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i , Abstract

: In this paper, we present an hepatitis B model with multiple transmission

waps of the acute counsel, uncounseland carrier infection classes and derive
' the basic reproduction number, which indicates that hepatitis B isendemic.
Existence of Disease Free and Fudemic Equilibrinm State are carried-out.
‘ The disease free and endemic equilibria are shown to be globally
1: asymptotically stable.  In addition, we obtained the numerical simulation to
!
1

verify the model predictions.  The results suggest that the endemic nature of

the model was stable.  However, if the control measure put in place can bhe

maximize, then the model can b¢ use to predict the effectiveness of the
| prophylactic vaccination pmgrrmﬁ in sustaining the population from the
spread of the disease ‘
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i 1.0 Introduction

! lepatitis is an inflammation of the liver caused by viruses, bacterial infections, or continuous exposureto alcohol, drugs, or

toxic chemicals, such as those found in acrosol sprays and paint thinners (Ganem, D., Prince, A. M. 2004). Inflammation is
the painful, red swelling that result when tissues of the body become injured or infected. Inflammation can causc organs 1o
not work properly. Hepatitis can also result from an autoimmune disorder, in which the body mistakenly sends discasc-
lighting cells to attack its own healthytissue, in this case the liver (Barker ct al., 1996). The liver is located in the upper right
hand side of the abdomen, mostly behind the rib cage. The liver of an adult normally weighs close to three pounds
(Chang,June 2007). No matter what its cause, hepatitis reduces the liver's ability te perform life-preserving functions,
including filtering harmful infectious agents from the blood, storing blood sugar and converling it to usable energy forms, and
producing many proteins necessary for life (Lidmund et al., 1993).

Hepatitis 13 is a potentially life-threatening liver infection caused by the hepatitis I3 virus (11BV), Edmundet al. (1993). It is a
major global health problem and the most serious type of viral hepatitis. Originally knownas “serum hepatitis™, the disease
has causcd cpidemics in parts of Asia and Africa, and it is endemic in China(Willinms, 2006). About a third of the world
population has been infected at one point in their lives, ircluding350 million who are chronic carriers which causes 620,000
deaths worldwide cach year (WHO, 2004). Il an infected individual body is able to fight off the hepatitis B3 infection, any
symptoms that you had should go away over a periodol weeks to months, this is termed acute hepatitis B. some people’s
! bodics are not able to completely get ridol the hepatitis B infection. This is called chronic hepatitis B.

P P I

2.0 Mathematical Model Formulation

We propose a mathematical model to understand the transmission dynamics and prevalence of HBV. The modeclis
constructed based on the characteristics of HBY transmission and the model of Lan Zou et al. (2010). Thercefore, we divide
(he host population into seven epidemiological groups: the proportion susceptible to infectionS; those latently infected 1
uncducated acute infections 1, seducated acute infedions I, ; carriers C; recoveredR; and Vaccinated V.

We assume that the population of newborn carriers born to carriers is less than the sum ol the death ol carricisand the
population moving from carricr to immune state. In this case we have pav < po g 1y 2 . Otherwise,carriers would keep
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IFig: 2.1: Flow diagram of 1BV transmission

‘T'he model is given by seven ordinary differential equations:
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d;? = uw(1—vC)+yV —[,uu +pB(1,+1,)+0C+ }13]S (2.1)
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d;: = [ﬁ(lu + Iu ) + &ﬂ(:]S = (1“() k. 20) E (22)
¢

dl .

— =gl ~(;f“ - ;V“) L (2.3)
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de _

dC " .

i ueovC+q(yol, + v 1) = (o + 14+ 7,)C (2.5)
¢

R

'17:)’36 +(1-g)(nl, +7L) - R (2.6)
()’ :

m = 41— ru) o S (;.[u + l,i/) Vv (2.7
C

The total population N(t) can be obtained from the model,

N()=S8() + EQ@) + I, (1) + L()+ C(e) + R(() + V (1) 2.8)

N
L = =Ny~ iC
dt
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lcre, it is important to note that in the absence of the discase N (l ) —> -'f— Moreover, under the dynamics described by the
: Ho

above systems of cquations, the region.
doc(x=@EL,L,CV,N)eR |S20E201,20120C=20V<N <&
: _ Ho
é is positively invariant. Hence the system is both mathematically and epidemiologically well-posed. Therefore, for initial
starting point X G*Jﬂ , the trajectory lies in Q. Thus we restrict our analysis to the region €. (where the model make

biological scnsc).

2.1 Parameters are Defined Below

1
‘ 1

pbirthrate v

) ~

4, = Natural mortality rate

44, = 1BV related mortality rate

“

‘, £k . -
w = proportion of birth without successful vaccination

" . N '.' . . ' . . 3
f} = Transmission cocfficient or cffective contact rate

£ = Reduced transrnission rate

o = Rate of movement from latent to acutc

yo= Rate of movement from uncounsel acute to carrier
[ B PR T

i

yi'= Rhte of movement from counsel acute to carrier
N B { '
2= Ratc of movement from carricr to immunc

y» = vaccination ratc

= Average probability an individual fail to clear an acute infection and develops to carrier state

~»

y -~ Rate of waning vaccine-induced immunity

¥l

Y Pmpdﬂion of brcnalally infected (carrier mothers)

3.0  Model Analysis |
' _Wc.:‘_dclcrmine the cffective basic reproduction number; the existence of equilibrium points; and obtaining the conditions for
& stability of the cquilibria points. : ‘

&} 3.1 Basic Reproduction Number

S8 The basic reproductive number Ro is considered as the threshold quantity that determines when an infectioncan invade and

S cpersist ina new population. 1f R o< 1, then the infection in the population dics out, while ifR ¢> 1, then there is a uniquc
@ positive cpidemic cquilibrium. According to Anderson & May (1991), Ro isthe average number of sccondary infections

produced when one infected individual is introduced into a hostpopulation where cveryone is susceptible

Using the approach of Dickmann, ct al. (1999), the product of the matrix F V ~ ' is called the next generationmatrix for the

model and we shall sct the reproduction number Ro as equal to the spectral radius pF V ~'ie.

Ruo:® pFV"
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3.2 Existence of Discase Free Equilibrium State

‘The discase free equilibrium state of the above model is calculated by setting I = 0 (all infected class will bezero) and 1he V.

entire population will comprise of Susceptible and Vaceinated class, thus the result gives;
sy ) y iy — o)

g m————_, (3.2.1)
Hy (:“o ¥ "'W) Hy (':Uu Tyt '1“‘)
implics
A WINORT oAy — Ha
8o B i EnaiC il Vo e NP Ty (0t y) ,0,0,0, 0,0, AR (3.2.2)
Hy (:”u A Fy '//) Hy (.“u Yy i V/)
3.3 Existence of lEndemic Fquilibrium State _
FFor the endemic equilibrium, there is an existence of infection, hence I, # 0, [, 0, C 0. The systems of cquation”

should satisfy the following conditions:

(8 =0, B >0, 1. 50,4, 20,8 =ty B =0 F" =0

The endemic equilibrium state is the stale in which there is persistence of the diseasc in the population. Thusthe model is =

calculated
¢ (,ul, -1 7’1)(4“[) ~|<yu)(;tu 'I-Z(J")(*[u(t)v-i-ﬂ“ Ly H’:) ; (3.3.1)
/)’(J | (2,1: 1Yy 7,)(—-;1(uv-|-;z“ o -|-}z3)~|-gquﬂu (;10 Yyt Y,)‘|~2}’07|]J
o ()l (3.3.2)
o .
- (4o v 7)1 (3.3.3)
i (zuu ik }'u)
i (44, }f‘{)(m;t(uv-l-yu 4k y,)C (3.3.4)
: q| o (ro+7) 2750 |
. gl peo V" = (i 17,) 8" Lot (st 1 70 420 ) 2700 | (3.3.5)

q[ o (1o ¥ Yo 1 1, ) 27,07, ](:‘[)’S —,uuw) 08T (20 vy 1) (uwv et v p v y)

|
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O o #(1-w@) 1y ‘ (3.3.6) ;
(4 1+w)
~

3.4 Global Stability of Discase Free Equilibrium State

{ Theorem 1: The discase free equilibrium of the model (2.1-2.7) is globally asymptotically stable (GAS) in S if Ro< 1.
Proofl:

{ To cstablish'the global stability of the discase free cquilibrium, the two conditions of Castillo-Chavex et al.(2002) must be
satisfied for R o< 1. The model is rewritten in the form:
I
dX, . , X, .
- =T, %), —2=6(xX, X,); G(x,, 0)=0 (3.4.1)

whore X | = (S, V)and X |, = (E, I

o

o L, C) also X, €M?*is the component dehoting the uninfected

populationand X, € Nis the component denoting the infected population. Since the discase free is
S R A '
. . e e po0 ) 1 (1o + 75 = 1)
i, =(X7, 0), X =|8,= . V=
S A Hy (/’0 VRS l/") Mo (/’0 +7s 'H//)

For the First Condition, that is globally asymptotically stability of XI' , we have

5. o n)s

(3.4.2)
dt A1~ @)+ y,S —(py +w)V
as a linear differential cquation
Solving the differential equation, we have. N
-+ yV w+yV _ ey
$(1)= (oY) (uory )exp Uatn) 4§ (0)exp ten) - (343)

- (/104'73) (,Uo"'}'s) :

% (,) — (/I(] ’(—(0) "l‘l/i’;s. (1)) _ (H(l _(Z)) ""I}/’})S (0)) exp—(/f,, ty ) T V(O) CXI)—(M"W)I (3'4'4)
RV  F

+ Yy = Uy
Now since S(l)-I~V(1) —1 as >0 Thus, X| = 'U_(/l“w ! V/) , /1(,&1,, Vst )) is globally
Ho (o 72 tw) 1o (o +75+¥)

—— ezt e 2

! dsyinplotically stable:
¢ Tor the Second Condition,

LG(X,, X,)=4X,-G(X,, X,) (3.4.5)
we'have . .

—(mo+20)  BS A4S &0S E

N A VS0 2 B 0 I, (3.4.6)

P e o 0 (1 7) 0 I,

i . ‘0 qYe . ar (/’(‘"’:(/‘o"' H "'7’2)) C
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A

[5(1, |1)u/f(,J.‘>' (pty+20) I 1

(,'(X“ X:,.)= (l 'Vu)lu GAT) “
()1, 4

pwvC rq(yufu +10) = (o 2417, C i

00 00 §

o |

2 0000 i
G(X,, X,)=4X, -G(X,, X,)= 3.4.8 !
LK %) *('")0000 v -j
0 00 0 P

Its obvious thiat sinccé(X,, Xz) = () Hence the prooflis complete. i

3.5 Globul Stability of Endemic Equilibrium State

Theorem 2: The endemic equilibrium of the reduced model, given by (2.1-2.7), is globally asymptotically stable (GAS) in Q
l[ Ru> |

Proof  Consider the reduced model in constructing the following nonlinear Lyupunov function: 3
=58 -8 In( = ) FE-E - E In( - )I-ff2 f,—1"=1"In I—”. + Ay - = III(E.J
s* Yo o .‘r.. | aru L c :
(3.5.1) i
Lyapunov derivatives gives; ' : -
& 8w Be bkl ') ks €4
F=S-—S8+k——Fk+2| ] -] |4+—|C-=C (3.52) : 1
S ]L < 7] o q}’() z :‘l
Substituting the reduced model, *
_ " |
, o G /!(G(I*VC)'I'I//V <t
= poll-vC)vrwV —| u,+ g1+ 1) efC 1y, |S——| - .
A ( ) W [:‘u / ( " L) / ?,l_l LWL,UU & /)’(I” '|’]L,) |'<'.‘/J’C i }’]_JS 3 E
v (1,4 1)+ £BC|S —(p, +20) E (p‘(lu +1,)+5BC) S ~ (4, +207) E | !
; E : j i
X O'EQ(JUU ’lfyﬂ)[rr k !“UVI' “1'(7’(: « T h L) (/”n byt 77)(’ ' i
R A R ; - i
< _}'—‘—(‘ﬂ"' ~(trr) )| ar —?Iiya)l/(}l-q(}fu[“ 0 ) = (- 14 -I-}’E)C'J i :
' ) A (3.5.3)
expanding the above and let f([u) :‘( 1, + ]c), we have ; ,‘
Y - ) o S. " J AT
FooB (v y)S—(Bf (1)1 66C)S - B 5 (g 7,) S = (BS(1,) 1 €8C)S
< Si” I of 3.54
(A1 (L)1 EFC)S —k ke (/Jj(1,,)u/fc) ko Ja" 1 kg - u "_k“fr’" G20
O‘ n
" kok 1, BT 4 kyd, kkC kll,,(_ k yll‘_C' 5 kk,C*
o "% an  C 7C o an
Simplifying and factorizing the common factors,
- g o, ES o8
FooAB (v ) S 1—— |1 (1)1 e8C) S| 1= |k B — =1
(5-( o) )[ S] (Br(L)+a8c) [ ES }I [E ) (3.5.5)
n o an U C e N

n
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Considering the following from the above;

s E'S E I 1 .
120, [1-22 <0, [=-1]|g0, |1-—]<0, |1-=]<0.

Since all the model parameters are nonncgative, it follows that F<0 for all R¢> 1 and with ¥ = 0 if andonly if

S8 E=k, I =1I', and C=C"lence I isa Lyapunov function on Q. .

4.0 Numicrical Simulation :
We simulated numerically with the aid of Maple sofiware to check and determine the cffect and behaviorof the parameters of

1 the model.
1 ‘Table 4a

Sio o

B 12|

Paramcters =~ " Model (Ro)
J Voo Vs w q DFE Remark
1.0 0.05 0.015 1.0 0.885 15.35676149 unstable
0.9 0.15 0.025 0.9 0.885 8.664470025 unstable
0.8 0.25" 0.035 0.8 0.885 5.409741319 unstable
0.7 0.35 0.045 0.7 Q.885 3.558030986 unstable
0.6 045" ' | 0.055 0.6 0.885 2.399263298 unstable
0.5 0.55 0.065 0.5 0.885 1.625657877 unstable
0.4 0.65 0.075 0.4 0.885 1.084266791 unstable
0.3 0.75:+ | 0.085 0.3 0.885 0.6914963784 stable
0.2 085 S 0.095 0.2 0.885 0.3983200916 stable
0.1 0.95 0..05 0.1 0.885 0.1743709001 stable

4.1  Discussion of Results

The simulﬂlio'lils;werc done using MAPLE 18 software. We derive some parameters {rom literature for our modelas follows;
t=0.0121, po = 0.00693, p 1 = 0.2 percent, [} = from 0.95 10 20.49, £ =0.16, ¢ = 6 per year, y o= 4 peryear, Y1 = 2 per year,
Y= 0.025 per ycar, y 3= 0 - 100 percent, ® = 0 - 100 percent, q = 0.885, y= 0.1, v = 0.11 . We calculated the basic
reproduction number as Ro = 2.971185193.Since Ry is greater thanunity in some cascs, it mean that the rate of infection
exceeds the rate of recovery and less than unity if thereverse is true.

Thus, proper immunization of both newborns and susceptible individuals is an efficient intervention. Simulations conducted

4 confirm the findings and suggest possible way to curb the outbreak ol the discase epidemic.
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