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Abstract The paper presents numerical study of forced convective heat transfer in internally finned

elliptic geometry to determine the effect of parameters such as Reynolds number, Prandtl number,

aspect ratio, fin heights, number of fins and orientations of the duct on the heat transfer coefficient,

temperature history and velocity profiles. The walls were assumed to be subjected to a thermal

boundary condition of constant heat flux and the effect of slip boundary is assumed negligible.

Finite difference technique was adopted for the solution and results were generated using a code

written in Qb-64. The study indicated that number of fins (F ¼ 8) provided the optimum heat trans-

fer augmentation. For all the geometries investigated, Nusselt number, average velocity and bulk

fluid temperature were enhanced by the inclinations in the range 0� 6 h 6 75�. For a flow regime

of 50 6 Re 6 200, the effect of inclination on heat transfer is negligible, but it worth noting the exis-

tence of a critical Reynolds number, Re ¼ 200, above which the effect of inclination on fluid flow

becomes noticeable. Also, at Pr P 5, Nusselt number and bulk fluid temperature were independent

of fluid properties. The results obtained could be applied in the prediction of parameters for the

design of compact heat exchangers for industrial applications.
� 2017 Faculty of Engineering, Alexandria University. Production and hosting by Elsevier B.V. This is an

open access article under the CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).
1. Introduction

Heat transfer augmentation is of great importance to the scien-
tist and engineers, particularly those that are interested in the
design of compact heat exchangers used extensively for the

cooling of heat transfer equipment. These heat exchangers
are highly applicable in industries where heat loads are
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Nomenclature

a major axis, m

A cross-sectional area, m2

b minor axis, m
cp fluid specific heat, kJ/kg k
Dh hydraulic diameter, 4A

Kc

e eccentricity;
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� �2

p
F number of fins
H normalized fin height

k iteration counter
kf thermal conductivity of fluid, W/m K
ks thermal conductivity of wall, W/m K

n exponent in hyper ellipse formula
Num mean Nusselt number Eq. (20)
p pressure, N/m2

Pe Peclet number (RePr)

Pr Prandtl number
r dimensional equivalent radius of the elliptic

geometry

r/ dimensional radius along the azimuthal direction
R non-dimensional equivalent radius of the elliptic

geometry

Re Reynolds number
T dimensionless temperature
Tb bulk fluid temperature

Tw wall temperature

U dimensionless velocity
W dimensionless wall thickness
ðr;/; zÞ modified cylindrical coordinate
z axial direction

@ partial differential

Greek symbols
a fin half angle ða ¼ c; finned sectorsÞ
b unfinned sector
Cc perimeter
� axis ratio = b

a

g non-dimensional coordinate g ¼ r/
a

h angle of channel inclinations
l viscosity, N S/m2

q fluid density, kg/m3

/ azimuthal direction
e limits

Subscripts
b bulk

m mean
w wall
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substantial for a limited available space as they offer specific
characteristics such as higher heat transfer rates and less flow

resistance compared to ducts of circular geometries. Laminar
forced convective mechanism through ducts of different
geometries had been studied by many researchers analytically,

numerically and experimentally.
Hassan and Siren [1] investigated the performance of evap-

orative cooled heat exchangers. They determined the heat and
mass transfer coefficients and presented the combined thermal-

hydraulic performance in terms of an energy index. They
found out that the finned tubes make higher thermal utiliza-
tion of the volume with the same energy index. In their work,

inclination and thermal boundary condition of peripheral uni-
form heat flux were not considered as considered in the current
research. Ota et al. [2,3], experimentally studied heat transfer

and fluid flow around elliptical cylinders of axis ratio 1:2 and
1:3. Their results showed that the heat transfer coefficient of
an elliptical cylinder is higher than that of a circular one with

equal circumference and the pressure drag coefficients of the
former were much lower than those of the latter. Teamah
et al. [4] performed a numerical investigation to determine
the effect of Reynolds and Prandtl numbers on laminar forced

convection in horizontal pipe partially filled with porous mate-
rial. They found out that insertion of porous material inside
the pipe leads to a higher average Nusselt number than that

of fluid flow in clear pipe. Foong et al. [5] carried out a numer-
ical study to determine the fluid flow and heat transfer charac-
teristics of a square micro-channel with four internal

longitudinal fins. Three dimensional numerical simulations
were performed on the micro-channel with variable fin height
ratio in the presence of a hydro-dynamically developed and
thermally developing laminar flow subjected to constant heat

flux boundary conditions. The result of the study indicated
that internal fins in a micro-channel have the potential to pro-
vide heat transfer augmentation. Bahrami et al. [6,7] used ana-

lytical method of solution and the concept of Saint-Venant
principle in torsion to develop a general model for predicting
pressure drop in micro-channels of arbitrary cross-section.
They showed that poiseuille number, f Re, where f is the Fan-

ning factor and Re is the Reynolds number, is a function of
polar moment of inertia, area and perimeter of the cross-
section of the channel. Their model showed good agreement

with experimental and numerical data for a wide variety of
cross-sections such as rectangular, trapezoidal, triangular, cir-
cular, and moon-shaped. However, they did not provide the

velocity distribution in the considered micro-channel. Sakalis
et al. [8] conducted a numerical investigation using Alternating
Direction Implicit method (ADI) to determine the fluid flow

and rate of heat transfer in straight elliptic ducts with varying
aspect ratios subjected successively to constant temperature,
circumferential uniform and axially linearly or exponentially
varying temperature. In the thermally developed limit, their

results showed that as the aspect ratio decreases, the Nusselt
number increases for small axial wall temperature distribu-
tions, but decreases for large axial wall temperature values.

Schubauer [9,10] conducted experiments to determine velocity
distributions in the laminar boundary layer of an elliptic cylin-
der with axis ratio 1:3. He found out that the velocity distribu-

tions, boundary layer thickness, and its tendency to separate
from the surface of the body were governed almost entirely
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by the velocity distribution in the region of potential flow
outside the boundary layer. Leveque solution for flow in an
elliptical duct is reported by Richardson [11]. Alam and

Ghoshdastidar [12] conducted a numerical study on hydro-
dynamically, and thermally developing flow inside circular
tubes with internal longitudinal fins having tapered lateral pro-

files. The results showed significant heat transfer enhancement
with the inclusion of internal fins. They used water and engine
oil as the assumed working fluids and they concluded water to

be a better coolant as compared to engine oil. Jackson [13],
D’Allessio and Dennis [14,15], and D’Allessio [16], numerically
investigated the flow of a viscous incompressible fluid past an
inclined elliptic cylinder. They obtained solutions for Reynolds

numbers up to 100 and for various inclinations. Good agree-
ment was found with the existing result. Dong and Ebadian
[17] conducted a numerical study of thermally developing flow

in an elliptical duct with four longitudinal internal fins of Zero
thickness. A control volume based finite difference technique
was used in the numerical analysis and an optimum value of

local Nusselt number was obtained as a function of fin height.
Papadopoulos and Hatzikonstanti [18] studied numerically
thermally developing flow in curved elliptic ducts with internal

fins. They limited the number of fins used to four which were
arranged along the axes.

What motivated the present authors was the discovery from
literatures that the few researchers that worked on elliptic

geometry using numerical method of solution had not consid-
ered the implication of using elliptic duct with multiple internal
fins because of the complexity of the configuration, those that

considered fins limited their works to four fins [17,18]. Sec-
ondly there was no article published that had considered
studying inclined elliptic duct with multiple longitudinal fins

that is subjected to a thermal boundary condition of constant
heat flux. Because of this gap, the present authors seek to
investigate the effects of orientation of the duct, introduction

of more than four longitudinal fins into the inner surface of
the duct and the use of fluids of high Prandtl numbers which
is aimed at improving the design of heat exchangers in heat
transfer equipment. This will enhance the life span of the heat

transfer equipment and also save financial and material
resources.

2. Methodology

2.1. Physical model

The physical model adopted for this study is an inclined duct
of elliptic geometry with internal longitudinal fins in modified

cylindrical co-ordinate system ðr;/; xÞ. The duct and all the
internal longitudinal fins are shown in the schematic diagram
of Fig. 1. The fins form an integral part of the duct materials

and are of trapezoidal cross-section. The temperature of the
fluid at inlet is assumed uniform while neglecting the axial heat
fluxes in the duct and fluid. Internal longitudinal fins are
arranged symmetrically along the axis inside the duct. The flow

is laminar with forced convective mechanism and thermal
boundary condition of constant heat flux at the outer wall of
the finned duct is assumed. It is assumed to be a steady state

incompressible fluid flow and the velocity profile is fully devel-
oped in the duct. There is only one non-zero velocity compo-
nent which is in the flow direction Ux. Thus Ur ¼ U/ ffi 0.
Ur;U/ are insignificant when compared with Ux. The effect

of gravity is neglected except in the axial direction and the
assumption of no-slip condition at the walls are considered.
The governing equations below were used in the mathematical

modeling. (Axial direction x ¼ z).
2.1.1. Coordinate system

The equations employed in this present work are expressed in

modified cylindrical coordinate system to accommodate the
applied boundary conditions.

Following D’Allessio [16], the mapping between Cartesian

coordinate ðx; y; zÞ and modified polar coordinates ðr;/; zÞ is

x ¼ c cosh r cos/ y ¼ c sinh r sin/ z ¼ z ð1Þ
The elliptic coordinate system introduces the following met-

rics in the three mutually orthogonal directions.

hr ¼ h/ ¼ h ¼ c

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
sinh2rþ sin2 /

q
hz ¼ 1 ð2Þ

x2

ðcos/Þ2 �
y2

ðsin/Þ2 ¼ 1 ð3Þ

x2

ðcosh rÞ2 þ
y2

ðsinh rÞ2 ¼ 1 ð4Þ

However, hyper ellipse is described by:

r/ ¼ a

fðsin hÞn þ ðcos h=eÞng1=n
; 0 6 e ¼ b

a
6 1 ½19� ð5Þ

e = Aspect ratio, a =major axes, b =minor axes.

By varying parameter n, several geometries can be created.
When n ¼ 2, from Eq. (5) yields an ellipse; for a ¼ b, the con-
sequent geometry is a circle.
2.2. Governing equations

2.2.1. Continuity equation

@Ur

@r
þUr

r
þ 1

r

@U/

@/
þ @Ux

@x
¼ 0 ð6Þ
2.2.2. Momentum transport equations

Since pressure varies only in the axial direction, the momen-
tum transport equation for the geometry reduces to:

@2Ur

@r2
þ 1

r2
@2U

@/2
þ 1

r

@U

@r
¼ 1

l
@p

@x
þ qg sin h

l
ð7Þ

where qgx (qg sin h) denotes the body force term as a result of

channel inclination.

2.2.3. Energy transport equation

The energy transport equation for a steady flow in the absence

of viscous dissipation term /ðiÞ is

@2t

@r2
þ 1

r

@t

@r
þ 1

r2
@2t

@/2
¼

Ux

a
@t
@x

0

� �
Fluid� Region

Fins & Solid� Region
ð8Þ



Fig. 1a Ducts of elliptic cross-section with internal longitudinal fins inclined at angle h to the horizontal.

Fig. 1b Computational domain and applicable boundary conditions of the elliptic geometry.
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2.3. Applicable boundary conditions

Based on the assumptions made, the boundary conditions for
Eq. (2) are:

ðaÞ @ux
@/

¼ 0 ð9Þ

@2ux

@/2
¼ 0 for

/ ¼ 0; ð0 6 r 6 r/ � hÞ
/ ¼ aþ bþ c; ð0 6 r 6 r/ � hÞ

� �
ð10Þ

(b) Interface between solid and fluid.

No-slip condition: u ¼ 0

) u ¼ 0 for

0 6 / 6 a; r ¼ r/ � h

/ ¼ a; r/ � h 6 r 6 r/

a 6 / 6 aþ b; r 6 r/

/ ¼ aþ b; r/ � h 6 r 6 r/

ðaþ bÞ 6 / 6 ðaþ bþ cÞ; r ¼ r/ � h

8>>>>>><
>>>>>>:

9>>>>>>=
>>>>>>;

ð11Þ
Similarly, boundary condition for energy transport Eq. (8)
is;

(a) Fluid region (symmetry condition)

@tf
@/

¼ 0 for
/ ¼ 0; 0 6 r 6 r/ � h

/ ¼ aþ bþ c; 0 6 r 6 r/ � h

� �
ð12Þ

(b) Solid region (symmetry condition)

@ts
@/

¼ 0 for
/ ¼ 0; r/ � h 6 r 6 r/ þ w

/ ¼ aþ bþ c; r/ � h 6 r 6 r/ þ w

� �
ð13Þ

(c) Outer wall of the channel

qr/þw ¼ �ks
@t

@r

����
r¼riþw

ð14Þ
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(d) Interface between solid and fluid.

tf ¼ ts for

0 6 / 6 a; r ¼ r/ � h

/ ¼ a; r/ � h 6 r 6 r/

a 6 / 6 aþ b; r 6 r/

/ ¼ aþ b; r/ � h 6 r 6 r/

ðaþ bÞ 6 / 6 ðaþ bþ cÞ; r ¼ r/ � h

8>>>>>><
>>>>>>:

9>>>>>>=
>>>>>>;
ð15Þ
2.4. Normalization parameters

The governing equations and the associated boundary condi-
tions are non-dimensionalized by the following transformation
parameters:

X ¼ x

aPe
g ¼ r/

a
H ¼ h

a
W ¼ w

a
e ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� ðeÞ2

q

� ¼ b

a
R ¼ r

a
K� ¼ ks

kf
Pr ¼ Cp

l
k

Re ¼ 2qUmaxa

l
Pe ¼ 2Umaxa

at
Pk ¼ qg

@p=a@x

U ¼ umax

ðaÞ2
l � @p

@x

� � Dh ¼ dh
a

T ¼ t� t0
qa
kf

g ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1�e2

ð1�e2 sin/Þ

q
umax ¼ 1

4
a2

l � dp
dx

� �h i
1� r2

a2

h i
[19–23]

2.4.1. Normalized momentum transport equation

@2U

@R2
þ 1

R

@U

@R
þ 1

R2

@2U

@/2
¼ �1� RePr sin h ð16Þ

Normalized Boundary Condition for Eq. (16).
For symmetry condition

@2U

@/2
¼ 0 @

/ ¼ 0; 0 6 R 6 g�H

aþ bþ r; 0 6 R 6 1�H

� �
ð17Þ

For interface between solid and fluid

U ¼ 0 @

0 6 / 6 a; R ¼ g�H

/ ¼ a; g�H 6 R 6 g

a 6 / 6 aþ b; R 6 g

/ ¼ aþ b; g�H 6 R 6 g

aþ b 6 /aþ bþ r; R ¼ 1�H

8>>>>>><
>>>>>>:

9>>>>>>=
>>>>>>;

ð18Þ
2.4.2. Normalized energy transport equation

@2T

@R2
þ 1

R

@T

@R
þ 1

R2

@2T

@/2
¼ 2U @T

@X
for fluid

0 forchannelandfin

� �
ð19Þ

Normalized Boundary Condition for Eq. (19)
For fluid region (Symmetry condition)

@Tf

@/
¼ 0 @

/ ¼ 0; 0 6 R 6 g�H

/ ¼ aþ bþ c; 0 6 R 6 1�H

� �
ð20Þ
For Solid region (Symmetry condition)

@Ts

@/
¼ 0 @

/ ¼ 0; g�H 6 R 6 gþW

/ ¼ aþ bþ c; 1�H 6 R 6 1þW

� �

ð21Þ
For outer Wall of the Channel

@T

@R

����
R¼gþw

¼ �1

k�
ð22Þ

For Interface between solid and fluid

Tf ¼ Ts @

0 6 / 6 a; R ¼ g�H

/ ¼ a; g�H 6 R 6 g

a 6 / 6 aþ b; R 6 g

/ ¼ aþ b; g�H 6 R 6 g

aþ b 6 / 6 aþ bþ c; R ¼ 1�H

8>>>>>><
>>>>>>:

9>>>>>>=
>>>>>>;
ð23Þ
3. Solution techniques and computational procedure

3.1. Solution techniques

The governing equations with its associated boundary condi-
tions are solved numerically by employing the iterative finite
difference Gauss-Seidel technique. For the discretization of

the governing equations, the central differences are used for
the second-order derivatives, and the forward and backward
differences are used for the first-order derivatives. Algebraic

equations obtained for each variable are solved by simple form
of Gauss-Seidel iterative procedure.

Convergence of the iteration procedures for the governing

equations was achieved when the following criterion was satis-
fied [24].

max
BðuÞikþ1 � BðuÞik

BðuÞik

� �
6 e ð24Þ

where BðuÞ represents the variable U or T, k is the iteration

counter and e ¼ 10�6.
Consequently, the Nusselt number, surface heat transfer

coefficients were obtained from the numerical simulation once
the convergence criterion was satisfied.

3.2. Computational procedure

Considering the symmetry of the flow, only a quarter of the

whole cross-section was used in the numerical computation.
The velocity fields were numerically evaluated from the
momentum transport equations and its associated boundary

conditions. The velocity obtained is then used for the evalua-
tion of the energy transport equation for the fluid and solid
regions.

A non-uniform grid pattern of 26 � 20 points was
employed for the duct geometries with axis ratios 0.25, 0.33,
0.5, 0.8 and 1. All successive calculations of the present study
are based on these grid sizes. To ensure the accuracy of the

numerical result, numerical tests were carried out with differ-
ent grid sizes to determine the effect of grid size in the numer-
ical results, before arriving at an appropriate mesh size.
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Computed values for Nusselt number, average velocity,
bulk fluid temperature were evaluated by varying affecting
parameters such as, Reynolds number, Prandtl number, fin

height, channel inclinations and aspect ratios to determine
their effects on heat transfer.

In solving the problem, a finite difference analogue was

developed and results generated using a code written in Qb-64.

4. Evaluation of the mean Nusselt number

Nusselt number is a dimensionless parameter indicative of the
ratio of heat flow rate by convection under unit temperature
gradient to the heat flow rate by conduction process under unit

temperature gradient through a thickness of Dh. The tendency
of fins in providing heat transfer augmentation is critically
analyzed by values of Nusselt number.

Num ¼ hðxÞDh

kf
ð25Þ

Hence, Nusselt number is given by:

@T
@R

ðTw � TbÞDh

����
R61

ð26Þ

where Dh is the hydraulic diameter of the elliptic geometry with
internal longitudinal fins. It can be estimated form Eq. (14) as,

Dh ¼
4 pab� FHapð2a�HÞ 1

cos aþ1ð Þ
360

� 	

pðaþ bÞ þHF 2
cos a � ap

180
1

cos a þ 1
� �� � ð27Þ
5. Results and discussion

5.1. Program validation

The program for implementing the scheme was written in Qb-
64 a version of Basic programming language. In order to val-

idate the modeling scheme, the unfinned duct results from
Sakalis et al. [8] and Javery [25] were compared with a case
of an unfinned duct modeled in the present study. The compar-

ison is shown in Fig. 2 where the variation of mean Nusselt
number as a function of aspect ratio is presented. As seen from
Fig. 2, the comparison was found to be in good agreement.

Having completed the grid independence study, and validation
4.1
4.2
4.3
4.4
4.5
4.6
4.7
4.8
4.9

5

0.25 0.5

N
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lt 
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m
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r

Aspect ra

Fig. 2 Comparison of results from present work for the case of u

Pr= 0.7. F = 0, a= 0�, W= 0.2, h= 0�.
of the modeling scheme by making comparison with results
available in literature, the results for the finned ducts are given
in Figs. 3–23.

5.2. Overall rate of heat transfer

Fig. 3 shows the plot of mean Nusselt number versus the num-

bers of Fin for selected aspect ratio. As can be seen from
Fig. 3, the mean Nusselt number increases as the numbers of
Fin increases with Fin numbers (F ¼ 8) indicating the highest

Nusselt number for all the geometries investigated. It is also
worthy to note that there is a sharp decrease in mean Nusselt
number value after Fin numbers (F ¼ 8) for all the geometries

investigated, indicating a critical condition. After this point,
increasing the numbers of Fin reverses the rate of heat transfer.

Figs. 4 and 5 present the variation of mean Nusselt number
with duct inclination for different fin heights and fin half

angles respectively for e ¼ 0. Fig. 4 indicates that Nusselt num-
ber steadily increases with duct inclination. Furthermore,
easily noticeable in the plots of Fig. 4 is that Nusselt number

increases as fin’s height increases, indicating the effectiveness
of fins in heat transfer augmentation.

Fig. 5 shows a significant increase in heat transfer in the

range 0� 6 h 6 75�. While there is no significant change in
Nusselt number value in the range 75� 6 h 6 90�. At this
point, gravity no longer has effect on the flow. Worthy to note
is the fact that inclination also enhances the rate of heat trans-

fer to a certain limit until its effect becomes insignificant. Also,
going by the revelation of Fig. 5, fin half angle ða ¼ 3�Þ was
found to give the highest value of Nusselt number among all

others investigated in the geometry. This may be due to the
fact that for large fin thickness, heat conduction is predomi-
nant in the flow regime. Hence, the lower the thickness of

the fins the better the performance of heat transfer equipment.
Fig. 6 shows the variation of mean Nusselt number with

duct inclinations for low and high Reynolds number flow

regimes. For the geometry of Fig. 6, the variation of mean
Nusselt number with duct inclination shows a similar trend
to that experienced in Fig. 5 wherein Nusselt number increases
steadily with duct inclination in the range 0� 6 h 6 75� until

inclination becomes insignificant in the range 75� 6 h 6 90
where the Nusselt number attains it maximum value. At this
point gravity no longer has an effect on the rate of heat trans-

fer. However, from all Reynolds numbers examined,
Re ¼ 1000 provided the highest value of Nusselt number. Sig-
0.8 1
tio

Present study

(V. Javery)

(V.D Sakalis et al)

nfinned duct with Sakalis et al. [8] and Javery [25]. For H= 0,
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nifying that the higher the Reynolds number the higher the
rate of heat transfer.

The variation of mean Nusselt number against duct inclina-
tion for various geometries is considered in Fig. 7, for all
geometries investigated, Nusselt number increases steadily
with duct inclination in the range 0� 6 h 6 75�. For
75� 6 h 6 90, no significant change occurs in the value of
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Nusselt number which is at maximum at this range. A trend
similar to that revealed by Figs 5 and 6 respectively. Observa-

tions from the plots clearly show that the higher the aspect
ratio �, the lower the value of the Nusselt number.

Fig. 8 shows the plot of mean Nusselt number as a function

of Reynolds number for selected angles of inclination. A crit-
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Fig. 10 Variation of Nusselt number with Prandtl number for selecte
ical observation of Fig. 8 shows that although Nusselt number
keeps increasing with increasing Reynolds number for all the
angles of inclination considered, revelations from the plots

indicate that beyond h > 45�, the difference between the values
of Nusselt numbers between h ¼ 45� and h ¼ 90� are small.
This is an indication that there is little or no benefit derivable

from the rate of heat transfer achieved by increasing the duct
inclination above h > 60�. It is also worthy to note that at
Re ¼ 200, for all the geometries investigated, regardless of ori-

entation of the duct, the plot formed a slight trough indicating
a critical flow condition.

However, observation from Fig. 9 shows that the lowest
Nusselt number value was found at the circular geometry of

the duct as compared to other geometries; indicating that the
larger the aspect ratio the lesser the mean Nusselt number.
This result was compared with the result of Hasan [26] within

the laminar range of his experimental study.
The variation of mean Nusselt number against Prandtl

number is presented in Fig. 10. It can be seen that in the range

0:7 6 Pr 6 5, mean Nusselt number increases as the Prandtl
number increases until it reaches a point of convergence at
Pr ¼ 5. At Pr P 5 Nusselt number is independent of the prop-

erty of the fluid. This compares favourably with the results of
Bello-Ochende and Adegun [20].

5.3. The velocity profile

Fig. 11 shows the variation of average velocity with aspect
ratio for different number of Fins. It can be seen that, as the
aspect ratio increases the average velocity increases, for all

the numbers of Fin investigated, with exemption of Fin num-
bers (F ¼ 10) that behaves contrary. This is indicative that flow
will be impeded for numbers of Fin above (F ¼ 8).

Fig. 12 presents the variation of average velocity with angle
of inclination for different fin heights of the duct considered
ðe ¼ 0Þ. It is clear from the plots of Fig. 12, that for all finned

and unfinned cases considered, average velocity increases with
inclination in the range 0� 6 h 6 75�. At 75� 6 h 6 90�, the
average velocities are maximum and identical. In this range,
effect of inclination is insignificant. However, the un-finned

duct can be seen to have the maximum value of average veloc-
ity and when internal fins are added, the region of maximum
velocity shifted as observed from the plots.

Fig. 13 depicts the variation of average velocity with duct
inclinations for different Reynolds number flow regimes
7 8 9
ber

θ=0º

θ=45º

θ=90º

d duct inclinations. For e= 0, H= 0.2, F = 8, a= 3�, W= 0.2.
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considered. It is very clear from the plots in Fig. 13 that at high
Reynolds number the average velocity is distinctively higher as
compared to the low Reynolds number cases. This interesting
observation speaks volume about the influence, the duct incli-
nation and Reynolds number can have on the average velocity
of flow.

Fig. 14 shows the variation of average velocity as a function
of Reynolds number for selected angles of duct inclination.
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For all the inclinations considered, it can be seen that in the
range of 50 6 Re 6 200, the average velocities are almost iden-

tical. Beyond this range, the effect of Reynolds number on the
fluid flow becomes noticeable for all inclinations.

The variation of average velocity with Prandtl number for

selected duct inclinations is presented in Fig. 15. It can be seen
that the average velocity increases slowly in the range of
0:7 6 Pr 6 2, but there was a sharp increment of average

velocity in the range of 2 6 Pr 6 5. Interestingly, at Pr P 5,
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the increment of average velocity was steady and constant.
However, at h > 45�, average velocity tends towards conver-

gence with the vertical orientation signifying that inclinations
are not too significant in this range.

Fig. 16 depicts the variation of average velocity with aspect
ratio for different duct inclinations. Observation from Fig. 16
indicates that average velocity increases with increasing aspect
ratio for all duct inclinations considered. Interestingly, the
average velocity tends to converge at the higher inclination

of the duct. This is an indication that there is a limit to which
the duct should be inclined since no significant change would
occur when increased beyond h ¼ 45�.

5.4. The temperature profile

The variations of bulk fluid temperature with duct inclinations

are shown in Figs. 17–20. A close look at the figures reveals
similar response of bulk fluid temperature with angle of duct
inclination, as the bulk fluid temperature increases steadily

with duct inclination in the range 0� 6 h 6 75�. Beyond this
range, no significant changes could be seen particularly in
the range of 75� 6 h 6 90�.

However, Fig. 17 indicates that with the addition of inter-

nal fins, the bulk fluid temperature increases progressively with
fin height and the region of maximum bulk fluid temperature is
at H = 0.8 due to the presence of the fins.

It can be seen clearly from Fig. 18 that fin half angle a ¼ 3�

gives the highest value of bulk fluid temperature and the lowest
value was seen at a ¼ 18� indicating that the higher the thick-

ness of the fins the lesser the bulk fluid temperature. This may
not be unconnected with the fact that conduction is more pro-
nounced than convection in thicker fins as compared to thin-
ner ones.

In Fig. 19 all the aspect ratios considered responded in a
similar way towards inclination, but it can be seen that the
higher the aspect ratio the higher the bulk fluid temperature.

Fig 20 shows similar response of bulk fluid temperature
with inclinations to that experienced in Figs. 17–19. It can be
identified that increasing Reynolds number has a significant

effect on the value of bulk fluid temperature, particularly at
high Reynolds number flow regimes.

Fig. 21 shows the variation of bulk fluid temperature as a

function of Reynolds number. A critical examination of
Fig. 21 depicts that at Re = 200, a slight steep valley is
observed for all conditions investigated. Prior to this point
the bulk fluid temperature increases steadily with Reynolds

number and after the critical point ð500 6 Re 6 2000Þ, the sig-
nificant effect of Reynolds number continue to be seen. Also, it
can be seen in Fig. 21 that at higher inclination angles,

h P 45�, Reynolds number effect on bulk fluid temperature
becomes insignificant.

Fig. 22 shows the plot of bulk fluid temperature against

aspect ratio for different duct inclinations. For all the aspect
ratios considered, it can be observed that in the interval of
h P 45�, the bulk fluid temperature drifted gradually towards
the vertical orientation. In the range of h P 45�, it is worthy to

note that the effect of gravity is not too significant. Fig. 23
shows that increasing the Prandtl number leads to increasing
bulk fluid temperature for all duct inclinations considered until

it reaches the point of convergence at Pr = 5. At this critical
point, that is, Pr P 5 the bulk fluid temperature is independent
of the properties of the fluid.
6. Conclusion

Based on this numerical study, and within the range of Rey-

nolds numbers examined which varied from 50 to 2000 and
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the angles of duct inclination which varied from 0� to 90� (at
15� interval). The following conclusions were made;

� In all the geometries investigated, optimum heat transfer
augmentation occurred at Fin number (F ¼ 8) and above
this fin number (F ¼ 8), there is a sharp drop in rate of heat

transfer by convection. Hence, it is advisable not to increase
the number of fin beyond (F ¼ 8).

� For a given duct geometry, fin height, H ¼ 0:8 is the opti-

mum fin height that provides the best possible heat transfer
augmentation. Further increment beyond this value, fin
height could impede flow and slow down the heat transfer
by convection.

� The enhancement of heat transfer by Reynolds number,
geometries and angle of inclinations is clearly recognized.

� Over the Reynolds number range examined, the values of

mean Nusselt number, average velocity and bulk fluid tem-
perature at 75� 6 h 6 90� are nearly equal.

� As the aspect ratio increases from 0.33 to 1, the mean Nus-

selt number decreases while the average velocity and the
bulk fluid temperature increase.

� For Pr P 5, Nusselt number and bulk fluid temperature are

found to be independent of the properties of the fluid.
� The exact performance of duct depends on the geometry
and other operating conditions.
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