ($)A(s )] U ‘//(S)Sﬂfl(S)A(S))g(ﬁ—a N
([ @ e, (s)A(s)j [ o0, (s)A(s))g

E'[ m(\/zT Tsoy (S)A(s )j([ NFZ0) goylA(s))
= [a,ﬂ]‘/%@ 72 (S))g(.[[aﬁ]\/% )9, (S)A(S))

which is
< (f[ay mm ’ (S)A(S))g([[a, mm ’ (S)A(s))g(ﬂ—a M
Hence,
[ Z@eao) <[ 7@ ©0sef (r-ar -
Now,

r®=] V1)), ©)AE)

¥, ()= x(B)g;, (h) (32)

In view of (4.31) and (4.32), we obtain

A - Va2 ) , (1)
o, O] 70, 010 =(5-ay < 2Dy

W@ o, 0] o O <(8-aF <72 (. (33)
Adding both side of (4.30) and (4.33) yields

Wy el o] o ©aef +(zmy el ol el eas)
<(B-af W) +(B-a) *r; (), () (34)

Integrating both side of the above (4.34) with respect to delta derivative, we have the
following inequality:

Jo () 2, s, )+ 08, (7, W )

1 o A(h) wrl A et o
sm(ﬁ—a) ¢ U[a o (N ) Jf[ LR 2 (7)) ¢ (goyl(h) C ) () 4)A(h) (35)

Remark 4.1
We see that if T=R and



q(t) = z(h). ¢ =¢ =1, p; (h) = % (1), %' (V) = @, (1), @, (M) = X, (1), %,'(t) = @, (1), N(h) = p(t) and A(n) = dt
(4.35) reduces to (2.27).

We obtain generalization of several results in Opial-type inequalities on time scale
theory.



Indeed, above result has showed Opial s inequality on time scales by using modified



Jensen.

4 Higher Order of Opial Integral Inequalities on Time Scales
We obtain integral inequalities which involving higher order derivatives of Opial-type
inequalities, mainly by using Jensen s inequality for the case of convex function.
In this section, some various types of Opial’s inequality involving several functions and
their higher order derivatives are presented on a closed subset of T on [0,1]. The



well-known Jensen s would be adopted to extend and generalizes some results on time scale



on higher Order Opial inequality.

To proof this we need the following Theorem.

Theorem 4.7

Let T'(QQ) be absolutely continuous function and T be a time scale with
p,oeT,56eCO(p,cl,"T) . If T (6)=0 is & -differentiable function such that
1=1,2,3,4,..n—1, then the following inequality holds:

[[6* (@) () Alw)
1 1

< [%j&l U‘:D‘:(t B 8)(g_;)(¢+1)A(Q)}A(a)))§+1 y J:KA” (0)* A(@) (36)



Proof: Modified Jensen s inequality



1 4 o
([owspas)) sU;o(w(s»fdz(s)] (Jore)

With
P(Q) =0, w(Q)=T"(Q)
and
dA(Q) = A(Q)
We have,

. ¢
([ @a@) =t —e)g{ o (Q)fA(Q)J
which implies
( [r* (Q)A(Q))g <(t-e) ( [r* (Q)A(Q))4 (37)

Let,
5(@) = [T (@A)

5*(w) =T (w) (38)
combining (4.37) and (4.38) we have
t n ¢ n
S (0)3(@) < (t—e) ( [ (Q)A(Q)) ™ ()
Now
0% (w)o(w)*
<(t—g)¢ U:rﬁ” (Q)F A(Q)jFAn () < (t—g)"~< ( L‘FA” (Q)F +1A(Q)).

The above inequality can be written as follows

5 (0)S(w)f < [ I:(t — &) +l>A(Q))¢l+1 x (LtrA" Q)¢ +lA(Q))

1
¢+l

Then, multiplying both sides with r (QQ), yields
5% (w)* 5(w)*
1 1
< FA” (Q)(J-t(t _ 8)(§—§)(§+1)A(Q))§+1 X(J.tKAn (Q)§+1A(Q))§+1
Note that v(e) = [T (Q)**A(Q),v* (@) = T (@)

1

54 (Q)?*S(Q) < U:(t _ 5)(§§)(§+1)A(Q)jc+1 y [U(a))u(a))A]ﬁ



which implies
LpaA ()25 (w)° A(w)

1

< J:(J:(t _g)(§—§)(§+1)A(Q)J§+1 X[J‘:U(a))l)(a))AA(a))}MA(a))

1

= [([e-ar 2@ x| Sutor | aco)

Therefore, we have

L%A (0)25(w)° M)
< GJ“ ( j:[ [[(t-gyear +1)A(Q)}A(a)))g+l < [T () Aw) (39)
Remark 4.1
In(4.39),if {=1 and ¢=2 we have,
j:(sA (0)25(w)? M)
< G)Z( j:[ [t~ g)ZA(Q)}A(w))Z <[ (@) Aw)
Theorem 4.7

Let I'(©2) are absolutely continuous functions and T be a time scale with

AueT,8eCOA ul,AT) with ¢,&, and m which are numbers. If T%(£)=0 is &
-differentiable function such that i=1,2,3,4,...n—1, then the following inequality holds:

[[5° (@) 5(@) Aw)
. (e=O)g+m) S gem
m \¢m| el ot . +mlm gemo ¢
S(§+mj L(L“‘g) ) A(“’)J Al@) (40)

><|: 3y *mA(a))}
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1 4 o
([owspas)) sU;o(w(s»fdz(s)] (Jore)

With
P(Q) = 0F, y(Q) =T ()
and
dA(Q) = A(Q)
We have,
t_ . g t .n ¢
( [ (Q)A(Q)) <(t-e) ( [ (Q)A(Q)) (41)

5(w) = j:rA” (QAQ)

5 (@)" =T ()" (42)
In view of (4. 41) and (4.42) we have,
5*(@)"S(w)° < (t—2) < 5(@)° T (o)™
that is
5 ()" () <(t-e)* [T (@A)



simplify further, multiplying both sides with r ()™ and applying Ho Ider s inequality yields



5 Q)" 5(Q)*
(c=¢)(¢+m) ]g(?ﬂn

SFAn(Q)mU;(t—g) cml o A(Q)

([re @ A(Q))cim

Now, in above put u(a)):J‘tKAn(Q)“mA(Q), 0 (@)™ =T (@)", v(£)=0 to have the
following inequality

[ (@) 6(0) M)

i

s(¢+m-1) 1

Al et (g=¢)(g+m) g+m _m_ £+m

that is
[[6* @™ 5(@) A@)

1
g(g+m-1) c+m Zom n
£+m

o (e=O)(¢+m) Lem ¢ : ¢
s L(L(t—e) o A(Q)j AQ) (Luﬁ(g)u(gz)m(g)} A()

which implies
[[6* @™ 5(@) A@)

1
m g(g+m-1) g+m Z+m m

ol ol (c=¢)(&+m) ™ com\Fom
S(ngT L(L(t—g) o A(Q)} T s [u(ﬂ)gm ]g

therefore, we have



[[6" (@5 A@)

< m g“Tm
S C+m
< m ng
S C+m

. ( [r @y ”“A(Q))

s(g+m-1) g+m
¢+m S

A(w)

(c=¢)(g+m)

jj( [t =™ a@

s(g+m-1) g+m
g+m S

Aw)

(c=¢)(g+m)

o+

then, we have
[ "8 (0) 5 () Alw)
u

1

m §(§+m_l)ﬂ g@im

) Y (N (c=)(g+m) c+m ¢
S(gfmjg L(L(t—g) fomt A(Q)J Alw)

x( /3y *mA(w)j

In(4.43),if {=m=0 and ¢ =2 itsreducesto

J[8@A@) = @)

Theorem 4.9
Let I'(©2) are absolutely continuous functions and T be a time scale

(43)

with

p,o0eT,5eCO(p,cl,AT) with ¢, &, and v which are numbers. If T (£)=0 is &

-differentiable function such that 1=1,2,3,4,...,n—1, then the following inequality holds:

[[6* ()" 8(@) A@) < j”[ [(t-e) A(Q)TA(CU) « [ j:&(s)A(a))}
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1 4 o
([owspas)) sU;o(w(s»fdz(s)] (Jore)

With
P(Q) =, w(Q) =" (Q)
and
dA(s) = A(Q)
We have,
t_.n s t ¢
( [ (Q)A(Q)j <(t-g)¢ ( [ (Q)A(a))) (44)

5(w) = j:rA” (QAQ)

5 (w)" =T (w)"

oM (w)" S(w)* < (t—&)7° 5% (Q)" 6(w)* (45)
combining (4.44) and (4.45) to obtain the following inequality,

t n ¢

58(0) () < (t—g) < 5 (a))v( [ (Q)A(Q)j
n t n ¢

5M(0) S(w)° < (t—g) <" (t)V( [ (Q)A(Q)j

[[5*(0) 8(0) M)
; 14

<J|Jlc e)“A(Q)T[(rA” (Q)I fre (Q)A(w))V] M)
<[ [0 <a@] | [ @) 20 | a0

We note that

I3 NN 1 1
[,6" (@d(@) A@)<v[ [5(s) v (Q)J Q) = v3(Q) =v(p)". (46)
See above Theorem 4.7, we have

'[:5 M) 5(w)° Aw) < I:[j:(t —g) ¢ A(Q)T x [ _[:a(a)) A(a))}



5 GENERAL CONCLUSION

1 Summary and Conclusion
The result of this study is an extension of inequality of Pachpate, Shum, Olech, Calvert,



Fabelurin, Oguntuase, Beesack, Bohner, Bililtir and Yang s results. These authors used various



methods and approaches to actualized their results. We have succeeded in generalizing
Pachpate, a special case of Shum, Olech, Calvert, Fabelurin, Oguntuase, Beesack, Bohner, Bilil (i r



and Yang s results and extensions.



We guarantee the existence of a primitive anti-derivative function for continuous
functions. We introduced the concept of Jensen which is an essential tool throughout this work.



The modification of Jensen s inequality was also outlined to add value to knowledge.



However, the following has attested that the Jensen s inequality used in this work is in



order:
Theorem 5.1
Let g be continuous and non-decreasing on [a,b], and O0<a<b<oo with

g(t)>0fort>0 . Suppose that I>p>1,v>0,0<v<land6>0 . Let f(x) be
absolutely, non-decreasing function and Lebesgue-Stieltjes integrable with respect to g(x) on
[a,b]. Then,

909 ~9@ ] [l [ [T o] oo

—|<

T L Jo@ [0 dg(0)

\4

LR 1(1+6)-1 i
_;}Dﬁf (090" dg(t) | (47)

Theorem 5.2 Let Xx(t) and A(t) be absolutely continuous functions [a,b] with
A(t)>0,te[a,b]. Let Q(t) and R(t) be non-negative and measurable function on [a,b]
such that either k>0,1>0,m>0,I>um or 1<0, m>0 and |<um where | <m-k]|,
then, the following inequality holds:

v (a-1)-I

S[é] |

k—m 1@
—kIm Kl -

E[Q(t)kﬂm’(t)'Rk—m,a,(t)mdt} ‘ X (U;x’(t)R(t)d/I(t))ldtjw dt

<], {y'ﬂ)_kmymidt}k“m . (Q(t)ﬂ'(t)ﬂ(t)'(k?m) O dt]” " us)

Theorem 5.3 Let f(t) be absolutely continuous function and non-decreasing on [a,b], and
O<a<b<ow with f(t)>0fort>0 . Suppose that
p>1>1,9>0,0<l+q<pando>0. Then,

1+q
al Ip=(I+g)+p o(l+a) |p(1+5)_(1+5) s
Lo [ asp e {i}a p Dbfp(s)s = ds}
: ' i | +q a

I+q

Ip—(1+q)+p Ip(l+5)_l

L[5 ° [p j:fp(s)s =) dsr (49)

1+4]

Theorem 5.4 Let T be a time scale with s,7zeT. Let ¢, { be real numbers , let
N,y €C,,([a, fl;,R) where h and y are positive rd-continuous functions on [, f];

such that I[O’t]r(t)A(s) <. We define ¢ as convex function and if 9,18, e, fl; >R is



delta differentiable with «(0) =0, then we have

o 2007, )7, (WAG)

! o A(n) ¢ A ()1
S\ ﬂmWﬁm(\/mm(m) O (EAM)  (50)

2 Recommendation
Generalizations of Opial-type inequalities obtained could be used to obtain better
bounds for Opial-type inequalities and the results can be utilized in the solutions of differential,
integral and integro-differential equations.
3 Suggestion for Further Studies

One suggestion from what we have done is to explore the possibility of using Bernouli



inequality instead of modified Jensen s inequality in obtaining both Hardy-type and Opial-type



inequalities.



References



Adeagbo-Sheikh A. G. and Imoru C. O. (2006). An Integral Inequality of the Hardy s



type, KragujevacJ. Math. 1, 55-66.

Agarwal R., Boner M., D Donal O’Regan and Saker S. (2017). Dynamic Shum
Inequalities, Turkish Journal of Mathematics, 41, 535-557.

Agarwal R. P., Bohner M. and Peterson, A. (2001). Inequalities on Time Scales A
Survey Mathematical Inequalities and Applications, 4, 535-557.

Agawal R. P. and Bohner. M. (2011). Sturm-Liouville Eigenvalue Problems on
Times Scales, Journal of Computational and Applied Mathematics. 99, 153-166.

Agawal R. P., Bohner M. and Peterson A. (2001). Inequalities on Times Scales,
Survey Mathematical. Inequalities. 7, 57-61.

Anthonio Y. O., Salawu S. O. and Sogunro S. O. (2015). Dual Results of Opial’s
Inequality, International Organization of Scientific Researcher 10, 1-7.

Anthonio Y. O. and Rauf K. (2015). On New Variations of Opial- type Integral
Inequalities, Global Journal of Mathematics 3, 226-231.

Anwar M., Bibi R., Bohner M. and Pe € aria’ cJ. E. (2014). Jensen Functionals on
Time Scales for Several Variables, International Journal. Analysis Article., 2014, 14-28.

Baric J., Bibi R., Bohner M. and P€ cariC J. E. (2013). Time scales Integral
Inequalities for Super quadratic Functions, Journal of Korean Mathematical Society, 50,
465-477.

Beesack P. R. (1962). On an Integral Inequality of Z. Opial, Transactions of the
American Mathematical Society, 104, 470-475.

Beesack P. R. and Das K. M. (1968). Extensions of Opial’s Inequality, Pacific
Journal of Mathematics, 26, 215-232.

Beesack P. R. (1979). Elementary Proofs of Some Opial-Type Integral Inequalities,
Journal of Analysis Mathematics, 36, 1-14.

Bibi R., Bohner M. P€ cariC J. E. and VaroSanec S. (2013). Inequalities and
Functionals on Time scales, Journal of Mathematics Inequality, 7, 299-312.

Bohner M. and Kaymakacalan B. (2001). Opial Inequalities on Time Scales,  Ann
Polon Math, 77, 11-20.

Bohner M. and Peterson R. (2001). Dynamic Equations on Time Scales. An
Introduction with Applications. Birkhdauser Boston, Inc., Boston, MA.

A



Bohner M. and Peterson R. (2003). Advances in Dynamic Equations on Time Scales.
Edited by Martin Bohner and Allan Peterson,  Birkh & user Boston, Inc., Boston, MA .



Boyd D. W. and Wong J. S. W. (1967). An Extension of Opial s Inequality, Journal



of Mathematical Analysis and Applications, 19, 100-102.



Calvert J. (1967). Some Generalizations of Opial Inequality, Proceedings of the



American of Mathematical Society, 18, 72-75.

Cheng-Shyong L. (1980). Some Generalizations inequalities of Opial, Yang and
Shum, Canadian Mathematical Bulleting, 1, 71-80.

Das K. M. (1969). An Inequality Similar to Opial’s Inequality, Proceedings of the
American Mathematical Society, 22, 258-261.

Donchev T., Nosheen A. and Peacaria C.J.(2013). Hardy Type Inequalities On
Time Scale Via Convexity in Several Variables, Hindawi Publishing Corporation ISRN

Mathematical Analysis, 2013, 9-22.

Fabelurin O. O., Adeagbo-Sheikh A. G. and Anthonio Y. O. (2010) On An Inequality
Related to Opial, Octogon Mathematical Magazine, 18, 32-41.

Fagbohun A. B. and Imoru C. O. (1985). On An Extension of Opial’s Inequality,
Simon Stevin 59, 11-19.

Fu-Hsiang W., Wei-Cheng L., Shiueh-Ling Y. and Cheh-Chih Y. (2008), Some



Generalizations of Opial s Inequalities on Time Scales, Taiwanese Journal of Mathematics, 12,



463-471.

George A. A. (2010). Time Scales Inequalities, International Journal of Difference
Equations, 5, 1-23.

Godunova E. K. and Levin V. I. (1967). On an Inequality of Maroni (Russian),
Mathematicheskie Zametki, 2, 221-224.

Guseinov G. S. (2003). Integration on Time Scales, Journal of Mathematics
Analysis and Applications, 285, 107-127.

Hardy G. H. (1922). Notes on Some Points in the Integral Calculus, LX. Messenger
Mathematics, DCXVI, 49-53.

Hardy G. H., Littlewood J. E. and PO lya J. E. (1934). Inequalities, Cambridge
University Press, Cambridge.



Hau L. M. (1965). On An Inequality of Opial s Inequality, Institute of Information



Science of Academia Sinica, 14, 789-790.

Hilger S. (1990). Analysis on measure chains-  a unified approach to continuous
and discrete calculus, Results Mathematics. 18, 18-56.



Maroni P. M. (1967). Sur | inegalite d Opial-Beesack, C. R., Academy Science of



Paris, 264, 62-64.

Milovanovic G. V. and Milovanovic I. Z. (1980). The Best Constant in Some Integral
Inequalities of Opial Type, Univ. Beograd. Pub. Elektrotehn. Fak. Ser. Mat. Fiz, 615, 48-53.

Oguntuase J. A. (2009). Remark on An Integral Inequality of the Hardy Type
Kragujevac Journal of Mathematics, 32, 133-138.

Oguntuase J. A. and Persson L. E. (2008). Reflnement of Hardy’s Inequalities via
Superquadratic and Subquadratic Functions, Journal of Mathematical Analysis and
Applications, 339, 1305-1312.

Oguntuase, J. A and Persson, L. E. (2014). Time scales Hardy-type Inequalities via
Superquadracity. Annals of Functional Analysis, 5, 61-73.

Oguntuase J. A., Persson L. E., Essel E. K. and Popoola B. A. (2008). Reflned
Multidimensional Hardy-Type Inequalities Via Superquadracity., Banach Journal of
Mathematical Analysis, 2, 129-139.

Olech C. A. (1960). Simple Proof of A Certain Result of Opial, Annales Polonici
Mathematici, 8, 61-63.

Opial Z. (1960). Surune int e’ galite’ ., (1960), Annales Polonici Mathematici, 8,
29-32.

Opic B. and Kufner A. (1990).  Hardy Type Inequalities, Pitman Research Notes in
Mathematics Series, Longman Scientific & Technical, Harlow.

Pang P. Y. and Agarwal P. Y. (1962). On A Certain Result of Z. Opial, Proceedings
of the Japan Academy, 42, 78-83.

Pachpatte B. G. (1986). On Opial-Type Integral Inequalities, Journal of
Mathematical Analysis and Applications, 120, 547-556.

PecariC R.N.(1977).On an inequality of Opial, Beesack and Levinson,
Proceedings of the American Mathematical Society, 16, 174.

Rehak P. (2005). Hardy Inequality on Time Scales and Its Application to
Half-Linear Dynamic Equations, Journal of Inequalities and Applications, 5, 495-507.

Sinnamon G. J. (1991). Weighted Hardy and Opial-type inequalities, Journal of
Mathematical Analysis and Applications, 160, 434-445.

Srivastava H. M., kuei-Lin T., Shio-Jenn T. and Jen-Chieh L. (2010). Some



Weighted Opial-type Inequalities on Time Scales, Taiwanese Journal of Mathematics 14,
107-122.



Shum D. T. (1974). A general and Sharpened Form of Opial s Inequality,



Canadian Mathematical Bulletin, 17, 385-389.

Vranceanu G. G. (1973). On An Inequality of Opial, Bulletin of Math e’ matique de
je Socie' te' des Science Mathe' matique de Rourmanie , 17, 315-316.

Willet D. (1968). The Existence-Uniqueness Theorem for An n" Order Linear
Ordinary Differential Equation, The American Mathematical Monthly, 75, 174-178.

Wong J. S. W. (1967). A Discrete Analogue of Opial’s Inequality, Canadian
Mathematical Bulletin, 10, 115-118.

Wu Shan He. (2006). Generalization of A Sharp H { Ider’s Inequality and Its
Application, Journal of Mathematical Analysis and Applications, 332, 741-750.

Yang G. S. (1983). A Note On Some Integro Differential Inequalities, Soochow
Journal of Mathematics, 9, 231-236.



	Certification
	Dedication
	Acknowledgments
	Abstract
	1   GENERAL INTRODUCTION
	1  Introduction
	2   Definition of Terms
	2.1  Convex Function
	2.2   Integrable or Summable
	2.3  Differentiable Function
	2.4   Continuously Differentiable Function
	2.5  Absolutely Continuous Functions
	2.6  Some Adaptations of Jensens Inequality
	2.7   Cauchy inequality
	2.8   Hlders inequality
	2.9   Minkowski inequality
	2.10   Geometric inequality
	2.11  Young inequality
	2.12  Monotone
	2.13  Some Basic Definitions on Times Scales

	3  Statement of the Problem
	4  Aim and objectives of the Study
	5  Significance of the Study
	6  Research Methodology

	2   LITERATURE REVIEW
	1  Some Classical Theorems

	3   PRRLIMINARY RESULTS
	1  Introduction
	2   Generalization of Shums Inequality of Opial-type
	3  Generalization of Beesacks Inequality
	4  Generalizations of Sinnamons result
	5  Multifunctional Opial-type Integral Inequalities
	6  On Some Results of Hardys and Opials Inequality

	4   MAIN RESULTS
	1  Jensens inequalities on Time Scale
	2  Opial-type inequalities on time scales
	3  On Opial-Type Inequalities Related to Pachpattes Result
	4   Higher Order of Opial Integral Inequalities on Time Scales

	5   GENERAL CONCLUSION
	1  Summary and Conclusion
	2  Recommendation
	3  Suggestion for Further Studies


