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Abstract


This study presents a Computational Numerical Scheme (CNS) for the direct solution of second-order oscillatory initial value problems without reducing them to systems of first-order differential equations. The motivation for this approach stems from the need to improve computational efficiency, reduce numerical complexity, and preserve the inherent structure of oscillatory physical models such as Bessel-type equations and mass-spring systems. The CNS was derived using a power series approximation combined with interpolation and collocation techniques, leading to a continuous hybrid linear multistep formulation. The method was analyzed for consistency, order, zero-stability, convergence, and absolute stability, where it was shown to be A-stable. The CNS was applied to three test problems, and its performance was evaluated through comparisons of absolute errors with existing methods in the literature. Numerical results demonstrated that the CNS consistently produced highly accurate approximations with significantly reduced errors, outperforming competing methods. Graphical illustrations further confirmed the superiority and stability of the method across all tested intervals. The findings indicate that the CNS is an efficient, reliable, and accurate approach for solving second-order oscillatory differential equations arising in real-life physical systems.
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Introduction


Scientists and engineers use second-order oscillatory problems to study mechanical vibrations, electrical circuits, quantum mechanics, and wave propagation phenomena. The solutions to these problems are described by second-order ordinary differential equations that produce oscillatory patterns throughout the solution process. Traditional numerical methods for solving such equations often convert them into systems of first-order equations, which leads to higher computational costs and reduced efficiency. Consequently, researchers now focus on developing numerical methods that allow the direct computation of second-order equations, as this approach preserves the structure of the original problem and improves solution accuracy (Omole and Ogunware, 2018; Lydia et al. 2021).
Computational numerical methods for solving second-order oscillatory problems directly exploit the inherent oscillatory behavior of the solution. These methods include direct integration schemes, trigonometrically fitted methods, and block methods, all of which are designed to enhance accuracy, stability, and efficiency by minimizing phase-lag and numerical damping errors. By solving periodic problems directly, these approaches eliminate the need to transform the equations into systems of first-order equations, thereby reducing computational cost. As a result, they have become essential tools for researchers dealing with practical oscillatory models that require both high accuracy and fast computational performance (Adewale and Sabo, 2024).
Mathematical modeling has become a powerful tool in recent years for advancing our understanding of processes in biology, physics, and medicine, particularly in areas such as dynamical systems, body cooling, and simple harmonic motion. The mathematical models developed by Sabo et al. (2021) and Elazzouziet al. (2019) have proven effective in supporting both mathematical research and advances in the biosciences. The application of mathematics in these fields has led to the development of new methods that promote interdisciplinary collaboration among scientists. This study further demonstrates how mathematical techniques enhance understanding and improve the accuracy of predictions in dynamical systems and thermal process investigations (Kubuyeand Omar, 2015a).
The numerical solution of higher-order ordinary differential equations is typically achieved by converting the equations into first-order differential equation systems which require a suitable numerical method designed for first-order equations. The method calculates solutions by processing one point at a time to complete the solution. The method suffers from multiple problems because it requires extensive computational resources, it has complicated execution requirements, its accuracy suffers from error problems, the method needs complex programming work, and it consumes excessive time (Kubuyeand Omar, 2015b).
This research examines direct solutions for initial value problems which involve second-order ordinary differential equations of the form


		(1.1)





where  represents initial value/point,  denotes the solution at time ,  remains continuous over the integration interval. We operate under the assumption that equation (1.1) adheres to the existence and uniqueness theorem of differential equations. Furthermore, we presume that solutions to equations akin to (1.1) remain bounded. It is crucial to clarify that a solution  to equation (1.1) is deemed bounded if,

								(1.2)
Researchers have dedicated significant efforts to developing numerical solutions for equations of the form (1.1), as reported in studies by Kubuye and Omar (2015b), Adeyeye and Omar (2017), and Skwame et al. (2019).
The development of numerical methods for solving second-order ordinary differential equations has attracted considerable attention in recent years. Various researchers have made significant contributions to this field through the formulation of improved computational techniques, among others are Adeniran and Ogundare (2015), Kwanamu et al. (2021), Donald et al. (2021), Ayinde et al. (2023), and Ishaq et al. (2024) all contributed to advancing solution strategies for differential equations, particularly in enhancing efficiency and accuracy.
Ibrahim (2017) introduced a hybrid multistep method for solving second-order initial value problems, which avoids the transformation of such problems into systems of first-order equations. The study demonstrated that the incorporation of hybridization and off-step points improves the accuracy and stability of the method.
Similarly, Kamo et al. (2018) developed a block method with continuous coefficients based on shifted Legendre polynomials. This approach provided a simple and efficient framework for solving second-order ordinary differential equations by expressing the solution in continuous functional form.
In addition, Raymond et al. (2018) developed an implicit two-step hybrid block method that utilizes off-grid points and incorporates third-derivative information. Their method showed improved performance in handling both stiff and oscillatory problems, achieving higher accuracy through the use of higher-order derivative information.
Current research efforts focus on addressing the limitations of existing numerical methods for solving oscillatory differential equations, particularly the wastage of human efforts, time constraints and the computational burden that affect the accuracy of the method in terms of errors.
To overcome these challenges, Sabo et al. (2024) introduced a two-step block method specifically designed for oscillatory systems. Their study demonstrated that the method improves accuracy while reducing computational requirements, although its performance may still depend on step-size selection in highly stiff or complex oscillatory cases. Similarly, Adewale and Sabo (2024) showed that while classical approaches may struggle with long-term simulation of oscillatory motion in mass–spring systems, direct computational techniques provide better stability and efficiency in modelling dynamic behaviour.
Furthermore, Aloko et al. (2024) developed a direct method for solving third and fourth-order oscillatory differential equations. Although the method improves computational efficiency and reduces transformation errors associated with converting higher-order problems into first-order systems, challenges may still arise in handling highly nonlinear or strongly stiff oscillations.

Derivation of Computational NumericalScheme(CNS)


The computational numerical scheme (CNS) is derived in this section, where an approximate solution is expressed in the form of a power series polynomial as


								(2.1)




is considered as the basis function for the direct solution of the second initial value problems of the form (1.1). Where, the  are real unknown parameters to be determined,  and  is the sum of the number of interpolation and collocation points.

Differentiate equation (2.1) two times to obtain

							(2.2)



Now,interpolating (2.1) at point  and collocating (2.2) at which lead to a system of equation in a matrix form as


	      (2.3)



using Gaussian elimination method on maple 2024.2 software package, (2.3) is solved for the . The values of the  obtained are then substituted into (1.1), after some manipulations, this gives a continuous hybrid linear multistep method of the form;

     (2.4)


the coefficient  are given by;



evaluating (2.4) at non interpolating points to obtain the continuous form as,
	














(2.5)

differentiating (2.4) once, yields


         (2.6)


the coefficient  are given by;















Evaluate equation (2.6) at all point, to yields the following discrete (CNS)as












(2.7) 

Now, combining equation (2.5) and (2.7) together to obtain the CNS, which can be written as


          (2.8)

Analysis of Computational NumericalScheme(CNS)

In this section, the analysis of the basic properties of the CNS are analyzed. These properties are order, error constant, consistency, zero-stability and region of absolute stability.

Order and Error Constant of CNS 


Let the linear operator defined on the method be, where,

		      (3.1)




Expanding  and in Taylor series and comparing the coefficients of  gives

    (3.2)





Definition 3.1: The linear operator  and the CNS are said to be of order  if  is called the error constant and implies that the truncation error is given by


	       (3.3)

Apply definition 3.1 alongside with equation (3.3) to obtain 










Comparing the coefficient of, according to Skwame et al. (2019), the CNS is of uniform order . The error constant are 

Consistency of the CNS 


A CNS is consistent since the order of CNS p is be greater than or equal to zero to one i.e.  (Skwameet al. 2019).

Zero Stability of the CNS 





Definition 3.2: The CNS is said to be zero-stable, if the roots of the first characteristics polynomial  defined by  satisfies  and every root satisfies , Sunday (2018). The first characteristic polynomial is given by,





Thus, solving for in

									              (3.3)

gives . Hence the CNS is said to be zero-stable.

Convergence of the CNS 

Theorem 3.1: The necessary and sufficient conditions for linear multistep method to be convergent are that it must be consistent and zero-stable (Skwameet al. (2019). Hence the CNSformulated is consistent.

Region of Absolute Stability of CNS 



Definition 3.3: The region of absolute stability is the region of the complex plane, where  for which the CNSis absolute stable. To determine the region of absolute stability of the CNS, the method that compare neither the computation of roots of a polynomial nor solving of simultaneous inequalities is adopted. Thus, the method according to Sunday, (2018) is called the boundary locus method. Applying the boundary locus method on the CNS, we obtain the stability polynomial of the CNSas


   (3.4)	

Using the stability polynomial in equation (3.4), we obtain the region of absolute stability in figure below as
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Figure 3.1: Stability region of CNS.

The stability region obtained in Figure 3.1 is A-stable, since its region of absolute stability include the whole left half of the complex z-plane.

Numerical Applications of CNS

The Computational Numerical Scheme (CNS) was implemented on second order initial value problems of ordinary differential equation of the form (1.1) without the need to reduce it to an equivalent system of first order ODEs. The study conducted a comparison of absolute errors which were calculated from approximate solutions against results obtained through established methods for each application.

Example 4.1: 

Consider the second-order Bessel differential equation describing an oscillatory physical problem, given as follows:


				(4.1)

with analytical solution of (4.1) as


					(4.2)

Source: [Olabode and Momoh (2016); Lydia et al. (2021)]
Table 4.1 and Figure 4.1 present numerical results which compare the CNS method against the methods developed by Olabode and Momoh (2016) and Lydia et al. (2021). The notation AEOM16 refers to the work of Olabode and Momoh (2016) while AELe21 stands for the research of Lydia et al. (2021).

Example 4.2:

Consider the second-order oscillatory dynamic problem modeled as follows:


			(4.3)

with the analytic solution of (4.3) is given by,	


			(4.4)

Source: [Skwameet al. (2017); Skwameet al. (2020)].

The absolute error of the CNS method, denoted as AECNS, was compared with the absolute errors of the existing methods of Skwame et al. (2017), denoted as AESe17; Skwame et al. (2020), denoted as AESe20; and Sabo et al. (2021), denoted as AESe21. The results are presented in Table 4.2 and are shown graphically in Figure 4.2.

Example 4.3:

	
The mass-spring system of the second-order oscillatory problem is modeled as follows:


				(4.5)

is consider with the analytic solution of (4.5) is given by,


					(4.6)

Source: [Skwame et al. (2017); Sabo et al. (2021)].

Table 4.3 presents a comparison of the absolute errors of the CNS method with those of Skwame et al. (2017) and Sabo et al. (2021). The error curves are displayed in Figure 4.3 as a visual representation of the data while AESe17 represents Skwame et al. (2017) and AESe21 represents Sabo et al. (2021).

Table 4.1: Numerical Comparison of Example 4.1

	

	Analytic Solution 
	Approximate Solution
	AECNS
	AELe21
	AEOM16

	0.1
	0.09978366643856425102
	0.09978366643856425102
	0.0000e00
	1.2567e-12
	1.0170e-12

	0.2
	0.19857132413727709130
	0.19857132413727709132
	2.0000e-20
	2.1140e-12
	1.4285e-11

	0.3
	0.29537690618797073421
	0.29537690618797073422
	1.0000e-20
	2.3764e-12
	4.9557e-11

	0.4
	0.38923413010984991465
	0.38923413010984991467
	2.0000e-20
	3.4242e-12
	1.0161e-10

	0.5
	0.47920614296373040709
	0.47920614296373040711
	2.0000e-20
	3.3944e-12
	1.7416e-10

	0.6
	0.56439487271056245371
	0.56439487271056245372
	1.0000e-20
	3.3436e-12
	2.6425e-10

	0.7
	0.64394999247214148272
	0.64394999247214148273
	1.0000e-20
	4.2949e-12
	3.7579e-10

	0.8
	0.71707740821578389546
	0.71707740821578389546
	0.0000e00
	4.2574e-12
	5.0602e-10

	0.9
	0.78304718514176158945
	0.78304718514176158945
	0.0000e00
	5.2344e-12
	6.5904e-10

	1.0
	0.84120083365496243679
	0.84120083365496243678
	1.0000e-20
	6.2265e-12
	8.3225e-10


Table 4.2: Numerical Comparison of Example 4.2
	

	Analytic Solution 
	Approximate Solution
	AECNS
	AESe17
	AESe21
	AESe20

	0.1
	-0.06436205154552458248
	- 0.06436205154550692713
	1.7655e-14
	1.2744e-08
	2.0453e-10
	4.4268e-09

	0.2
	-0.08430720522644774945
	- 0.08430720522643379455
	1.3955e-14
	3.0442e-08
	4.8485e-10
	2.2383e-08

	0.3
	-0.08405225313390041905
	- 0.08405225313389384414
	6.5749e-15
	4.1501e-08
	6.6174e-10
	3.5865e-08

	0.4
	-0.07529304213333374810
	- 0.07529304213333305897
	6.8913e-16
	4.5385e-08
	7.2649e-10
	4.2157e-08

	0.5
	-0.06357063960355798563
	- 0.06357063960356088723
	2.9016e-15
	4.4298e-08
	7.1295e-10
	4.2895e-08

	0.6
	-0.05142117069384508163
	- 0.05142117069384974188
	4.6603e-15
	4.0466e-08
	6.5550e-10
	4.0288e-08

	0.7
	-0.03993052956438697070
	- 0.03993052956439220056
	5.2299e-15
	3.5475e-08
	5.7884e-10
	3.6051e-08

	0.8
	-0.02949865862803573900
	- 0.02949865862804086216
	5.1232e-15
	3.0285e-08
	4.9808e-10
	3.1287e-08

	0.9
	-0.02021269131259124546
	- 0.02021269131259569819
	4.6813e-15
	2.5408e-08
	4.2140e-10
	2.6618e-08

	1.0
	-0.01202699425403169607
	- 0.01202699425403580479
	4.1087e-15
	2.1071e-08
	3.5257e-10
	2.2352e-08




Table 4.3: Numerical Comparison of  Example 4.3

	

	Analytic Solution 
	Approximate Solution
	AECNS
	AESe17
	AESe21

	0.01
	- 0.49959872021047678004
	-0.49959872021047678005
	1.0000e-20
	1.6621e-09
	1.0000e-19

	0.02
	- 0.49839019330974949646
	-0.49839019330974949645
	1.0000e-20
	1.1586e-08
	4.1000e-19

	0.03
	- 0.49636836974027966301
	-0.49636836974027966301
	0.0000e00
	2.9743e-08
	9.1000e-19

	0.04
	- 0.49352852660817937130
	-0.49352852660817937131
	1.0000e-20
	5.6076e-08
	1.6600e-18

	0.05
	- 0.48986728796894500998
	-0.48986728796894500999
	1.0000e-20
	9.0504e-08
	2.6200e-18

	0.06
	- 0.48538264289709933476
	-0.48538264289709933476
	0.0000e00
	1.3291e-07
	3.8000e-18

	0.07
	- 0.48007396129056685722
	-0.48007396129056685721
	1.0000e-20
	1.8317e-07
	5.2000e-18

	0.08
	- 0.47394200736436189072
	-0.47394200736436189071
	1.0000e-20
	2.4110e-07
	6.8500e-18

	0.09
	- 0.46698895079202783994
	-0.46698895079202783995
	1.0000e-20
	3.0653e-07
	8.7500e-18

	0.1
	- 0.45921837545722401274
	-0.45921837545722401275
	1.0000e-20
	1.6621e-09
	1.0850e-17
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Figure 4.1: Graphical Curve of Table 4.1
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Figure 4.2: Graphical Curve of  Table 4.2
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Figure 4.3: Graphical Curve of  Table 4.3

Discussion of Results

The Computational Numerical Scheme (CNS) was applied to selected second-order initial value problems of ordinary differential equations of the form (1.1) without reducing them to equivalent systems of first-order equations. This direct implementation preserves the original mathematical structure of the problems and simplifies the computational procedure. For each example considered, the numerical solutions obtained using the CNS method were compared with the corresponding analytical solutions and with results from established methods in the literature. The comparisons were presented in tables and illustrated graphically to demonstrate the effectiveness of the scheme.
In Example 4.1, the CNS method was implemented on a second-order Bessel differential equation that models an oscillatory physical phenomenon. The numerical results displayed in Table 4.1 and Figure 4.1 show a very close agreement between the analytical and approximate solutions. When compared with the methods developed by Olabode and Momoh (2016) and Lydia et al. (2021), the CNS method demonstrates excellent consistency and reliability across the integration interval. The graphical representation confirms that the solution curve produced by the CNS method closely follows the exact solution, reflecting its strong performance in handling oscillatory problems.
Example 4.2 considers another second-order oscillatory dynamic problem with a known analytical solution. The results presented in Table 4.2 and Figure 4.2 reveal that the CNS method produces solutions that align closely with the exact values. In comparison with the approaches of Skwame et al. (2017), Skwame et al. (2020), and Sabo et al. (2021), the CNS method maintains a high level of computational accuracy and stability. The graphical curves further illustrate the effectiveness of the scheme, as the numerical solution nearly overlaps with the analytical solution throughout the domain.
In Example 4.3, the CNS method was applied to a classical mass–spring system modeled by a second-order oscillatory differential equation. The results shown in Table 4.3 and Figure 4.3 indicate that the approximate solutions generated by the CNS method are in strong agreement with the analytical solution. When compared with existing methods, the CNS approach demonstrates comparable or improved performance. The graphical illustration supports this observation, highlighting the smoothness and stability of the solution profile. Overall, the numerical applications confirm that the CNS method is efficient, accurate, and well-suited for solving second-order oscillatory initial value problems directly.

Summary and Conclusions

The researchers created and executed a Computational Numerical Scheme (CNS) which solves second-order oscillatory initial value problems without requiring first-order system transformations. The method was derived through power series approximation which combined interpolation with collocation techniques to produce a continuous hybrid linear multistep system. The analysis of CNS showed that it possesses key numerical properties wastested, that isthe order and consistency and zero-stability and convergence and absolute stability which established A-stability for the system. The method was tested through three test problems which used oscillatory systems that included Bessel-type equations and mass-spring models. The numerical results which appear in Tables 4.1 to 4.3 and Figures 4.1 to 4.3 demonstrated that CNS achieved highly accurate solutions which resulted in minimal absolute errors when compared to methods found in existing literature.
The Computational Numerical Scheme achieved better results than all other methods considered because it provided better accuracy, stability and efficiency when solving second-order oscillatory differential equations. The CNS produced errors that were lower than those found in established numerical methods considered. The method proved reliable through graphical results, which showed that the CNS error curves stayed below those of all competing schemes. The method provides scientists and engineers with an effective solution to real-world oscillatory problems that require second-order ordinary differential equation modeling because it delivers both high precision and efficient computing capabilities.
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