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ABSTRACT

Fluid is a substance that deforms continuously when subjected to shear stress.
Such fluid can either be Newtonian or non-Newtonian. The Newtonian fluid obeys
the law of viscosity while non-Newtonian fluid does not obey the law of viscosity.
The present study is concentrated on non-Newtonian fluids. The study of non-
Newtonian fluids attracted the attention of numerous researchers in the field of
fluid dynamics due to its rheological applications in mechanical and chemical
engineering processes. Fluids of this type are generally complex and are
considered under science of deformation and flow. Non-Newtonian fluids are
applicable in the movement of biological liquids, food processing, liquid cosmetics,
dyes, lubricants and puncturing sludge are few examples of rheological fluids. This
study aimed at examining magnetohydromagnetic

(MHD) heat and mass transfer of non-Newtonian fluids flow through vertical plate (both
porous and non-porous) in the presence of thermo-physical parameters using spectral

methods. The equations governing the study are:
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u and v represents the relations u = %y,and v = —9;,. In the definition of u and v, P(xy) is
the stream function which automatically satisfies the continuity equation

(1).

The objectives of the study are:

(1) to examine the physics of the problem of heat and mass transfer non-Newtonian

fluids flow in a semi-infinite vertical plate and vertical porous plate;

(ii) to examine the influence of pertinent flow parameters such as magnetic
parameter, radiation parameter, heat generation parameter and so on, on the flow of

non-Newtonian fluids within the boundary layer regime;

(iii)  to determine the physical quantities of engineering interest such as skin friction,

Nusselt number and Sherwood number on all flow parameters; and

(iv) to test the accuracy and validity of the spectral relaxation method and spectral

homotopy analysis method.

Scholars in the field of fluid dynamics now consider spectral methods as
essential tools in solving highly coupled non-linear differential equations. Spectral
methods involve approximating the unknown functions using truncated series of
orthogonal functions or polynomials. The spectral relaxation method (SRM)
employed the concept of Gauss-Seidel method to decouple system of differential
equations. The spectral homotopy analysis method (SHAM) is based on a blend of
the Chebyshev pseudospectral method with the homotopy analysis method. To
apply SHAM on differential equations, the domain [0,L] of the problem is first
transformed to the domain [-1,1]. The partial differential equations which govern
the model were simplified with the help of appropriate similarity variables and
non-dimensional quantities. The transformed non-linear coupled ordinary
differential equations along with the boundary conditions were solved numerically
using spectral methods. The results obtained are as follows:

(i) It was discovered that as the value of the viscoelastic parameter increases, the
velocity profile close to the plate gradually decrease while far away from the plate, it
slightly increase;

(ii) The result revealed that variable viscosity and thermal conductivity greatly
affects the fluids within the boundary layer as it enhances velocity and temperature

respectively;

(iii) It was found that the effects of Soret and Dufour on the temperature and
concentration profiles are opposite;
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(iv)It was found that the results obtained were useful in food processing, drilling
operations and bioengineering. Also, Soret parameter on the fluid flow is
significant in isotope separation;

(v) It was found that increase in the thermal Grashof number drastically increase
the hydrodynamic boundary layer thickness; and

(vi) The numerical methods used in this study were found useful in solving highly
non-linear differential equations in science and engineering.

In this study, it can be concluded that the momentum and thermal boundary
layer thickness drastically increase with increase in Casson parameter and
viscoelastic non-Newtonian fluid. Also, it can be concluded that Soret and Dufour
parameter simultaneously affect the hydrodynamic boundary layer thickness. It is
recommended that the findings of this investigation be used in plasma studies,
geothermal energy extractions, generators and control of boundary layer in the
field of aerodynamics. The method used in the investigation is recommended for
solving highly non-linear differential equations in engineering.
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CHAPTER ONE: GENERAL INTRODUCTION
1.1 Background information to the study

The concept of fluid is experienced in everyday life. The air we breath in and out,
the rivers and seas in our environment, the water that flows in our tap at home,
and so on are all phenomena of fluid. All this phenomena are capable of moving.
Their study is called fluid mechanics. When fluid flow is under the action of forces
such as buoyancy and drag, it continuously deforms as long this force is applied.
The major fluid forces of interest in this study is the buoyancy and drag force. The
drag force slows down the fluid motion by acting in a direction that is opposite to
the relative flow velocity while buoyancy force describes how a body floats. The
deformation of fluids is by shearing forces. In as much the elastic limit of a solid is
not exceeded, the strain is a function of the applied stress. This strain is
independent of time when force is applied and in as much as the elastic limit is not
exceeded, deformation will disappear when force does not exist again. On the other
hand, the rate of strain of a fluid is proportional to the applied stress. The flow of a
fluid keeps moving in as much there is an applied force which does not recover the
original shape the moment the applied force is removed (Douglas et al., 2005). The
science of flow of gas or liquid is classified as hydraulics and hydrodynamics.
Hydraulics is when water is at rest or motion. Fluids are divided into liquids and
gases. A liquid substance is hard to compress and are regarded as incompressible
under external pressure. The two major characteristics of a fluid from its study are
its compressibility and viscosity. All fluids possess viscosity. Any fluid that does not
have viscosity are classified to be an ideal or perfect fluids. In a real sense, such
fluids does not exist. However, any fluid with low viscosities are considered to be
ideal fluid under certain conditions.

Heat is transmitted from one object to another whenever a temperature
difference exists in a medium or between media. When an object is hot, it
possesses lots of energy but has less when its cold. Heat is transferred by the
means of conduction, means of convection and means of radiation. Heat transfer
that involves transportation of energy in-between parts of continuum by kinetic
energy between particles groups at atomic level. Convection involves energy
transfer by the movement of fluid and molecular diffusion. Thermal radiation
involves the emission of energy into all bodies by the process of electromagnetic
radiation (Anyakoha, 2010). If human beings is inside a room, the warm air buoys
off the body to warm the room. Immediately the person decides to leave the room,
some small buoyancy-driven flows of the air continues owing the walls can not be
isothermal perfectly.

Heat gets to the earth from the sun by radiation because sunlight is part of
thermal radiation that is generated by the hot plasma of the sun. In addition, when
human beings are very close to fire, the heat reaches the body by radiation. Hence,
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radiation does not require any material medium but conduction and convection
requires a material medium. Anyakoha (2010) explains that convection involves
heat transfer by the actual movement of the molecules that are heated from the
region that is hot to cooler region of fluid. Mohammed (2014) states that thermal
radiation effect becomes important when the surface temperature and ambient
temperature difference is very large. Roseland approximation define heat flux
added to the energy equation when the fluid is optically thick. The radiation
parameter is the reciprocal of Stephan number which measures the usefulness of
thermal radiation to conduction heat transfer. Hence, larger value of radiation
parameter indicates the amount of heat energy produced by radiative flux is large
and it is injected into a system resulting to an enhancement in the fluid
temperature.

In polymer industries, fluids used have a viscosity which varies rapidly with
temperature. As a result of the Navier-Stokes equation coupled with the energy
equation, viscous dissipation and thermal radiation plays a significant role in fluids
with strong temperature dependence (Bird et al., 1960). A practical example is the
behaviour of cooking oil and how it moves in a frying pan when heated by cooking
stove gas. In the same vein, radiation have numerous usefulness in sciences and
engineering especially in space technology and polymer processing industry. In
view of these applications, Olanrewaju (2012) reported similarity solution for
natural convection by taking effects of viscous dissipation and thermal radiation
into consideration. Researchers have shown interest in the analysis that involves a
varied conductivity alongside viscosity contribution on fluid flow. The analysis of
Salawu and Dada (2016) heat transfer analysis of varied viscosity alongside
thermal conductivity on inclined magnetism was solved numerically. The
phenomena of viscous dissipation is an irreversible process in which the required
energy to deform the behavour of fluid flow is simplified into heat energy. It
involves the transformation of mechanical energy into heat energy. According to
Gireesha et al. (2012), increase in viscous dissipation gives rise to the rate of heat
transfer.

In the last few decades, efforts have been devoted to the analysis of combined
heat plus mass transfer effects on fluid flow due to their applications in geophysics,
astrophysics, engineering and physics. Heat plus mass transfer process of chemical
reaction is either heterogeneous or homogeneous. Chemical reaction effect on fluid
flow is based on nature. According to Manglesh and Gorla (2012), a chemical
reaction will be of first order in as much reaction rate is proportional to
concentration. Naturally, existence of pure water or water is impossible but
foreign mass could be mixed naturally with air or water. The study of heat and
mass transfer is useful for many chemical technologies in food processing,
production of polymer and in the manufacturing of ceramics or glassware.
According to Srinivasacharya et al. (2018), the double diffusive steady flow is due
to combined action of convection and molecular dispersion.



1.2 Statement of the problem

This research considered the analysis of MHD heat with mass transport. Pertinent
flow parameters is presented using graphs and the engineering interest quantities
are computed. The number of problems examined are:

(i)  Effects of thermo-physical properties heat with mass transport of MHD a viscoelastic
liquid past a half-infinite movable plate.

(ii)  Contribution of varying viscosity and thermal conductivity of non-Newtonian liquids
flow in a porous vertical plate with Soret-Dufour effects; and.

(iii) Thermophoresis, Soret-Dufour effects on convective motion of non-Newtonian
nanofluids past an inclined plate situated in a penetrable medium.

All the problems above were solved numerically using spectral methods. This
study test the accuracy and spectral relaxation and spectral homotopy analysis
techniques were validated for solving model fluid flow problems in the field of
fluid mechanics.

1.3 Justification of the study

This study shows that many areas have been neglected in previous works and the
present study examined some of these areas. For instance, this study elucidate
combined Soret-Dufour influence in heat with mass transfer processes. Soret and
Dufour terms are studied as a second order phenomena because of its small order
of magnitude as prescribed by Fick’s and Fouriers’ laws. Because of this, they have
often been forgone in the problem of heat with mass transport. According to Eckert
and Drake (1972), these effects are significant in a clear fluids. They are of great
importance because of their vital role in science and engineering like Soret in the
separation of isotopes. Furthermore, few works have been conducted on influence
effects of parameters like thermophoresis, radiation, heat generation around the
boundary layer region. Hence, this study aimed at examining the effects of all flow
parameters. Also, many researchers in the past have assumed that viscosity and
thermal conductivity is constant in their exploration. This is not realistic because
the viscous and thermal conductivity of any fluid changes as it collides together
during movement. It worth noting that higher temperature which will eventually
lead to enhancement in the transport phenomenon by reducing the viscosity and
thermal conductivity within the momentum and thermal boundary layer. Thus, the
viscosity and thermal conductivity elucidated in this study as varied quantities.



1.4 Aim and objectives of the study

The aim of this study is to explore magnetohydrodynamics heat with mass
transport of non-Newtonian liquids flow past a vertical plate with thermo-physical
parameters. The objectives of the study are:

(i) to examine the physics of the problem of heat with mass transfer non-
Newtonian fluids model in a half-infinite vertical plate and vertical porous plate;

(ii)  to examine the effect of flow parameters such as magnetic parameter, radiation
parameter, heat generation parameter, etc on the non-Newtonian fluids model within
the boundary layer regime;

(iii) to elucidate the effects of flow parameters on quantities of engineering interest;
and

(iv) to elucidate how accurate and valid of spectral relaxation and spectral
homotopy analysis methods are.

1.5 Definition of terms

(i) Viscosity: Viscosity is a property that is very important in the existence of a
fluid. It determines opposition to shearing stresses. It is used in determining
the internal friction of the that resist fluid flow. Its existence in a fluid is as a
result of cohesion and interaction between fluid particles. All fluids are
viscous except where the viscosity effects are minimal. When the viscosity of
a fluid is minimal, it is called an ideal fluid. Fluids are generally treated as a
fluid that posses viscosity in order to examine loss of pressure as a result of a
flow, drag acting on the flow where the body separates. The S.I. units of
viscosity is Ns/m?. Kinematic viscosity defines the ratio of dynamic viscosity
to fluid density. It is denoted by v and mathematically written as v =

dynamicviscositydensity =

‘—;. Its S.I. units is m 2/s. The Newton'’s law as regards viscosity states that

shear stress () on the fluid element layer is proportional to rate of shear strain,
thatis7 oc f,—; Any fluid which obey Newtons law of viscosity is a Newtonian

fluid (Gebhart, 1962).



(ii)

(iii)

Newtonian and Non-Newtonian fluids: Newtonian fluids are fluid with
shearing stress t proportional to the velocity gradient%:j. For this kind of

fluid, the dynamic viscosity (i.e the constant of proportionality called
coefficient of viscosity) does not make any difference compare to rate of
deformation. Examples are water, kerosene, oil or air. All the examples obeys
the law guiding the concept of viscosity because they are not in agreement
with the linear relationship shear stress rate of deformation. Such fluids are
blood, mud flows liquid pulp and polymer solutions.

Non-Newtonian fluids does not conform with the law of viscosity. Such fluids
are liquid pulp, mud flows, polymer solutions, blood etc. They are classified
by rheological diagram. Their mechanical behaviour is in science of
deformation and flow of substance due to complexity. It has numerous
importance in industry and technology. Because they are complex, no
constitutive equation which exibits such properties of non-Newtonian fluids.
Power law and grade two or three models are simple fluid models because of
their shortcomings whose fluid flow is not realistic. The Power-law model is
applicable in modeling shear-dependent viscosity fluids but does not predict
the effects of elasticity while grade two or three fluids gives details to the
elasticity effects and has non shear dependent viscosity. Maxwell non-
Newtonian model is used in predicting stress relaxation. Examples of Casson
non-Newtonian fluid model are soup, tomato sauce, Jelly, honey,
concentrated Juice etc.

The blood of human is also treated as Casson fluid because of the presence of
fibrinogen, protein and globulin in an aqueous plasma base, red blood cell of
human can form a structure known as aggregator rouleaux. Consider the
aggregates or rouleaux acts in a plastic solid, manner and yield stress is
present and identified yield stress that is constant in Casson fluid (Fung;
1984). Viscoelastic fluids are also non-Newtonian. Their constitutive
equations usually result in higher-order derivative terms in the momentum
equations. These make it difficult to solve in comparison with Newtonian
fluids (Tonekaboni et al., 2012). These kinds of fluids are hereby solved using
some analytical and numerical methods such as homotopy analysis method
and spectral methods. Walters in 1962 proposed the Walters-B fluid to
elucidate fluids with viscosity with short memory elastic effects and capable
of stimulating accurately many complex polymeric, biotechnological and
tribiological fluids (Frank, 1990).

Steady and Unsteady flow: Steady flow is the flow that all characteristics of
fluid flow state such as density, pressure, velocity and so on do not change
with time. However, unsteady flow is the flow that all characteristics of fluid
flow state remain constant with time. A practical example is the water tap we
use daily. When water is coming out of the tap when the handle is turned, it is



(iv)

)

(vi)

(vii)

an unsteady flow but when the opening is left constant, it is a steady flow
(Robert and Murray, 2002).

Laminar and Turbulent flow: According to Reynolds, in 1883, what
distinguish between laminar and turbulent flows is the reynold number. The
Reynolds number is employed to characterize a flow and used to examine
whether a flow is laminar or turbulent. An example is whenever a tap is open
a little with a low velocity, there is a smooth flowing of water with surface in
a laminar state. Increase in the tap velocity create an opaque with a rough
surface flowing of water in a turbulent state of flow.

When the fluid particle in a stream is tampered with, at inertia there is a flow
in a new direction and the forces produces due to surrounding fluid which
helps it to conform the stream motion of the rest while it is accurate in
turbulent flow. Effects of any deviation is eliminated by the viscous shear
stress. The ratio of the inertial force to the force of viscous acting on the fluid
particle

(Douglas et al.,2005).
Incompressible and Compressible fluids: An incompressible fluid is liquid

while compressible fluid is gas. Whenever a liquid is highly pressurized,
compressibility is put into consideration in the case of liquid. A typical
example is oil in a hydraulic machine. On the other hand, the compressibility
in a gas could be disregarded when change in pressure is small (Frank,

1990).

Compressible and Incompressible flows: Compressible flows are those
type of flow that has a non constant density (p) i.e p 6= constant. On the other
hand, the type of flow that has density being constant is incompressible flow.
Fluids that flows incompressibility are generally liquids (Robert and Murray,
2002).

Boundary layer: Prandtl divide the idea behind a viscous flow into region
near the wall affected by friction and region outside the unaffected. The first
layer is the one at the boundary and main region where the fluid flows is the
second. However, boundary layer is the layer of a fluid where contribution of

viscosity is important.



The boundary layer approximation explains that when Reynolds number is
high, the surface is partitioned into outer region unaffected by viscosity, close
region where viscosity is significant (Eckert and Drake, 1972).

(viii) Dimensional analysis: Dimensional analysis describes the relationship that

(ix)

)

(xi)

is between physical quantities using their dimensions and their units of
measurement. It is basically used in fluid dynamics to convert a unit from one
form to another. It is applicable in real life problems in physics (Robert and
Murray, 2002).

One, Two and Three-dimensional flow: A one-dimensional flow is the flow
that all its factors (velocity, pressure etc) which describes the flow at any
given instant varies only along the direction of flow. It varies with time the
moment the flow is unsteady. An example is the flow through a pipe. A two-
dimensional flow is when flow factors varies in the direction of flow. An
example is a flow past a weir whose cross-section and infinite width is
constant and perpendicular to the plane can be taken as two-dimensional
(Frank, 1990).

Radiation parameter: Thermal radiation plays an important role in the
problem of heat plus mass transport most importantly in design of energy
conversion system which works at a higher temperature. For instance,
satellites, gas turbines, space vehicles etc. Therefore, effect of radiation is of
great significance in a surrounding with high temperature. The thermal
radiation within the system is as a result of hot walls emission and working
fluids ( Seigel and Howell, 1971). The thermal radiation generally indicates
the relative contribution of conduction transfer of heat and thermal radiation
transfer. It is necessary to say that, temperature profiles are more effected by
thermal radiation while compared with concentration profiles. Increasing
thermal radiation within the boundary layer means radiation heat loss
enhances the ambient temperature and hereby augument cooling rate of
fluid and reverses the flow in the boundary layer (Makinde and Olanrewaju,
2011). The presence of radiation term in the energy equation result to
nonlinear equation and lead to difficulty in computation. Owing to these
difficulties, radiation effect on convective flows has been studied with
reasonable simplifications (Bird et al., 1960).

Magnetic parameter: According to Idowu and Falodun in 2018, induced
magnetic field current in a movable conductive fluid. This induced currents
hereby polarize the fluid and make changes to the magnetic field. Practically,
in MHD heat plus mass transfer problem there is a migration of conductor
into an electric current magnetic field which is induced and hereby creates
its own magnetic field. This conductor is associated with fluids with complex
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(xii)

motions. The induced current by virtue of electrically conducting fluids
moved as a result of magnetic field which gives rise to a resistive force
(Lorentz) and retards its motion. Kumar and Sivaraj (2013) studied the
problem of heat plus mass transfer with MHD. Their study established the
fact that the magnetic

field decreases the fluid motion of an electrically conducting fluid within the
boundary layer. The study of non-Newtonian fluids with magnetic field
gained attention of many authors because of its significance in science and
technology. Higher temperature plasma oil exploration, nuclear reactors,
plasma studies, MHD generators and accelerators, liquid metals fluids and
power generation systems are some important applications of MHD (Bird et
al,, 1960).

Soret and Dufour: In the combined investigation of heat plus mass transfer
effect, Dufour or diffusion-thermal is thermal energy flux resulting from
concentration gradients while Soret or thermo-diffusion effect is the
contribution to the mass fluxes as a result of temperature gradient. Both
Soret and Dufour effects are influencial whenever there is chemical reaction
species at a surface in the domain of the fluid with lower density more than
the surrounding fluid (Makinde and Olanrewaju, 2011). The Dufour term is
found in the energy equations while Soret term is found in the specie
equations. According to Idowu and Falodun (2018), when the Soret term is
increases, there is higher thermal diffusion which brings increase to the fluid
velocity. Positive Soret term stabilizes the flow. Idowu and Falodun (2018)
explained that increase in temperature has every tendency of decreasing
both density and mass fraction of solute concentration when the Soret
parameter is greater than zero (i.e Soret number> 0). This is refers to as
thermal gradient with cooperative solutal meaning that all the solute diffuses
to cold regions but for Soret to be less than zero (i.e Soret numbers< 0), there
is increase in the temperature and density of the fluid. This is refers to as
thermal gradient with competitive solutal meaning that, all the solute
diffuses to the warmer region. Both Soret and Dufour are significant when
there is high concentration gradient and temperature gradient which cannot
be neglected. Soret-Dufour are interesting physical phenomena while
considering heat and mass transfer simultaneously. Soret-Dufour in heat
transfer process are generally neglected because they posses smaller order
of magnitude than the effects prescribed by the laws of Fouriers and Ficks.
Soret effect is very useful in separation of isotope and when gases is mixed
together at a high molecular and medium weight(Eckert and Drake, 1972).
Eckert and Drake (1972) reported the usefulness of these effects in
convective transport phenomenon.

(xiii) Viscous dissipation: The recent trend on the study of viscous dissipation is

noticeable. This term is found in the energy equations. After
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dimensionalization or after the application of similarity variables, its results
to a dimensionless Eckert number is capable of causing increase in the
velocity profiles by adding more energy to the flow within the layer. Eckert
number explains the relationship between kinetic energy of the flow
enthalpy. According to Idowu and Falodun (2018), greater Eckert number
gives rise to fluid velocity because heat energy is produced which is stored in
the liquid fluid as a result of frictional heating (Gebhart, 1962).

Dissipation term is important when there is high the viscous in the fluid. For
example, in polymer processing where temperature is high, dissipation term
cannot be neglected. Viscous dissipation effect is very much important in
geophysical flow and operations in the industries which are symbolized by
Eckert number (Gebhart, 1962).

(xiv) Thermophoresis: Thermophoresis is a phenomenon that occurs when two

(xv)

or more moving particles are mixed together subject to the temperature
gradient force and types of particles that react differently in the system.
Thermophoresis is either positive or negative. It is positive when the
particles moves from higher temperature to lower temperature and negative
when it is the other way. Thus, the larger species experienced the positive
thermophoresis while the lighter species experience negative
thermophoresis. The phenomenon of thermophoretic has numerous practical
applications as the particles move separately due to temperature gradient
force. These particles are separated by the force after mixing them together
and prevented from mixing it already separated. The phenomenon is very
useful in most industries to bring separation to larger or smaller particles of
polymer from their solvent.

Heat generation: Heat generation is a scientific method of generating heat in
the system by either chemical or nuclear process. The example of this
phenomenon include atmospheric motion heat is generated sunlight
absorption. (Tasuka et al., 2016). The heat generation term is added to the
energy equation. At times, temperature difference may exist in the surface
and ambient fluid (Idowu and Falodun, 2018).

(xvi) Porous media: The flow through porous media finds practical application in

design of filters, transpiration cooling, boundary layer control and gaseous
diffusion. Problems on porous media can also be found in the manufacturing
of wires, fibres and glass in polymer industries. Increase in the porous media
is increase within the boundary layer allows passage of more fluid particles
and leads to reduction of fluid velocity whereas the fluid temperature will be
enhanced in the boundary layer (Eckert and Drake, 1972).



(xvii) Chemical reaction: The problem of heat plus mass transfer in the presence
of chemical reaction plays a predominant role indrying, cooling of nuclear
reactors, chemical vapour deposition on surfaces, petroleum industries,
power and cooling industries. A phenomenon of this type frequently occurs
in nature. The problem on chemical reaction is modeled as heterogeneous
and homogeneous processes depending on how it occurs at the interface or
as a volume reaction of single phase volume reaction. It could be reversible
or nonreversible. A homogeneous reaction takes place in a phase while
heterogeneous reaction occurs in an area that is restricted within boundary
of a phase. At times, reaction rate may be subject to the species concentration
itself ( Alao et al.,, 2016).

When rate of reaction is proportional to concentration, the chemical reaction is
of first order (Cussler, 1988). An example is emission of nitrogen dioxide to the
atmosphere. The release of nitrogen dioxide to the atmosphere reacts
chemically with hydrocarbons that are unburned aided by sunlight and
produce peroxyacetylnitrate (Cussler, 1988).

(xviii) Skin friction coefficient: It occurs due to the drag of viscous in the
boundary layer around object. The part of the layer is generally laminar and
thin. However, the flow becomes turbulent towards the tail section of the
object. Law of viscosity is explained by Isaac Newton that the shear stress (7)

du

that is between layers of a fluid is proportional to velocity gradient (@)in a

perpendicular direction to the layer. Therefore, the viscous drag at the shell

of body or wall ist,, = (!13—;) and the skin friction coefficient becomes
Y 2Ty
Cf - ,m:?x;'

(xix) Nusselt number: It is the division of convective to conductive heat transfer
in the boundary layer.

\V Convective heat transfer coef ficient — hy,
Nu = = —

Conductive heat trans fer coef ficient k

(xx) Sherwood number: It is applicable in mass transfer problem. It is the
division of convective to diffusive mass transfer.

Convective mass transport — hy,L

Sherwoodnumber (Sh) = _ =
Conductive masstransport D
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1.6 Outline of the thesis

While chapter one of this study is the general introduction, chapter two deals with
literature review to shapen the aim and objectives of the study. This study has
reviewed related published works following the present study and its goals.
Chapter three comprises of the formulation, derivation, dimensionalization and
method of approach to the problems. The results obtained and detailed discussions
had been described in chapter four. The last chapter five contain the summary of
the entire work followed by cited literature. This chapter also contains the
conclusion of the study and its recommendation.
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CHAPTER TWO: LITERATURE REVIEW
2.1 Introduction

The mathematical analysis of fluid dynamics arising from science and engineering
in the form of differential equations which do not have analytical solutions has led
many scholars to propose different numerical methods.

In this chapter, some of many contributions in the literature are reviewed. Their
methods of approach and findings of different flow parameters are discussed exten-

sively.

2.2 Review of existing works

The concept of MHD is to study the movement of a conducting fluid electrically
because of an imposed magnetism. Magnetic fields are produced by electric
current. MHD is of great importance in engineering mostly in power, metallurgy
astrophysics and geophysics. Due to this importance, several authors presented
the flow of magnetohydrodynamics. Manglesh and Gorla (2012) elucidate MHD
thermal radiation, rotation and chemical reaction of unsteady viscoelastic slip
flow.In their analysis, they obtained solutions of the problem analytically for
momentum, energy and concentration equations. The Nusselt number and the
frequency of oscillation was found to increase because of increase in Prandtl
number. The work of Alam et al. (2014) was on heat plus mass transport boundary
layer motion past an inclined penetrable plate by considering suction, Soret, and
hall current effect. Their flow equations were simplified into first order total
differential equations before applying Runge-Kutta fourth-fifth order with
shooting technique. In their study, the thickness of the thermal boundary layer was
found to increase as the Prandtl number rises which implies heat transfer at lower
case. In 2014, Ibrahim discussed MHD, dissipative, radiative and chemical reaction
effects through a penetrable channel and a non-Isothermal stretching sheet. In his
investigation, similarity transformation were used to simplify the flow equations to
total differential equations. Shooting method was used in solving the equations
and he observed velocity and temperature fields decreases as a result of wall
temperature parameter. Sreenivasulu et al. (2016) studied boundary layer slip
flow over an exponential permeable stretching sheet by considering thermal
radiation, MHD, Joule heating and viscous dissipation effects. Their flow equations
were transformed to total differential equations with the help of similarity
transformation and solved numerically. Pattnaik and Biswal (2015) presented
solution of free convective flow through porous media with MHd and time

12



dependent. Their flow equations were simplified to ordinary differential equations
using super imposing a solution with steady time dependent transient part which
resulted to set of ordinary differential equations and this set of ordinary
differential equations were solved by Laplace transformation method. Also in their
analysis, they concluded that a higher Prandtl fluid as well as a higher Schmidt
fluid ( heavier species) were counterproductive in accelerating fluid motion and
further assisted by the presence of a porous medium. Recently, Ashish (2017) have
studied transient free convective MHD flow past an exponentially accelerated
vertical porous plate with variable temperature through a porous medium. He
solved the problem of MHD flow analytically by the Laplace transform technique
and his result revealed that skin friction increases with increase in magnetic
parameter, suction parameter, radiation parameter and accelerating parameter.

Eswaramoorthi et al.(2015) have studied effect of radiation on MHD convective
flow and heat transfer of a viscoelastic fluid over a stretching surface. In their
analysis, a similarity transformation was used to reduce their governing nonlinear
partial differential equations into ordinary differential equations. The transformed
equations were then solved using homotopy analysis method. They found out that
the momentum boundary layer thickness decreases as the wunsteadiness
parameter, viscoelastic parameter and Hartmann number increases. Natural
convection heat and mass transfer in MHD fluid flow past a moving vertical plate
with variable surface temperature and concentration in a porous medium was
considered by Javaherdeh et al.(2015). In their analysis, implicit finite-difference
method was used in solving their model and their results show that the higher the
porosity parameter, the more sharply is the reduction in both Nusselt and
sherwood number. Renuka et al.(2015) investigated radiation effect on MHD slip
flow past a stretching sheet with variable viscosity and heat source/sink. Runge-
kutta fourth-order technique along with shooting method were used in solving
their model equations and they found out that the radiation parameter elevates the
skin friction and reduces the heat transfer. Reddy et al.(2016) have studied
unsteady MHD free convection flow characteristics of a viscoelastic fluid past a
vertical porous plate. They solved their model using perturbation scheme and their
result revealed that elasticity of the fluid and the Lorentz force reduces the
velocity. Swapna et al.(2017) recently studied chemical reaction and thermal
radiation effects on MHD convective oscillatory flow through a porous medium
bounded by two vertical porous plates. Perturbation techniques were used to solve
their model analytically and they found out that rate of heat transfer slightly
increase for large values of heat source parameter.

Ahmed et al.(2010) have studied unsteady MHD free convective flow past a
vertical porous plate immersed in a porous medium with hall current, model
analytically and found out that when Soret number decreases, there is an increase
in the main flow and cross flow velocities. Gundagani et al.(2012) considered finite
element solution of thermal radiation effect on unsteady MHD flow past a vertical
plate with variable suction. Finite element method were used to solve their
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nondimensional governing equations. They discovered that, increasing the
radiation parameter causes an increase in the velocity and temperature within the
boundary layer. Sarada and Shanker (2013) have studied the effect of chemical
reaction on an unsteady MHD free convection flow past an infinite vertical porous
plate with variable solution. In their analysis, finite difference method were used to
solve the flow equations and they found out that an increase in the Prandtl number
decreases the Nusselt number. Prakash et al. (2014) have studied effects of
chemical reaction and radiation absorption on MHD flow of dusty viscoelastic fluid.
They solved their modeled equations analytically using perturbation technique.
Their result revealed that when heat source/sink parameter and Prandtl number
increases, the temperature gradually decreases. Chandra et al.(2015) have studied
thermal and solutal buoyancy effect on MHD boundary layer flow of a viscoelastic
fluid past a porous plate with varying suction and heat source in the presence of
thermal diffusion. In their analysis, they used multiple parameter perturbation on
velocity and simple perturbation method on the temperature and concentration.
They discovered that the presence of thermal diffusion increases fluid velocity
while magnetic field reduces the fluid velocity. Sulochana et al.(2016) considered
numerical investigation of chemically reacting MHD flow due to a rotating cone
with thermophoresis and Brownian motion. In their analysis, Runge-kutta based
shooting technique were used to solve their model and their results revealed that
the thermophoresis and Brownian motion parameters control the heat and mass
transfer rates. Vijayakumar and Keshava (2017) recently investigated MHD
boundary layer flow of a visco-elastic fluid past a porous plate with varying suction
and heat source or sink in the presence of thermal radiation and diffusion. They
solved their flow equations numerically using finite difference method and found
out that influence of heat source enhance the fluid temperature.

[slam et al.(2014) studied effect of conduction variation on MHD natural
convection flow along a vertical flat plate with thermal conductivity. They solved
their transformed non-linear equations using implicit finite difference method
with Kellerbox technique. They found out that the temperature within the
boundary layer increases when increasing magnetic parameter. Jain (2014)
studied combined influence of hall current and Soret effect on chemically reacting
magneto-micropolar fluid flow from radiative rotating vertical surface with
variable suction in slip-flow regime. Perturbation techniques were used in solving
their equations and they found out that micro-rotation profiles and couple stress
coefficient decrease with an increase in suction parameter, rotation parameter and
viscosity ratio. Haritha et al.(2015) studied effects of thermo-diffusion, thermal
radiation, radiation absorption on convective flow past stretching sheet in a
rotating fluid. Galerkin finite element analysis with three nodded line segment
were used in their analysis. Jana and Das (2015) studied influence of variable fluid
properties, thermal radiation and chemical reaction on MHD slip flow over a flat
plate. In their analysis, they used similarity transformation on their governing
equations to have non-linear ordinary differential equations and solved with the
help of symbolic software MATHEMATICAL. Hemalatha and Bhaskar (2015)
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studied effects of thermal radiation and chemical reaction on MHD free convection
flow past a moving vertical plate with heat source and convective surface
boundary condition. They transformed their governing equation using similarity
transformation and solved same using Runge-kutta method along with shooting
technique. They found out that increase in the radiation parameter gives a little
increase in the velocity.

Heat and Mass transfer (or double diffusion) in non-Newtonian fluids attracted
the attention of researchers in fluid dynamics over decades due to its applications
in engineering such as heat exchanger devices, nuclear waste disposals, chemical
catalytic reactors and processes etc. The buoyancy due to temperature and
concentration gradients drive double diffusive flow. Simultaneous occurrence of
heat and mass transfer in a moving fluid makes the relations between the energy
flux and the driving potentials to be more complicated. Dufour or diffusion-thermal
effect is the energy flux caused by a composition gradient while temperature
gradient create mass fluxes and this is called Soret or thermal-diffusion effect. The
combined effects of Soret and Dufour are often neglected by authors in literature
because of their smaller order of magnitude than the effects prescribed by Fick’s
laws. The effects of Soret and Dufour are of great importance like Soret in isotope
separation. Ibrahim and Sunneth (2015) discussed chemical reaction and Soret
effects on unsteady MHD flow of a viscoelastic fluid past an impulsively started
infinite vertical plate with heat source/sink. Alao et al.(2016) presented effects of
thermal radiation, Soret and

Dufour on an unsteady heat and mass transfer flow of a chemically reacting fluid past a semi-
infinite vertical plate with viscous dissipation. In their study, governing equations representing
the physical model are system of partial differential equations and were transformed into
systems of coupled non-linear partial differential equation by introducing non-dimensional
variables. The resulting equations were solved using the spectral relaxation method (SRM).
Their results shows that an increase in Eckert number of the fluid actually increases the
velocity and temperature profiles of the flow. Whereas an increase in thermal radiation
parameter reduces the temperature distribution when the plate is being cooled. Adeniyan
(2016) investigated Soret-Dufour and stress work effects on hydromagnetic free convection of
a chemically reactive stagnation vertical surface with heat generation and variable thermal
conductivity. Recently, Hayat et al. (2017) presented Soret and Dufour effects on MHD
peristaltic transport of Jeffrey fluid in a curved channel with convective boundary conditions.
In their analysis, it was found out that velocity is not symmetric about center line for curvature
parameter and their results revealed that maximum velocity decreases with an increase in the
strength of magnetic field. Among great authors who have presented the effects of Soret and
Dufour discussed in this work are Gbadeyan et al. (2011); Subhakar et al. (2012); Mahbub et al.
(2013); Jimoh et al. (2014) and Gangadhar and Suneetha (2015). Others are Vedavathi et al.
(2015); Bilal et al. (2016); Prakash et al. (2016) and Sharma and Aich (2016). All the studies
mentioned above used a numerical method in analyzing their results and all found out that the
effects of both Soret and Dufour are in alternate to each other on the temperature and
concentration profiles.
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Thermal radiation plays a vital role in the design of advanced energy
conversion system when at a very high temperature. The emission of hot walls and
the working fluid indicate the presence of thermal radiation within the system,
Seigel and Howell (1971). When the surrounding fluid is at high temperature,
thermal radiation is of great importance and it has received researchers attention
in recent time. Shateyi et al.(2010) studied the effects of thermal radiation, hall
currents, Soret and

Dufour on MHD flow by mixed convection over a vertical surface in porous media.

In their analysis, transient, non-linear and coupled governing equations were
solved by adopting a perturbative series expansion about a small parameter.
Radiation effect on an unsteady MHD free convective flow past a vertical porous
plate in the presence of Soret have been studied by Anand Rao et al. (2012). Their
problem was governed by systems of coupled non-linear partial differential
equations whose exact solutions are difficult to obtain, if possible. So, they
employed Galerkin finite element method for the solution. Their result revealed
that an increase in the Soret number leads to increase in the velocity and
temperature. Gundagani et al. (2012) investigated solution of thermal radiation
effect on unsteady MHD flow past a vertical porous plate with variable suction.
Non-dimensional governing equations are formed with the help of suitable
dimensionless governing parameter in their analysis. The resultant coupled non
dimensional governing equations are solved by a finite element method. In their
result, it was found out that increase in the magnetic field leads to decrease in the
velocity field and rise in the thermal boundary thickness. Devi et al. (2014) studied
radiation and mass transfer effects on MHD boundary layer flow due to an
exponentially stretching sheet with heat source. In their analysis, the initial
governing boundary layer equations were transformed to systems of ordinary
differential equations, and solved numerically by a fourth order Runge-Kutta
method along with shooting technique. Their results show that the momentum
boundary layer thickness decreases, while both thermal and concentration
boundary layer thicknesses increases with an increase in the magnetic field
intensity. Sreenivasa (2016) presented effect of thermal radiation, dissipation and
chemical reaction on mixed convective heat and mass transfer flow past a
stretching sheet with hall effects in slip flow regime. Similarity solutions were
obtained using suitable transformations in their analysis. The similarity ordinary
differential equations was then solved by MATLAB routine bvp4c. Idowu et al.
(2016) studied finite element analysis on MHD Jeffry fluid flow with radiative heat
transfer past a vertical porous plate moving through a binary mixture. Finite
element method was used in their analysis. Sarma and Govardhan (2016) studied
thermo-diffusion and diffusion-thermo effects on free convection heat and mass
transfer of vertical surface in a porous medium with viscous dissipation and
thermal radiation. In their study, the two-dimensional boundary-layer partial
differential equations that govern the flow problem were transformed by a
similarity transformation into a system of ordinary differential equations which
were solved numerically. Their results revealed that as the viscous dissipation
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increases, the velocity profiles increases whereas concentration and temperature
profiles decreases.

The interaction between two or more chemicals to produce new compounds is
called chemical reaction. A chemical reaction can be classified as heterogeneous
and homogeneous reaction. Heterogeneous reaction deals with reactants of
different states of matter while homogeneous reaction deals with reactant of the
same states of matter. Hady et al. (2008) reported influence of chemical reaction
on mixed convection of Non-Newtonian fluids along non-Isothermal horizontal
surface in porous media. In their study, numerical calculations were carried out for
various values of dimensionless parameters and analysis of the results obtained
show that the flow field were influenced appreciably by the chemical reaction, the
buoyancy ratio, the viscosity index and the power-law of the wall temperature
parameter. Sugunamma et al.(2013) discussed inclined magnetic field and
chemical reaction effects on flow over a semi-infinite vertical porous plate through
porous medium. Kishore et al. (2014) studied the effect of chemical reaction on
MHD free convection flow of dissipative fluid past an exponentially accelerated
vertical plate. Their flow equations are governed by coupled non-linear partial
differential equations. The dimensionless equations of the problem were solved
numerically by the unconditionally stable finite difference method of Dufort-
Frankels type. Their result show that the rate of concentration transfer increases
with increase values of magnetic parameter, Schmidt number, Prandtl number, and
chemical reaction parameter while it decreases with an increase in thermal
Grashof number, mass Grashof number and Eckert number. Ram et al. (2015)
investigated stability of chemical reacting double diffusive free convective flow of
Maxwell fluid through porous medium with internal heating under magnetic field.
Their study explained that the effect of magnetic brings a very slow flow of fluid
particles so that the Darcy model is taken into account in the momentum equation
and the onset of stabilities at free-free boundaries is calculated analytically. Kala
and Rawat (2015) reported effect of chemical reaction and oscillatory suction on
MHD flow through porous media in the presence of pressure. Their study
employed perturbation technique to find the solution for velocity field and
concentration distribution. It is observed that with the increase in the value of
Schmidt number, Chemical reaction parameter the concentration of the flow field
shows decrease at all points and hence thickness of concentration boundary layer

decreases.

The type of liquid which disobey the Newtons law of viscosity are non-
Newtonian. Liquids that behave in such manner are not common. Tooth pastes,
mud flows, slurries, blood are examples of non-Newtonian fluids. They are mostly
complex and are examined under flow (rheology) and science of deformation.
Many researchers in recent time in fluid mechanics are exploring non-Newtonian
liquid owing to the rheological applications in chemical along with mechanical
engineering. In the examination of Ramana et al. (2017), it was finalized that mass
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transport motion rate in Casson liquid improved more than Maxwell liquid. The
exploration of Walters-B liquid in boundary layer motion was elucidated by
Tonekboni and Ramin (2012). They showed as elasticity is upsurge stress on the
boundary enlarges in stagnation motion problem and decreases in Sakiadis as well
as Blasius motion. The examination of Pushpalatha et al. (2017) indicate that,
higher Casson liquid term leads to degeneration in the velocity plot while
temperature along with concentration plots degenerates. The elucidation of
Fagbade et al. (2018) found out that increase in the viscoelastic parameter lessens
the velocity graphy. Animasaun et al. (2016) finalized that the contribution of
Casson liquid parameter is explored by varying plastic dynamic viscosity which
lessens both the temperature and velocity graph. The elucidation of Pramanik
(2014) explained that higher Casson liquid term decrease the velocity graph but
accelerate the temperature plot as blowing/suction term is negative or positive.
Barik et al. (2017) elucidate laminar steady MHD motion of visco-elastic liquid
through a penetrable pipe and embedded in a penetrable channel. The concluding
remarks was that suction along with elasticity are counter productive when the
skin friction becomes enlarged. Mukhpadhyay et al. (2013) elucidated Casson
liquid motion past an unsteady stretchable surface. They detected that boundary
layer thickness along with velocity are degenerating function of the Casson liquid
term.

Examples of non-Newtonian fluid are micropolar fluid, viscoelatic fluid,
powerlaw fluid etc. Non-Newtonian fluid are considered to be more important and
appropriate in many technological applications compared to the Newtonian fluid.
Rana et al. (2013) presented on the onset of thermosolutal instability in a layer of
an elastico-viscous nanofluid in porous medium. In their analysis, they applied
perturbation solutions in solving their transformed equations. Their results
revealed that kinematic viscolasticity has no effect on the onset of stationary
convection. Kumar and Singh (2007) studied instability of two-rotating viscoelastic
(Walters’B) superposed fluids with suspended particles in porous medium. They
employed perturbation techniques in solving their model equations and their
result shows that the system is unstable or stable depending on the kinematic
viscoelaticity whether it is greater than or smaller than the medium permeability
divided by medium porosity. In another development, Prasad et al.(2011) reported
unsteady free convection heat and mass transfer in a Walters’-B viscoelastic flow
past a semi-infinite vertical plate: a numerical study. In their study, the finite
difference scheme of the CrankNicolson type was employed to solve their
dimensionless unsteady, coupled, and non-linear partial differential conversations
equation. They observed that, when the viscoelaticity parameter increase, the
velocity gradually increase close to the plate surface. Ahmad (2011) studied visco-
elastic boundary layer flow past a stretching plate and heat transfer with variable
thermal conductivity. The problem of boundary layer flow of viscoelaticity fluid
(Walters’-B Liquid Model) was solved analytically and observed that as we move
away the stretching plate with dynamic region, the temperature field increase
gradually as viscoelatic parameter increases. Jimoh et al. (2015) presented
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numerical study of unsteady free convective heat transfer in Walters-B viscoelastic
flow over an inclined stretching sheet with heat source and magnetic field. An
implicit finite difference method of Crank-Nicolson type is employed in solving the
dimensionless governing equations. They observed that when the heat source
parameter increases, the velocity and temperature increases within the boundary
layer.

The contribution of variable viscosity along with thermal conductivity on fluid
motion has gained the attention of many scholars in recent time. The analysis of
such finds applications in system of underground storage as well as extraction of
geothermal energy. A varied viscosity in a liquid motion assist in assuming the type
of motion and transport rate of heat. Also, the variation of thermal conduction on
analysis of heat transport assist in getting accurate facts of the thermal transport.
Choudhury and Hazarika in (2008) presented the contribution of variable viscosity
along with thermal conductivity on MHD motion owing to a point sink. Their model
equations of motion was tackled by utilizing the shooting approach. Hazarika and
Konch (2016) elucidate variable thermal conductivity along with viscosity
contributions on MHD free convection dusty liquid along a vertical penetrable
plate with generation of heat. It was finalized in the exploration that increase in
viscosity term degenerate the liquid velocity and dust phase. However, it brings
enhancement at higher variable thermal conductivity term. The recent analysis of
Hazarika and Phukon (2017) on a varied viscosity as well as thermal conductivity
was tackled by utilizing the shooting techniques. Their contribution shows that
higher viscosity resulted to degeneration in skin friction and enhancement in
Nusselt number . Manjunatha and Gireesha (2016) explored the contribution of
varying thermal conductivity and viscosity on MHD motion and heat transfer of a
dusty liquid. They finalized that higher varied viscosity term lessens the dust phase
along with liquid

velocity.

The effect of thermophoresis on mixed convection flow of MHD non-Newtonian
nanofluid play an important role in space technology and in high temperature. The
phenomenon of thermophoresis is used in industries to separate large or small
polymer particles from their solvent. It plays a significant role in the mechanism of
devices involving small micron sized particles and large temperature gradients in
the fields. Mondal et al. (2018) considered thermophoresis on MHD mixed
convection mass transfer in their study. Their transformed set of non-linear coupled
ordinary differential equations were solved numerically. Their result revealed that
increase in thermophoresis brings decrease to the concentration of the fluid.
Jayachandra

Babu et al. (2017) considered thermophoresis and Brownian motion in their study.
Their transformed governing equation were solved using Runge-Kutta and
Newton’s method. Their result revealed that thermal and solutal Grashof numbers
regulate the temperature and concentration fields. It is noticed that
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thermophoresis and Brownian motion parameters is opposite to each other on the
local Sherwood number. Muthuraj et al. (2016) studied influence of chemical
reaction with heat and mass transfer. Their analysis was done using perturbing
technique. Their result shows that chemical reaction greatly influence the mass
transfer. Kataria and Patel (2016) studied effects of radiation and chemical
reaction on MHD Casson fluid flow. Their flow equations were solved using Laplace
transform technique. Their results were presented in close form and the result
revealed that increase in chemical reaction parameter brings decrease to the
concentration field. Mass along with heat transport on mixed convective motion of
chemically reating nano liquid was examined by Mahanthesh et al. (2016). They
utilized Laplace transform systematic approach to obtain a closed formed
approach. It is detected in the study that higher chemical reaction parameter leads
to rapid degeneration in the dimensionless concentration graphs.

An exploration of non-Newtonian liquids motion past a stretchable sheet was
investigated by Ramana Reddy et al. (2018). Their motion equations were tackled
by utilizing Runge-Kutta Fehlberg systematic approach. Their analysis indicates
that casson liquid attains greater velocity in comparison to Maxwell liquid.
Animasaun and Pop (2017) explored non-Newtonian Carreau liquid motion driven
by catalytic reactions surface by utilizing shooting approach. They finalized that
the temperature field in the motion of viscoelastic carreau liquid is higher than the
Newtonian liquid. Gireesha et al. (2018) elucidated mass and heat transport of
nano liquid Oldroyd-B past a stretchable sheet. Then simplified equations were
tackled by utilizing RKF-45 approach. Their outcome reveals that nonlinear
radiation becomes more effective than linear radiation. Mass and heat transport in
MHD Casson liquid past an exponentially penetrable and stretchable surface have
been considered by Raju et al. (2016). They used similarity transformation to
reduce their flow equations into ordinary differential equations. These equations
were solved by Matlab bvp4c package. It was concluded in the study that Casson
fluid showed better performance of heat transfer when compared with Newtonian
fluid. Srinivasacharya et al. (2018) studied double dispersion influence on
micropolar fluid. Their transformed governing equations were solved using
successive linearization method. The study concluded that dispersion coefficients
have strong influence on heat and mass convective transfer. Raju et al. (2015)
studied effects of radiation and Soret on MHD nanofluid flow. They used similarity
transformation to reduce the governing equations and solve the resulting
equations numerically. It was concluded in the study that the velocity, temperature
and concentration boundary layer increases as a result of increase in nanoparticle
volume fraction. Many researchers in the field of fluid dynamics now considered
spectral methods as an essential tools in solving a highly coupled and nonlinear
differential equations. Spectral relaxation method (SRM) is an iterative method
which employed the Gauss-seidel approach. SRM is efficient, accurate, and it solves
both ordinary and partial differential equations. Motsa and Makukula (2013)
considered SRM for steadiness motion of von Karman of Reiner-Rivlin liquid with
injection/suction, viscous dissipation and Joule heating. They suggested in their
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study that SRM can be extended to related problems in fluid mechanics
applications. Haroun et al.(2015) studied unsteady natural convective boundary
layer flow of MHD nanofluid over a stretching surfaces with chemical reaction
using the spectral relaxation method. They found out that the values of skin
friction increases when increasing the values of the nanoparticle volume fraction
and magnetic parameter. Kameswaran et al.(2013) presented a spectral relaxation
method for thermal dispersion and radiation effects in a nanofluid flow. Their
analysis shows that the convergence rate of SRM is significantly improved when it
is used with the succesive over-relaxation method. Magugula et al.(2016) recently
considered a Dbivariate spectral relaxation method for unsteady
magnetohydrodynamic flow in porous media. Their study revealed that the new
approach is an improvement over the spectral relaxation method. Motsa et
al.(2014) considered spectral relaxation method and spectral Quasilinearization
method against Keller box method and they found out that the methods are
efficient in terms of computational accuracy and speed compared to Keller box.
Motsa et al.(2014) considered a spectral relaxation approach for unsteady
boundary-layer flow and heat transfer of a nanofluid over a permeable
stretching/shrinking sheet. In their analysis, it was found out that spectral
quasilinearization method converges faster than spectral relaxation method but
spectral relaxation method is more accurate than spectral quasilinearation
method. A comparison between spectral purturbation and spectral relaxation
approach for unsteady heat and mass transfer by MHD mixed convection flow over
an impulsively stretched vertical surface with chemical reaction effect is
investigated by Agbaje and Motsa (2015). Awad et al. (2015) studied the effect of
thermophoresis on unsteady Oldroyd-B nanofluid flow over stretching surface.
They used spectral relaxation method in their analysis and found out that
Brownian motion on the rate of heat transfer are negligible.

Many of the aforementioned explorations targeted the analysis of non-
Newtonian liquids at uniform physical attributes. The explorations on variable
viscosity along with thermal conductivity are Newtonian liquid analysis. It worth
noting that no exploration on contributions of thermophoresis on Dufour-Soret.
The analysis of Mondal et al. (2017); Srinivasa et al. (2014); Kalyani et al. (2015);
Vedavathin et al. (2015) just to mention a few explored Dufour-Soret contributions
on Newtonian model with uniform physical attributes. Double diffusive motion of a
non-Newtonian liquids find usefulness in many process in engineering such as
food processing, biosystems, petroleum reservoirs, and industrial processes.
Dufour or diffusion-thermal contribution portrays the energy flux owing to
composition gradient. Temperature also create mass fluxes named Soret or
thermal-diffusion contribution. These terms are seen in the concentration as well
as temperature motion equations. The Dufour contribution is added to the
temperature motion equation while Soret contribution is added to the
concentration motion equation. This study considered unsteady, steady, laminar,
two-dimensional, mixed and free convective flow of an incompressible non-
Newtonian fluids through several medium. The plates has two coordinates (x,)).
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While x-coordinate is taken along the plate in the upward direction, y—-coordinate
normal to the plate as shown in figure 3.1, 3.2 and 3.3 of the three problems
considered in this study. The temperature and concentration at the wall (Tw) and
(Cw) were kept constant. For a heated wall Tw> Tw, Cw> Ceo while Ty < Too, Cy < Coo
is applicable to a cooled plate. The flow generated in the three problems is as a
result of a stretched surface caused by simultaneous application of a magnetic field
of uniform strength applied in y-direction. Soret and Dufour parameters are
considered in this study because the level of species concentration is assumed to
be high. The present study examined some of the areas which have been neglected
in previous works.

To our best of knowledge, no explorations have been on effects of thermo-
physical parameters on non-Newtonian fluids. This exploration is motivated owing
to the past explorations and its application in industries such as the use of Soret in
separation of isotope and in polymer industries. This research is aimed at
examining the contributions of variable thermal conductivity and viscosity on non-
Newtonian liquids flow through vertical penetrable plate with Dufour-Soret
contribution. The varieties of Casson liquid explored in this research are
concentrated fruit juice and tomatoe source while chromatography and
polymethly methacrylate are the WaltersB liquid. These liquids finds usefulness in
industrial engineering as well as polymer industries. Owing to this usefulness, this
research becomes very essential to engineers and scientist. A robust numerical
approach based on the use of homotopy analysis along with Chebyshev spectral
collocation techniques. This techniques is efficient with a faster computational
analysis more than the homotopy analysis approach. Key flow parameters are
depicted graphically while computations of quantities of interest in engineering
are depicted using table. The present outcomes were compared with existing
works and were in conformity to each other.
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CHAPTER THREE: Methodology
3.1 Introduction

In this chapter, non-dimensional quantities and similarity variables are introduced
on the equations that governed the three problems considered in this study. The
procedure of applying these quantities are shown in this chapter. The qualitative
analysis of the three problems are also discussed. The qualitative analysis is done
to examine if the transformed equations for the three problems have a solution,
and if the solution exists, we want to know fif, it is unique. It worths mentioning
that, this study is only interested in the steady state to carry out the qualitative
analysis.

The use of spectral method is in approximating the unknown functions with the
help of truncating series of orthogonal functions or polynomials (Canuto et al,,
1988). To apply the spectral method,the domain of the flow equations are defined
in the close interval [-1,1] by considering the transformation s = =2{=lto
connect [ab] to [-1,1]. Hence, the spectral method is implemented on the
transformed closed interval. The spectral relaxation method (SRM), as proposed
by Motsa (2012) employed the concept and the idea behinde Gauss-Seidel to
decouple system of differential equations. The use of SRM also involves the
application of differentiation matrix D in approximating the derivatives of all
unknown variables at a specified collocation points. The spectral homotopy
analysis method (SHAM) is a numerical method that combines the Chebyshev
collocation method with homotopy analysis method (HAM). The SHAM as
introduced by Motsa et al. (2010) employs the concept of HAM with the Chebyshev
spectral collocation method. Spectral method are now a very useful numerical
method in solving both linear and nonlinear differential equations in science and
engineering because of high accuracy in getting solution to problems that have
smooth functions (Canuto et al., 1988; Trefethen, 2000). L is the scaling parameter
whose choice of values determines how congruent the result is at infinity, that is,
the entire boundary layer.

3.2 Formulation of the research problem one

Flow of free convection viscoelastic liquid model past a half-infinite vertically
upward plate along with oscillatory suction that is dependent of time with a
transient magnetism is explored (see Idowu and Falodun; 2018). The plate is taken
to be endless in x%-direction, hence the x%-axis is considered along the vertically
endless plate and y%-axis normal to it as depicted in figure 3.1. The plate moves in
yO-direction and at a point there is no continuity in the flow towards x°-direction
and thus neglected in the continuity equation.Hence, the flow equations such as
energy, concentration and momentum is considered as a function of ¢t and y alone.
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The magnetism (Bo) of constant strength as imposed is transversely in opposite
direction to the motion. At the initial motion at t < 0, both plate and fluid has
constant temperature. Heat absorption or generation, Dufour along with Soret are
explored in this analysis. Magnetic Reynolds number is considered to be little such
that induced magnetism could be insignificant. Walters-B non-Newtonian type of
liquid is explored in this research while its constitutive equation according to
Choudhury and Das (2014) is given follows:

Oik= —pgik + Oiko (3.1)
ooik = anoeik — 2koeoik (3.2)

Here nomeans limiting kinematic viscosity with little shear rates, Ko means elastic
coefficient, o’kmeans stress tensor, p means isotropic pressure, gikxmeans metric
tensor with coordinate system x/, vimeans velocity vector, oixmeans Cauchy stress
tensor, ekmeans deformation rate tensor. The contravarient way of ek is written

as:
Yik de'* ik ki ; k
ik __ - m ik : im0 mk
¢ =5 +oel, — Ve (e (3.3)

Where eikis the rate of deformation tensor convected derivative is given as

2eik= Vik+ Vki (3.4)
At little shear rate, (7o) which is the limiting viscosity is defined as:

?JUZ/ N(7)dr and k:0:/ TN(7)dT (3.5)

0 0

N(t) means relaxation spectrum as explained in Walters (1962). The model
explained above is correct for Walters-B approximation when relaxation time is
considered while terms such as:

f t"N(r)dr ,n >2 (3.6)

0
is neglected while ko is considered to be significant

Considering all the stated assumptions above and Boussinesqs evaluation, the flow
model and its boundary constraints are written as:

Continuity equation
N’
— = 3.7

Momentum equation
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ou' ou ' oB3u Ky [ &% P’
— 4 =v— G (T—T)HG (C—Cs)— —2-—— , /!
o Ny’ Uay’Q 8 4 )+8 o ) 7 p \ Ot'Oy" T oy’
(3.8)
Energy equation
or 0T T 1 0q, ou'\* DKrd*C 3 *u
‘_/+U’r— =00 ; a + a ,i XT( + = (.TOO_T)—"_ Q[) (T_Too)
ot Ay’ a2 pe, Ay pe, \ Oy Csc, 0y pey pCp
(3.9)
Concentration equation
oC oC 0°C . DKr0*T
V' = DZ— — K?(C — Cy) + —L (3.10)

o oy T oy Ty

subject to:
u="Uoy, T=Tw+P(Tw-Tew)emt, C=Cy+p(Cw-Co)emtoat y9=0 (3.11)

U-—0,T-> Te,,C = Coas y? ——o0 (3.12)

The continuity equation (3.7) is evaluated by utilizing integration approach to
obtain v = constant. This implies that the suction velocity at the plate is a unform
function. It is considered to be constant and dependent of time following Alao et al.
(2016) in this research work as:

v = —Vb(l -+ EAE“’H) (313)

In this research, the heat flux is such that gg’; >> gffj because the flow equations

are functions of t?and y°respectively. Hence, the radiative flux in the x%- direction

fﬁ, is neglected. Therefore, g_‘;ﬁ means heat flux that dominate the flow. Now,

assuming distinct temperature within the fluid layers flow regime is so little that T*
is evaluated as a linear form in terms of temperature at ambient vicinity (Tw).

Using Taylor series to expand T#about Te while terms of higher order is forgone.

Let us examine the expansion in Taylor series of T*about T«

(T - Too)2
|

(T _ Too)n
21 !

T* = Toy + (T — To)T'(To) + -

T"(To) + ... + T"(T) (3.14)

The above series becomes:

T'=4T3T - 3TL (3.15)
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Using Roseland approximation, the radiative heat flux is given by;

. 740’0 8T4

= 3.16
it 3. O (3.16)

Here oo means Stefan-Boltzman constant while ke means coefficient of mean
absorption. By utilizing the approximation of Roseland, the present analysis is
basically on optically thick liquid. Based on equations (3.15) and (3.16), (3.9)
reduces to:

C

or =~ ,0T 9T 160 73 PT (8'11.’ )2 D,, ky 0*C

= m + . g 5 00 ¢ 5 — \ a9 — 5
o " dy I@y’z * 3pcpke T 0Y?  pe, \OyY' Cs ¢, 0y
5 *u
P~y + Loy, (3.17)
PCp pCp

To simplify the flow equations (3.8)-(3.10) and the boundary conditions (3.11) and

(3.12) in a dimensionless form, non-dimensional quantities of the following forms are
introduced:

’ 2.7 241 o
P LA o (3.18)
m v v Vg
T-T. C-C vpc v
g = =t C7Ce 5 UG U
To—T © Cu—Cox E o
U g T:u' - Too [0 cU Cw - Coo
Se = i,Gr:'g il — ),Gm:'Ei il — )
D Upvy UV
B ul KoV B *ugv Qov
¢C = — = — = 0= ——
cp(Tw — Too)’ pv? pe,vs Pyl
2o A;ZU . 1600T§°,1’Lf _ UB%’U-
vh 3kek pUG
(3.19)
, (3.20)
(3.21)
(3.22)
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3.2.1 Non-dimensionalization of momentum equation of research

problem one

oW _ o du _ 0 Ou . Dy Bu g W
at’ — du o' T ou dec')t’_uox(')f.x v

ou' ugvi du

_ Uoty Ou (3.23)
ot’ v ot
ou' _ du o Du _ Qu' g du g Dy _ du o vj
Ay~ Ou ay’ — du X oy X ay' tp X Ay X
o' ugvi Ou
d v Oy
w0 (duly 1(%@%@) — u-ov%ﬁ(@)ai 5 9%u vd
ay’? T oy \ay'/ T oy'N v dy/ T v Oy \oyldy T v oy? v
o _ ugvy O*u
Oy V2 Oy
/ fa
J@ t(T - Too) :f-.d tl(}(Tw - Too
’
f@ (:(C - Coo) :J@ (:Qo(cw - Coo
oBju'  oBjuug
p p
(3.24)
(3.25)
) (3.26)
) (327)
(3.28)
P _ i(@%’) _ i(unt’ﬂ @)
Atoy'? T ot \ay2) T o'\ v? Oy?
00w uovh 0 (Puy _ uov 0 (DPuy oo Ot
atoy’? T v ot \ay?/ T v 9t \ay? at’
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o - ugvy Ou (3.29)
atdy? 3 Otdy? '

P! _ i(f)zu’) _ i(uovaﬁ) _ uovi 9 ( )Zu) Ay

Uy"'i - ay’ ayl2 - oy’ 2 ('?yQ — 2 dy d IJI

Pu ugvy Puvy  ugvy Pu

B B Py v Oy

(3.30)

substituting equations (3.23) - (3.30) into equation (3.8) we have;

ot O 008y ey O _ oty O
v Ot v dy v Oy

@ tﬁ(Tw - TDC) +@ c(ro(cw - Coo)

aBgvgu Koy ugvg 9Pu uofvg‘ AT
- 1+ ee™)— .
P P —( v Do 0 (1 + ec )8y3 ) (3.31)
dividing all through by % to have;
du ou  Pu g T, —Ty) gp p(Cyp—Cy) oBiv
o 1 . nt I b 'i:b oo ! C ?.L o0 o 0
ot (1 e )By dy? N v N v pud "
Koz &u i Pu
N (14 ety TY 3.32
% (c%ayz (14 e )8y3 ) ( )
Simplifying further to obtain:
du ou  *u Pu i OPu
e — (14 ee” )ay a7 +Grid + Gmyp — M*? u—a(aay — (14 ee )8_’q5) (3.33)
where;
Gr = L TuTx) Gy — 90 o(CuCoo) pp2 Uﬁ": _ 1;(;33
0 0 0

are the Grashof, mass Grashof, magnetic parameter, and viscoelastic parameter.
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3.2.2 Non-dimensionlization of the energy equation of research

problem one

T _ IT , 90 _ T , & o, Ot _ _ ., v
o7 =35 X v = a5 X ot Xaw = (Tw—T) X Gp X 3

OT  v3(T, — Too) OV

- _ 0\w oo/ F7 3.34
ot! v ot ( )
agr __ ar og _ aT o dy o v
é—y—wxd—y—ﬁxd—yxd—;—(ﬂ,j—Tw)Xd—yxr—f
OT  wo(Ty — To) O
Ay v Yy
FPT 8 9Ty _ 9 (vlTw—Tx) 39y _ vlTw—"Tx) 8 (09
57 = 3y o) = 3y (2 g,) = T 55(5,)
UQ_T _ ?/‘O(ﬂn_Too)i(@)a_y _ '*—‘U(ﬂ:J_Too)ﬁz_ﬁ % Vo
ay'? v ay\oy’/ oy v y? v
0*T B (T — To) 0%
Dy’ o 2 Oy
65 *u 3 fuu
U (To — T) B Fuug (To =T
pCP [)Cp
@ (T - Toc) = QU 19(1-;” T
PCp PCp
(3.35)
(3.36)
) (337)
) (338)
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dg, 160012 v3 (T — Two) 0%

_ ; : 3.39

(9?}’ 3]’39,00;9 2 ayz ( )
2 ( N T, 5 20 v0(Co—Coo) & /00
gyg :ﬁ(g):%(% djxdj)_ ((O"w Coo ) wxvo)gyg :¥%(dﬁ;)iy{ -
v0(Cu—Coo) 8%¢ vg

v 2 20— () P
8 C v w oo
_ vl ) 0% (3.40)

Dy’ - 2 y?
putting equations (3.34) - (3.40) into (3.9) yields:

U3 (Tw — Too) 09 05 (Th — To) (l—l—fe”")@ avg(T, — T 8219+ 160012 v3(T, — Too) 020
v ot v oy v? Oy? 3k pe,/? oy?
vy Ou Dkrv3(Cy — Co) 0?0 B *ug(Ta — To) Ty —Tw

#1)02 @)2+ T?U(O - C. )(? 63+ UO( )TLI)—FCJO( )’(9 (341)
pepv? 0y CsCpl Yy PCp pCp

dividing all through by M and simplify to obtain:

a0 I 9?9 160012, 5% 2 du .
vy (1 + cAe nf) _ Of 4 004 o + Yy (7“‘)2
ot dy v oy? 3kepe,v Oy? cp(T,” —Ty) Oy
_ 2 *
C.S’C])V(]—"U.' - Too) 3’9'2 pcpvl’_) P PUU
Simplifying further to obtain:
o o 1+ Rr 0% du P
— — (1 + cAe™ — + E¢ Du — Aud) + v 3.43
ot (1+ )(‘)y ( Pr )8y2+ (Oy) + oy? w +00 )
where;
o 1600T3, . vg _ B *ugr v Dk (Cop—Clog)
Pr =2, Rr= ik(:;k Ee= cp(Tu,meyA = o 32 0= ,)?21 ,Du = 2 c:u(Tu,me)

are the Prandtl, thermal radiation term, Eckert, heat generation/absorption term, heat
source/sink parameter and Dufour number.
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3.2.3 Non-dimensionalization of the concentration equation of the

research problem one

ac _ ac , dp _ 9C , By , It _ _ g ., v
atf*dgxdt'*dpxardef*(cw Coo) X 55 X

ot v
A 2 e )
oC _ v (Cly Coo)c‘)_,o (3.44)
ot v ot
aC _ aC Do __ 9C L Bo o Oy _ v
Sy =92 < 55 =52 X g0 X g = (Cu = Co) x G2 x 22
0C _ w(Cu—C) 02
ay v )
(3.45)
K LO

K(C—Cyx) =

o(Cy — Cx) (3.46)

substituting equations (3.44),(3.45),(3.46),(3.40) and (3.36) into the concentration
equation (3.10) to obtain:

5 (Cw — Cx) % - 5(Cw — Cx0) ot dp _ D'I"S(Cu* — Cx) 0%p

1+ ee™)— =
v ot v (1+e )81; V2 oy?
K Dkrvi (T, — Tn) 0*0
p — 3.47
Dp(C = Coc) + ) (347)
dividing all through by “ C“—m yields:
Op L 0p D &g ) Dkr(T, — Ts) 020
—~ —(1l4+ee™) =L = ==L — K. 3.48
ot (1 e )8y v dy? hid T,v(Cy — C — o0) dy? (3.48)
simplifying (3.48) further yields:
Oy L0019 0%
TN nt — L — K.p+ Sr— 3.49
or ~ )G, = Seay torge B9
where;
v Dk (Tw— - k2w
Sc=5,0r =7, :((C e ) K7 = 2z

are Chemical reaction term, Schmidt, and Soret number.
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3.2.4 Transformation of the boundary conditions of research problem
one

ul=ug and ul=
Ullo Up = UUo

u=1 (3.50)

T=Ty+ €T, — 1'700)6”rfr and T =T, —Ty) + T

2
nug 1
m X

— T +6(Ty—Toc)e © % =0(Ty — Too) + T
simplifying the above further yields:

9=1+e™ (3.51)
Also,

C=Co+e(Cp—Cox)e™ and C = p(Cp—Coo) + Coo
_— OOO + E(Cu' — OOO)C T @(Cu — OOO) + Coo
simplifying the above further yields:

o=1+e" (3.52)

Also,

ol

! (e !
W — 0 when u=— = u = uyy

Up

therefore,
0 =uuo
~su-—0 (3.53)

Again,

T -1,
T —T. and 9= ﬁ — T=Te+HTy—Ty)

w oo
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Teo= 9(Tw— Teo) + Teo
Too = Too=9(Tw = Teo)
simplifying the above further yields:
~9--0 (3.54)

Finally,

C— Cyx and = % = C=Cx+¢(C,—Cx)

Coo - Coo = ¢(CW_ Coo)
simplifying the above further yields:

ap-—>0  (3.55)

From the above, transformation of governing equations momentum, concentration,
energy and the boundary constraints are transformed to become:

du du  u Pu Pu
— — (1 +eAe™ — M?u— A 1 o
o (14 €Ae )a?i a7 + Grd + Gmy ot 1 (8150;1; —(1+ee )ay )
(3.56)
By, oy 00 _ (14 Rr\ 0% ou\’ Po
dtf/ an0p 1P, 0% -
5 — (1 +€de )ay =59 kio+ S, e (3.58)

here Gr, Gm, Pr, Rr, Ec, Sc, kr, Du ,Sr, a, A, and 6 are thermal Grashof, mass Grashof,
Prandtl number, radiation term, Eckert, Schmidt, chemical reaction term, Dufour,
Soret, viscoelastic term, heat generation/absorption coefficient, and heat
source/sink term respectively.

The boundary conditions are:
u=1 1J9=p=1+ec"aty=0 (3.59)

u-—0,9--0,¢-—-0aty-—o0 (3.60)
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Engineering quantities interest are skin friction (Cy), local Nusselt (Nu) and Sherwood
number (Sh). Skin friction coefficient is define as:

Cf Tw ou’ K(] |: 83-?1,' (9?ij|

= where T, = l— — — | ——— + —
pUgg / ay’ P at’dy’z ayr.s

e = AT Ay B | B otoy? 3 Oyd
~ pUpv — 02 0u Ky Uy { u 6%1

D02 o

U2 du K, [UUUS Pu Uyvh 8%}

w

v dy p v
Hence,

Tw = [

ou | u . Pu
Ay y=0 ! otoy? o3
The Nusselt and Sherwood number are:

oc
—Tw — Too anda = —Cw — Coo

( aT) 4o, ( o1 )
Qv = —K | — — -
dy =0 3k. \ Oy y=0

Nu=—

where
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3.3 Qualitative analysis of problem one

In this section, the stability, existence and uniqueness of solution of the
transformed dimensionless flow equations of unsteady free convective motion of a
viscoelastic liquid past a half-infinite vertical plate at initial time ¢ = 0. Nonlinear
differential equations mostly are difficult to solve analytically. Thus, qualitative as
well as numerical approach is important. This section aimed at examining if the
dimensionless coupled flow equations is solvable, and if solvable, is the solution
unique?. To perform the qualitative properties of the problem under investigation,
this study is interested in the initial unsteady solution at t = 0 (that is, the steady
state of the problem) for the transformed equations (3.56)-(3.58) subject to (3.59)
and (3.60) is considered and¢ < <1 that it could be neglected. Thus at t = 0, we have

d*u d’u d*u

+ 1—+Grt)+Gmp M?u = 0 (3.61)
dy dt dy?
1+ Rr\ d*9  dv du ~d%p

—+ —+ Ec Aud = 3.62
( Pr ) dy? + dy + ((]J) “dy? “ 0 (362)

L d? dp d219
— SF k2, = 0 (363
Se dy? + dy ' n’J (363)

subject to

u=19=1¢=1,aty=0 (3.64)
u-—-0, 9--0,¢p-—0,asy-—>o0 (3.65)

First reduce (3.61)-(3.63) subject to (3.64) and (3.65) to system of first order ordinary
differential equations.

1 o
w4 366)
dJ dy
@ _d [fdu\ A, 3 Pu d (dPu\ A
dyr  dy \dy) dy 5 dy?  dy \dy?)  dy
) dd d 4 (i219 d [dv d 5
95, W _24g
Ty Ty T Ay du (du) dy
/ dp dg | d*o de\ @ 7
=B . FX_L6 5 R e
PTGy T ay T a4y dlf dy) dy
(3.67)
(3.68)
(3.69)

putting equations (3.66)-(3.69) into (3.61)-(3.63) yields
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ﬁgﬂ@z+A1%—;+Gﬁ4+Grﬁ 6 — M3 = 0 (3.70)

1+RT‘ ﬂr, 2 Iﬁa?
( P )d—y‘k@ 5 + Ed o) +Du'd,y +0 4, -84 4

1d - A s
gd—y'@ -7-&[3 6+ST dy

= 0 (3.71)
= 0 (3.72)

simplifying equation (3.70) gives
d 3 _ M3\ —GB 4 — Gt 6B 2F 3

) 3.73
7 1, (3.73)
Also, simplifying equation (3.71)
].+ Rr ﬂ 5 9 ﬁ 7
— = — —F 5 — Du—-
(P’r)dy BA -0, & 2)° B - udy
ds &7 40 4—FEd 2)2755 Du @d 7
= - — (3.74)
dy ) ) dy
putting equations (3.74) into (3.72), we have
1d 7 A4 4—64—E¢i2)2—55 Du d -
—_—— — My 6+ Sr — — | =0
seay P ( ) S dy
1d 7 Sr&fF 4— S 4 —STE& ,)° —s# 5 SrDud ;
——— B -k s+ - - —— =10
ey P ) ) dy
Jﬂ 7 1 SrDu I{? -B (ST‘ﬁ ﬁ 4 — STﬁ 4 — STﬁ 4 — STEC& 2)2 — Sﬁ 5)
-\~ 1wy | =W 6P 71— =
ay \5c ) L)
Simplifying further we have
a7 Kl ¢Sc %) B 75¢ %)
dy N 1%?") — ScSrDu 1%?’") — SeSrDu
- 41— Srd 4 — SrE 2 5
_(5'7"4R A 14— Sl lierSJ 41— STEAR 5) St 5) (3.75)

) — ScSrDu

Pr
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Putting equation (3.75)

into (3.72) yields
1 KA eSe(HEr) B 75c(1HEr) (Sr8 B 4—Sr8 1—Sr8 1—SrER 2)*—S8 5)

Se (l+f ) SeSrDu (“}S{“ ) SeSrDu (1;?"")73(:31'}31:.

d -
L Sy o=0
# 7 I\ff ¢+ {—dy

d s 1 [ M oeSc(ABRr) B rSe(MBRE)  (SrB 8 4—S18 4—S18 4—SrEA 2)?—Sp 5)]

dy — T SeSr (%)—S(:STU'H (1—*.,?) —SeSrDu (%)—SCST'ULL

K o B
Sr Sr
Bo Mo po _ MScHE) 5 4
dy  Sr  Sr S(S:“[(HR’“) ScSrDu] SeSr [(“R'") ScSrDu,]
(ScSr& 3 4 — ScSiB 4 — ScS# 5 — ScSrEA 5)?)
SCST[(H"{”) SCST‘DU}

+

(3.76)

Theorem 3.1: Let u,9 and ¢ be continuous function at all points in some
neighborhood and Pr > 0,Rr > 0,Sr > 0,Du > 0,A1> 0,6 > 0,A > 0,Sc > 0,kr > 0,Ec > O,.M
> 0,Gr >0 and Gm > 0, then there exist a unique solution for

coupled nonlinear boundary value problem.

d*u  du d*u 2
@+@+AIW+GTT}+Gmp7hI u=10

N : 2

Pr dy?  dy dy dJ
1 &  dp d*v
— k2o +Sr— =0
Se dy rm dy i dy?

subject to

u=19=1¢=1,aty=0u--10,9
-—0,¢p-—0,asy - >

on some interval k y — yok< a, kyo -y k< b provided 3 k such that k =

max(0,1,P;,...P12) and 0 < k < oo.
PROOF: Writing the equations (3.66)-(3.69) in a compact form as:
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~ - ,8 2
4.
dy ﬂ 3
e MB LGB 4Gl o8 28 s
as '
dy B s
w| Bo gy _ Mose(HE) 4 ase(iylt)
. » 1+ Rr a 1+ Rr
s St Sr ScSr[(—‘,‘;T)fScSrDu] Scbr[(—‘j‘;T‘)fscSTDu]
dy +(Sr:Sv'ﬂ B 4—ScSt8 4—ScS# 5—ScSrEdt 2)2)
a s ScS-r[(@)—SCSrUu]
rm )
dr B
L dy | a; _ M eSc(4H) B orSe(MEE)  (Sr&8 8 4—S08 4—S1B 4—STE@ 3)*—SH 5)
| dy (%)fScﬁ'rDu (1;7?)78057‘DU (l}if")fScSrDu ]
(3.77)
satisfying the conditions
p1(0)
1
@62(0)2H
Ball
@ap3(0)2:
Elynl
B64(0)BR
= 1R
] i
Bs(0)BE
?| [?
BFs(0)BR A1Rp
p7(0)
Q
Considerg“% such that i,j = 1(1)7 to denote the nonlinear functions on the RHS of

[
equation (3.77),asi=1andj = counts. when i = 1 and j = counts, we have

U H o
ouy duy duy duy duy ou,y
|,81| IBS\ |,B4| |ﬁ.5| Iﬁﬁl ‘67|
0
1 21 <
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when i = 2 and j = counts, we have

uz=f3
Ous dus dus dus dus Ous
I#BII |B2\ |,B4| Iﬁsl l_Bﬁl \QTI
8?12
—|=1<
32
when i = 3 and j = counts, we have
Aﬁ 11— G =G 55 25 3
Uy =
Ay
8?;3 8“3 6?13 M?
| I—\ I—0 | \—|—|—P1<oo
2, 0
| ”3|_|_1|_1<oo | ”5\_|_1|_1<oo
|8“"|—|—Gr| P, < oo, |%|—|—Gm| Py < o0
when i = 4, and j = counts, we have
uy H 5
duy ouy ouy duy Juy duy
1= 152 = 132 = 132 = 15 = 15
|’%= < 00
when i =5 and j = counts we have
e B K eSc T5F) B 2S¢ 5F)

U =

Sr Sr SeSr [(HRT) SCS’I'DU] * SeSr [(HRT) SCST'DH]
+(ScSrﬁ 34— ScS8 4 — ScS# 5 — ScSrER 5)?)
SeSr [(“‘RT) ScSrDu]

Utilizing the properties of absolute value of real numbers as described by Robert and
Murray (2002) defined by
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la+ b < |a| + |b]

dus ScSr& 4 SeSrA |
_ < =P <
5. =I5 (55 — SeSrDa] | = 19e5r [(5) — ScSrDu] |~ 4=
ﬁwl | —25cSrHg » < SeSrEe| —2f - P
2 - SeSr [(HE) — SeSrDul |SeSr [(H) — SeSrDul | ’
Ous ScSrA& | — SeSrd SeSr 4| — SeSréd
_ < =P <
|,3 4| |SCST [(Hf) — SeSrDu) |SeSr [(HE) — SeSrDul | 6=
|8u5 | —ScSr < | — ScSr| P oo
a5 SeSr [(H5E) — SeSrDul |SeSr [(H5E) — SeSrDul | T
ou k2Sc 1A k2 |k2Se L) |
I 5| _| T Pr ) : | < | ‘ e Pr ) . :PS < 00
Sr SeSr [(Ah) — SLSTDLL} \Sr| |SeSr [(HEEE) — SeSrDul
8’&!5 | |
T - — <"1 _p <o
|6 ; ST | | 9
And,
d’u-g,
—|=0<
|ﬂ 7|
when i = 6 and j = counts, we have
ug 4 7
2 = 12 = 5] = 15 = 5 = 15 =0 < o
a4 a o B 3 8 4 [ [
|8“6| —l<oo
When i =7 and j = counts we have
o = B eSe(bprr) B rSe(Mpl)  (Sva § 4S8 4—S18 4—SrEe )=S0 5)
T (%)—SCSTDM (%?)—SCSTDH (%)—ScSrDu
duy —SeSr& 4 [2||SeSrEc
- — P, <
|ﬁ 1‘ | Lhr) — SeSrDu’ — | Br) — SeSrDul e
|du7| — | _ ScSrf + ScSré | |[—ScSrf | |ScSré| _
(%)—ScSrOu (%)—S[:ST‘DU - |(%)—Sc§'rl)u| (%)—S(:S?'Du\
Plg < 00
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Juy ScSr |SeSr|
<

‘ﬁ 5| | LEfry — SeSrDu’ — | Bt) — SeSrDul t
‘(‘)u»rl | kZSe ML) < |k2Sc ML) | b
9 i) — SeSrDu — | ) — SeSrDul .
i —Se 1+ Rr — Se 1+ Ry
‘au{|:| R( Pr) ‘S ‘,.( Pr)| =P <>
0 7 ) — SeSrDu — | ) — SeSrDul
And,
0.
| ”7| —0 <o

Thus, we have shown that

du;
7

< K such that i,j = 1(1)7

Obviously,
ou;

5 J

there exists K such that K = max(0,1,P1,Pz,P3,P4,Ps,Ps,P7,Pg,Ps,P10,P11,P12,P13,P14,P15) and 0 < K <
oo, Therefore ui(B1,£2,6364s,B6[7) are Lipschitz continuous.

|i.j= —1(y7 5 bounded fori=1,2,...,7

Hence, there exists a unique solution for the system of coupled differential equation.

3.3.1Stability analysis

Stability analysis for the solutions of differential equations that describe dynamical
systems are of various categories. The common one is the stability of solutions
near to a point of equilibrium. The Lyapunov theory is used to discuss stability at
equilibrium. Consider the solution near the equilibrium point x. stay near xe
forever, thus x.is Lyapunov stable. Hence, if xcis Lyapunov stable and solutions
near X, still converge to xe, thus x.is asymtotically stable.

Theorem 3.2: Poincare-Lyapunov theorem states that if eigenvalues of Jacobian
matrix evaluated at the fixed point are not equal zero or are not pure imaginary
numbers, then the trajectories of the system around the critical point behave the
same way as the trajectories of the associated linear autonomous system which are
equivalent to that of its nonlinear system. The theorem can be further classified
based on the following.

(i)  Nature of roots Ay,..,A6,A7 of characteristics equation.
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(ii)  Nature of the critical point (f1,82836405,06[7) of the autonomous system of nonlinear
differential equation and

(iii)  Stability of critical point (81,82 83,845 B657)

We consider the system of first order differential equations with critical point of 5 !
then, we also have the following critical points (0,0,0,0,0,0,0) and (0,1,0,0,0,0,0) Table
3.1: Nature of root(s) of characteristic equation, critical point and stability of critical

point

Nature of roots Ai..,A7 of | Nature of the critical point, of the | Stability of

characteristic equation autonomous system of nonlinear critical point
differential equations.

Real unequal and all eigenvalues | Node Asymptotically

are positive signs.A1=1, A, =2 unstable

Real, unequal and all eigenvalues | Node Asymptotically

are negative signs. A1 = stable

-1, A=-2

Real, unequal and all eigenvalues | Saddle point Unstable

are opposite signs. A1=1, A2 =

-2

Real, equal and all eigenvalues | Node Asymptotically

are opposite signs. A1=1, A2 = unstable

1

Real, equal and all eigenvalues | Node Asymptotically

are negative signs. 1= 1, ;= -1 stable

orAi1=0,A;=-2 (Zerois

also a real number)

Conjugate complex with positive | Spiral point Asymptotically

real part signs. Ay = 1+21, A2=1 - unstable

2i. Real part of the roots are

positive
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Conjugate complex with negative | Spiral point Asymptotically

real part signs. A1= -1 + 2i, A;- 1 stable

- 2i. Real part of the

roots are positive

Conjugate complex with pure | Center Stable but not

imaginary Ay = 2i, A, = -2i asymptotically
stable

Table cited from Shepley (1984)
Let:

Bi=ul B B 5 3 H 1)H 2

Bo=ufl 33888405,
Bl @8 H B AP = PP “‘f’ﬁ o2
Bi=ulf 3 8 B 8867185
Be=ut 883 43 8 A 7)= %st—z—s(srﬁllic()ﬁg, bu] S(:Sz,ﬁ(ﬁl)}fz(zg,-Du]
(ScSr8 § 4—ScSt8 4—ScS@ 5—ScSrEd 2)?)

Sc:Sr'[( % )—S(SST'DU}
Bo=uf 358888 )F 7
K 6Sc 5E) B 1Sc HFE)  (SrB8 B 4 — S8 4— S8 4 — SrEA 5)* — S )

1+_R,-) — S¢SrDu M) — SeSrDu 1+—R’") — SeSrDu

Pr Pr Pr

+

8 4=

/

Hence, the necessary and sufficient condition of Jacobian matrix is satisfied and the

Jacobian matrix takes the form

A1 B2 B3 Ba1 Bs Bs B
Qup  OQuz  Oup Ouz Ouz Jug  dug
1 B2 B3 P4 As Be P
duz duz Ouz Jduz Jduz Juz Jdua
A1 B2 B3 Pa As Be P
A= |Qua Gus Juqg OGusg duqg Jus  ug
A1 P2 B3 Pa Ps Pe B
dus Jdus Jdus Jus dus  Jus  dus
A1 B2 Pa3 Ba OBs OBe BOr
Jug  dug  dug OJus dug dug  due
g1 B2 A3 A4 Ps Pe B
duy  dur  Ouy Oduy duy duy Our
21 B2 B3 Pa BAs BPe P 7]

This becomes;
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(=]
[N

0
0 0
apP 0
1 1 4 0 0 o
A=20 L0 0 o
1 1 P 0 p
BIP4 [ 1
0 ¢ O Ps
0
Ps o Ps P7 Pg 1
>
p 0 0 0 0 0
10
P11 0 P12 P13 Pus Pis
where;
M? SCST‘A‘,’B 4
Po=—, P =-Gr, Py,=-Gm, P, =
VA T T T T T G G (B — SeSr D]
P 25c¢SrHg o P SeSrf& 1 — SeSrd
T SeSr [(1""'{’) SCSTDU] P07 SeSr [(H'RT) ScSrDu]
ScSr k2 k2Sc 15En) 1
Pr = — Lt Rr . 1P8:f L1 Rr ’PQZ_T
SeSr [( ) SCS’rDu] Sr SeSr [( ) - ScSrDu] Sr
Po— SceSrf 4 B QS(SIEB‘ 9
0 LERr) — SeSrDu’ e LRy — SeSrDu’
P SeSrf& N SeSro
e IJ;,R') SeSrDu “;,Rr) SeSrDu
ScSr k:Sc 1%?’”) Sc l%fr)
Pz = e 4= "1 Ry Pis = — 1+1£r
o ) SeSrDu’ o ) SeSrDu’ ) ScSrDu

Using the extracted parameter from Alao et al. (2016), the Jacobian matrix for the parameter
Gr=2.0,Pr=0.71,Ec=0.001,Sc=0.6,Rr =kr=A=0.5,Du =

0.2,5r=0.5t=10M=1.0A=0.01,6 =0.001
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(=]
[N

0
0 0
AA1
0
A=00 1 o 0 0
0 0
. 0 0 0
1 0
R1A4 A
0 1
0 o O 0
As 0 As A7 As 1
A o 5 0 0 0
A1 0 A1z A1z A1z Ais
where;
0.003 0.0006. 0.003 ; — 0.0003
A =025 Ay =—2 Ay = -2 A, = 3, A= 3, A=
! % 42 ) 413 A= eEH 0 Y T o v 0.61578
, , 0.003 0.000
A- = —0.487186, Ag = —0.0146. Ay = —2. A,y = A = —% ,
7 s 8 s 9 3 10 2052 E 11 2052 2
0.003 . , :
Ay = ~ 300 1+ 0-00014, Az = 0.1461, Ay, = 0.1543, A5 = —0.6175

Evaluating the Jacobian matrix at the critical point

(81=0,62=0,63=0,4=0,65=0,86=0,07=0)
-

025 1 1

0 0 0 0.0004871 —0.487186 —0.0146
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0010000

B =

B =

0000100

B =

= =

0000001

00014 0.14610.1543 -0.6175

The eigenvalues of the matrix above can be calculated with |[A - Al| =0

[A=X[=]0 0 0

0 0 0 0 0 —A 1
0 0 0 0.00014 0.1461 0.1543  —0.6175 — A

(0.4382502550A2 + 1.104686A3 — 0.07306052405) + A* + 0.00007720353) (A2 — A3 +

A+ 0.25)

A = 0.001063509260, Ay = 01229392294, A3 = —0.6143443693-+0.46158560681, A; =
—0.6143443693—0.46 158560681, A5 = 1.682615007, Ag = —0.3413075034+0.17912968001, A; =

—0.3413075034 — 0.1791296800/
10000010000

0 0 0 0.0004871 -0.487186 - 1 -0.0146 -2
Evaluating the Jacobian matrix at the critical point

(:81 = O,ﬁz = 1/:83 = O,ﬂ4= O,ﬁS = O,ﬂ6 = 0,ﬁ7 = O)
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1 0 0 0 0 0
0
0 1 0 0 0 0
0 1 1 -2 0 -2 0
.
0 0 0 1 0 0

B =

0.25 00009743 0 0.0004871 -0.487186 -0.0146

. : -0. -0. -2

0 0 0 0 0 1
A=00

@0

B =

@0

=

0000.00014 0.1461 0.1543 -0.6175 The eigenvalues is gotten using |A - Al| =
0. Using the MAPLE software to solve the eigenvalues to obtain

-0.0178875281-1.000000000A7 +0.000019301+0.63933542843 +0.035091298A2 +

1.666435747A> + 1.865996779A* - 0.104685999416 A1 = 0.001081359289, A; =
0.1226328147, A3=1.682396371, A4 = -0.6144017664+

0.46348955811, As = -0.3409965060 + 0.17256586361, A¢ = —0.3409965060 - 0.17256586361,
A7=-0.6144017664 - 0.4634895981]

Most of the eigenvalues are conjugate complex with negative real part signs and
the remaining three are real, unequal positive sign. Based on the theorem
(PoincareLyapunov theorem) earlier stated and the eigenvalues in table () the
stability of critical point is Asymptotically Stable.

3.4 Solution technique to problem one

The dimensionless system of PDEs is solved by utilizing the SRM. This is a
numerical techniques which follows the iterative steps of Gauss-siedel relaxation
techniques to linearize and decoupled the coupled system of equations. The
linearized equations are further discretized and solved by utilizing Chebyshev
pseudo-spectral approach (Motsa, 2012). The linear functions are iterated at
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current level given by r+1 while non-linear functions are considered to be known
at existing level of iteration given by r. The basic procedure of SRM are highlighted
as follows:

(i) decouple and rearrange the nonlinear equations in Gauss-Seidel approach.

(ii) discretize resulting the linear equations.

(iii) the discretized linear equations are iteratively solved by utilizing Chebyshev pseudo-
spectral approach.
First rearrange the transformed flow equations to apply SRM. This gives

ou PBu ou  u Pu

—+A = (14-€eAe™ ) —M*u— A (1 i
8t+ FTE = (1+e€ )a?f 95 —+Grd+Gmp— M u—A;(1+ee™ )ay (3.78)
o oY 1+ Rr\ 9%0 ou 0%y
1+ eAe™)— + | —— +E Du——= + 69 — Audd (3.79
o (+ee)8y+( Pr )dg c(dJ)+ M()y+ ud (3.79)
dp dp 1 07 Po . %9
1 A nt 2, R, .
i =(1+ )a;y + = e 6J —kip+ St 092 (3.80)
subject to
u=1,J9=p=1+e"aty=0 (3.81)
u-—-039--0,¢-—0aty-—oo (3.82)
Utilizing the SRM on the non-linear coupled PDEs (3.78)-(3.80) leads to:
Oy 82Ur+1 : 83'Uu~+1 82%4—1 (o TRSY 2
BT + A pTe 4 o7 e - Dy +Grd, +Gmp, — M*u,q (3.83)
fo /. agﬁr'+]
Pr = (1 '
Y (1+ Rr) Oy
J, i\ 2,
wpp 2 prpe (2 prpu 4 P, + Proud,.  (3.84)
dy dy dy?
Dpry1 0% dpry1 2 0?0, 41
: = ¢ ——— — Sckio, .85
Se 5 07 + Sz o Sck; 41 + SeSr T (3.85)
subject to
U1(0,8) =1, 0,1(0,8) = 1+ e, ©,1(0,1) =1+ ee™ (3.86)

Uri1(00,1) =0, Ury1(00,t) =0, pryi(o0,t
)=0 (3.87)
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wheres =1+ eAde™

setting

ao,r 43 =1+ EAEEM'_. ai,r %3 =1+ EAGM,\ gy = GT"I?,- + Gm(r:\r'a bU,-r' - (1 + RT)’

aur'Jrl
oy?

2 ‘
P,
bi,=P# = Pr(l+ecAe™), by, = PrEc ( ) , bz, =PrDu L

oy?’

029,
by, = PrAu,, co, =S8 = Sc(l+eAe™), ¢, = SeSr Urel

(3.88)

substituting the above coefficient parameters into (3?32)-(3.85) to give
()13:1 + A, %?:)?;1 = ay, d?);jl ()2;;;1 +ag, — Mu,q + ”‘(],r% (3.89)
012?1 = by, 8?;1 + by, 02522“ F oy + by, 4+ Prov, g — by, (3.90)
09;+1 — o, 0;,;:1 02(;;?1 T D
(3.91)
subject to

U1 (0.8) =1, 9, 1(0,8) = 1+ €™, ©,1(0,t) =1+ecc™aty=0  (3.92)

ur+1(00,t) = 0, 9r+1(00,t) = 0, Pre1(00,t) = 0, aty —— o0 (3.93)
The unknown functions in the resulting equations are defined using Gauss-Lobatto
points defined as:

& = cos%, j=0,1,2.. N; 1<£<-1 (3.94)

where N =number of collocation points. To solve the linearized equations above,
we first transform the domain of the physical problem from [0,) to [-1,1]. The
following transformation is used to map the interval together:

n  §+1
LT _>"" _1<¢g<l 3.95
L 2 =¢s ( )

Here L means scaling term utilized in implementing the boundary constraints at
infinity. The initial approximation for solving equations (3.89)-(3.91) are gotten at
y = 0 which is considered to satisfy the boundary constraints (3.92) and (3.93).
Therefore Uo(y,t),00(y,t) and @o(y,t) are defined as:

ug(y.t) = e ¥, oy, t) = @o(y.t) =e ¥+ e (3.96)
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Equations (3.89)-(3.91) are iteratively tackled for all unknown terms commencing
from the initial quess (3.96). The iterative schemes (3.89), (3.90) and (3.91) are
iteratively solved for ¢r1(y,t),Ur+1 and Yycas r = 0,1,2. To provide solution to
equations (3.89)-(3.91). We first discretized using Chebyshev spectral collocation
technique in y-direction while implicit finite difference approach in t-direction.
The finite difference technique is further employed with centering about an
average of t"*1and t". The mid-point is expressed as:

I e

s (3.97)

Thus, utilizing the centering in{"*3to functions o(,1),9(y,t) and U(y,t) alongside their
derivative leads to:

n+1 n P n+,l n+1 n
-l n+l w: '+ ou 2 u; = Uy
u(y; 1°78) =y P = Lt (E) =T (399)

[

R A A A
9(% .f.fl+ )_ 19 +3 5 J! ((_> — 1

ot At

A1 AT ” n+i S+l n
oy, 1) = 9.9’.”“15 _% e o0\ _ ¥ 7
! 2 -\ Ot At

(3.99)
(3.100)

The idea of spectral collocation technique is the use of matrix differentiation D to evaluate
the unknown variables derivatives defined as:

. N
dr
L= Dhulé) =Dru, i=0,1,..N (3101

k=0
Y ZN: Dpd(&) =D, i=0,1,..N  (3.102)
dy" — s ik k] — B 1 = - g oaead .
dy Z Dr — D'y, i=0,1,..N  (3.103)
0 (€ w, 1=0,1,..] :

First apply Chebyshev spectral collocation method on (3.89)-(3.91) before applying
the finite differences.

AT T _ ‘ |
: UifH + A1D2( i(LitH = ag, D*ury1 + D*typyy + ay, Dupiq + as, — M2,y (3.104)
dt , :
19, , , y |
Prt 1dt+1 = bo, D*p 41 + b1, DOpyy + boy + by + Prov,q + by, (3.105)
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do,
Gofrl

dt - DQS‘Q"'Jrl + CU-'I‘D‘PT‘JH - SCkE‘fg-r'Jrl +ciy (3-106)

subject to
U1 (20.1) =1, Uppi(xNax, t) =0, Opq(20.t) =1 +e™  (3.107)
Vg1 (xNx, t) =0, ppq(x,t) =1+e™, @op(xNz,1)=0 (3.108)

Simplifying equations (3.104)-(3.106) further lead to:

1 iy e -
{ UJ: H 4D uﬁﬂ = (a0, D* + D* + a1,D — M*)upi1 + az,  (3.109)

at dt

did,
PTT = (bor + b1 + Pro + by )0riq + boy + bsy (3.110)
1041 ‘
S (yitﬂ = (D*+ co, D — Sck7)pria + e,
&
(3.111)

subjectto (3.107) and (3.108) where

ao,r(x1,t)
ur+1(xo,t) ao,r(xo,t)
urv1(x1,t)
=02 .. B8 g =0f
Ur+1 (XNa-s,t)
Ur+1(xnyt)
ao,-(xnyt)
(3.112)
bor(x2,t) ..
Ir+1(x0,t) bo,r(x1,t)
Or1(x1,8)
.. @@ bor =00
I9r+1 =
Ore1 (xnis )
Ire1 (XN t)
bo,r(xnyt)
(3.113)
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=

cor(x1,t)
¢pr+1(x0,t) cor(x0,t)
Pre1(x1t)
B, cor =

B =

=
=

Pre1 =
Gre1(xNet)
Bre1(xnyt)

co,r(xNyt)
(3.114)

The diagonal matrix is applicable for a1, az, b1, bz, b3, bar, corand ci,r.

Implementing the forward finite scheme as defined in (3.98)-(3.100) on equations (3.109)-
(3.11) we have

n+1 n n—+1 n
(14 A,D?) (%) — (ag, D*+ D* +a,, D — M?) (%) (3.115)
1{}‘."l+1 o ?_9'” ﬂﬂ«l»l + 9
Pr (—’"“N ’“) = (b, D*+by » D+by,+Pro) (—T“ 5 ’"“>+bz,,.+bs.r (3.116)
n+l __  _n ol n
Sc (%) = (D* + co,.D — Sck?) (%) +c1y (3.117)
Simplifying equations (3.115)-(3.117) leads to:
(1+ AlD?)un+1 1+ AIDQ)un _ (ap,D* + D*+ay,D — MQ)Un+1
At r+1 Af r+1 = 2 r+1
D% + D? D —M?)
(a0, D" + —; t )u;.”H + as, (3.118)
Pr ... Pr_, (bosD* 4 b1oD + byy + Pré) ..y
Eﬁr'+1 - Ktﬁr-&-l = 9 [[9r+]
(bOJ‘DQ + le*D + b4m + PT’(S) n
+ 4 9 l9?"—}—1
+(b2,r + b + bay) (3.119)
Se Se (corD + D?* — Sck? (copD + D?* — Sck?
E‘pr-tl] o E(‘Pr-f-l = - 2 iprj-_ll . 2 (1‘97'4-0-1 + Clﬂ'
(3.120)

Upon further simplification, we obtain
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S
Uppr =

(1+A,D*)  (ag,D*+ D*+ay,D— M?)
At 2

2 3 2 M2
[(1+A1D ), (a0, D°+ D*+ ar, D — M?) (3.121)

u + as,
At 2 ] rHl T2

Pr (by,D* +b1,D + by, + Pro)
At 2

|:PT + (b, D?* + by D + by, + Pré)

n+1 __
19? +1

At 2

Se (D*+corD — Srky)
At 2

} U+ (ba, + s,

A+l
r+1 —

) (3.122)
} o+, (3.123)

Sc (D?+co.D — Srk?)
At 2

Upon further simplification gives

Nt = Hul' + Gy (3.124)
NQ'{S‘?I{] — HQ’I??_H + G2 (3125)
5ot = Haply + Gy (3.126)

Subject to the boundary constraints (3.127)-(3.129)

Ups1 (TN, 1) = D1 (2N 1) = i1 (x N, 17) =0 (3.127)
Upp1 (20, t") = 1, Doy (20, 1") = @rpr(T0,t") = 1 +ve™, n=1,2,... (3.128)
Up+1 (yj1 0) = e_yj: 191'+1 (yjﬂ O) = (107‘+1(yj1 0) =e ¥+ e (3129)
Thus, the matrices above gives:

(1+ A4,D% (ayt*D*+ D? + a\t*D — M2I)

N, =
! At 2
n l « n
oo L+ ADY) (@3 D3 4 D? 4 oD - M2
N 2
P DD 4 B 4 Pro)
TAL 2
g P (bhi2D? + b1 2D + b2 + Pro)
T At 2
No — Se  (D?+ STZD Sck?) . — Se N (D? + STZ’D Sck?)
A 2 P TAL 2

n+ n+i n+ n+i
Gr=a,,”, Gy=(by,” 22), Gs=cp,’
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3.5 Formulation of the research problem two

A steady, two-dimensional, laminar free convective motion of an incompressible
Casson along with Walters-B non-Newtonian liquid and conducting liquids
through a vertical penetrable plate. The plate coordinate is (x,y) while x-coordinate
is studied along the plate in a vertical direction while y-coordinate is studied
normal to the plate as depicted in figure (3.2). The vicinity far from the plate is
considered to be hot. The assumptions made in this study are:

(i) The wall concentration (Cw) along with wall temperature (Tw) are assumed
constant.

(ii) A situation of Tw < T along with Cw < C» which means a cooled plate is
considered.

(iii) The penetrable medium is considered to be homogeneous.

(iv) A magnetism of uniform strength (Bo) is imposed perpendicular towards the
liquid motion direction.

(v) A large level of species concentration is considered so that significant of Dufour
and Soret can not be ignored.

(vi) The liquid attributes along with the penetrable medium are constant. (vii) The
approximation of Bouddineqs is valid while the approximation of boundary layer is
utilized. Based on all the assumptions stated above, the flow model equations

are:

ou ()t
—+—=0 (3.130
ox d ( )
Ju zT x . B
'u@ + t@ = 07 (91‘ g +@ (T —Ty)+G (C—Cx)— 720, HO u (3.131)
ox Ay Ox P
LT, or k(T) O°T 1 0TOK(T) 1 g  po (Ou)’
L E)y pc, 0y*  pe, Oy Oy pey Oy ¢y dy
T'—Ty -y 132
+pcp( o) ¥ cocp  Oy? (3.132)
oC ocC 9*C d(VrC) Dy kr 0*T .
— 4+ =Dp— —k(C —Cyx) — — — — 3.133
“or T dy dy* ! ) dy M dy* ( )
subject to:
u=Bx,v=-v(x),T=Tw,C=Cw,aty=0 (3.134)
U--0,T-> Tw,C——> Coasy ——x (3.135)
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The model of Walters-B and Casson liquid are considered simultaneously in this
research. Thus, it results into two non-Newtonian liquids terms. Following the

work of Fredrickson (1964) along with viscosity defined as(T = /ag—;"|y=0), the

constitutive mode of Casson liquid is explained as:

P,
T = | o + —= | 2¢;; when w > 7,
! V2T !

P,
Tij = (Iib + \/Ty_m-) 2e;; when w™ <, (3.136)

Here P, means yield stress of the liquid defined as

fipy/ (2)
3

s

P —

Yy

(3.137)

upmeans dynamic plastic viscosity, m = eje;;implies rate of deformation component
multiplying itself, e means rate of deformation while m. means critical numeric
value subject to Casson liquid model. The Casson liquid motion where 7 > ., pois
simply expressed as:

P
g = [y + y (3138)
Ho = Jon
Using equation (3.137) in equation (3.138), thus kinematic viscosity becomes
subject to plastic dynamic viscosity (u»), p means density while f means Casson term
which

gives

‘ 1
o = 12 (1 +,—> (3.139)
P o}

Mehmood et al. (2008) explained that Walters-B liquid Cauchy stress tensor ( S ) gives
an equations of motion of the form

oe

= 2 — 2ko—

T T 0&
(3.141)

p means pressure while I means identity tensor. Thus, strain tensor rate e is given by:

2e=5()+5W)T (3.142)
v means velocity vector, O means gradient operator while%means convected

differentiation of quantity of tensor relating to motion material. Thus, the strain
tensor rate convected differentiation is given as:

de  Oe T

5ot +ov.v (e) —e. v (v) = (v(v) e (3.143)
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no = limiting kinematic viscosity at small shear rate and ko = the short memory coefficient for
the Walters-B fluid which is defined as

"o — /0 TNOds (3144)

o = / T
(3.145)

While Walters (1962) explained A(£) as relaxation spectrum. The equations of motion
explained above is the rheological model for Walters-B liquid when short

memory is considered and any terms having L]O(’O 7"A(t)d7, n >2are forgone.

Based on the relation in equations (3.14)-(3.145) and following Tonekaboni et al. (2012),
the component of stresses are written as:

o | T T (3.146)

Tyz  Tyy

du Pu  Pu du\> 10u (du v
o = 20— — 2ko |u——= +- -2 — - — + — .14
Tax = M0 ’ [u&:ﬂ? * Y oxdy ((8:1:) "3 dy ((‘)y M 0:1:))] (3:-147)
Ju Ov
Tye = Tey = Ho aiy + Oz
1 Pu v 1 [(O*u D% oudv  Oudv
2k | = el I (e Y 3.148
0 l? (8:1:83} + 8.‘1:2) T (81;2 N 8:r:@-y) (8:{: Ox N dy ay)] ( )

_o v o 0% n 0% n 9*v 5 10v (')u_l_f)*u 3 o\ 2
o = M0G0 Btar T “ozay T oy 20z \ oy " Oz y

(3.149)

Where txx, Txy, Tyxand 1,yare components of stress matrix. Differentiating the stress tensor
above leads to

OTpr  OTyy B d%*u I '(‘)3-11, , APu 28?5 d*u 38-?1, A
,0( Ox + Ay ) — o (()sz) - (L dy3 + U'G:J:ay? SOy ordy EGT;J
(3.150)
To simplify the heat flux in the energy flow equation (3.132) on the flow,
Rosseland diffusion simplication is preferred as elucidated in Alao et al. (2016)

and Fagbade et al. (2016) such that:

4o, OT*
3k, Oy

From the above equation (3.151), the Stefan-Boltzman constant is os; while ke
means coefficient of mean absorption. A distinct temperature existing within the
flow are so small such that T# can be simplified as a linear function by evaluating T*
about T« by utilizing Taylor series by neglecting higher order terms to obtain:

0 = (3.151)

T = 4T3 T — 3T2 (3.152)
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substituting (3.152) into (3.151) and substituting the outcome to the third term of the
energy equation leads to:
dqr 160,13 0*T
dy  3k. Oy?

(3.153)

According to Alam et al. (2009), the thermophoretic velocity Vrin equation (3.133)

can be written as
v T kv OT
= —k = — - 3.154
Vi kv s Tr; Oy ( )

where k = thermophoretic coefficient defined as

20, (i_; + Ctlr{-n,) [1 + K, (CH + C‘ze%f)}

k f—
(1430, K.,) (1 +23 + 20,_1{.,,,)

(3.155)

C1,C2,C3,Cn,Cs, Crare constants, Agand A, = thermal conductivities of the liquid and
the diffused particles respectively, K, means Knudsen number. Base on the above
evaluations on the double non-Newtonian Casson alongside Walters’-B viscoelastic
fluids in this research and substituting equations (3.139), (3.150), (3.153) and
(3.154) into the flow equations (3.130)-(3.133) lead to:

Ju Ov

e + d__ 0 (3.156)
du  Ou  u(T) Pu 1 du Opy(T') OT
”az+ dg P 1+b’ ag + 1+8 dy oT dy

ko[ Pu, P @0% LU
‘(‘)y‘z u@m@yQ dy dxdy  Ox dy?

2
G (T —To)+§ (C—C)— B0y 1 (1 +,1) u (3.157)
p kp o)
BT dT (T)E)Z_T N 1 9T Ok(T) 1 Og, L 1(T) 1 + du
“or T Y0y T oo 0 pe, 0y Oy pe dy g 3 Ay
Qo Dk;r 9*C
—(1T' =1, —-_— 3.158
FT T b (3.158)
ocC oC 0*C 3} Dk 0°T
— —D——AC Cw Vi 3.159
“or Ty ~ P M AR v (3.159)
subject to:
u=Bx,v=-v(x),T=Tw,C=Cy ,aty=0 (3.160)
U--0,T-> Tw,C—— Co,asy ——oo (3.161)

u and v represents u = %y, and v = =%y In the defined function of u and v, Y(xy) is
the stream function which automatically satisfies the continuity equation (3.156).
Similarity variables are defined as
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n=(§)2y W= WB)iaf()  (3162)

The dimensionless temperature, concentration alongside thermal conductivity
subject to temperature model in [Animasaun et al. (2016); Salem and Fathy
(2012)] and viscosity temperature-dependent model in [Animasaun et al. (2016);
Layek, Mukhopadhyay and Samad (2005)] are given by:

T-T., . C—Cy

0(n) = T, — T L P(n) = Co—C

(1) = pila+ (T, — T)] ,k(T) = K*[1 + £(T —T)]  (3.163)

Note that 9a%is a constant which is assumed to be 1 in the present study
3.5.1 Validation of the stream function used in research problem two

The stream function is defined as

v = (wB)if(n), u= 2—3 v=-2
w = ‘;: - a(”gg;;“’f - (;/B)%a((;j) = (vB)? { gi +10U]

u= (vB)iz gi; g”j (vB)iaf’ @)2
u = Baxf (3.164)
v=—(vB)if (3.165)

s L e R R s e
% = By (3.166)
g—; = —(vB):/f (?) = B

g_z _ _By (3.167)

Substituting equations (3.166) and (3.167) into the continuity equation (3.156)
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ou ov _
or  dy

This implies that

Bf-BR=0

This shows that the stream function satisfied the continuity equation.
3.5.2 Non-dimensionalization of momentum equation of the research

problem two

Since,
Ou = Bf' and u= Bxf'
ox
— u% = Bxf' x Bf'
ox
ou 2 9
g 3.168
Up = B2 x(f") ( )
ou O(Bf'zr) Bf’ Bf’ on
ge - B — g2l Y
dy dy { wF } “on " oy
ou_ 00 (B
Ay an v
du 1 B\? 2 o eH
'U@ —(v )fXBxdr;X(;) =—Bzff
ou 5 pem
’ba—y =-—Bzff
Pu 0 [Ou d s (B\?\ B\ 2 d(xf")
EFEEGﬂ‘@(&fﬁJ -2(3)"%5,
0%u B L B B\z of" on
= (0) [ e =5 (7) 5y <5
P u B\? . (B\? B’z "
o (z) o (3) =5
(3.169)
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Therefore

p 3 ) 0y p B v
fib(T) l @_ l 2 et 3.170
p (&3)3?;2_ =) B (3:170)
() " d ., .,
W) = T4 BT~ L)) = (14 DO~ Te))
I (T)
o = (1+ (T — T
D (3171)
or _or 00 _ 0T 06 n B\*
7 T, —T)0 (2
oy ~ 08 X oy a8 “an < gy~ Tw—Te)l (1,)
ar (B\?
a_y (Tw Too)g (;)
Pu 0 [Pu d (B%x ,, B*a
7 = (o)~ (0! ) oyt
@ B B;Q af”f + ”I% B2 8ff”
dyPP v v dy Ay 5y
(3.172)
3, 2 m %
u_ Bor oy B, (5)
Ay v Jdn 8y v
Pu 1., B, (B 3
oo = i< 52 (7)
Pu B3x ..
g~
Pu d [u a (B%*x B* 9 »
axayzza_z(a—f)za(uf) V&)m(Tf)
83 B2 8 " n’”8 BQ "
u _ b7 {az f f _517} '
(3.173)
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dxdy? v or + ox v

OPu B?
:B., I - I
u—(%ay2 rf X ” f

Pu B*x ., .,
u(‘)xc‘?y? o Iy

Pu O [(du\ O (B\?
xdy ~ Ox (0_7;) T (B“”f (?) )
82u B %8 o B % .af" ”ar
axay‘B(?) %(‘L”‘B(?) [“ o _}

Ox ox
2 5
d“u _B E
drdy v

f
28u 9*u — Bf” (E)EJ, x B (g)rf”=2@(f”)2

M

Ay Oxdy v v
ou Pu B3a:(f,,)2
dyodxdy v
Ou 0*u , B%x
awoye = 0T X
i _ B,
dr oy v
(3.174)
(3.175)

(3.176) gB(T - Tew) = gBO(Tw - To) (3.177) gBe(C ~ C) = gBeqp(Cuw— C)(3.178)

2 2
7By, B (3179)
p p
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b (1 fg—)u_ " (1 J?f) Bzrf' (3.180)

Substituting equations (3.168) - (3.180) into the momentum equation (3.157) to obtain

T A (R )Bmf"(f)é<1+w(Tw—T®))(Tw—Tm>(?)59’

+ (1 _J'f_gl) B2Iffh' _ ﬁ (__ffﬂ) &f ffh' _ QBT%L(}C”)z _ 3&1[']']0”/)
vV

1%

) ) O-B{% Jub(T) 1 ol
'Hg Lg(ipw - Too) +4@ cqb(cm - Coo) P — B f - f»p (1 +}8_> B‘Tf

divide all through by B2x

/ " o__ 1 " 1 1 1 7 el )(d C¢(Cw _COO)
e R L (Ul (P P
_‘_@ te(;ﬁ;; TOO) _ k_ <_§ffi“ _|_ Ef.’f”l _ QE(JCH)Q _ SEfIfIH) _ O-—'Bgfl
7 v v v v

,U,b(T) 1 o
— 14+ =

kpB ( K ) !

Simplifying further to get
1 1
(f)?=ff'= (1 +B—) "+ (1 +3—) (1+~0)0' f" + Gro + Gmo — M*f’
1 1 ! v g ! i 11 2
—5 (1= ) £+ A 211" 26"

Therefore, the transformed momentum equation leads to

(1 731) "+ (1 + l) (1+~0) f" + Gro + Gmo — M*f' + ff" — (f)?

15}
]‘ ]‘ / v I e "2 —_
—p \LH ) AU 207+ 27 )=0
(3.181)
where
@ n',(T"u,' Too) J@ C(Cm - Coo) Bk(]
=bT,—T), Gr= , Gm = A —_—
7 =T ), Gr B2x B2x T v
M = U_Bg _ koB
pB ; I,Lb(T)
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3.5.3 Transformation of the energy equation of the research problem

two
or _or o9 _or 99y
dr 00 83: 0 Bn ox
gi (Thy — T ¥’
B_Z—Bif X (T, — Tho)0 x 0
(;Z 0 (3.182)
or _or o9 _or o0 oy
dy 00 (')y 90 81) Ay
% Ty =Tt (g)
@g—z = —(wB)2f x (T}, — To)0 (?)é
g? —B( )Y (3.183)
A A (D)) ()
- (2) e (2) (2)
iﬁ?% = j;(l +E0(Ty — To)) (T — Tw)gﬁ”
kﬁi) %: = j; (1+&6(Ty — Tm))g(n — Tw)d" (3.184)
8?? = @ak*(l +HET-Tx)) = 8(11.:*(1 +E0(Ty — T))
(‘)F;(;) _ %Z + a%(gﬂ(’ﬂ,, —Ty)) = ga%(g({rw —T))
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= (T Too = w ™ Loo) 7
2y §(T )8y (T, — T )3?7 oy
ok(T) (B\?
2D g -1 (2)

Since g—f = (T, — Too )0 5)%

17

Therefore,

1 9T OK(T) 1 (B3
— - (T.—T -
pep Oy Oy pC;,,( " w)f ( v )

1 9T Ok(T) B 1

X

Ay

:_'.*3

e

-
N
| &y
—
[M]

T = (T — T ) =E(Ty, — T ) (0)? (3.185)
20y 0y ey T~ T €T = T )
Recall that, 2= — 19212 0% and2' = 5(T,, — T, )6"
Therefore;
dg, 160,73 B
. _ (T, — T o" 3.186
2y 3% —( ) (3.186)
T N\ (u\® (1 +b(Ty — T, 3
pun(1) (1+> a”) _ p (1 + b(T%, ) (1+1) Br (B) £
Py B dy PCp 3 v

d ‘
P2C 9 . (B\* B\? 8¢’

»Cc B\*a¢ oy B\? ,[B\?
ar ~ () G e (7) 0 (5)
PC B(Cy—Cy)
o V ¢ (3.188)
Qo , Qo
“or 1) = 20T, — T 3.189
(1 -1 = 2T, - 1) (3,159

Substituting equations (3.182) - (3.189) into the energy equation (3.158) to give:

40T, - T 2 (1 — Ty + LT, -

0— B(T, — Too) f0 = B T.)
PCp v PCp
B 1 160,73 B Dkr B(Cyy — C)

- 7111‘ - TOO - j—;u - Too ')? —_o0 _ Tu' — Too " r W 20 !
e, Lo = Too) 2 WO + =5 (T = To)" + 0

Bzx)? 1 .

n (f) (1 %—) (1+bO(T,, — Too)) B(f")?

D
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Simplifying to obtain

k* 160,12 B
—B(Ty — Tx "= 1 0)B(Ty — T " ~_00 Tw—Tx "
(T )10 pcpu( +€0) B(T., W+ = )6
B(T, — T , Dkr B(Cy, — Cx) ,, Bz)? 1 "
+¥6(9 2, T B( )GD +( x) (1%_) (1+40)B(f )2
pepV CsCp v Cp 6]

PCp

divide all through by B(Tw - T)

5  Dkp(Cy —Cx)
9” - 9:’ 2 D”
+el0) + csep(Ty — TOO)q

il (14 €0)0” + 160, T,
pepV 3kepc,v

(BCC)2 1 f N QO
er (1 tg) (14+~0)(f")? + @9

—fO =

Simplifying further,
el k* /! AY (1 1 AW
—f0 = [(1+ €0) + Ral0" + €(0)* + Du¢” + Ec (1 4;3—> (1+~0)(f")?

pepv

Therefore, the transformed energy equation becomes

(W) 0" + f0' + e(¢/)* + Dug”

+Fc (1 —&-81) (L+~40)(f") + 6,0 =0  (3.190)

3.5.4 Transformation of the concentration equation of the research

problem two

oc _oc oo _oC 06 oy
dr — do ~ Ox  0¢p  Idn Oz

aC ,
= - (Ow - Coo)¢

dx
aC , .
Ua—l’ = B.Lf X (Cw a—ccoo)@ x 0
U—— =0  (3.191)
dx

oc_ac oo _oc oo on
dy O0p  dy o In Oy

ble L (B\?
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oC L B\?
Ua—y: (vB)2 f x (C —Coo)¢( )
oC ,

2C 9 [9C\ O L (B\*
o =0y (3) = (“w‘cww (7) )

o2C ag' B%ad o
P o (B Wy (B) 2

Dy Ay v) on dy
0*C B % I B % B "
qr e (5) 0 (‘) ~ (e
820 D i
k,y(c - Coo) = klfb(cw - Coo)d)”
(3.193)
(3.194)

Since Vi = —Tk—”C’T and C = @(Cw- Co) + Coo

Therefore,

kv oT

= a—y) < (0(Cu — Cuc) + C)

VirC = (—
kv arT
Vi = — — —Coom—
g 7 ef (Jz‘) a? Tref 8y
Setting the free stream concentration Cw = 0

kv 0T
T11"ef ay

9 ] kv 0T kv o [ OT
32 (VTC) - a_y (_j—'“!fd)a_y) - _Tr()fa_y (¢8_y>

2 (v = k”h®(§v+mwﬂ

ViC = —

dy Tres Ay Ay
d ku T 9T 0o
79 =1 [ B a—Ja—J]
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E%@wn—gz_aﬂ_q;ﬁﬁhun_qkw(g)%%xg?
%(VTC‘) - —;f”f (T TP o+ (1, - ) (?) (g) : 9&@’:
%(VTC) = —T‘?’:f (T, — Tm)gd)ﬂﬂ + %Tw —T.) '@’]
%(VTC) = kVBS;ii;_; Too) (00" + 0'¢]
-7%0&C)=E§Q%;EEM@W+9w' ](3.195)
?;Ti: = (T, — Tm)ge"

(3.196)

Substituting equations (3.191)-(3.196) into the concentration equation (3.159) to obtain
D ‘
0—B(C, — Cx)f¢d = ;B(Cw — Co)d" — kio(Cy, — Cy)

k'B(Tm — TDG) Ll 't Dker B "
+ Tl‘fff {qje + 9 G>:| + TI’H, (Tu‘ B TOO);Q
dividing all through by B(Cw - C«) to obtain
‘ D ki (T, — T) ,

_ / — 1/ _ 9.’.’ 6.’ /
f¢=—¢"—po+ T (Co = Co) (06" + 0'¢']

Dkr(Ty — Tx) .,

0

VT (Cy — Cx)

‘ 1 ‘
_fqb’ — S—Q'bll _ C,(’b + T((}{)H’! + Q!d)!) + 8,-9”
c
Therefore, the transformed concentration equation leads to

@0 - ScCrp + Scfp0 + Sct(pB0 + B%p0) + ScS090= 0 (3.197)

3.5.5 Transformation of the boundary conditions of the research

problem two
Since u = Bxf°and u = Bx

== Bxf0= Bx
divide all through by Bx to obtain
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fm=1 (3.198)

Also,v = —(vB) %f and v = -v(x)
—wB)}f = —v(a)
v v
f(n) = B \/%
f("r/) = f'u' (3199)

NOW T= G(Tw_ Too) + Tooand T= Two'o G(TW_ Too) + Too

=Tw

G(TW_ Too) = TW_ Too

divide all through by T\ - Te

Uy

0(n) = (3.200)
also, C= @(Cw- C») + Coand C= Cy - @(Cw— Cw) + Coo =

Cw

(p(CW_ Coo) = CW_ Coo

divide all through by Cw - Cs

en) =1 (3.201)

Also,u=BxfPandu —— 0

~Bxfo=0

fn)-—0 (3.202)

T= 0(Tw- Tw) + Twand T —— TooO(Tw— Too) +
Teo = Too
O(Tw- Tew) = Too — Too (T -
Tw) =0
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o) -—»0  (3.203)

C=@(Cw- Cx) + CoandC —— Co p(Cw
- Coo) + Coo= Coo(p(CW_ Coo) = Coo
- Coo(p(Cw_ Coo) = 0
pn)-—0 (3.204)

Therefore, the transformed momentum, energy and concentration equations with the
boundary conditions of the research problem two are

1 1 2
(1 +8—) . (1 153—> (1+40)0' f" + Grf + Gmo — M2f' + ff" — (f')?

1+ e / :
(#) 0" + f0' + () + Dud” + 5,0

1 .
+Ec (1 "é‘) (1+~8)(f")?
¢" — SeCrp+ Scfd' + Ser (" +0'¢') + SeS,.0"

=0 (3.206)
=0 (3.207)
together with the boundary conditions
P=1f=fw0=1L,p=1latn=0 (3.208)
f--0,6--0,p-—-0asn-—0 (3.209)
Note thaty = (7, — T ), Gr = W, Gm = M;%“") Ay = % P, =
o . 3 vpcy - . = o )2 o
,rjb’k:"Rd = 4;:5;10137 = };* € = g(Tw - Tooyg = %1}3(’ - Mgﬁ_r_)]"m)-()::: -
Q _ Dkp(Cuw—Cs) v o ko KR (Tw—Tw) _ Dkp(Tw—Ts)
Bp[(J:p7Df - ('ﬂr‘pg(wame)’SC - B’CT - EL’T - Tyefv 750 - 'Tmf:(waCco) are

the controlling flow parameters. A2 = Walters-B viscoelastic fluid parameter, Ps= permeability
parameter, y = temperature dependent viscosity parameter, Gr = thermal Grashof number, Gm
= mass Grashof number, Rd = radiation parameter, Pr = Prandtl number, f = Casson
parameter, Ec = Eckert number, §x= heat generation parameter, Dr= Dufour number, Sc =
Schmidt number, Cr = chemical reaction parameter, T = thermophoretic parameter and So =

Soret number.

The physical quantities of engineering interest are the local skin friction
coefficient, Nusselt number and Sherwood number. The first physical quantities of
interest is the wall skin friction coefficient Cj, it is defined as
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B)z

Clr — Tw where o + Py @I _ 20_’& 82“ +3%82_u ‘
F= 1 TE Tw = Mo Vor ) ay V" dr drdy ' “oxdy? ) V7’

Tw = shear stress or skin friction within hydrodynamics boundary layer. The other quantity
of interest are the Nusselt and Sherwood number which are defined as:

Kau oT 4oy (0T
Nu= 2 where gy=—K [ & |ym0 ——22 () |,
U= T, - Ty e (8y =0~ 35, (ay lv=0
Sh = o —co _h%m where h,, = D (00Cdy |,—q)

3.6 Qualitative analysis of problem two

Reducing the system of equations (3.205) - (3.207) into first order ordinary differential
equations to obtain

df  dw df  d [dw dws
=W L — = — = W _— _— = — = Wr 3.210
f=e “dn  dny 2 dg T dn \ dn dn ws ( )
3 § 1 ) :
ﬂ:i dury :%:M’ﬂ:i duws :% (3.211)
dn?  dn \ dn dn dn*  dn n dn
0 @_dwg,_w @_i dws\  dws
T dy Ay Y Az dyp \dn ) dny
6= w d@’)_d’ﬂ_w @_i dw7\  dws
Cdn dn Y d dn \dn ) dn
(3.212)
(3.213)

Substituting equations (3.210) - (3.213) into equations (3.205) - (3.207) to obtain
1 1 1 5
1 +3— wi+ |1 | wews 1 +6’_ wswews + Grws + Gmw; — M= w,
/ - /

5 1 1 d
+wiws — (wg)z — F 1 +8> Wa + AQ (w‘lwl + 20.)2{4}4 + 2&]3&}3) =0 (3214)

dn
1+ ew a\ dwe d
(1+ ews) + Ra'\ dwg © s+ e + Du™s
Pr dn dn
1
+Ec (1 'ﬁg_) (14 Yws )wswz =0 (3.215)
/
dwsg dwg dwyg .
— — S8c¢Crwy + Scwywg + Ser | wr—— + wgwsy | + SeSr =0 (3.216)
dn dn dn

Simplifying equation (3.214) to obtain
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dw, 1 1 1
Aswn dnl = — (1 —%’_> Wy — (1 -%_) Welg — Y (1 —%—) wswews — Grws

1 1
—Gmuwy + M*wy — wiws + waws + Ps (1 +ﬁ_) Wy — 20wy — 20WsWws
S

Therefore;

1 1 1
dw{1 B (1 +{:ii> Wy (1 +,87) Wels v (1 +ﬁ*) WsWgls GTL’..U;, Gmw7

d?’] Azwl Agwl Azwl Azwl Agwl

1 1
Moy _wiws | wawy | P (1 +ﬁ_) 2 _ 20w 20wsws (3.217)

(109} (@ {9%5] vl ey y (0303}

Simplifying equation (3.215) to obtain

1+ ews) + Ra\ dwg dw 1
(( P?z ) dnb = —WiWp — EWeWs — Dud—?: — Fe (1 —IB—) (1 4 yws )wsws

dwg =~ —WiWe — EWgs — Ec (1 +ﬁl) (1 4 yws)wsws

dn (w)
Pr
Du dws
B ((1+ew5}+R(}.) (]:7? (3218)
Pr
Substituting equations (3.218) into (3.216) to obtain
d Du(Scrwr + SeSr) d
s _ ScCrwy; + Scwwg — ulSerwr cSr) dws
dn ( (1+ews)+Ra ) dn
Pr
(Setwr = SeSr)(—wwe — ewgws — Ec (1 —I—ﬁl))(l + YW Jwzws
+ ((1+5u5)+R(1)
Pr
Upon further simplification to obtain
dws ScCruws ((1+cu§3+R(z) Scw,wy ((l+(0§,~)+R(L)
dn (w) — Du(Setwr + SeSr) (W) — Du(Serwr + SeSr)
(Serwr + SeSr) (—w]wﬁ — ewgwg — Ec (1 -l-Bl) (1+ 7w5)w3w3)
_ (3.219)
((Ha};ﬁ) — Du(Scrwr + ScSr)
ScCrw 7 & 8 +fa Scwrwg I o +He
Setting Z1= = wpr R py (Sctw 7+ ScSr ) - Lt wpr R py (Sctw 7+ ScSr )

(Serwr+ScSr) ( — W1 WE —EWEWE fEc(lJr?ji ) (1+yws )wsws )

(—‘;(1 ! m}:?_) tRa )—D?J.(.S'm'm?—b—S(:Sr)

Substituting Z1 into (3.219) and using the result in (3.218) to obtain
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7 7 3 1 ~if [
duwg — —Wiws — ewgws — Ec (1 +ﬁ—) (1 + yws )wsws

dn (M)

Pr

Du

-
(14+ews)+Ra
()

Theorem 3.3: Let f,0 and ¢ be continuous function at all points in some neighborhood and
considering3 > 0,7 > 0.Gr > 0,Gm > 0, M > 0,P; > 0,a > 0,¢ >

(3.220)

0,Ra > 0,Pr>0,Du > 0,Ec>0,Sc>0,Cr>0 and Sr > 0, then there exist a

unique solution for the equations

! L 1 s - u? @7
( _tﬁ ) dn + ( +j ) ( +79)d” e + Gro + Gmo — | di’]

4 21\ 2
L ) (T (1))
P, o} dn *dn? d,' n dn3 dn?

(1+¢0) + Ra\ d20 d6  (dO\ . d% A
RSl b —_— + K 14+~80 =40
( Pr dn? fdr] dn d g ThC ,.’ (1+99) dn?

d? d*0  dod d*0
—qb—S(C'ro—l—S(f +S(T ——I———¢ SS.F—=O
dn? dn dn dn dn?
subject to

b f—f 0=1 6=1 at n=0

dn

Zf 0,0 —0 ,0—0, as n —

n

on the interval |[y-yo||< a, ||yo-y||< b provided 3k such that k = max(0,1,Px,...,Pn)
and 0 < k < oo.

Proof Writing the systems of first order ordinary differential equations (3.210)(3.213) in
compact form as
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w2
_@_
dn Ws
dwa
dn w1
dwg (l-b:ﬁl)wd - (H@L)wﬁf% - W’(l"fgl)wﬁwﬁ'“-’f* _ Grws _ Grwsr
dT] Agwl Agwl A2w1 Agtu‘[ Azwl
1 1
dewsy M2%ws  wiws wowz | E(H'ﬁ_)w? _ 2Aswawy QAgwawaw,
dn | _ Aguwn Aoguwn Agwn Agewn Agwn Aguwn (3221)
dws —wlwg—ewgwg—Ec(l-i?})(1+ﬂfw5)w3w;5 Du 7
dn ((l+fu.;r)+ffa) - ((1+e_w,-)+1f.a) 1
Pr Pr
dwg
dn Wy
dw w ] -
T; SeCrur (—'—(H“;:?HR” ) Sewnws (—’—(H“},,‘HM )
dws ((I-&-;u]/qu)-i-ﬁ) —Du(Scrwz+ScSr) m—ﬁ;ﬁm ) —Du(Scrwz+SeSr)
dry | (Serwy+SeSr) (—wlwg—ewgwg—E‘c( 1—%1 ) (1+",w5)w3w3)
(M—E‘}JJ‘-—@) —Du(Serwr+SeSr)

satisfying the conditions
w1(0) fw

? ?
ODw20)2e EE1BE

w3(0)EE a1llp
Aws(0)RE BARaBE
=
ws(0)2E B 1A [
we(0)EE
Plas
w7(0)AE

108@m
2 @ ws(0) as

We shall consider ;fz such that i,j = 1(1)8 to denote the non-linear functions on the

right hand side of equation (3.221) ifand only if i = 1,..,8 and j = counts.

When i =1 andj = counts, we obtain

fi=we
8&.}1 awd 8&)4 8Ld5a Bwﬁ 8w7 80..?8
) B

When i = 2 and j = counts, we obtain
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f2:w3

aw-l &ug 8w4 8&05 8(4)5 8w7 &ug
Ofa
Ly
8&)3 < 0
When i = 3 and j = counts, we obtain
f3=w4
8&)1 &ug 8&)3 8&)5 BUJG 80./’7 8&)8
ofs,

When i =4 and j = counts, we obtain

(1 +ﬁl) Wy (1 +ﬁl) wWews 7 (1 +ﬁl) WsWeWs  Grw;  Gmws

f4 - Agwl Agwl AQ&JI - Agwl B Agwl
1 1
A’fZUJQ s Woldo + Ps (1 +,B_) w2 2A2M2W4 2142&)3&)3
Agwl Agwl Agwl Agwl Agwl Agwl
Ofs, _ —ws _ | —wsl
= “ < = = <
Iawl | | AQ | = A—-2 Ql oo
o5 M2+ 2| + £ (1 +ﬁl) — 2 Aoy
Owy' alw

M? + 2|ws| + 3 (1 +ﬁl) — 20|wy|

alw,

< = ()2 <0

_ (1 +Bl) We — (1 +ﬁl) Wsg — W — 4()!&)3

Agwl

20y |
8&)3
- (1 +Bl) Jwg| — (1 fsl) Jwsllws| — Jen| — dafws]
<
- AQ‘W1|
_ (1 Jrﬁl) - 2A2w2| - — (1 +ﬁl) — 2A5|ws|
Agwl o A2|UJ1‘

=Q3<OO

A

8(4)4 =Q4<OO
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— (1 +5l) Wews =7 (1 +,gl) jwe|fews |

Afs
e < —
|8w5| | Agwy - As|w | @5 < 00
A (A P
|aw6| - ‘ A2w1 I
- (1 +Bl) |ws| — (1 +gl) |ws |[ws]
= =@ < 0
A2|w1|
dfy —G'm —Gm
= < = < 00
|8L<J7| | Agwl o /—12|w1| QT
dfs
=0
|8wg| < 00
When i =5 and j = counts, we obtain
f5 = we
ol = 190 2l = 20 2y 2 20 2 g < o
Owy' 0wy 'Ows 0wy ' Ows  Ow; Ows
afs
=1
|dw(,‘ < 00
When i = 6 and j = counts, we obtain
—wiwg — ewgwg — Ee (1 +ﬁl) (1 4+ yws )wsws Du
f6 - (1+ews)+Ra N (14+ews)+Ra %
( Pr ) ( Pr )
O fe —Scws (—(H‘“ﬁr”m) — (Serwr + SeSr)(—ws)
|0w1 = —(Setwr + SeSr) |
—Sefus| (CE8k ) — (Serfuy| + SeSr)(~wl)
< = Qg <00
—(Set|we| + SeSr)
dfe
=0
|8w2| < 00
ofs, _ ~2Ec (1 ﬁal) (1 +wsws  —2Ec (1 +Hl) (147l lws| 0
dwsy' —(Serwr + SeSr) - —(Ser|wr| + SeSr) -
dfe
|8w4 =0<o0
Ofs eScCrPrw; — ScePruywg — Ec (1 —h}) Yw3
|8w5| =| —(Serwy + SeSr)(Pre) |
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€ScCrPr|w;| — ScePr|w||ws| — Ec (1 +ﬂl) ¥|w?|

< =
- —(Ser|wr| + SeSr)(Pre) Q10 < 00
|8f6 = |—(Sc7'w7 + SeSr)(—wy — QEwG)l
Ows' —(Scrwr + SeSr)
—(Serlwr| + SeSr) (—fwi — 2¢luws)
< —=
- —(Ser|wr| + SeSr) Qu < oc

|8f6| B ScCr (W) — Ser |

dw;' ' —(Serwr + SeSr)(DuSer)

ScCr (—(1+E|°;§P+R“) — Ser

< =Qp <

—(Ser|wr| + SeSr)(DuSer)
of,
(9_wg| =0< o0

When i =7 and j = counts, we obtain
fr=ws
Afr,  Ofr Ofr, Ofr,  Ofr, Ofr  Ofr
|awl| B |aw2| B |8UJ3| N |8&J4‘ N |8wr,| N ‘awgl B |8w7| =0<oo

O fr
A
l(‘)wg‘ < 00

When i = 8 and j = counts, we obtain
fs = ScCrw; — Scwywg—
(Setwr + SeSr) (—wlwﬁ — ewewg — Ec (1 +5l) (1+ ’YW5)W3W3)

(14+ews)+Ra
Pr

|8f8 - Scws (%) — (Serwr + ScSr)(w6)|
duwr' (W)
—Sefus| (R ) — (Serfuwr| + SeSr)(—fws])
< = ng < Q0
((1+c|w5|)+Ra)
Pr
ofs,
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—(Serwr + SeSr) (—ZE(: (1 +ﬁl) (1+ ’}WF.)LU:’.)

AT |
Ows (M)
Pr
—(Serlwr] + Sesr) (—2Be (1+,) (1+fws) |
< ‘ = (14 < 00
((1+€\w5|)+Ha)
Pr
dfs
—|=0<
0 fs PreScCrw; — PreScwiws — (Setwy + SeSr) (—Ec (1 +51) ﬂ,wgwg)
|8w5| = Pre |
PreScCr|wr| — PreSc|w ||ws| — (Ser|wr| + SeSr) (—Ec (1 +Bi) '}'|w3||w3|)
< ' = Q15 <00
Pre
| dfs = ‘—(Sc'rfw + SeSr)(—wy — 2€w6)|
dwg' (M)
Pr
< —(SeT|wr| + SeSr)(—|w: | — 2€|wsg]) i < 50
((1+€\w5|)+Ra)
Pr
s Ser(—wiwe — ewpws — Ec (1 +ﬁl) (1 + yws)wzws)
| =—| = |ScCr — |
Owr (M)
Pr
Ser(—|wr||ws| — €|wg||ws| — Fe (1 +31) (1 4+ v|ws|)|ws]|ws])
< SeCr — = (17 < 00
((1+E|w5|)+Ra)
Pr
0
,£| = | — Sew| < =Sc|w| = Q1 < 00
dws
Hence,
o
9L < i
8@,—
such that
1j=1(1)8

. Obviously, |%|w‘:1(1)8 is bounded for 1 = 1,2,..,83K such that K = max[0,1,Q1,Q>,...,Q1s] and 0 <

K < co. It means that, fi(w1,w2w3,w4,ws,wesw7,ws) are Lipschitz continuous, Hence, the solution
for the system of coupled non-linear ordinary differential equations is unique. We proceed to
proof the stated theorem 3.2 on the transformed

equations (3.205)-(3.207) for the problem two by considering the system of first

order differential equations with critical point ofw/, then the following critical points

(0,0,0,0,0,0,0,0) and (0,1,0,0,0,0,0,0) are considered.

Consider:
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!
wl — fl(wlﬂw27w37w47w51w61w71w8) = Wo
L —
why = fa(wr, wa, Wz, Wy, Ws, We, Wr, Ws) = W

!
Wy = f3(w13w21w31w47w51w61w71w8) = Wy

(1) e

’
Wy = W, Wa, Wy, Wy, Ws, Wg, Wy, Wg ) =
4 f4( 1, W2, W3, W4, Ws, W, W7, 8) A2w1

(1 jL.Bl) WewWs (1 Jrﬁl) WaldeWs  Grws  Gmws
B Agwl B AQLLJI B Agwl B A2w1

wy = f1(wi, wa, w3, wa, Ws, W, Wr, W) = We

—wiwg — ewgwg — Ec (1 —i_ﬁl) (1 + yws)wsws

( (1+ews)+Ra )
Pr

wé - fﬁ(&)l,&z’Q,W3,W4,W5,WG,W7,(U8) -

D,
R Ziws

((1+Ew5)+Ra)
Pr

!
Wy = f?(whw21w3,w41w51w61w71w8) = g

SCCT‘W? ( (l+ew5)+Ra )

Pr

(W) — Du(Serwr + SeSr)

/
Wg = fB(wlﬁw%wSawﬂl:w5:w6:w71w8) =
Pr
, (1+ews)+Ra
Sewwsg (—Pr

(%) — Du(Scrwr + SeSr)

(Setwr + SeSr) (—wle — ewgwg — Ec (1 —I-ﬁl) (1+ 'yw,r,)wgwg)

(W) — Du(Secrwy + SeSr)
Thus, the necessary and sufficient condition of Jacobian matrix is satisfied and it takes

the form

91 0f oh ofi  9fi oA 9h  9fi
Owy Ows Owg  Owp dwr  Ows
Owy Owz Owg  Ows dwr  Ows
Afs Ofs Ofs  Ofs Afs  Ofs
Owr Ows dwy dws dwr dws
Afa Ofs Ofs Ofa Ofs  Ofa
A= dwy Ows Owy  Ows dwr  Ows

s ofs 9fs  Ofs afs  Ofs
Jw Owsz Owy  dws dwr  Ows
s Ofe fe  Ofe Afs  Ofs
w1 Ows dwy  Ows dwy  Ows
afr ofr 9fr  9fr ofr  Ofr
w1 Ows Owy  Ows dwr  Ows
Afs Afs Ofs  Ofs Afs  Ifs

_ 0w Ows Ows __Ows Owr  Ows
6(»2 6w5

— 0f20f2 —_—
Jw20ws



0f39fs

dw20ws
3f20fs
dw20ws
afs 0fs
6w26w6
afs Ofs
dw20ws
afof
dw20ws
Afs Ofs
6w26w5
This becomes;
1 0 0 0 0 0
0 0
0 1 0 0 0 0 0
0
0 0 1 0 0 0
0
0 Q @ Qs+ Q5 Qs Q7
0 0 0 0 1 o0
EQ 0
1
A= 0 Q@ 0 Qi Qu O
0 0 0 0 0 0 0 0
0 Qu O Qs Qs Qu
BQs 0
0
1
0
13
given that: Q18
Q1= o

9 =

(}:|w1|

- (1 -hgl) W — 7Y (1 ﬁgl) wswe — wi — 4Aaws
Aoy

Qs

— (]_ +Sl) — 2.{42&)2

Qi = o
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—ry (1 —i—lal) Wews

Qs = Lo
Q - — (1 +ﬁl) Wy — 7% (1 +Bl) WsWws
6 Agwl
—G'm
Q7 = o
—Scws (W) — (Setwr + SeSr)(—we)
s = —(Serwr + ScSr)

_2F¢ (1 +Bl) (1 + yws)ws
Qo =
—(Scrwr + SeSr)

eScCrPrw; — Sce Pruwywg — Ee (1 _|_51) Yws3
@ = —(Scrwr + ScSr)(Pre)

O = —(Setwr + SeSr)(—wy — 2ews)
e —(Setwr + SeSr)

ScCr (W) — Ser

2 = —(Scrwy + SeSr)(DuSer)

~ Sews (W) — (Scrwr + SeSr)(—wg)

Q13 ((1+6u5)+Ra.)
Pr

—(Secrwy + SeSr) (—QEC (1 —l-ﬁl) (1+ 'yw5)w3)

QM - ((1+EW5)+RG,)
Pr

0 PreScCrw; — PreScwiwy — (Serwr + SeSr) (—Ec (1 +ﬁl) 'ngwg)
15 =
Pre
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O = —(Scrwy + SeSr)(—wy — 2ews)
16— ((1+ew5)+Ra)

Pr

Ser(—wiws — ewgws — Ec (1 +31) (1 + yws)waws)
((1+5w5)+R(1)
Pr
Qs = | = Scwi| < =Scfw|

=0, Q=0 Q3=0 Q=0 Qs =0, Qs =0, Q7 =0, Qg =0, Qg

Q17 = ScCr —

0, Quo=0, Qu =0, Q12 =-88114, Q13=0, Qs =0, Q15=0, Q16 =0, Q17 =

0.6099, Q18 = 0 Hence, the Jacobian matrix C becomes

[ To 1 0 0 0 0 0

B =
000001 0 0
00 00O0O0 —88104 0
000000 0 1
00 00O0O0 0609 1

We calculate the eigenvalues of the above matrix using |B - Al| = 0, hence.
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0 —A
0 0 -\
IB—\| =
“A 1 0 0
—\ 88104 0
A0
6099 —\
1 0 o 0 0 0

Using the MAPLE software, the eigenvalues gives:

|B - Al| = A%(A2-0.6099)
Hence, the eigenvalues becomes

AM=0,22=0,A3=0, A4, As= 0,46 = 0, 7= 0.7809609465, Ag= —0.7809609465

Base on theorem 3.2, table 3.1 and all the cases considered in this study, we shall conclude
that the system of coupled ordinary differential equation is Asymptotically

stable.

3.7 Solution technique to problem two

The fourth order coupled nonlinear total differential equations (3.205)-(3.207)
subject to (3.208) and (3.209), the SHAM is utilized. SHAM as discussed by Motsa
(2012) is based on the concept of Chebyshev pseudospectral method (CPM) and
HAM as discussed by Liao (1992). To utilize SHAM, the immediate domain of the
problem [0,00) will be transformed by following the domain truncation approach
and the numerical computational domain [0,L]. L is the length and it is considered
to be more than the thickness of the boundary layer. Thus, the domain [0,L] is first
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transformed to [-1,1], where the Chebyshev spectral techniques can be apply by
using the algebraic function

§= % —1 ,¢e[-1+1] (3.222)

In utilizing SHAM, the following transformation is used on the boundary conditions
for it to be homogeneous

fn) =f8) + fo(m) fo(n) = Sw+ 1 -e

6(1) = 6(8) + Bo(n) ,60(n) = €
@(n) = 0(8) + Oo(n) ,Oo(n) =€ (3.223)

where fo(1),60(n) and ¢o(n) are the initial guess considered in reference to the boundary
conditions (3.208) - (3.209) respectively. Using equation (3.223) on the transformed flow
equations (3.205)-(3.207) along the boundary conditions (3.208) and (3.209) leads to

1 1
5 (1 +8—) 0 F"—0 "+ Ps f']+[147] (1 +3—) (" =Psf')+f" |as+ f+as+ara+245 £

+0lag + Gr] + f'laro — M, + as) + flas + as] + f™'[Aaf + ag]
+f000[24,f0 + a7 + a11] + a10° - (f0)2 + Gme = Y1 (3.224)
((1 + %Rd) +€ef + bg> 0" — (Prf+by+ 0 +b5)0" + (by + bs + Pré,)0 + by f
+ (P?“Ec(l +7) (1 +31> — PrEcyd (1 thl) - bg> (f")?

+(bg + b7 + b10) f" + PrD;o" = wa(n )
(3.225)

@O0 + scfpV + Sceof + Scarp® — ScCre + SctB0%¢p0 + Sctc200 + ScthapO
+Sctp + Scthap + Sctc10%0 + ScS06% = Y3(n) (3.226)

subject to

1) =) =L(-1)=£1)=0 ,0(-1)=6(1)=0 ,p(-1)=¢(1)=0
(3.227)

where
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S
/

1 1
ap =7 (1 ﬁj,—) ) sy =" (1 Jrﬁ—) 0 as=fo sas=fo ;a5 = =2f,

1 1
ag = —7 (1 tf)’_) 0y a7 = —7 (1 ‘%ﬁ) b0, as = Axfy", ag = Az fo,

ayg = 2Aafy, ay = 2Aof(, a1a = 4Asf]
vi(n) = [ [ﬂdp +[1+1] (1 —%l) Ps—~ (1 —%l) Ps}
i) oseon] al (ecs
| +(f)? - G"”g{) — Gmgo — Asfofy”
by =¢by by =¢€by by =—Prb, by =—Prfy, bs =26,
be = 2PrEc[1 + 1] (1 tﬁl) " by = —2PrEc (1 +Bl) v,

by = —PrEcy (1 +3l> (fr’)f)Q: by = —PrEcy (1 +3l> bo,

1
big = —2PrEcy (1 —&73—> Bofo
/

Ualn) = — [L+ 4Rd] 0 — ebof + Prfofly — (6)° — PrEc(l + ] (1+,1) (f9)* +
PrEe (1 +31) V0o (f1)? — Profy — PrD;é!

1=y ,co =y ,U3(n) = —ady — Scfody+ ScCrog — Serhdy — Serdoby — SeSob)

The CPM is applied on the resulting equations (3.224)-(3.226) while the unknown functions
f18), 6(8) and ¢(9).

N N
AE) URATI(E) 008 uXOTH(),
k=0 k=0
N
@(&) uX@iTi(&) j = 0,1,2,..,N (3.228)
k=0

where &p,¢1,x2,..,én are Gauss-Lobatto collocation points (Canuto, Hussaini,
Quarteroni and Zang 1998) defined by ¢ = cos”n,j = 0,1,2,.,N, Txis the kt
Chebyshev polynomial and N +1 is the number of collocation points. The functions
f(n),6(n) and ¢(n) derivatives at the collocation points are:
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J\r

) N .
d" f . dro , d"o
Iy SN Dy fE) i N D T Z Dyo(e)  (3.229)

k=0 k=0 k=0

where r = differentiation and D = %D(see Canuto et al., 1988 and Trefethen,

2000) and D means Chebyshev spectral differential matrix. Using equations
(3.228) and (3.229) together with Gauss-Lobatto collocation points into (3.224)-
(3.226) to obtain
(3.230)
A11A12A13  fi Yi(n)
BA21 A22 A23RERRAGIEAR = ARY2(n)EA
A31A32433 @I ¥3(n)

Equation (3.230) can be written as:

Adi=G (3.231)
subject to
N N
fi(&n) = 0, XDNifi(&k) = 0, XDokfi(&k) = 0 (3.232)
k=0 k=0
61(én) = 0,61(&0) = 0,p1(én) = 0,¢01(é0) = 0 (3.233)
where
d1= [fi($0).fi(§1).fi(§2),--.fi(§n), 61(§0),01(§1), 01(E2),.., O(En)] 7,
[pi(§0), pi(§1), pi(&2),-p1($N)]T
G = [Y1(no),Y1(n1).Y1(n2),... 1(n), P2(no),Y2(n1),2(n2),... p2(nn),
¥3(no),¥3(n1).y3(n2),...ws(mw)]"
A=
A11A12 A13
A21A22 A2300 (3.234)
A31A432A433
And
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1 . ,
Ay = agD' + ((1 +7) (1 +3—) + a7 + a11> D? + (ag + as + a12) D?

1 1
+ (aﬁ - M,—(1+7) (1 —&-b)—) Ps+~ (1 _'73_) Ps+ a.m) D + (a3 + ag)
, f

A = a1 D+ ag + G,

Az =GmlI | Ay = by + (bg + big) D?,
Ay = ((1 + %Rd) + bg) D? + (by + bs)D + (by + bg + Pré,),
Agy = PT'DIDQ, Asy = Sces , Ay = SeresD + Serey D? + SeSoD?,
A3z3=D?+ Sca1D - ScCr+ Sctb2D + SctD? + Sctbs

In other to get the approximate solution of SHAM, the linear operators are as follows:

: . : 1y,
Lilf(m;9),0(m:q), 6(n;q)] = a1 + aof' + asfi + asf)’ + asf + [1 + 7] (1 +3) y

!

11 [ r ! ]- !
+agl + a7 f]" + Gro, + Gme, — M, f] — [1 + 7] (1 +6’_) Psf
1
+y (1 +B_> Psf] + agfi + ag fi" + arof] + a1 f]” + aaf) (3.235)

4
Lolf(n:q),0(n;q), ¢(n; q)] = {1 + ng} 6] + b16; + b8 + by fi + bafl) + b5 + b f
+bsby + biof; + Pro b, + PrD;¢) (3.236)
Lyl f(n;:9),0(n:9), ¢(n; q)] = ¢ + Sceafi + Scardy — SeSrgy + Sereab)

+Sctbed) + Scrd) + Serbsgy + Serei 0 + ScSob) (3.237)
3.7.1 Zero order of deformation

q 3 [0,1] = embedded parameter, h_f,h_e and h_<p are non-zero auxiliary parameters

and the unknown functions are f(1;q),60(n;q) and ¢(n;q). The following is the zeroth
order of deformation

(1 - QLG - o] = ah AN 6 p(m)]  O230)

(1 - q)Le[O0(m:q) - Bo(m)] = qh epe(M)NIfTn;q),0(m:q), @ (1;q)] (3.239)
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(1~ Lole(r:9) - 9o(n)] = ah NI O 0lma)] 240

subject to:
fn=0;9) =Sw, fP(n=0;q)=1,0(n=0;9) =p(n=0;,q9) =1 (3.241)

P ——o0;q) =1, 6(n -—00;q) = @(n ——00;q) = 1 (3.242)
The nonlinear operators are defined as follows:

Nelf(m:q).0(n:q), o(n: q)] =~ (1 Jﬁl) 0 f" + ff"—(f)?

1 ,
i,«f (1 +8_> foh' 4 AfoHH 4 2A2fffﬁf 4 2142(]('”)2 (3243)

Nolf(n:q),0(n;q), ¢(1; q)] = 08" — Prfe + (6')* + PrEc[1 + ] (1 +£l) (f")?
—P'I‘ (]. —f—gl) E(.f"}’g(f”)Q + b79fﬂ + bg(f”):z

(3.244)
No[f(n;9),0(n:9),0(n;q)] = Scfep® + Sctd¢° (3.245)

setting q = 0, the zeroth order of deformation equations (3.238)-(3.240) leads to
LAfn;0) - fo(m)] = 0, Le[6(n;0) - Bo(n)] = 0

Lol@(1:0) = @o(m)] =0 (3.246)

Due to the reason that f{n;0) = fo(n), 8(n;0) = Bo(n) and ¢@(n;0) = @o(n) subject to
(3.241) and (3.242).

Setting g = 1, the zeroth order of deformation (3.238)-(3.240) leads to

0 = h b m)N[fTn; 1),6(n;1),0(7;1)] (3.247)

0 = h pa(m)N[An;1),60(m;1),(m;1)] (3.248)

0= h o (MNIAN 1,600 1) p(n1)] (3.249)
iff h ap(n) 6= 0,h ae(n7) 6= 0 and h (1) 6= 0.
Thus,

fn; 1) =f(n), 6(n;1) = 6(n), p(n;1) = (1) (3.250)
subject to
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f=01)=8,f(n=0;1)=1,0n=01)=1,9n=01)=1

P -—0;1)=0,6(n--0;1) =0, p(n -— 0;1) = 0(3.251)
3.7.2 High order of deformation

Simplifying f(n;q),0(n;q) and ¢(n;q) using Taylor series with respect to the embedding
parameter g leads to

F9) = fon) + > (™, 00m;0) = Oo(n) + Y _ Om(m)g™

m=1 m=1

¢(n;9) = do(n) + > _ dm(n)g™ (3.252)

m=1
where
1 0" f(n:q) 1 0m0(n:q)
m [ = _f—‘ qg=>Us 6‘]’;’.’. ! = T a . g=
fn() m!  onpm lo=o () m!  anm lo=0
c ooy L 9me(niq)
om(11) = m!  onp™ la=o0

The series in equation (3.252) converges at g = 1. To get the mt order deformation,
differentiate equations (3.238)-(3.240) m times with respect to g, divide by m! and
set g = 0 to obtain

L[ fin(n) = XonSm—1(n)] = hpto ()R] (1) (3.253)(3.253)
Lg[0m(n) = Xmbm-1(n)] = ﬁ-o'ﬁ-‘f‘?’o("!)Riz(’f‘f) (3-254)(3_254)
Lol@m(n) = Xn@m-1(m)] = B opo(m)Rm® (1) (3.255)
subject to:
fm(’r] = 0) = 07 f-,’,,_(‘f] = 0) =0, Hm(’f] - 0) = 0; Qﬁy;,,(7]= 0) =0 (3256)
fr(n —>00) =0, Ou(n —>00) — 0, &(n — 00) —0 (3.257)
where
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1
RT{I(X) = a’lngn—l + (,Lgf:;;_l +ag frn—1 + @4f:1_1 + ai—Jfa:z—l + [1 + ﬂ (1 "'6_) fr,?g—l

. 1 /
aﬁgm—l + G,'?f:::,l + GTgm—l + qubm—l M, fm 1 [1 + 7] (1 —lb)_) Psfmfl

+v (1+ )P‘Sfm 1+a8fm 1+a’9fm 1+a10fm 1+a11fm 1+a’]2fm 1

s
m—1
+Z’Y(1 ) m1ﬂ+fnfn11n_f:1.f;rl]_.n—’\/(]_ )8 )Qf”:ln
+A2fn m—1-—n + 2A2f:hf:::—l -n + QAQf fnb— lem — '(/)1(7’])(]_ — Ym )

R} (x) = {1 + ng] Ot + 101+ bally 4 bs frn1 + babl, g + b5,

+befr |+ bsbm1+ biofi | + Progn, 1+ P?‘ngé;;,l
m—1

1
# Dl P 00t Pr (L) Bl A

(3.258)
+b79 fm 1— ﬂ+b9f fm 1—n

m—

i=0 n=

R? (x) = ¢ | + Sccafrn1 + Scaydl, | — ScSrey, 1 + Sereoll |+ Serbyd!

PrEc (173 )vf%’f T = () (1 xom )

+Serdy, 1+ Scrbydp—1 + Screyb), | + ScSob),

m— m—1

m—1

+ Z Scf'nqb:'n,fl —n + SCTH’ ¢m 1— n) w3 (n)(l — Xm
n=>0

(3.259)
) (3.260)
Thus,
Quict =1 (145 ) (DI fsoa) 4 (D Fo1-0) = (DF)(Dfo1-)
1 (145 ) oD 1000 = DL D10
A ) + ADEND fra) = ADEND ) (326D
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m—1

C)Q.m—l = Z EQ?I(DQQm—I—n) - Prfn(DHm—l—n) + E(Dgn)(DHm—l—n)

n=0

+PrEc (1 fgl) (D? ) (D?fru1-n) + PrEce (1 +)}l) (D*f) (D fro1-n)

—2PrEce (1 +O)l> ”-IEHTIJ(DQf'm—I—n) — PrEce (1 +D’l) bl(szn)(DQf'm—l—n)

n m—1
1
+ E : Z: ~PrEce (1 _tj_) gi(Dgfnf'i)(szmflfn) (3.262)
i=0 n=0

m-1

Q3,m—1 =X SCﬁl(D(pm—l—n) + SCT(Den) (D(pm—l—n) (3263)

n=0

3.8 Formulation of the research problem three

A steady, incompressible, laminar motion of Casson nanoparticles in a slanting
plate is explored in this research. At an angle ® (0°< & < 909), the plate is inclined
horizontally. The concentration along with temperature of the nanoparticle
volume fraction at the wall are ¢wand 6, respectively. The ambient concentration
along with ambient temperature of the nanoparticle volume fraction is given by ¢
and 0. respectively. The following assumptions are made:

(i) The penetrable medium is assumed to be saturated and homogeneous with
liquid in thermodynamic equilibrium;

(ii) At an angle @, the vertical plate is inclined;

(iii) The liquid viscosity along with thermal conductivity is assumed to vary on the
hydrodynamics and thermal boundary layer;

(iv) Numeric magnetic Reynolds is taken to be small such that induced magnetism
is avoided as compared with applied magnetic field; and

(v) All the attributes of liquid are kept constant except density added to the
momentum equation.

(vi) All the attributes of fluid are kept uniform except density in the buoyancy
term in the momentum flow equation.

(vii)  Boundary layer approximation is considered valid. This study assumed that
the rheological equation of a Casson fluid gives:

P
Tij = (,ub + —== 2e;; when m> m,

V2r

P,
Tii = | iy + —== ) 2¢;; when ™ <,
J m J
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where P, means liquid yield stress given as:

p _ MoV (27)
Y Ié]

up means dynamic viscosity, m = eje; means rate of deformation component
multiplying itself, ej means rate of deformation while m. means Casson model
critical value. In a situation whereby m > m. we have that:

Ly
s
Based on the above, the kinematic viscosity is subject to the plastic dynamic viscosity
(up) while p means density and Casson term leads to:

Jub 1
o = 1
= ( e )

Based on the listed assumptions above and the rheological equation of Casson

fluid, the flow equations becomes:
ow  On
— +—=0 3.264
o oy (3.264)
Jw ow 1\10 ow i
wo— + na—J = (1 -1;3—) Y (,u,b(T)a—y) + cos(P)(0 — 0)
2
1 o cos(®)(6 — o) — L0 — ’“" ( ) (3.265)
9 90 1 0 00\ 1 g, m,(T) 1\ [ow)’
— — (E(T)— ) — 1+—) (=
“ ox R dJ pc, Oy ( ( )é)y) pCy dy pCy +[3 dy
o600  Dr (90\?| Qo Dkr 8%
Dp L= 2
7 [ Boyay T (a;,) Tt s (3.266)
E)@ 19J0) o A(Vre)  Dkpd*0 Dy [0
=D —k - | S 2
o +nc‘)’g Oy? ¢ = Poo) Ay + T,, Oy? + Too \ Oy? (3.267)
subject to:

w=ax,n=-v(x),0=0u, @=pwatn=0 (3.268) w-—0,0-—-0,¢-—0

asn-—0(3.269)

In the concentration flow equation (3.267), Vris the thermophoretic velocity and following
Alam et al. (2008) leads to

Vo= gt L W OT (3990
Tl'f’f ,-rr(f d@}

where k-thermophoretic coefficient is defined as
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2es(22 + Cok, )1 + kn(Cy + Cyexp™ =S8
()\;; t ){ ( 1 2 p kn )} (3.271)

k=
(14 3C, k) (1 + 2§—i +2C,k,)

where C1,C2,C3,Cn,c5,Ce are constant, Ay and A, are the thermal conductivities of
diffused particles and fluid respectively with k, = Knudsen number.

Consider that the flow regime is sufficiently small due to temperature difference
and that 6*is expressed as a linear function of Tw. Now,expanding 6*in Taylor’s
series about 0. and forgone higher order terms as obtained in (Idowu and
Falodun, 2018)

as:

o* = 4630 — 365, (3.272)
Utilizing the Roseland approximation, we have the radiative heat flux is given as

- 3.273
3k, dy ( )

Qqr =
Here 0. means Stefan-Boltmann constant while ke means coefficient of mean absorp-
tion. Y (n) is the stream function defined asw = 3—;’ and;, — _3_@, With this stream
T

function, the continuity equation (3.264) is valid. The transformation employed in this
research are:

¥ =, =/ To T = =L (a7

91{! - 900 @w - Gjoo

3.8.1 Validation of the stream function of the research problem

three

Since the stream function is define as
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o o v

v=(miaf), w=50 n==E n=/1y
0 Owy)ixf a1 0xf) [ of
_ (i 2 O Lo (0 3
w = (v7y) ,L.an Xay (vy)2af (1/)
u=~yxf (3.275)
o wief 0 [ Of o
e Jx dr () or (v3) 181+f8$
v=—(vy)if (3.276)
ow _dyrf) _ of) [ of  .ox] __[Of o,
oz 0z | oz (TC)LIJ—}—f((’);I,‘ -7 xanxc)l—i_f
ow ,
o = (3.277)
an _8(1/1)%,)” :_(JA)%Q__(M)M?_I dn
dy Ay Y oy Yom T oy
dn . % (Y %_ !
oy =0 (5) =
on _ ¢ (3278)
dy
Substituting equations (3.277) and (3.278) into continuity equation
Bfw on ~0
or dy
This implies that
-vf=0

Hence, the stream function satisfies the continuity equation.

3.8.2 Transformation of the momentum equation of the research

problem three

Since awax = yfo
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dw
wa— = f xf
T

ow 5 o
— =~ 3.279
wo— = (f) (3279)
ow  O(yxf') = 9xf)
ay oy oy
81;)_ af’ , (9)" an
dy [ +f } “on " oy
dw o (Y3
oy ()
Ow 1 e (V)2
ngy = 1A Xt (;)
e
i (en)- o (5)- 5282
poy "oy p 0 dy  dy
( &w) 1 ) L 10w ou(T)
o 0P oy oy
(3.280)
(3.281)
non-dimensionalize the first term at the RHS of equation (3.281) leads to
() & u(T) O (c%u) m(T) (,},I f,, (z)%)
p 8y2( )82,0 By (8;; pa 81; v
(1) Fw (T wai 3 0
p Oyr  p ’(V) 8y($f)
Mb(T) Fw _ ﬁLb(T) ) l % af” H@
p O p f}(v) Yoy T oy
(1) 0w  w(T) Nal : Of" @
p Oy p q(v) IBr;xay
Ju‘b(T) d*w _Ju‘b(T) l % " 1 %
p Oy p Fy(v) xf (1/)
Jul')(T) a?w lu_; . 7_2 "o _ 2 . pm
SR = b0 = ) Taf” = (10T (0 b)) f
2,
,Ub(T)a_i;} _ (1 4 vaT)/YQxfﬁf (3282)
p oy

non-dimensionlize the second term at the RHS of equation (3.281)
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Ou(T) %[M;(l +b(0 —0))] = M;(%(l + 0T (0 — Os))

dy
o) 0, 0T T 0y
o = 10 = ) 5 = 100 — ) 5o X
8[15,(T) o ;Y %
dy = Nb(b(ew - goo))T (;)
Thus

L) L (7)) o (1)

Lowo(T) _ 17"

(b(8 — 0:0))T" f"

pdy dy p v
1 dw a,tLb(T) 2 /ot
- = ~*xbh(0, — 05)T
T v xb( )T f
10w Oy (T .
L0wdm™) _ g g (3.283)
pdy Oy

where Oa = b(6w - 0). Substituting equations (3.282) and (3.283) into equation (3.281) to
obtain

1o Ow
Ly TV Y — A2 £ 1 A2, v, 1" f"
S (WG ) =er s v

1y10 dw 1 2 t ot I
(135%) Sy (w05 ) = (1457 ) wetoars et o
G scos(a)( — b)) =g ;cos(P)T (0 — O

) (3.285)
G ccos(a)(d — boo) =0 cos(P)T(Py — oo ) (3.286)
B 0B
p p
(@) (LN AV
p (1 +ﬂ> w = k,o(l +b(0 — 0)) (1 +.B ) v f
)u‘b(T) 1 P £ - l !
iy 1 423—) w = k;)(l + 0T (0 — 0)) (1 +,8 ) ya f
(T LN LY
ko (1 +ﬁ_) W=t FVeD) (1 K )"”’f
(3.287)
(3.288)
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Substituting equations (3.279)-(3.288) into the momentum equation (3.265) to obtain
1 .
Va(f')? = aff" = (1 +5—> V[V "+ (1 + V) "] +§ ¢ cos(P)T (0w — )

B2 *
+§ cam(¢)6%¢w—-¢m)—-f;ﬂvwf’—-ﬁﬁ

1 /
oy (1 —+ —) (1+ v, T)vxf

o
divide all through by y2x

g ¢cos(P)T (0, — Ox)
v

(ff)‘z _ ffn _ (1 —El> vanff.r + (1 _J'_B£> (1 + vaT)fm—J,—

+@ ¢ €08(P)C(w — o) oBj ,, I (

1
1+ — ) A+ v,T)f
Ve Y kpy ) ( )

B
(f)? = ff" = (1 J?l) v ' "+ (1 _,_31) (1+ v, D) f" + A, cos(@)T

+ Ay cos(®)C — M?f! — L( + 1 (14 v, 1)f
P\ B

Therefore, the transformed momentum equation becomes
1 1 .
(1 —IB—) VT "+ (1 +ﬁ_> (L+ V)" + "= (') + Dy cos(®)T + Ay cos(D)C

U 1 .
_Mv_E(HF)u+%nfo (3.289)
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3.8.3 Transformation of the energy equation of the research problem

three
w_on ot _w or o
dx O~ Oz OT  0On Ox
? = (0 — 0:0)T' x 0 =0
x
u;ﬁ =~xf x0
u@ =0 (3.290)
Ox
o _ o ot o ot o
o 0T oy O On Oy
o0 RS
a_y - (Hﬂ! - goo)T (;)
(99 - % - ’ z %_ . _ p—
na_y - (Vq/) f X (Gw QOC)T (y) - f(aw Boo)fT
00 ,
n(?_y = (0, — O) [T
1 0 a0y o (00 00 Ok(T')
pc, Oy (k(T)a_y) =kT)gy (331) "oy oy
1 0 ol 1 %0 00 Ok(T)
— k(1) =— | =— |K(T)=— + —
pe, Oy ( ( )ay> Py { ( )3y2 * dy Oy ]
(3.291)
(3.292)

non-dimensionalize the first term of the RHS of equation (3.292)
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oo (2

1 20 1 o (00 0 ~
—k(T)— = —k*(14+€(6-0 = E*(1+e(0—0))=— | (0, — 0.)T" [ =
R 5 = k(0= 5] (5 ) = K (4el0=00)) 3 (00 = 00T
%0 1 y\z OT"
T)orl = —k*(1 + €T (0, — - 1)
o KT S T (0w = 0)) (0w = 0) () 5
9’0 1, i 0T dn
D = ek (1 T 00 = 00000~ 0) (7))
9% k¥ YN o (Y 3
Ekm@ (18, 6 —0) (2)7 17 (2)
L8~ 145 T)4(0n — 0T (3.293)
pe, Oy peyy yt TP ™ Voo '
Now,
ok(T) o, L0 B
5y = g, (0= 0)) = I 5 (14 T (00 — )
ok(T) ar ., ar 87]
5, —F (00 — 00) 5 = (B — Boo) — 5 % 3
OR(T) .
oy = helbu—0)T" ()
1 96 0k(T) N 3

f 1 2 K _ laali I ]5
0,y By pq)(e 0)T" (2)" 5 kel — 0T (1)
1 00 0KT) K .
P = (0 — 0L (T 3.294
pc, Oy Oy e, y (O )1/( ) ( )

Substituting equations (3.293) and (3.294) into equation (3.292)

1 a X 69 o k* 174 k* _ 2
pcpa—y(k(T)a—y)pcpy(1+5yTh(9w 00)T" + ——— (01 — 0005, (T)? (3.205)

pepv
Snce@,_-—%gﬁi-ﬁonlequanon(3272)

00! Y o0

dy 0y

Thus,
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"= 160,03, % adq, 160,02 96

5oy oy~ 3k oy
% - 3% (g_g) = 5\% ((a_w T (%))
g;f = (0 — ) (3)] 385;’ (0 — 0) (z) %i; ] g’;
=0 ()'r ()

2?0~ ;
oy~ v\t 0T

Therefore,

dq, 160,63 4
= — o0 e gw _ 900 Tﬁ' 3296
dy 3k, ( ) ( )

1 o) () - - o) (o ()

#;f) (1 +51> (gj)z ;Lb (1 +bT(9w —0)) (1 + l) (f”)”%2 (3.297)

o} v
9 _ aqs _ 9 9C 0n
dy BC 31; BC’ Bn Oy
do (72
3, = (0090 ()
6@80 (7 3 _ el 3
0 000 () w1007 ()
9900 _ Y e
?.u - Yoo Hw - 900 - T 3298
ay a,g ( o )( )I/C ( )

gy = 0007 ()

(g—i) - (0~ 02 (3.299)

¢ _ 0 (99\ _ 0 T\
ot

78 60 (1)} O = ) ()
92 1
‘;y‘f = (90 —9o) (1) " x (

32¢ — %
a?_Jg — (qbw ¢oo) C

T =2
SN
b=

(3.300)
Substituting equations (3.290)-(3.300) into the energy equation (3.266) to obtain
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M 14 6,716 — 0.)T" + —

PRV PCpV

0— (0 — 0.) T = V(0 — 00)3,(T")?

2.2

1 160,03 ~ T 1 vz
0 L@, — 0 )"+ L (1+v,T) [ 1+=) (f2——
b0, — 01 + L1 )(147) 2

‘ D
+7 | Dp(dw — Poo) (O — Boo)%C’T’ + T—T(H?,,. - HOO)Q(T’)2I}

00 1%

Dk
+@T(9w — ) + —F

PCp CsCp
divide all through by -y (6w - 0)

Sk ok 1 ) 3 *
Y1 ysmyr 4 L 36:sz+ i
f)(*p]/ ,()Cp?/ ‘e ,()(.;,,V

M;(’Y.T)z ( 1) 1 "\ 2 QO DkT(¢w - ¢oo) "
b (14 VD) (14~ ) =(f") + =T+ C
e B — o) )t (5 @ CsCp(f — boo )V
. , 1 1t DT w — Yoo N2
Dp(u — o)~ C'T' 4 =L 20— o0
+7 { 50w gbm)yC + T ” (1)

L Y
(@w - qboo);C

8,(T")?

T =

Simplifying further,
1
Pr

1

(T + HT
PT(S!}( ) +

1
—fT'=—1+6,T7)T" + =—R,T" +

Pr

1
+E, (14 V,T) (1 +8—> (f")? + DC" + NyC'T' + N(T')?

/ (1 5’5;]) R‘p " (51.' 2 1 12
—f1" = "+ —=—(I")"+HT + E,(14+V,T) | 1+ —
f Pr PT( ) n( a ) 3 (f)

+D;C" + NyCO'T' + N(T')?

Upon rearrangement, the transformed energy equation becomes

(L+0,1) + R”T” + T+ ﬁ(T’)2 +HT + E,(1+v,T) (1 7;) (f")?

Pr Pr
+DfC00+NbC0T0+Nt(T0)2= 0 (3301)
where

.3 )
O L TN )
3k.k* k* pCyY (0 — Bo0)

Dy - Dhkr(bw = 0) o TG0 =~ boo) r TDT(0 — o)

CsCpV (B — Occ) v Tov
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3.8.4 Transformation of the concentration equation of the research

problem three

9 0¢ BC' 0p 86’ 877
or _aC " or _oCc” on * or

190 , , B
af (@u Qboo)T X 0 - O
'wg—c =~xf x0
w@ =0 (3.302)
Ox

% B % . 9¢ oC 8g5 ac' arj
oy oC = oy ~ac” an ay

% s (1)
e % (6 %)O'(Z)%:v(@w@m)fc'

n— = —Y(¢y — Poo) fC" (3.303)

82 8 0@ 0 ) r {7 3

2 A L ' - '
e () = 0 () < 2
12 1 Ay L
o = e o) (1) 0 ()

D¢

(3.304)

—ki(p — ) = —kiC(pw - =) (3.305)

Since,VT = — f)_T = C(qbw - Gboo) + 0o

Trer dy
kv OT kv OT kv OT
V h = - e ) — o0 ’lOO = — — w — o) — = — Do

Setting =0
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kv oT kv T

Vi = T (¢ — Gboo)ca—y T T, 0y x 0
Vg = —%wm - qsoo)ca—j
S e () ] |
—%(Vm) - iff”f 0u—0m) O (5) + 5 < o x Go % 5L

0
0 kv o [or On , LY 2
5 i0) = 70 =0 o5 (o 51 + 7 (1) o ()]
a . kl/ a ! ,7 yall
_a_y(VTé) - m(@-w - Qboo) [ a[ (T (J/) ) + ;T C:|

7] kv s 0T .,
—a—y(VTﬁb) = _( Du ﬁboo) [ (;) a_J + UTC:|

‘%(Vm)—%”(@w w[ (,)%T”(;) *gT'C'}

9 _ kv L P
(Vig) = 7= (6w = 00) |,CT" + J1°C'

0 N kv 7((73?.” - @boo) 1"t ! it
—@(Vﬂb) = T, y [CT"+T'C ] (3.306)

026_ (9 .y )TH

dy?
Since

DkT@ o Dsz
T Oy* T, v

DT629 DT'Y
— " 3.308
T. o7 = T ~ (0 — 0o0)T ( )

(0 — 0.)T"  (3.307)

Substituting equations (3.302)-(3.308) into the concentration equation (3.267) to obtain

Dk
- 7(¢u) - qboo)fcf = D%(@w - QDOO)CH - klc(gbm - éz{n’fty) + T TZ(H - 8 )T”

DT'7 H
oy (O = 00)T" +

kV 'Y(qﬁw - (/b
,I;'ef 4

00) [OTH + TIC!]

divide all through by y(¢@w - @)
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A:,g DAJT(H.,H - 900) DT(B’U.' _ HOC) kv

D
_ C-’_ C” _ C + . : " : : .T” + CT” + Tl’ Cf
f v Y TH’LV((‘D’H.‘ - qboo) TOOV((DH; - (DOO) ,I‘r'ufy[ ]
fcw . 1 o' — . + s + i‘FV'-', T" + [C.Tu + .TIC.']
T S(f . L ° LnJ]Vb ! '

Therefore, the transformed concentration equation becomes

T

N
Loy ooy (So + ) T"+7[CT" + T'C" =0 (3.309)
Sc L'n*]\"b

3.8.5 Transformation of the boundary conditions of the research

problem three

Since w = yxfand w = yx

== yxf0=yx
divide all through by yx to obtain

fn)=1 (3.310)
Also,n = —(r/ﬂ/)%f and n = -v(x)

fn) = fu (3.311)

Now, 8 = T(Ow - 8x) + 8 and 0 = 6

S T(GW_ 900) + 900 = 0W

T(Gw_ 600) = GW - eoo

divide all through by 6. — 0

T(n) =1 (3.312)
also, ¢ = C(pw— Px) + pwand @ = @w

~Clow= Qo) + Qoo = Qw
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Clow= @) = Pw— Qoo

divide all through by ¢w - @

Cn)=1
Also,w=yxfland w-— 0
~yxf0=0
P -—0
0 =T(6w- O0x) + Ooandf —— O
T(Bw - 0c) + O = Oco
T(6w = 0) = O — Oco
T(6w-0x)=0

T()-—0

¢ = C(Qw = Qo) + Qeandp == Poo
ClPw= Po) + Poo = Poo
ClPw= P) = Poo = Poo
Clpw= @) =0

C(n)-——0

(3.313)

(3.314)

(3.315)

(3.316)

Therefore, the transformed momentum, energy and concentration equations with the

boundary conditions are

(1%1)Vﬂw”+(l%1>u+VJ1ﬂwff’(fﬁ+émw%®T+A»m4®C
, ,

. 1 1
~M*f — — 14+~ ) (1 + v, TD)f =0 (3.317)
PU ,3
(1 + 5yT) + Rpr " e nll 5'9' 2 al ]‘ /AW
T T+ =2(T HT + E,(1+ v, 7)1+~
s T+ G (@) HT + By(1+ 9.7 (147 ) ()
+D;C" + NCO'T' + N(T')?
1 .

N
C" + fC' - C,C + (51, + — ) T" 4+ 7[CT" + T'C"

N T
AS(_, Ln; b
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=0 (3.318)

1=0 (3.319)
together with the boundary conditions

fP=1f=8S,T=1,C=1atn=0 (3.320)
f-—0T-—-0,C-—-0asn-——0 (3.321)

Note that: 0, = (6, — 0), L, = % ANy = W M = U;-:‘ﬁ’ Py =
0, - 16067, . popl o o i (ax)? o
;;ﬁu’ (3_2,‘ - 5(911,‘ - 600)' R;U T 3kek* Y Pr - %- H - _pcr?:;,)u’ E??, - p(.:(}:gw_goo)? Df -
?ﬁz%g?:;j)): J?\Tb — TDB(QLU_(pOC): ‘;\Tt — TDTégc:IV_gm)g SC — %) Cp — %‘ SO _
Dk (Ow=bc) . v _ ElBuw=bx) gre the varied viscosity term, thermal Grashof,

Tm V(G‘)'u: 7(1"‘)30) ’

Dp’ Trer

mass Grashof, magnetic term, porosity parameter, varied thermal conductivity term, radiation
term, Prandtl, heat generation term, Eckert, Dufour, Brownian motion term, thermophoresis
term, Schmidt, chemical reaction term, Soret, Lewis number and thermophoretic term.

The quantities of engineering concern are the wall skin friction (Cf), Nusselt number
(Nu) and the Sherwood. The wall skin friction coefficient Cris defined as:

T 1\ ou
Cr = Y __ where T, = (1 + ) —
I~ p(zB)? B ) 0y,—

Tw is the shear stress within the boundary layer and it is simplify using the similarity
transformation to obtain

VR = (1 +31> £7(0)

The Nusselt number is defined as

) Ty dT day (0T
Nu= — where q, = —K a—yyzo ~ 3% ( ly=0

K (T"m - Too)

dy
qwis the heat flux within the boundary layer. Using the similarity variables to obtain

Nu = -PRT 9(0)

The Sherwood number is defined as

xJy, aC
m where Jw =-D— ‘y:[)

Sh = 3y

Jwis the mass flux within the boundary layer. Using the similarity variables to obtain
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Sh = -PR.,C°(0)

3.9 Qualitative analysis of problem three

Reducing the system of equations (3.317)-(3.319) into first order ordinary differential
equations

df  dm,y d*f d [dm, dms
f=my, — = = My, —= = —— =My

dn — dy LA dy \ dn dn
3 .
df _d (dmay _ dmg (3.322)
dn3  dn \ dn dn
T —m dT  dm, - dz_T d (dmy\  dms
B dn — dn Pdg?2  dnp \ dn ) dpy
dC  dmg ’C d [dmg dms
C=mg, —=—=my, — = — | — | = —
dn dn dn?  dn \ dn dn
(3.323)
(3.324)

Substituting equations (3.322)-(3.324) into equations (3.317)-(3.319) to obtain

1 1 dm.
(1 —IB—) Vamsms + (1 4;3—) (1+ Vam;l)d—nd +mymsg — (my)?

1 1
+ g cos(P)my + Ay cos(P)mg — M?my — — (1 + —

-PO A ) (1 + va.Tn-‘i)ﬂQ =0 (3325)

Ims ‘
(L4 6,mq) + Rp)(d1 + Prmyms + 6,(ms)? + Hmy
n
1 2 dm7 2
+Ec(1+Vymy) (1 +6’_ (mg3)” + Dfd—n + Nymyms + Ny(ms) =0
I[ A
d; N, d dm
;r; + Semymz — Cymg + (So + Ln;\fJ ;? +n (mf);;‘:’ + mam—() =0 (3.327)
(3.326)
Simplifying equation (3.325) to obtain
dmg  ~ (1 Jrﬁl) VaMmsms — Mmyms myms . (ms)?
dn (1 +ﬁl) (14 Vamy) (l +ﬁl) (14 Vomy) (1 stl) (1 + Vamy)
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A, cos(P)my
(1+2) (1 + Varna)

. L
Ay cos(P)mg M?mg Po

1 +51) (1 + Vamy)ms
= +
(1 Jﬁai) (14 Vama) (1 +BL) (14 Vamy)

(
(1 -|—ﬁi) (1+ V,my)

(3.328)

Simplifying equation (3.327) to obtain

dms 1
(1+6,mq)+R,) M5 —Prmyms—6,(ms)* — Hmy— E, (1+V,my) (1 - —) (ms)?

dy B
dms

—Nymgms — Ny(ms)? — Dy——
t 7 dn

(3.329)
Setting:

. 1 . .
Jy = —Prmyms—6,(ms)*—Hmy—En(14V,my) (1 +B_) (ms)?— Nymzms—N,(ms)*

With the above, equation (3.329) becomes

dms dmy

1+ 6,my) +R)—— =J — Dj——

(( Y 1) ;D) dn 1 ! dn
dms Jy — Dfd%

- : 3.330
dn (14 0yma) + Rp) ( )

From equation (3.327):

d N, dms
% + Semymy — Cymg + {(So -+ Ln;\rb) -+ ng} d—ﬁ; +1tmsmy; =0

Substituting equation (3.330) to obtain:

dmz _ N, Ji — Dyt
o Semymy +Cymg — Tmsmy [(So + Lan) + Tmﬁ} (RN
dm N
W]? = —Scm1m7 + Opmﬁ — TMsMy — |:(So -+ Ln;\fb) + Tm5:|
|: J] Df dm—;}
(L4 0yma) + R, (1+dym4) + R, dn
dms N, 7
—— =5 Cpmg — Tmzmez — || S :
dn cmymy + Cpmg — Tmsmy {( o+ Lan) 4 Tmr] {(1 T RJ

So+ N, e Dy dmy
LnN, L+ dymyg) + R, dny

Simplifying to obtain
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dm —Semymy + Cymg — Tmsmy — [(So + I”V ) + T7n6:| [7“””;’;11”&}

d - D dmy
g [[(SO + Ln'\’ ) + TTnG] {(1+(3y]nf/‘1)+Hp dn i|i|
(3.331)
. —Semymr+Cpme—Tmsmy— [(So+ )+Tm(,} [(H—GTJ;W] i i
Setting: .J, = i —rd Substituting the
[[ (50 2o ) +7me] {m—ﬁn‘fm el
above into equation (3.331) to obtain
dmi 5 (3332)
dn
Substituting equation (3.332) into equation (3.330) to obtain:
dms _ Ji—DyJy (3.333)

dn (1+0,m4) + R,
Theorem 3.4: Let f, T and C to be continuous function at all points in some neighborhood and
considering £ >0, 0a>0, 4,>0,45,>0, >0, M >

0,Po>0,6y>0,R,>0,Pr>0,H>0,En>0,Df>0, Np> 0, Ne>
0,Sc>0,C,>0,5,>0,Ln>0and T >0, then there exist a unique solution

for the equations:

(1 +,3l) Y drd's + (1 + l) (14 v, T )dﬁf ﬁ - (ﬁ) + A, cos(P)T

“dn dn? 63 dn
1f 1 1 df
A M2 (- 1+~ ) (14 v,T 0 (3.334
s coa(2)C - (dﬁ) Po( K )( i )( ?) (5:33%)
2T dT dT\* 1\ [d2f
1+46,T P oy | — HT+En(1+v,T)(1+— | | —
((1+ )+R)n+rj +"(dn)+ +En(l+V )(J,r@’)(dnz)
d*C dC dT ar\’*
D y—— —— N E— = .
o dn? I dn dn (d.n) 0 (3.335)
1 d*C dC N, &*T d*T  dTdC
e —C, O+ S+ — ) =2 ST 20 (3.336
Se dn? T dn ( * Lan> dn T (an + dn dn) ( )
Subject to:
df
an =1, f=5,,0=1 ¢=1, atn =0 (3.337)
dn
df
d_n_>0 8 —0,¢—0, asn — 00

(3.338)

On the interval k y - yoks< a, k yo - y k< b provided 3K such that K = max(0,1,Us,..,Us) and 0 < K

< oo

Proof: The system of first order ordinary differential equations (3.322)-(3.324) in compact
form is given as:
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[ dm, | m;

dn
dma ma

dn - ( 1 "ﬁ-}l )Vu mamaz—mima—+(ma)Z—2Aq cos(®)ma—Ay cos(P)me+M2ma+ PLO (] -I:,jl ) (14+Vama)me
dm, ] -
d_na (14731)(l+v,,-rr;4)
dmy —

dn
dms

dn
dmg

dn
dmy

dn |

(3.339)
ms
J1—DJa
((14dyma)+Rp)
my
—Semymy+Cpme—Tmsmy— |:(Sr)+ %‘%’b) +~rm(5:| [W]
~ NI D[ drnz
H(bo+ LnNp, )JrTmﬁ} [(1+5y'm4)+371 dn H
satisfying the conditions
Sw

m1(0) BB A A
AR 18 [

PR m2(0)2E BEEE yi1@ BE
BB
PR m3(0)EE BB 18
B BB
BB ms(0)BE = BEE 208 BE
BB
Bms(0)2E BE 18 @
d
B BB

BE ms(0)BE BEE 1218 By
M7(0)
Y3

9% such that ij = 1(1)8 to denote the non-linear functions on the right

am;
hand side of equation (11) if and only if i = 1,..,7 and j = counts. Wheni=1 and j =
counts, we obtain

Consider

Ji=mg
omy oms dmy oms omg ome
ofr
|8-1712| =l=oo
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When i = 2 and j = counts, we have

omy oms omy oms omg ome
Afa
|3’m3| =1< o

When i = 3 and j = counts, we have
f o (1+i )Vamdmg —mima+(mae)?—Aq cos(P)ma— Ay cos(P)me+M2ma+ - (1-%1) 14V amaq)me
3= (1451 ) (1 +Vama)

E _ —m3
omy (1 ﬂ}) (14 Vamy)

| — mg|

(1+;)(1+VAWMD

< :U1<OO

Ofs I |2mz + M+ £ (1 +ﬁl) (1+ vam4)| ) 2ma| 4+ M? + & (1 +5l) (1 + Va|mal) o
= < = Uz
(1 Jrﬁl) (1+ Vamy) (1 Jrﬁl) (1 + Va|mayl)

Oms
O fs — Ny cos(P) + & (1 +5- )Vamg

Py
|51 = |
Omy (1—|—@)(1+Vm) ( )(1+va)
-\, cos(P) ( ) Va|ma|
< =U; <
(1 +ﬁl) (14 Vo myl) + ( —ijg—) (14 V)
af3 B — (1 +fil) Vs _ — (1 Jr[jl) Va|m3‘ 0
‘amrl N 1 =< 1 = Us <00
5 (1 +ﬁ—) (14 Vamy) (1 +B—) (14 Va|mal)
0 — Ay cos(P — /Ay cos(P
af3|: lb () |§ 1 b () =U5<OO
me (14w7)(147vanm) (1%37)(1+fvapnﬂ)
dfs
ZI30
|8m7| =
When i =4 and j = counts, we have
Ja=ms
Dhy_\Oh |\ Of |\ Of \0h 0h
dmy oms dms dmy Img oms
dfy
=1
8m5| =

When i =5 and j = counts, we have
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Jy — Dy,
(14 0,mq) + Ry)

fs =

dfs —Prms 4+ DgScemy

95| _ £ |
Imi 1= ((Sot 22%) +7m6) (rsmtyrms )| 1L+ dyma) + )
- —Pr|ms| + DySec|my|
= D

(1= ((S0+ 2%) + lmol) (e )| 11+ Bylal) + R

pa
8m2
afs - |—2Ec(1 + Vamy) (1 —|—ﬁ1) ma —2Fc(1 4 V4 myl) (1 +ﬁi) Ims]
ams (1 + 6,myq) + Rp) N ((1+ dy|mal) + Ry)
| afs —Prmy — 26,ms — Nymy — 2Nyms + 7D pmy
— : -

8m5 [1 — ((S(, + LTI:TNE,) + TTTL(;) (m)] [(]. + (SyTTL;l) + R‘P]
—Pr|m1| — 20, |ms| — Ny|mz| — 2Ny |ms| + 7Dy|my|

D
[ ((S + InN ) +T|m6|) (W)} [(]. + (SylmdD + Rp]
|2s | — I—H—Envu(l+ﬁ—)(ms)ﬂ—Df(Jldy—(1+5ym4)+3p)( —H—EnVa (144 )(7n3}2)|
Oma [1= ((Sot- 22k ) 7m0 ) (e )| (1465 ma) 4+ Ry
—H—EnVa (1451 )|(ma)2| =Dy (J18y—(1+8yma)+ Rp) (—H—EnVa (145 ) |(ma)?)|

[1= (5o 2287 ) +rimel) (oo ) 1148y lmal) Ryl
8f5\:| —D¢(Cp—7)
o [ (( ) N Tmf’) (ﬁ)] [(1+0yma) + Ry

—Dy(C, —7)
{ ((S I, ) +T|”””*6|) (ﬁﬂ (L4 0y mal) + 1)
Afs
‘ —

(977?,7 N

=U; <0

| =0<

=Ujp < o0

IA

< = Uy < o0

< =Up <00

—Nyms + Dy(Semy + 7ims) |
D
[ ((S + LnN ) + Tmﬁ) (m)] [(1 + 5ym4) 4+ Rp]

- —Ny|ms (Scma| + 7|ms))
= (8o 22 + mimel) (e )| [0+ 0y lmal) + )

When i = 6 and j = counts, we have

:U12<OO

fo=

dfs dfs

dfs B B B
(9m4‘ N |8m5| N |8m6

dms

afs

dme

dfs

3m1

=1<
8m7| >0

When i =7 and j = counts, we have
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. o . Ny S
Semymy + Cymg — Tmsmy [(So + Lan) + ’r’nm] [(1+5ym4)+Rp]

fi= 1= (5o + 2%) +7m0) (s
Omi = (So+ 2% ) +7me) (e )|

N, —Pr|ms|
—Selmz| — [(So + LnNﬁ) +T|m6|] [(1+5y|m4|)+3p]

<
o Ny D
[l — ((SU + Lan) +T|T’nﬁl) ((1+5y|m{1|)+ﬁp)]

=Uiz < o0
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*2En(l+v5:’n4)(1+@l )Tﬂ;}

op,,_ 2 [(5 ) o] [PEtrzstt=)
oms [1 - ((SO + ng\’a) + Tmﬁ) (7(1+5y5:ﬂ)+m,>]

—2E, (149 a|ma|) (1451 ) [ma]
[(S + LnN ) +T‘Tn'()‘|i| |: (1+5y‘m4|)+ﬁ’,p

<
[ (e i)+ rimel) (i)
Ofr =[50+ 2dig) 7] [ LUATUA o ]
omy [ ((S + mfvf) —I—‘rmﬁ) (MW)]
(5 ) ][]

<
B [ ((S + LnN ) +'T|mb-|) (M—T{MI)%)]
of = [(Sot ) + 7] [FErm2umas s 2nims| ‘

5= =1
oms [ ((S + ,,N ) ng) (Méyfﬁ)}

—Pr —268, Ims|— Ny | —2N¢|ms
’T|m7| _ [(S + )‘*’Tlm()‘] { rim | y|ms|— Ny |me| ¢|m‘,|]

=Up <o

=U;; < 0

LnN (1+0y|mal)+Rp

t D
[1 — ((SO+ LQN;,) T|TH6|) ((1+5y\m{1|)+Rp)]

dfz Cy

| = |
Omg [ ((5 + LnN;,) T) ((14-53,5—{1)%)]

C,

1= (5o 5ie) 7) (e )|

6f7|: —Semy — Tms |
oms [1 _ ((S + %}g) T’mﬁ) (w‘?z—iwrﬂ’p)}

—Sclmy| — 7|ms|

N, D
[1 - ((Sﬁ o) T'”””ﬁ') (W)]

From the above, we have shown that

IA

=U;s < o0

< =U;; < 00

< =U18<OO

|§£| < K such that i,j = 1(1)7
J

It is obvious that

Oh af;
om;
hence K exist such that K = max(0,1,Uy,...,U1s) and 0 < K < oo, Thus,

lij=1(1)7 ©s bounded fori=1,2,....7

fi(m1,mz,m3,ma,ms,me,m7) are Lipschitz continuous. Hence, the solution of the
couple differential equations is unique. It is important to proof the theorem in 3.2
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on the transformed equations for research problem three by considering the
system of first order differential equations with critical point of m%. Hence, the
critical points (0,0,0,0,0,0,0) and (0,1,0,0,0,0,0) are considered. Consider:

!
my = fi(my, ma, ms, my, ms, Mg, M7) = My
l — n n n —
my = fg(ﬂfb]., ™o, My, My, M5, Mg, 'rn?) = m3

my = fa(my, ma, mg, my, ms, me, mz)

%

(14 ama) 1 —h} (1+ Vamy) 1 —fsl (1 + Vamy) 1 +.Bl (1+ Vamy)

Ay, cos(P)mg M?*m: 1
— F (®)rmg + 2 + —=ma

(1 "‘,31) (1 4+ Vamy) (1 +31) (1 + Vamy) P,

’H"L; = f4(ml, ™o, My, My, M5, Mg, 'm-() = M5

Ji — DyJy
(14 0yma) + Ry)

/

mg = fﬁ(ml-, Mg, T3, Mg, My, mﬁ,mﬂ =my

m:") = frl(mlt Mo, 13, Mg, M5, Mg, Tn’?) =

«

ms = fr(my, ma, ms, my, ms, mg, mz)

— » / — - — Ny _h
SCT?le';r + Cpmﬁ Tmsmy [(S‘J + L-nN.x,) + T?nﬁ} {(1+(5;,7rt4)+3p1|

N 2
[1 — ((So + m) + Tm‘“) (Wf{l)ﬁ%)}

aMsMy myms N (my)? _ Dgcos(@)my
o) () ()

Hence, the necessary and sufficient condition of Jacobian matrix is satisfied and the

Jacobian matrix takes the form

oh  ofi BOfr OfH Of OfH O
dmy  Omz  Omz  Img  Oms  Omg  Omry
Ofs  Ofs Ofs Ofs Ofs Of: Ofs
dmy;  Omg  Omz  dmg  Oms  Omg  Omry
afs  Ofs  Ofs Ofs Ofs Ofs Ofs
dmy  Odms  Omz  Omg  Ims  Ome  Omz
O = |9fa O0fs+ Ofs Ofs Ofs Ofs Ofa
dmy  dmo  Omz  Omg  Ims  Imeg Om7
ofs Ofs Ofs 9fs Ofs 9fs Ifs
dmy  &mz Omsz  dmg  Oms  Omg  Omry

dfe  9fs  Ofs dfe dfe dfe  Ife

dmy  Oms  Omsg Img  Oms  Omg Omyp

ofr  ofr  Afr Ofr Ofr Ofr Ofz
L dm1  Ome  Oms  Idmg  Oms  Omg  Imr

This becomes;
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0
.
;
0
BElU1
1 O 0 0 0 0
C= 0 0 0
0 1 0
u, Us Us Us Us Ur
2U,
o0 0 0 1 0
)
0 0 Us Us Ui Un
o 0 0 0 0
Vi3 0 Uws Uis Uwe Uiz Uss

where
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UQ — lo
(1 +B—) + Vama)
— (]. +ﬁl) Vams — My
Us = X
(1 +ﬁ_) (]. + Vv m4)
— Ay cos(P) + P% (1 +Bl) Vo
U4 o o /

= (1 +ﬁl) (1+ Vomy) + (1 "f@l) (14 v,)

- (1 +[ﬁl) Vamg

U5 -
(1 +Bl) (14 Vomy)
B —/\y cos(P)
T
+5 ) (1+ Vamny)
dfs —Prms + DyScemy

e 5mll - [1 - ((So + %M) + ’T’me) (wi—fHRp)] [(1+ 0yma) + Ry

—2Fc(1 + V,my) (1 —i_ﬁl) ma
((1+6,ma) + R,)

Ug =

—-H—-E,\, (1 +5 ) (m3)? — Dy(J10, — (1 + 6,m4) + Ry)(—H — E,V, (1 +ﬁi) (m3)?)
Uy =

1
[1 - ((So + %;Vb) + Tms) (m)} (14 0yma) + Ry
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—Prml — 20,m5 — Nymz — 2Nyms + 7D ymr

Urp = 0m5| = | [ ((S o ) +Tm6) (ﬁ)} [(1+ 6,my) + R,
v =25 L
dmg [ ((S + LnV ) + Tm(;) (m)} (L4 d,my) + Ry
Uy — —Nyms + D¢(Semy + 7mg)

D
[ ((S + m\L) + Tm(j) (m)] (14 6yma) + Ry
. Ny —Prmsg
—Semy; — [(S(, + —Lan) + Tmﬁ] [—(1+5ym4)+3p]
‘ by
[ ((Su + LnN ) + Tmb-) ((1+5ym4)+Hp)]
2B (14Vsma) (145% Yma
[(S + I N; ) + ng} [ T, e }
S, DL
+ LraN + Tme (14d,yma)+ R,y
—H’—Env,,(l—t-i)(mg)2
[(S + Tn’V ) +Tm6] [ ay(1+6ym4f;+Rp }

D
[ ((S + Ink ) + ng) (ay(l+ayr{14)+ﬁp)]

. N, ) —Prmy —28,ms—Nym7—2Nyms
My [(So + N, ) + Tmé] [ T+5,m)+ Ry

1= (80 ) 7o) (i )|

C,

[ ((S + I'nN) ) ((1+5?,ﬁj;)+fzp)]

—Semy — ™ms

Ny D
[1 - (( o Lan,) ng) ((1+5ymi)+fap)]

Using the default values of parameters defined as = 3.0,0a= 1.0,44= 45= 2.0,® =
300M = 1.0,P,= 2.0,6y,= 1.0,R,= 0.5,Pr = 0.71,H = 0.5,E;,= 0.01,Df= Spo= 2.0,Np= N¢=
1.0,S¢=0.61,C,=1.0,Ln = 2.0 and 7 = 2.0.

Ul 3=

Uiy =

U15 =

Uie =

Uiz =

U18 -

Evaluating the Jacobian matrix at the critical point (m1= 0,mz= 0,m3= 0,ms= 0,ms= 0,ms
=0,m7=0).

U1=0,U2=1.2501, U3=0, Us=0.3248, Us= 0, Us = -0.6496, U7 =0,

Us=0,U9=0,U10=0, U11=0.44, U12=0, U13=0, U14= 0,

Uis=-0.7518, U16=0, U17=-0.0588, U1s=0
Hence, the Jacobian matrix C becomes
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20 oa

Z0 on

1 0 0 0 0
C=m0 0 1 0 0 0 oa
1.2501 0 0.3248 0 -0.6496

20 om

0 0 0 1 0

0 0 0 0 044 1m0

0 0 0 0 0
0
0 0 0 -0.7518 0 -0.0588
The eigenvalues of the above matrix can be calculated using |C - Al| = 0.
-\ 1 0
0 —A 1 0 0 0 0
0 1.2501 —A 0.3248 0 —0.6496 0
IC—=X|=10 0 0 )\ 1 0 0
0 0 0 0
1
0 0 0 —0.7818 0 —0.0588 —A
0 0
-A 044 O
0 O 0 0 0 -A

Using the MAPLE software, the eigenvalues gives:

|C - Al|- (A*+ 0.058822 + 0.343992) (162 - 1.2501)A

A1=0,12= 1118078709, A3= -1.118078709, A4 = 0.5277822998-0.5549361729] As =

-0.5277822998 + 0.55493617291, A= 0.5277822998 + 0.55493617291

A7=-0.5277822998 - 0.55493617291
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Evaluating the Jacobian matrix at the critical point (m1= 0,mz2=1,m3z=0,ms=

0,ms = 0,ms = 0,m7=0). Hence, the Jacobian matrix C becomes

0 0
20 1]5
20 0@
1 0 0 0 0
C=m0 0 1 0 0 0 0f
2.7505 0 05748 0 -0.6496
20 0o
0 0 0 1 0
?|?
20 0 0 0 0 044 18m@
6o 0 0 0 0
0
0 0 0 -0.7818 0 -0.0588
The eigenvalues is gotten using the formula |C - Al| = 0.
—A\ 1 0
0 —A 1 0 0 0 0
0 27505 —XA 05748 0 —0.6496 0
IC—X|=|0 0 0 —A 1 0 0
0 0 0 0
1
0 0 0 —0.7818 0 —0.0588 —A\
0 0
-A 044 0
0 0 0 0 0 -A

Using the MAPLE software, the eigenvalues gives:

|C = AI| = =(A4+ 0.0588A2 + 0.343992) (A2 - 2.7505)A

Hence, the eigenvalues gives

A1=0,A2=1.658463144, A3=-1.658463144, A4= 0.5277822998-0.55493617291
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As=-0.5277822998 + 0.55493617291, A¢ = 0.5277822998 + 0.55493617291]
A7=-0.5277822998 - 0.55493617291

The eigenvalues are conjugate complex with negative real part signs. Now,
considering the theorem 3.2 and table 3.1, we shall conclude that the system of
coupled ordinary differential equation is Asymptotically stable.

3.10 Solution technique to problem three

SHAM is utilized on the simplified equations (3.317)-(3.319) subject to (3.320) and
(3.321). SHAM is the numerical techniques of HAM. HAM is significant in
decomposing nonlinear systems of differential equation to linear differential
equations. The decomposed linear ordinary differential equations is solved using
Chebyshev spectral collocation method. The physical region of the problem is first
transformed from [0,00) to the [-1,1] with the help of domain truncation. Hence,
the solution is obtained within the interval [0,7«] and not [0,00) again. This will
lead us to the use of algebraic mapping

27]

=7 -1 cel-11 (3340)

The boundary conditions is made homogeneous by applying the transformations
fn) = &) + fon), T(n) = T(&) + To(n), C(n) = C(&) + Co(n) (3.341)

substituting equation (3.341) into (3.334)-(3.336) to obtain

1 1 1 1
(1 J’f’f_) v (1 J%’_) VTS + (1 J?ﬁ_) veTof (1 J?ﬁ_) voTofd
" 1 " ]‘ " ]‘ "
+ )} '+ ,5 o + Ve 1+j, T+ v, 1+3 Tf

49, (1 b ) Tof” 4 0 (L4 ) T+ 1574 A+ of” 4 5 = (7

—2f"f0 = (f3)? + Dgcos(a)T + A, cos(a) Ty + L cos(n)C + Ay cos(a)Cy — M2 f'

) 1 1
_1,_.42 [ - I__ o
- (1 5 ) -5 ( s ) fi— (1 o ) VT

1 1 1 1
1 Voffr—— 11 VI ——=— 1+ — |V, 0 ff =0 3.342
5 (150 ) vot o= g (147 ) watof = 5 (147 ) vt =0 G3e)
(1+ R)T"+ (1 + R,)Ty +6,TT" +6,TT + 6, ToT" + 6, TvTy + PrfT" + PrfT;

+PrfoT" + PrfoTy + ‘5;1;(T,)2 + 20,77} + 51;(T6)2 + PrHT + PrHT,

1 . 1 1 .
+PrE, (1 +3> (f")? +2PrE, (1 fg) of"+ Pre, (1 +{3> (f? + DyC”
; / £
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1 1 1 .
+D;Cy + E,, (1 +6—) v.T(f")? +2E, (1 +5,—) VL fo [+ Ey (1 +B_) vaT(f3)?

1 1 1
+E, (1 +B) Vo To(f")? + 2E, (1 JTB) Voo fo " + E, (1 +ﬁ) Vo To(f)?
+N,C'T' 4 NyO'T + NyCoT' + NyCOy Ty + Ni(T')? + 2N, T T} + Ny(T3)* = 0 (3.343)
C"+ Cy — S.C,C — S.C,Co+ S fC" + S.fCy + SefoC' + Se.foCy
SN\ SN o
(SS - 7 Nb)T + (SCSO-I-L Nb)T
+7CT" + 7CTY + 7CT" + 7C Ty + 7T'C! + 7T'CH + 7T C" + 7T CH = 0 (3.344)

Simplifying the above equations to obtain
(1+l)v T’ffl+( + 1) v TI H+ (1+ 1) v T’f”+ (14_1) ffH
B ! A e B o g
1
+V, (1 +ﬁ—) Tf" +Va (1 Ve ) Tf'+Va ( +,— ) Tof" + f1"+ 10+ fot”

—(f)2=2f" fo 4D, cos(a) T+ cos(a) O— M2 f —% ( 3 ) fl—= ( —‘/_31) VT f
0
_i l r_ i l I fplr 1 m
L (1 Do & (1) iy - (14w - (11,
-V, (1 +ﬁl> Tofy — fofd + (f3)* — DAgcos(a)Ty — Ay cos(a)Cy + M? £}
+1( )f (1+1)va' (3.345)
Fy 5 ot 4 S -
(14 R)T" + 8, TT" + §,TTy + 6,ToyT" + PrfT' + PrfT}+ PrfyT +6,(T')?
1 1
+26,T'Ty + PrHT + PrE, (1 +8—) (") +2PrE, (1 J%—) of"+ DsC"
1 " 1 "2
+E, 2428, 1+ 6 vTfof"+ E, 6 v.T(fy)
1
+E, (1 +[5 ) Vo To(f ) + 2E, (1 ﬁ ) VoTofd 1" + N.C'T' + NyC'Tyy + Ny Co T

+Nt(Tf) + 2N, T T[; =—(1+ RP)T[';’ _ %T@T&' . 6y(T{;)2 — PrHT,

1 1 ‘
_PrE, (1 +8_) (f)? — D;Cl — E, (1 +B_) V. To(f")?

—PrfoT} — NyCy Ty — No(T")? (3.346)
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S.N;
Lan

+7C " + 7T'C' + 71'Cl + T1C" = Cf + S,C,Co — S foCl

C" — S.C,C + S . fC" + S.fCy+ ScfoC' + (S So + ) T"+7CT" + 7CTY

— (5.8, + SelVi —7C Ty — TT)C} (3.347)
Lnj\rb

Simplifying the above equations and setting

1 1 1
= (1 +,8_) vaf(‘;": g = (1 +!3_) VGT(;? az = Vg (1 41_8_) {7’

1 1 1
ay =Y, (1 -ITB—) To, a5 = fy, a6 = fo, a7 = =2f;, ag = R (1 4_5_) Vol

1 1
g =——114+— ad
(g 2 ( —')_8 ) Valo

Gi(n) = (1+31) vl T — (1 +6,1) (1+6 )Tof”’ foft + (f3)?

!

1 1
— Ny cos(a)Ty — Ny cos(a)Cy + M2 £+ 7 (1 +.— ) fo+ ( +B—) VaTof

1
/3 1:5yTgﬁ QZPT'T(;ﬂ SZP?"fDﬁ 4:25yT638 SZQPTEH(:L%)'S

1 1 , 1
8 6 — QETL (1 +8) Va 6"5 7= En (1 +ﬁ) va.( (’)’)Zﬁ 8 = En (1 +ﬁ) vaTO-,
1
B 9 =2E, (1 +B—> Voo fo 8 10=NTo8 1 = NCy 12 = 2N, T
. 1 .
Ga(n) = —(1+ R)Ty — 6, Ty Ty — 6,(13)* — PrHT, — PrE, (1 +ﬁ’_) (f)?
1
—Prfyly— D;Cl — E, (1 Jrﬁ—) Voo (i) — NyCJT) — N(T3)?
1 = 8:Ch, Y2 = Sefo, 13 =TI, va=7Co, 15 = 7Ch, v =TI,
S. Ny
Gs(n) = =C{ + S.C,Co — S.foCpy — (S Se + LN ) Ty — 7CTy — 7T5CY
b
Substituting the above coefficient parameters into equations (3.345)-(3.347) to obtain

1 1 1
(1 J'B) VGT’f”JrOflT’ JrCJigf” + (1 J'B) fm +v, (1 Jrﬁ) TferOf;;TJra4fm

+00 + asf + aef00 - (f2)2 + a7f0 + 4a cos(a) T + 45 cos(a)C — M2f0
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1
—— (1 +8—) VT f' + asT + agf’ = G1(n) (3.348)

(L+R)T" +6,TT" B \T B \T" + PrfT of B 3T +6,(T')?
# 4,17+ PrHT + PrE, (1 J%l) (f")? B sf"+DiC" + E, (1 f) v T (f")?
B 6f" B TH s(f")B of+ NCT' B 1,C" B 11"
+N(T')? B 15T = Go(n) (3.349)

N,
C" — 8.C,C + SofC" +nf +7C" + (scso + f v ) "
nivh

“F'TCT” + ’}’30 + ’}’4'T” + T7'c’ + "f{,T’ + ’}'GC’ = G,}(?}) (3350)

From now, the derivatives of 6 and ¢ are in respect of £ given

d 2 d
2 _22 (3351
d¢  Ldn

The above equation (3.351) is true because all functions of n are known functions

represented by coefficient parameters. However, the following initial guess is
chosen to satisfies the boundary conditions (3.320) and (3.321) atn =0

Jo(n) = Sw+ e+ 1, To(n) = Cop) = e (3.352)

The nonhomogeneous linear part of equations (3.348) - (3.350) is solved to obtain
initial solution of SHAM

1
a1 + aof]’ + (1 +5_) "+ o +anfi” +asfi+ asf] + arf]

+ cos(a)Ty + Ay cos(a)Cy — M2 f] — — (1 + l) fi + asT)
+agf] = G1(n ) (3.353)
(1 + Rp)Tioo + f1Ti+ B1Tioo + S2fi+ B3Tio + faTio + PrHTI+ Bsfioo
+D;C B 6ff B DB off ¥ 1001 B uT] B 12T = Ga(n ) (3.354)
C"-SCC+ f+ C+ (SS + SCNt)T”-i— cC+ 1

~/ ~
2 1 c o - l B T4y
Ln-[\b

+7517 +16C) = Gs(n ) (3:355)

1 c p I M

subject to:

f(=1) = fi(=1) = fi(1) =0, T(-1) =Ti(1) = 0, C(=1) =Ci(1) =0  (3.356)
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The Chebyshev pseudospectral method is applied on (30353)-(3.355) and the
unknown functions f;(£),Ti(§) and T;will be approximated as a truncated series of
Chebyshev polynomials given as:

N
Fi(O) ufiV(E) + XF T1k(&) j = 0,...N (3.357)
k=0
N
Ti(€) u TN(E) + T kT2(&) ,j = 0,..,N (3.358)
k=0
N
Ci(&) u CN(&) +XC kT3u(§) j = 0,..,N (3.359)

k=0

where Tik,T2kand Tsrare the kth chebyshev polynomial and &g,¢;,...,én are GaussLobatto
collocation point given as:

£y = cos (7;—\,]) ,7=0,1,...,N (3.360)

where N = number of collocation points and the derivatives of functions fi(¢),Ti(¢) and
Ti(&) at the collocation point is given by

N

o N
d’ (1’ T d C
{_* =Y " Dyifil)) = DF, —— =" DyTi(§) = - E Dy;Ci(&;) =

d
S k=0 k=0 k=0

(3.361)

where r = order of differentiation and D = Chebyshev spectral differentiation matrix.
Substituting Equations (3.357)-(3.339) into equations (3.353)-(3.355) yields

MF.=G (3.362)
subject to
N
ﬁ(fN) = _SW:XDO,mﬁ(fm) =1 ,T[(fN) = C[({TN) =1 ’T[(fo) = Tl(fo) =0
k=0
(3.363)
where
M
1\1\/1411 My, 13
= IMas Mz M23BE (3.364)

M3,  M33
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and
4 2 1 3 3 2 2 1 1
My, = as D"+ 1 —1—3— D’ +os D’ +as+agD+a-D— M D_F 1 +3— D+ogD
0 [

ﬁt-"flz = ()ClD + Aa COS((J’) + g, ﬂ-irlg = Ah COS(O&Z)T ﬂ"fgl #3 2 46 5D2 *3 GDQ «}3 gDQ

ﬂl'lrgg = (1 + RP)DQ ‘ﬁc)) lﬂ#ﬁ 1D2 %JJ ;;D ﬂrg ,-1D + PrH <lr3 7 <IQ 11D %f 12

| SN\ . f
Maz = D;D* 8 19D, Mz =y, Mz = (51150 + 7 N:,) D? 4+ D? + 45D

ﬂ-f;;g = D2 — Sncp + ")QD + V3 + A;"(JD
Fr= [fi(€0),--,fi(§N), Ti(§0),--., Ti(EN), Ci(0),--, Ci(EN)]T
G = [Gi(n0),Gi(n1),-,G1(nN),G2(1M0),G2(N1),., G2(NN), G3(10), G3(N1),-, G3 (M) i

diag([ai(no) ai(ni).ai(nn-1)1)  Bi = diag([Bi(no).Bi(n1),...bi(nn-1)1) v
diag([yi(no),yi(n1),vi(nn-1)]),i=1,2,3,4,5,6,7,8

The superscript T means transpose, "diag” = diagonal matrix and I = identity
matrix of size (N +1)x(N +1). To implement the boundary conditions, the first, last
rows and columns of A are deleted during the computational analysis in MATLAB.
Also, the first and last rows of fi(£),Ti(£),Ci(€) and G are deleted. Furthermore, the
boundary conditions are imposed on the first and last rows of the matrix M.

Therefore, the values of fi(&o),....fi(én), Ti(é0),--, Ti(én), Ci( €0),--, Ci(€N) can be
determined from
FL=M1G (3.365)

Equation (3.365) is the required solution of SHAM which provides the initial approximation.
Hence, the linear operator is defined as follows to find the SHAM
solutions to (3.353)-(3.355)

3 T = 1 gl ]‘ I uils

Le[f(m:q), T(n:q).C(n:q) = anT] + oo f)' + (1 +5—) "+ a3y + auf
+asfi + agf] + ar f] + Dy cos(a)T) + Ay cos(a)Cp — ﬂfgf[

S
Py

Lr(f(m:q), T(n:q9),C(niq) = (1 + R)T) 6 (I, B (1] B 2fi ¥ 31}

1
(1 +8) fi+osTi+aof] (3.366)

+[4Tio + PrHT1+ Bsfioo + DfCioo + Befioo + B7T1+ [ofioo + f10Ci0
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+f11Tio + B12Ti1(3.367)

[f(,r] (1) (”a q) C(T]: (]) = C;f - S(:C})C.' + ! fl + AIQC', + 7301

S.N,
(S Se + 7 f\b) T + T + T} + v6C| (3.368)

In the above equations, g € [0,1] = embedding parameter andf_(n;q),T(r;;q) and
C (n;q) are unknown functions. The zeroth order deformation equation is given by:

(1 - Q)Lr[f (0:9) - £ o(m)] = qhyHr (NNwf (m:0), T (1:9),C (m:)] (3.369)
(1 - QLr[T (1:9) - T o(m)] = qhrHr(mNur [f (11:0), T (1:9),.€ (m;9)] (3.370)
(1 - @)Le[C (:9) - € o(n)] = ghcHe (mNaclf (1:9),C (130),C ()] (3.371)

In the above equations, ~r,“r and ~c¢ are nonzero convergence controlling auxiliary
parameters and NpsNprand Nicare the nonlinear operators defined by

_ _ _ 1 _ 1\ - - __
Nug[f(n:q), T(n5.q), T(n: )] = (1 +3—> VT f" + V4 (1 +3—> Tf"+ ff"
- 7 1 ]-
—frfr——= (1 = ) vl f (3.372)
_ _ _ _ o 1\ - _
Nur[f(;0). T(n:q), C(p; @) = 6,TT" + PrfT’' +6,T'T" + PrE, (1 +r3_> "

N o o
+E” (1 +B_) va'Tf‘H ‘H th'fn + J\‘;C’T" — j\ftT!-T.r

(3.373)
Niclf (1:9).T (1:9),C (1:q)] = Sf CO+TC TO+TTOCO  (3.374)

Differentiating (3.369)-(3.371) m times with respect to q and setting g = 0 and
finally dividing the resulting equations by m!, we obtain the mth order deformation
equations:

LAf(€) = Xmfm1 ()] = hs(&)RL(€) (3.375)(3.375)
Li[T(€) = XmTrmua(8)] = he(&RL(E) (3.376)(3.376)
LolC(€) = XmCm-1(©)] = hal€)RS(E) (3.377)(3.377)

subject to:
fn(-1)=T n(-1)=Cm(-1) =0, f0u(1) = T m(1) = C m(1) = 0 (3.378)
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where
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n=>0

Applying the Chebyshev pseudo-spectral transformation on (3.338)-(3.338) gives

AFpn = (Ym+ ~)AFpn-1-~(1 = xm)G + ~Qm-1 (3.379)

subject to the boundary conditions

Fnén= 0, XDwifin(&6) = 0, XDokfin(&8) = 0 (3.380)
k=0 k=0

Tm(én) =0, Tm(é0) =0 (3.381)

Con(EN) = 0, Cm(&0) = 0 (3.382)

where M and G are as defined above

Fm= [fm(&0),fm(&1),frm(EN), Tm(&0), Tm(&1),0s Tm(€N), Cim(0), Cm(é1),, Cm(én)]T The boundary
conditions (3.350)-(3.352) are implemented on A on the left hand side of equation
(3.349)inrows L,NNN+ 1,N+ 2N + 3,2(N + 1) and 3(N + 1) re-
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spectively as before with initial solution above. The corresponding rows, all column
of A on the right hand side of (3.349), G, Q1,m-1,Q2m-1and Q3 m-1are all set to

zero. This results in the following recursive formula

Fin= ((m+~)ALAF m1+~A[Qu-1- (1 -xm)G]  (3.383)

3.10.1Convergence of SHAM solution

The convergence of SHAM is subject on the value selection for the auxiliary term
(~). The term ~ controls the convergence of the SHAM series solution. The numeric
value of ~ is taken on the horizontal segment of the ~-curves. Sibanda et al. (2012)
discussed that the peak value of ~ to used is equivalent to the turning point of the
second order ~- curve.

CHAPTER FOUR: Results and discussion of find-
ings
4.1 Results and discussion of research problem one

Equations (3.56)-(3.58) subject to (3.59) and (3.60) have been solved using the
spectral relaxation method (SRM). SRM employs the idea of Gauss-Seidel
relaxation approach to linearize a decoupled system of nonlinear differential
equations (Motsa et al., 2012). Using the SRM, numerical computations were
carried out for the velocity, temperature, concentration, local skin friction, local
Nusselt number and Sherwood number. Results are presented in tabular and
graphical forms. All programmes were coded in MATLAB R2012a. The results were
generated using the scaling parameter L = 15 and it is observed that increase in the
value of L does not change the result to a reasonable extent. The number of
collocation point used in generating the results was Nx= 120. The value of Prandtl
number (Pr) used in this work is (Pr = 0.71) which denotes the Prandtl number for
air at 1 atm. In the same vein, the value chosen for Schmidt number is (Sc = 0.20)
which connote the Schmidt number for hydrogen. We have also chosen the value
for magnetic parameter between 0.1 and 1 and all other parameters were set to be

Gr=Gm=2.0Rr=A=kr=0.5t=1.0,n=0.5Du=0.2,5r=0.5Ec=
0.01,A; = 0.01,6 = 0.03,A = 0.02,¢ = 0.001. Hence, all numerical computations

correspond to the above stated values unless or otherwise stated. Remarkably, our
results were compared with existing literature and was found to be in good
agreement. It worths mentioning that, in a moment we set A1 = 0 in this study, our
model is categorized as a Newtonian fluid model.

128



Figs. (4.1)-(4.13) illustrates the effects of all the controlling parameters such as

Prandtl number Pr, thermal radiation parameter Rr, Soret parameter Sr, Dufour parameter Du,
viscoelastic parameter A1, heat source or sink parameter §, heat generation/absorption
coefficient parameter A, Schmidt number Sc, chemical reaction parameter kr, Eckert number
Ec, magnetic parameter M, thermal Grashof number Gr, mass Grashof number Gm. The effect of
the Prandtl number Pr on the ve-

locity, temperature and concentration profiles is presented in fig 4.1. It is observed
that the fluid velocity is reducing with increasing value of Pr. These results are in
agreement with that of Alao et al. (2016) but it is observed that the presence of
parameters such as A41,6,A tends to influence the profile the more. From fig. 4.1, as
the value of Pris increasing, it causes reduction in the velocity because higher Pr
tend to reduce the velocity and the local skin friction. Also, from fig. 4.1, it is
observed that increase in Pr decreases the temperature profile. It is noted that
when Pr < 1, the fluid in the hydrodynamics, thermal and concentration boundary
later is highly conducive. Figure 4.2 presents the influence of thermal radiation
parameter Rr on the velocity, temperature and concentration profiles is depicted.
It is noted from the fig. 4.2 that increasing Rr increases the velocity and
temperature profiles. As a matter of fact, increasing thermal radiation parameter
enhances the thermal condition of the fluid environment. When Rr is raised the
temperature of the fluid will increase resulting to an increase in the profile. It is
noted from fig. 4.2 that Rr does not have any effect on the concentration profile.
This result is in correlation with that of Idowu and Falodun (2018) and Raju et al.
(2016) but it is observed that increase in radiation parameter in the present study
shows more impact on the velocity and temperature profiles compared to the
work of Raju et al. (2016). Hence, this study conclude that radiation effect is more
significant when Rr —— 0 provided Rr 6= 0 and insignificant as Rr - —o

The effects of Soret parameter Sr and Dufour parameter Du is investigated
separately in this study. Fig. 4.3 presents the effect of Sr on the velocity,
temperature and concentration profiles. It is found out from fig. 4.3 that increasing
the values of Srincreases the velocity profile. This is due to the fact that, when Sris
raised, there will be greater thermal diffusion and this results to increase in the
velocity of the fluid. It is observed from fig. 4.3 that the effect of Sr is negligible on
the temperature profile while the concentration profile rises when increasing the
Soret parameter as shown in fig. 4.3. Fig. 4.4 depicts the effect of Dufour parameter
Du on the velocity, temperature and concentration profiles. An increase in the fluid
velocity by increasing Du is noticed. From fig. 4.4 it is observed that as Du
increases it gives a rise in the temperature profile. In fig. 4.4, it is noted that effect
of Du on the concentration profile is negligible. The results presented in figure 4.3
and 4.4 of the present study is in excellent agreement with that of Omowaye et al.
(2015), Raju et al. (2016), I[dowu and Falodun (2018). This shows the correctness
of the code used in this study. The Soret term is added to the energy equation. Both
Soret and Dufour term influence the fluid velocity but Soret term alters the fluid
concentration while Dufour term alters the fluid concentration while Dufour term
alters the fluid temperature. Fig. 4.5 illustrates the effect of the viscoelastic
parameter A; on the velocity, temperature and concentration profiles. The
viscoelastic parameter Aiillustrates the effect of normal stress coefficient on the
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flow. Interestingly, very close to the plate the fluid velocity decreases and
increases far away from the plate. This result is depicted in fig. 4.5. Fig. 4.5
presents the effect of A1 on the temperature and concentration profiles are
negligible. This indicates that a hike in the viscoelastic parameter has tendency of
decreasing the boundary layer thickness, while a hike in the normal stress
coefficient parameter has an opposing effect on the temperature profile of the
flowing fluid. The effect of the viscoelastic fluid parameter as shown in figure 4.5 is
in good agreement with that of Manglesh and Gorla (2012). It is noticed that the
present result converges than Manglesh and Gorla (2012). The present result
compared to Ramzan et al. (2016) is also the same but the effect close to the plate
and far away from the plate differs from the result presented by Ramzan et al.
(2016).

Fig. 4.6 illustrates the influence of heat source 6 on the velocity, temperature
and concentration profiles. Heat source add more heat energy into the boundary
layer flow. It worths mentioning that the generation of heat enhances the velocity
and temperature field. From fig. 4.6, an increase in the values of § increases the
velocity profile. In fig. 4.6, increase in the values of § brings increase to the
temperature profile. The effect of 6 is negligible on the concentration profile as
seen in fig. 4.6. The effect of heat generation coefficient parameter A on the
velocity, temperature and concentration profiles is illustrated in fig. 4.7. Increasing
the values of heat generation coefficient parameter A increases the velocity profile.
When A > 0, the behaviour of the fluid velocity changes and it drastically causes an
increase. A increases the temperature profile as seen in fig. 4.7 because the thermal
boundary layer gets thicker and resulted to the particles of the fluid getting
warmer. From fig. 4.7 A does not have any effect on the concentration profile. Fig.
4.8 depicts the effect of the Schmidt number Sc on the velocity, temperature and
concentration profiles. It is obvious from fig. 4.8 that increasing Sc retards the
velocity profile. Clearly from fig. 4.8 Sc does not have any effect on the temperature
profile. Fig. 4.8 shows that increase in the values of Sc drastically reduces the
concentration profile. Fig. 4.9 shows the effect of the chemical reaction parameter
kr on the velocity, temperature and concentration profiles. It is observed that there
is a reduction in the velocity profile with increasing value of kr. From the fig. 4.9
effect of kr is negligible on the temperature profile while in fig. 4.9 the
concentration profile decreases with increasing values of kr. The fluid motion is
retarded on the account of chemical reaction destructive nature. When kr > 0 it
brings a decrease in the concentration field which weakens the buoyancy effects
due to concentration gradients. Thus, as the chemical reaction reduces the
concentration thereby increasing its concentration gradient and concentration
flux. The destructive nature of chemical reaction parameter on the velocity,
temperature and concentration profiles in this study is noted to be in good
agreement with that of Chamkha (2003) and Mahanthesh et al.

(2016).

Fig. 4.10 depicts the influence of Eckert number Ec on the velocity, temperature
and concentration profiles. Ec is the relationship between the kinetic energy in the
flow and enthalpy. As shown in figure 4.10, the velocity profile increases with
increase in the values of Eckert number. Also, the temperature profile increases
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with increase in the values of Ec. Scientifically, Ec add more energy to the
hydrodynamics and thermal boundary layer. When the values of Ec increases, it
accelerate both velocity and temperature profiles. The result in fig. 4.10 is true
because at higher viscous dissipative energy, the velocity and temperature
increases. It is seen from the fig. 4.10 that Ec is negligible or has no effect on the
concentration profile. It is seen from the figure 4.10 that Ec is negligible or has no
effect on the concentration profile. This result is in excellent agreement with the
existing work of Mondal et al. (2018). The variation of different values of magnetic
parameter M on the velocity, temperature and concentration profiles are shown in
fig. 4.11. It is evident that, the applied magnetic field strength B gives rise to a
resistive force called Lorentz force. This force reduces the motion of an electrically
conducting fluid. It is clearly seen in fig. 4.11 that, increasing the magnetic
parameter causes a reduction in the velocity profile. Obviously, from fig. 4.11, the
effect of M is negligible on both temperature and concentration profiles. The result
as shown in figure 4.11 is in excellent agreement with the recent work of Liaquat
et al. (2019) and Shah et al. (2019). Fig. 4.12 depicts the effect of thermal Grashof
number Gr on the velocity, temperature and concentration profiles. Gris the ratio
of buoyancy to the viscous acting on the fluid. When the values of Gr increases, the
velocity profile increases rapidly close to the plate and decreases to the free
stream velocity. This graphical illustration is shown in fig. 4.12. It is obvious from
the fig. 4.12 that the thermal Grashof number does not have any effect on the
temperature and concentration. Fig. 4.13 illustrate the influence of mass Grashof
number Gm on the velocity, temperature and concentration profiles. Obviously
from the fig. 4.13, increasing the values of Gm intensifies the velocity profile. It is
seen from the fig. 4.13 that Gm does not have any effect on both the temperature
and concentration profiles respectively.

The comparison between the present study and existing literatures are
presented in Table 4.1-4.3 while Table 4.4 shows the results of the present study. In
table 4.1, comparison of computational values for Sherwood number with the work
of Chandra et al. (2015) and Mishra et al. (2013) with the present work in the
absence of radiation parameter Rr, Eckert number Ec, Dufour parameter Du, heat
generation/absorption parameter A, chemical reaction parameter kr, and Soret
parameter (i.eDu = Sr=R = Ec = A = kr = 0). From table 4.1 the present result is in

good agreement which shows the correctness of the code used in the present
study. Table 4.2 and Table 4.3 shows the comparison between the present work
for values of skin friction, Nusselt number and sherwood number with the work of
Rao et al. (2013) by setting A1= Du = 6 = A = Sr= 0 and that of Alao et al. (2016) by
setting A1= 6§ = A = 0. Clearly, the results in table 4.2 and table 4.3 are in good
agreement with that of Rao et al. (2013) and Alao et al. (2016). Table 4.4 presents
the result obtained by varying different parameters for values of skin friction
coefficient, Nusselt number, and Sherwood number. It is shown in table 4.4 that as
Gr increases, there is a hike in the skin friction coefficient. A hike in the Prandtl
number also gives a decrease to both the skin friction coefficient and Nusselt
number. It is seen from the table 4.4 that a rise in the radiation parameter results
to a hike in the skin friction and Nusselt number. Radiation parameter enhances
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convective flow because increase in Rr improves the thermal condition of the fluid
environment. From table 4.4, increase in the values of Dufour number Du increases
the Nusselt number (Nu) while increase in the values of Soret number increases
the Sherwood number (Sh). Increase in the values of Soret number and Dufour
number brought increase to the skin friction coefficient.It is noticed in table 4.4
that increase in the values of the viscous dissipative term (Eckert number)

enhances the hydrodynamics and thermal boundary layer thickness by increasing
the coefficient of skin friction and the Nusselt number.
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Figure 4.10: Effect of Eckert number Ec on the velocity, temperature and concentration
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Figure 4.11: Effect of Magnetic parameter M on the (a) velocity (b) temperature
and (c) concentration profiles when Pr=0.71,5c= 0.61,Gr= Gm = 2.0,Rr=A = kr =
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Figure 4.13: Effect of mass Grashof number Gm on the (a) velocity (b) temperature and

(c) concentration profiles when M = 1.0,Sc = 0.61,Pr = 0.71,Gr = 2.0,Rr =
A=kr=0.5t=1n=0.5Du=0.25r=0.5Ec=0.01,4:=1.0,6 =0.3,A =

0.02 and¢ = .001

Table 4.1: Comparison of computational values for Sherwood number (Sh) for dif-

ferent values of Sc when R=Ec=Du=A=kr=Sr=0,Gr=2.0,Gm =
2.00M=1.0Pr=0.71,6=0.1,A:=0.1.

for validation of present work

Present Study Chandraetal. (2015)

Mishra et al. (2013)
Sc Sh Sh Sh

0.22  0.22020.22010.219095

0.3 0.30020.30010.298966

0.66

0.78

0.66020.66010.658814

0.78040.78020.776574
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Table 4.2: Computation values for skin-friction coefficient Crand Sherwood number
for various values of thermal radiation parameter compared with Rao et al. (2013)

whenA1=Du=6=A=Sr=0
for validation of the present work.
Present Study Raoetal. (2013)
Sc Cr Sh Cf Sh
0.22 3.10660.45123.10680.4515
0.60 2.45460.84292.45480.8431
0.78 2.27631.02112.27671.0214

0.94 2.15381.17422.15401.1745
Table 4.3: Computation values for skin-friction coefficient Cf and Nusselt number for
various values of thermal radiation parameter compared with Alao et al. (2016)

whenA41=6=A=0
Present Study Alao etal. (2016)

R Cc 6°00) ¢ 6°00)
0.0  2.16920.82912.16930.8291
0.5  2.46560.61542.46570.6154
1.0 2.65450.50872.65460.5087

2.0 2.90380.40192.90390.4019
Table 4.4: Computational values for skin friction coefficient (Cf), Nusselt number

(Nu), and sherwood number (Sh) for different values of Gr,Rr,Pr,Ec,Du and Sr

Parameters Present Work

Gr Pr Rr Ec Du Sr C(Cf Nh Sh

0.0 0.71 0.5 0.01 02 03 14626 0.6332 0.6993
0.5 0.71 0.5 0.01 02 0.3 1.4888 0.6332 0.6993
1.0 0.71 05 001 02 03 15151 0.6332 0.6993
2.0 0.71 05 001 0.2 03 29082 0.3527 0.6993
2.0 1.00 0.5 0.01 02 03 2.0129 0.7245 0.6993
2.0 3.00 0.5 0.01 02 03 1.5806 0.6377 0.6993
20 071 0.0 0.01 02 03 1.1436 0.5886 0.6993
20 071 0.5 0.01 02 03 1.5806 0.6377 0.6993
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20 071 1.0 0.01 0.2 03 2.0831 0.7445 0.6993

20 071 05 001 02 03 13570 0.5092 0.6993
20 071 0.5 0.6 0.2 03 1.4465 0.5607 0.6993
20 071 05 1.0 0.2 03 15584 0.6250 0.6993
20 0.71 05 001 0.0 03 0.9572 0.4174 0.6993
20 071 05 001 05 03 13468 0.5551 0.6993
20 071 05 001 10 03 17364 0.6928 0.6993
20 071 05 0.01 02 0.0 12097 0.6377 0.5353
20 071 0.5 0.01 02 05 15806 0.6377 0.6993
20 071 05 0.01 02 1.0 19514 0.6377 0.8633

4.2 Results and discussion of research problem two

The set of coupled fourth order total differential equations (3.205)-(3.207) along
with the constraints (3.208) and (3.209) have been profound solution numerically
by utilizing SHAM. The contribution of changing the pertinent parameters on

concentration (¢(7n)), velocity (():‘ (1 +3l) f(n))and temperature 6(n) plots are
depicted

using diagrams while Sherwood, Nusselt and coefficient of skin friction are
tabulated. The impact of Casson liquid term on concentration, temperature and
velocity are illustrated in figure 4.14. The physics of the problem for a case of
constant thermal conductivity and viscosity, that is y = £ = 0, an increment in the
fluid viscosity near to the plate owing to higher Casson liquid term (f) and lessens
far from the plate. Too much of viscosity leads to degeneration in velocity. The
outcome in figure 4.14 is for higher injection of thermal conductivity and viscosity
to the motion of fluid, that is, y = £ = 3.0. However, raising f resist the fluid motion
owing to the fact that, increase in f lead to reduction in the yield stress P, of the
Casson term degenerates and hereby leads to enhancement in the plastic dynamic
viscosity. It is detected in figure 4.14 that the injected temperature owing to y=¢=
3.0 enhances the velocity near the plate alongside temperature of the thermal and
hydrodynamic layer. Figure 4.14 illustrate the increment in the Casson term is
negligible on the concentration plot. Figure 4.15 depicts the contribution of
Walters-B term (Weissenberg number) on plots of concentration, velocity and
temperature. The viscoelastic term Az connotes the contribution of normal stress
on the flow. At a level in the flow domain, an increment in the velocity near the
plate at the ambient vicinity for a case of varying thermal conductivity and
viscosity. Physically, an increment in Walters-B term (A42) contributes to the flow
by enhancing the temperature plot but enhances the temperature, variable
viscosity, thermal layer and variable thermal conductivity when the value of A
increases. Viscoelasticity portrays viscous and elastic features when there is
occurrence of deformation. It worth noting that viscosity brings resistance to flow,
hence properties of viscous in viscoelastic term tends to lessen the hydrodynamic
layer for a constant thermal conductivity and viscosity. In otherwords, the varied

146



viscosity y = 3.0 assist the fluid flow to posses the loss energy and enhances the
velocity. The thermal conductivity was injected ¢ = 3.0 added more energy to the
fluid temperature and thereby increase the thermal layer thickness by boasting the
temperature plot as depicted in figure 4.15. The moment Casson and Walters-B
liquid are mixed together and motion into the thermal and hydrodynamics layer
over the penetrable wall, the Walters-B liquid will lessens the temperature and
concentration. In addition, an enhancement in fluid velocity is noticeable as the
two fluids mixed together. The proportion of Casson liquid term is more than
Walters-B liquid.

The contribution of the two non-Newtonian liquid term explored in this
research are plotted in figures 4.14 and 4.15. the variable conductivity and
viscosity added to the energy and momentum equations (3.157 and (3.158)
accelerate the velocities close to the plate and lessens the temperature plots and
the whole thermal layer as illustrated in figures 4.14 and 4.15. Higher Casson
liquid term in the hydrodynamic boundary layer becomes more than the Walters-B
liquid term near the plate as illustrated in figure 4.14 and 4.15 due to y= &= 3.0,
the plastic dynamic viscosity lessens and lead to fluid motion enhancement. The
thickness of thermal layers increases owing to elasticity stress term enhancement.
In figures 4.14 and 4.15, the concentration plots are observed to slightly enhance
far from the plate because of higher  and A2. The concentration of fluid at the
ambient vicinity where there is hotness as depicted in figure 3.1 enhances owing
to the heat in this vicinity. The Casson and the Walters-B (tomato sauce and
concentrated fruit juice) liquid lessens concentration at this hot vicinity. The
contribution of Dufour-Soret are explored separately in this research. They
portrays the diffusion-thermal and thermal-diffusion contribution in the research.
The plots of concentration, temperature and velocity for distinct values of the
Soret term (So) are illustrated in figure 4.16. The Soret phenomenon explains the
temperature gradient contribution while varying concentration. Obviously, the
entire hydrodynamic layer and velocity degenerates while raising So. This is owing
to the variation of thermal conductivity which lowers the amount of thermal
diffusion. In addition, the concentration as illustrated in figure 4.16 enhances near
the plate but lessens far away from the plate. So is detected to be negligible on the
entire thermal layer and temperature. The physics of the thermal layer posses high
temperature owing to the hotness of the vicinity at the ambient. Hence, the
concentrated fruit hereby mixed with Walters-B liquid at the layer and moves
faster at the ambient boundary layer.

The variation of Dufour term (Df) on the temperature, velocity and
concentration distribution is depicted in figure 4.17. The Dufour phenomenon
explains the impact of concentration gradients on the temperature as seen in
equation (3.158). It acts as an assistance to the flow and capable of enhancing the
thermal energy within the layers. This is illustrated in figure 4.17 for higher value
of D, the temperature plot accelerates. It was detected that the contribution of
Dufour ( diffusion-thermo ) greatly impacted the fluid temperature. Near the plate,
higher Drdecreases the velocity. It was detected that higher temperature at the
ambient vicinity raises the fluid velocity. Figure 4.18 illustrate the contribution of
the permeability term (Ps) on the concentration, velocity and temperature plots. It
is observed that the velocity plot degenerates as the porosity term increases. This
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is correct because an additional resistance to the wall is owing to fluid motion and
hereby retardate the hydrodynamic boundary layer. It hereby brings enhancement
to the thermal layer as depicted in figure 4.18. this outcome is in excellent
agreement with Salawu and Dada (2016). Experimentally, as the porosity term
increases, it gives rooms for motion of the Walters-B and Casson liquids. The heat
keeps rising at the free stream where there is hotness, the contribution of the
varied thermal conductivity alters the temperature distribution. It hereby lowers
the velocity and brings enhancement to the fluid temperature. After, the fluid
moves over the penetrable vertical plate, the liquid becomes concentrated and the
boundary layer becomes very thick. This is because the proportion of the Casson
liquid term is more than the Walters-B liquid.

The concentration of the Casson liquids degenerates as it mixed together with the
Walters-B liquid which is in the form of Water. Also, the thermal conductivity and
viscosity varying on the boundary layer in correlation with the hot vicinity.

Figure 4.19 illustrate the concentration, velocity and temperature plots with
distinct values of radiation term (Ra). Radiation term enhances convective motion
(Idowu and Falodun; 2018). As the intensity of Ra rises, it is detected that velocity
field and the who hydrodynamic boundary layer enhances. This outcome is in
excellent agreement with the outcomes of Arifuzzaman et al. (2018). Because the
thermal conductivity and viscosity varies coupled with the hot vicinity in this
research, the velocity degenerates at the ambient environment. The temperature
depicted in figure 4.19 enhances owing to the double non-Newtonian liquids
explored in this research cooled down both the thermal layer and temperature at
the wall but greatly affect the free stream. Practically, it implies the thermal energy
has great impact on the flow regime. Owing to this fact, it is finalized that the
contribution of radiation is importance as Ra 6= 0 and Ra ——0. The contribution
of Raon

the concentration plot is observed to slightly degenerate as illustrated in figure
4.19. The contribution of (Pr) on the concentration, velocity and temperature is
shown in figure 4.20. Pr explains the relationship existing with thermal
conductivity and kinematic viscosity. It portrays the momentum diffusivity divided
by the thermal diffusivity. The Pr manage the thickening of the momentum as well
as thermal layers in the phenomena of heat transport. Practically, any liquid with
higher Prandtl number resulted to greater viscosities. Hence, it serves to
degenerate the velocity and the entire hydrodynamic layer. However, liquids with
lower Pr posses greater thermal conductivities and hereby thickening the
structures of the thermal layer. This give chance for heat to diffuse very fast
compare to higher Pr. Furthermore, Pr can served as a term for enhancing the
cooling rate in a flow. Higher Pr leads to degeneration in the velocity plot. In
addition, higher values of Pr lowers the temperature plot because as Pr < 1, the
liquid is highly conducive. In figure 4.20, a high values of Pr is observed to slightly
raise the concentration plot near the plate and lessens far away from the plate.
Varying the magnetic field term (M) on concentration, velocity, temperature field
are plotted in figure 4.21. The imposed magnetism to an electrically conducting
liquids originates is a drag-like Lorentz force. The Lorentz force causes the fluid
velocity to degenerate within the boundary immediately the magnetism opposes
the phenomena of flow. The opposing force produced by the imposed magnetism, a
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higher values of M,is observed to slow down the velocity plot and enhances the
temperature plot owing to the generated friction by Lorentz force. This friction
with variable thermal conductivity and viscosity lessens the heat energy and
hereby enhances the temperature field in the flow. It is seen from figure 4.21 that
Mpdoes not alter the concentration plot. Figure 4.22 illustrate the contribution of
thermal buoyancy force term (Gr) on concentration, temperature and velocity
field. The dimensionless Gr number which explains the division of buoyancy to the
viscous force acting on fluid particles (Alao et al.; 2016). The hydrodynamic layer
and fluid velocity accelerated upward because Gr behaves like a force exerted by
the fluid owing to the placement of an object. Hence, the pressure exerted
increases the depth. The pressure felt at the bottom is much than the force at the
top. The temperature plot is detected to degenerate owing to increase in the values
of thermal buoyancy term (Gr). Thus, an upward net force which accelerate the
entire hydrodynamic layer and velocity but degenerates the thermal layer and
temperature of fluid. The contribution of Schmidt term (Sc) on the concentration,
velocity and temperature plots are illustrated in figure 4.23. Sc means the division
of kinematic viscosity to the mass diffusivity of the liquid, meaningz. Practically, v
> D means that Sc is high and vice versa. On the other hand, concentration
buoyancy contribution lessens the rate of mass transport and hereby decreases the
concentration plot near the plate and increases far from the plate. The outcomes in
figure 4.23 portrays that the fluid viscosity is higher than the mass diffusivity. This
is owing to the variable viscosity resulting to an enhancement in the velocity plot
far from the plate. With higher values of Sc, no contribution is observed on the
temperature plot.

Table 4.5 illustrated the contribution of controlling terms Sc, Mp, A2, Ra and Pr
on the wall coefficient of skin friction (Cy), Nusselt (nu) and Sherwood (Sh). It is
observed from table 4.5 that the skin friction enhances with higher Schmidt
number. Also, a higher Schmidt term degenerates Sherwood and Nusselt number.
In table 4.5, a higher magnetic term (M) shows degeneration in the wall skin
friction coefficient and the Nusselt number while an enhancement in the Sherwood
number is noticeable. Furthermore, a higher Walters-B term degenerates
coefficient of skin friction but simultaneously enhances both the Sherwood and
Nusselt number. In table 4.5, a higher thermal radiation term degenerates the
Sherwood number and coefficient of skin friction. The radiation term is observed
to accelerate the Nusselt number and hereby enhances the heat transport of the
thermal layer shown in 4.5. Increase in the Prandtl term is detected to lessen the
coefficient of skin friction and the Nusselt number shown in table 4.5. A higher
values of Pr is observed to accelerate the Sherwood number in table 4.5. In table
4.6, the numerical calculations of numeric values of skin friction (Cf), Sherwood
(Sh) and Nusselt number (Nu) for distinct values by varying thermal conductivity
and viscosity. A higher values of varied conductivity (¢ = 3.0) shows degeneration
in the skin friction and Nuseelt values. Also, fixing y = 3.0 and raising the numeric
values of ¢ lead to skin friction degeneration alongside Sherwood number. A higher
values of & with y = 3.0 is detected to upsurge the Nusselt number in table 4.6.
Table 4.7 indicates the presents outcomes in comparison to the work of
Animasaun (2015) by setting 6x = So = A2 = 0. The outcomes were in good
correlation. This implies that the present outcomes is very correct. The
contribution of Eckert number (Ec) on concentration, velocity, and temperature
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plots is illustrated in figure 4.24. The outcomes shows that a higher numeric value
of Ec lessens velocity alongside temperature plots. Physically, Ec is derived from
the simplification of viscous dissipation term added to the energy equation of
motion. Ec symbolizes the relationship existing within kinetic energy as well as the
enthalpy in the fluid motion (Idowu and Falodun, 2018). Higher values of Ec
results to accelerated shear forces in the liquid. Owing to this increment in Ec
alongside the varied thermal conductivity and viscosity, an elevation in velocity
alongside temperature plots is noticed in figure 4.24. This is due to the fact that
heat energy is gathered in the liquid owing to the frictional heating and resulted to
elevation of the entire hydrodynamic and thickness of thermal layer. Furthermore,
a higher values of Ec depicted in figure 4.24 degenerates the concentration plot
near the plate and accelerates far from the plate. The contribution of
thermophoretic term (7) on the concentration, velocity and temperature plots is
depicted in figure 4.25. In figure 4.25, the velocity plot degenerates close to the
plate and accelerate far from the plate because of higher values of thermophoretic
term has no contribution on the liquid temperature. Figure 4.25 implies that the
concentration plot degenerates close to the plate and accelerate drastically at a far
distance from the plate. Physically, an increment in thermophoresis, the solutal
layer thickness elevates but degenerates the mass transport rate with the entire
boundary layer thickness.
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Figure 4.19: Effect of Ra on the (a) velocity (b) temperature and (c) concentration

profiles when f=y=£&=3.0,Gr=Gm = 2.0Mp= 1 = fo= 1.0,Ps;= 0.6 A2= 0.1,Pr= 0.71,Ra =
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Figure 4.22: Effect of Gr on the (a) velocity (b) temperature and (c) concentration
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Figure 4.23: Effect of Sc on the (a) velocity (b) temperature and (c) concentration

profiles when f=y=¢&=3.0,Gr=Gm = 2.0,Mp= 7 = fw= 1.0,Ps= 0.6,A2= 0.1,Pr= 0.71,Ra =
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Figure 4.24: Effect of Ec on the (a) velocity (b) temperature and (c) concentration

profiles when f=y=¢&=3.0,Gr=Gm = 2.0,Mp= 7 = fw= 1.0,Ps= 0.6,A2= 0.1,Pr= 0.71,Ra =
Cr=0.5Du=0.3,Ec=0.01,5c=0.61 and Sr=0.2
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Cr=0.5Du=0.3,Ec=0.01,Sc=0.61 and Sr=0.2
Table 4.5: Computational values for skin friction coefficient ((f), Nusselt number

(Nu), and sherwood number (Sh) for different values of Sc, Mp, A2, Ra and Pr

Sc

0.61
1.00
2.00
0.61
0.61
0.61
0.61
0.61

Parameters
My

1.00

1.00

1.00

0.00

0.51

1.00

1.00

1.00

Az

0.10
0.10
0.10
0.10
0.10
0.10
0.10
0.30

Ra

0.50
0.50
0.50
0.50
0.50
0.50
0.50
0.50

Pr

0.71
0.71
0.71
0.71
0.71
0.71
0.71
0.71

Cf

1.82684215
1.83278163
1.83680754
1.82838919
1.72143962
1.63487194
1.98857346
1.57852676
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Nh

1.25970112
1.22150067
1.19318509

1.184009703

1.18387211
1.18365490
1.18000334
1.17537798

Sh

0.04107226
0.04019208
0.03836566
0.03753980
0.03762533
0.03770776
0.03999742
0.04193522



0.61
0.61
0.61
0.61
0.61

0.61
0.61

1.00
1.00
1.00
1.00
1.00

1.00
1.00

0.50
0.10
0.10
0.10
0.10

0.10
0.10

0.50
0.50
1.00
2.00
0.50

0.50
0.50

0.71
0.71
0.71
0.71
0.20

0.40
0.71

1.41854012
1.83709818
1.83742769
1.68617411
1.71018187

1.68436341
1.63902616

1.16937701
1.14481507
1.15751245
1.18474433
0.12205103

0.02477757
0.01839299

0.04445257
0.09418621
0.07588727
0.03400623
1.52846420

1.69314037
1.90178334

Table 4.6: Computational values for skin friction coefficient (Cy), Nusselt number

(Nu), and sherwood number (Sh) for different values of yand £y ¢

C;Nh Sh
03 3.0
0.9 3.0
13 3.0
30 05
30 1.0
30 15

1.81056406
1.48607432
1.07528692
1.84218412
1.84093374

1.83955706

1.18653737
1.17522966
1.17458078
1.13768490
1.15266546

1.16811347

0.03808702
0.04233343
0.04245124
0.10847605
0.08561126

0.06198417
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4.3 Results and discussion of the research problem three

The transformed governing equations (3.317)-(3.319) subject to the constraints
(3.320) and (3.321) are coupled set of highly non-linear total differential equations.
The coupled set of equations were numerically solved by utilizing SHAM. To explore
the contribution of various key parameters such as radiation, Soret-Dufour,
chemical reaction, heat generation, Casson parameter etc, a rigorous computation
were carried out numerically.

Figure 4.26 depicts the contribution of Casson fluid term (f) on the
concentration, temperature and velocity plots. With a high value of f3, it is detected
in figure 4.26 that rate of transportation is lessens within the thermal layer. A
slight degeneration in the temperature plot is detected as the value of f is raised. It
worth noting that an increment in Casson term close to infinity, the fluid acts like a
Newtonian. Owing to increment in the elasticity stress term, a thick nature of the
thermal layer is detected. Figure 4.27 explains the contribution of Dufour term (Dy)
on the concentration, velocity and temperature plots. It is detected that a higher
values of Drelevate the thermal boundary layer, temperature, velocity and
hydrodynamics layer. A higher values of Dris discovered to be negligible on the
concentration plot. The diffusion-thermal in the analysis contributes greatly to the
temperature plot and thermal boundary layer.

Figure 4.28 explains the contribution of Eckert number on the concentration,
velocity and temperature plots. The flow term is derived from the viscous
dissipation term added to the energy equation of motion. It contributes more heat
energy to the flow due to frictional heating and hence enhanced the flow existing
in the thermal and hydrodynamics boundary layer. E,describe the relationship
that occurs between the enthalpy and kinetic energy in the flow. A higher values of
Enis observed to be negligible on the concentration plot. The contribution of heat
generation parameter (H) on the concentration, velocity and temperature is
illustrated in figure 4.29. Figure 4.29 shows an increment in the fluid temperature
and velocity because of increment in the values of heat generation term indicating
that more heat is added to the temperature as the heat generation terms increases.
An increment in the values of H has no contribution on the concentration plot. This
is due to the heat added to the nanoliquid concentration in the solutal layer. Figure
4.30 explains the contribution of the Lewis number (Ln) on the concentration,
velocity and temperature plots. The Lewis number connotes the division of
thermal diffusivity to mass diffusivity. Hence, more Lewis numeric is as a result of
large thermal diffusivity than mass diffusivity. From figure 4.30, the dimensionless
wall velocity gradually decreases with a higher values of the Lewis number. The
fluid temperature is observed to upsurge with a higher Lewis number. In addition,
the concentration plot close to the plate is noticed to increase because of raising
the values of Lewis number but decreases far from the plate because of the
nanoparticles in the porous boundary layer region.

The contribution of magnetic term (M) is illustrated in figure 4.31. In figure
4.31, an increment in the values of magnetic term gives a damping impact on the
velocity plot by originating a drag-like force refers to as Lorentz force. The force
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behaves in the reverse direction and leads to degeneration in the motion of an
electrically conducting liquid. By raising the value of the magnetic term, the
momentum layer thickness degenerates while the thermal layer elevate slightly far
from the plate as depicted in figure 4.31. In addition, an increment in the values of
M has no contribution on the concentration plot. Figure 4.32 explains the
contribution of the

Brownian motion term (Nb) on the concentration, velocity and temperature plots.
Incremental values of Brownian motion term existing in the hydrodynamic layer
brings more fast movement of nanoparticles within the surrounding of the porous
medium. An incremental values of Nb in figure 4.32 is detected to degenerate the
concentration and velocity plots of the fluid nanoparticles. This is because of the
random collision of fluid particles leading to fluid velocity degeneration. Obviously,
figure 4.32 shows that higher values of Nb upsurge the thermal layer and
temperature slightly owing to the nanofluid permeability. In addition, increment in
Nb lessens the solutal concentration. Figure 4.33 shows the contribution of
permeability term (Ps) on the concentration, velocity and temperature plots. An
increment in the porosity add more holes and passage of nanoparticles within the
thermal and hydrodynamics boundary layer. An increment in the value of porosity
term Ps leads to degeneration on the momentum layer thickness and thereby
lessens the fluid velocity as depicted in figure 4.33. owing to higher porosity term,
an upsurge in the thickness of thermal boundary layer is noticeable. The
contribution of Ps is noticed to be negligible on concentration plot. Figure 4.32
explains the contribution of radiation term (Rp) on the concentration, velocity and
temperature plots. An incremental value of radiation term gives an increment to
the fluid temperature plot. Owing to this fact, both thermal and hydrodynamics
boundary layer elevates. Physically, a higher R,added heat energy to the entire
thermal layer. Hence, more temperature is added and the temperature plot hereby
increases. The temperature plot as illustrated in figure 4.34 elevates at the whole
thermal layer. An increment in Rpis noticed to lessen the nanoliquid concentration
plot at the wall. Figure 4.35 shows the contribution of Soret term (So) on the
temperature, concentration and velocity plots. An incremental values of So is
detected to upsurge the velocity alongside the momentum boundary layer
thickness in figure 4.35. In the same vein, incremental values of Soret term
accelerates the concentration plots close to the plate and neglected at the ambient
vicinity. The contribution of the Schmidt number (Sc) on the temperature,
concentration and velocity plots is depicted in figure 4.36. The Schmidt number is
a dimensionless number which connotes the division of the fluid viscosity to mass
diffusivity. Therefore, if viscosity is more than mass diffusivity, Schmidt number
becomes very large within the whole boundary layer. It is detected that higher Sc
drastically lessens the velocity and concentration plot owing to the nanoliquid
permeability within the solutal and hydrodynamic layer. A higher values of Sc
results to an elevation in the solutal boundary layer. The contribution of the
Grashof number (O«) on the concentration, temperature and velocity plots is
shown in figure 4.37. The force of buoyant behaves as favourable pressure
gradient on the liquid motion and accelerates the nanoliquid existing in the
boundary layers. This is depicted in figure 4.37 as increment in the Grashof
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number (Oq) elevates the momentum layer and lessens the mass and thermal layer
slightly.

Figure 4.38 shows the contribution of mass Grashof (45) on the temperature,
concentration and velocity plots. With increase in the values of 45, velocity and the
entire thickness of hydrodynamic accelerates. An incremental values of 4,
decreases the temperature plot while contribution of 4, was found to be negligible
on the concentration plot. Figure 4.39 shows the contribution of Prandtl number
(Pr) on the concentration, temperature and velocity plots. The velocity plot is
detected to lessens with an incremental values of the Prandtl number (Pr). This is
true because liquids with much Pr has too much viscosities which lessens the
liquid velocities and degenerate the coefficient of wall skin friction. In addition, a
higher numeric vale of Pr leads to degeneration in the liquid temperature and
thickness of thermal layer. When the value of Pr is small, (Pr < 1) the liquid
becomes very conducive. A higher value of Pr is detected to elevate liquid
concentration at the wall.

From table 4.8, a higher Lewis number elevates the coefficient of skin friction
alongside Sherwood number whereas it degenerates the Nusselt number. In the
table 4.8, a higher magnetic term (M) degenerates the three physical quantities of
engineering interest (that is, Sherwood, Nusselt and coefficient of skin friction). In
table 4.9, a higher Lewis number accelerates the transportation of heat by
elevating the Nusselt number and lower the hydrodynamic and solutal layer by
degenerating the skin friction and Sherwood number. In table 4.9, an incremental
values of Brownian motion term (Nb) degenerates the coefficient of skin friction,
Sherwood and Nusselt number. From table 4.9, an incremental values of Schmidt
number lessens coefficient of wall skin friction alongside the Nusselt number while
an elevation in Sherwood number is detected. In table 4.9, it is detected that the
non-Newtonian liquid term () accelerates the Sherwood and Nusselt number but
degenerates the skin friction. The implementation of all the results above are done
in
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Figure 4.26: Effect of Casson parameter on the (a) velocity (b) temperature and
(c) concentration profiles when f=04=06,=3.0, 4¢=4p=H=2.0, ® =
3048, M =Ey=Np=Cp=Ne=Ln=1=1.0,P,=0.5Pr=0.71, Ry =

0.6, D= 2.0, Sc = 0.61, So= 3.0
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Figure 4.27: Effect of Dufour parameter on the (a) velocity (b) temperature and
(c) concentration profiles when f=04=06,=3.0, 4¢=4p=H=2.0, ® =
3048, M =Ey=Np=Cp=Ne=Ln=1=1.0,P,=0.5Pr=0.71, Ry =

0.6, D= 2.0, Sc = 0.61, So= 3.0
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Figure 4.28: Effect of Eckert number on the (a) velocity (b) temperature and ( c)
concentration profiles when f = 0a=6y,=3.0, 44=4»,=H=2.0, ® =
3048, M =Ey=Np=Cp=Ne=Ln=1=1.0,P,=0.5Pr=0.71, Ry =

0.6, D= 2.0, Sc = 0.61, So= 3.0

169



S ot

(b) temperature profile

0.1
w03
-==04

6
n

(c) concentration profile
Figure 4.29: Effect of heat generation parameter on the (a) velocity (b) temperature
and (c) concentration profiles when f = Oa=6,=3.0, 4¢=4p=H=2.0, ® =

30dee, M = E,=Np=Cp=Ne=Ln=1=1.0,P,=0.5Pr=0.71, Ry=
0.6, D= 2.0, Sc = 0.61, So= 3.0
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Figure 4.30: Effect of dimensionless Lewis number on the (a) velocity (b) temperature
and (c) concentration profiles when f = 0a=6,=3.0, 4¢=4p=H =

2.0, =3048 M =FE,=Np=Cp=N;=Ln=1t=1.0,P,=0.5, Pr=

0.71, R,= 0.6, Df= 2.0, Sc = 0.61, So= 3.0
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Figure 4.31: Effect of magnetic parameter on the (a) velocity (b) temperature and
(c) concentration profiles when f=04=06,=3.0, 4¢=4p=H=2.0, ® =
3048, M =Ey=Np=Cp=Ne=Ln=1=1.0,P,=0.5Pr=0.71, Ry =

0.6, D= 2.0, Sc = 0.61, So= 3.0
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Figure 4.32: Effect of Brownian motion parameter on the (a) velocity (b) temperature
and (c) concentration profiles when f = 0a=6,=3.0, 4¢=4p=H =

2.0, =3048 M =FE,=Np=Cp=N;=Ln=1t=1.0,P,=0.5, Pr=

0.71, R,= 0.6, Df= 2.0, Sc = 0.61, So= 3.0
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Figure 4.33: Effect of porosity parameter on the (a) velocity (b) temperature and
(c) concentration profiles when f=04=06,=3.0, 4¢=4p=H=2.0, ® =
3048, M =Ey=Np=Cp=Ne=Ln=1=1.0,P,=0.5Pr=0.71, Ry =

0.6, D= 2.0, Sc = 0.61, So= 3.0
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Figure 4.34: Effect of radiation parameter on the (a) velocity (b) temperature and

(c) concentration profiles when f=04=06,=3.0, 4¢=4p=H=2.0, ® =
3048, M =Ey=Np=Cp=Ne=Ln=1=1.0,P,=0.5Pr=0.71, Ry =

0.6, D= 2.0, Sc = 0.61, So= 3.0
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Figure 4.35: Effect of Soret parameter on the (a) velocity (b) temperature and ( ¢ )
concentration profiles when f = 0a=6y,=3.0, 44=4»,=H=2.0, ® =
3048, M =Ey=Np=Cp=Ne=Ln=1=1.0,P,=0.5Pr=0.71, Ry =

0.6, D= 2.0, Sc = 0.61, So= 3.0
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Figure 4.36: Effect of Schmidt number on the (a) velocity (b) temperature and
(c) concentration profiles when f=04=06,=3.0, 4¢=4p=H=2.0, ® =
3048, M =Ey=Np=Cp=Ne=Ln=1=1.0,P,=0.5Pr=0.71, Ry =

0.6, D= 2.0, Sc = 0.61, So= 3.0
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Figure 4.37: Effect of thermal Grashof number on the (a) velocity (b) temperature and
(c) concentration profiles when = 0a=6y=3.0, 4¢=4,=H=2.0, D =

30dee, M = E,=Np=Cp=Ne=Ln=1=1.0,P,=0.5Pr=0.71, Ry =
0.6, Df= 2.0, Sc = 0.61, So= 3.0
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Figure 4.38: Effect of mass Grashof number on the (a) velocity (b) temperature and

(c) concentration profiles when f=04=06,=3.0, 4¢=4p=H=2.0, ® =
3048, M =Ey=Np=Cp=Ne=Ln=1=1.0,P,=0.5Pr=0.71, Ry =
0.6, Df= 2.0, Sc = 0.61, So= 3.0
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Figure 4.39: Effect of Prandtl number on the (a) velocity (b) temperature and ( ¢ )
concentration profiles when f = 0a=6y,=3.0, 44=4»,=H=2.0, ® =
3048, M =Ey=Np=Cp=Ne=Ln=1=1.0,P,=0.5Pr=0.71, Ry =

0.6, D= 2.0, Sc = 0.61, So= 3.0
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Figure 4.40: Effect of suction velocity on the (a) velocity (b) temperature and ( ¢ )
concentration profiles when f = 0a=6y,=3.0, 44=4»,=H=2.0, ® =
3048, M =Ey=Np=Cp=Ne=Ln=1=1.0,P,=0.5Pr=0.71, Ry =

0.6, Df= 2.0, Sc = 0.61, S,= 3.0
Table 4.8: Computational values for skin friction coefficient (Cy), Nusselt number

(=T °(0)), and sherwood number (-C°(0)) for different values of Ln and M
Ln M Cr Nh  Sh

0.0 1.0  1.08233781 0.72334184 1.02490066

0.5 1.0  1.14285394 0.35872612 1.08228644

1.0 1.0 1.20739181 0.22940864 1.14323113

2.0 1.0 1.34923800 0.18349278 1.27658671

0.1 0.4 145926666 0.83996184 1.09810897

0.1 0.6 131269481 0.79692501 1.05550050

0.1 0.8  1.20198770 0.75406987 1.04802955
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0.1 1.0 1.06855863 0.72694283 1.00977521

MATLAB language programming. During the implementation, a higher value of ~ is
seen to give a spontaneous results. Hence, the maximum value of ~ used in this
thesisis~=0.1,L =12 and N = 100.

Table 4.9: Computational values for skin friction coefficient (Cy), Nusselt number

(Nu), and sherwood number (-C°(0)) for different values of Ln, Nb, Sc and

Parameters Present Work

Ln Nb Sc B Cf Nh Sh

02 1.0 0.61 3.0 0.13265182 0.88477929 0.78652409
04 1.0 0.61 3.00 0.12774386 0.90996351 0.58398366
0.6 1.0 0.61 3.0 0.12488548 0.93522964 0.38152589
0.8 1.0 0.61 3.0 0.12289942 0.96147715 0.17200602
1.0 0.0 0.61 3.0 0.08967359 0.94746978 0.34074944
1.0 1.0 0.61 3.0 0.12519871 0.92975180 0.42525615
1.0 20 0.61 3.0 0.12488548 0.93522964 0.38152589
1.0 3.0 0.61 3.0 0.12448055 0.94174484 0.32969808
1.0 1.0 0.3 3.0 1.04462222 0.78476059 0.67090855
1.0 1.0 0.6 3.0 0.97607905 0.73329484 0.94697241
1.0 1.0 0.9 3.0 0.93182279 0.69528927 1.15619714
1.0 1.0 1.2 3.0 0.89901583 0.66435691 1.33199172
1.0 1.0 0.61 0.0 0.95154181 0.73022820 0.95324841
1.0 1.0 0.61 0.2 1.77694769 0.78778324 1.00573400
1.0 1.0 0.61 0.3 1.57443332 0.88549205 1.09642636
1.0 1.0 0.61 04 1.55314440 0.77899759 1.07697499
CHAPTER FIVE: SUMMARY, CONCLUSION

AND RECOMMENDATIONS

5.1 Summary

The effort of this study is on mixed convective heat and mass transfer flow of
nonNewtonian fluids through vertical plate. The study uses similarity variables to
transform the system of partial differential equations into coupled nonlinear
ordinary differential equations. All flow parameters such as radiation parameter,
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heat generation parameter, Soret-Dufour parameter, magnetic parameter, thermal
and mass Grashof number were discussed using graphs. The effects of both
constant and variable viscosity and thermal conductivity through a porous
medium on the non-Newtonian fluids is extensively discussed. This study analyzed
three problems and solved the three problems numerically.

The research problem one examined the effects of thermo-physical parameters
on MHD heat and mass transfer of a viscoelastic fluid past a semi-infinite moving
vertical plate using SRM. In the analysis, the plate moves towards the y?- direction
and the term, 3‘; was neglected in the continuity equation. The magnetic field
strength is applied opposite to the semi-infinite moving vertical plate (see figure
3.1). The problem assumed the magnetic Reynolds number to be small so that the
induced magnetic field is neglected. The Roseland approximation were used

because the fluid considered is optically thick.

The research problem two examined the effects of variable thermal
conductivity and viscosity on non-Newtonian fluids flow through a vertical porous
plate under Soret-Dufour influence. The two non-Newtonian fluids consider in the
study are Casson and Walters’-B viscoelastic fluid. The vertical plate is porous and
thereby allows the flow of both Casson and Walters’-B liquid (see figure 3.2). The
magnetic field strength (Bo) is applied opposite to the flow of the fluid. At the
boundary layer, Casson and Walters’-B liquid are mixed together and both have
the same flow behaviour. It worths mentioning that as the Casson non-Newtonian
fluid parameter approaches infinity, it behaves like a Newtonian fluid (that is, it
obeys the Newton’s law of viscosity). Furthermore, the fluid surroundings at the
free stream is considered to be hot (see figure 3.2). At this environment, flow
parameters such as radiation, heat generation, Eckert number, heat source/sink,
Prandt number are very significant within the boundary layer

The research problem three examined the effects of thermophoresis, Soret-
Dufour on mixed convective flow of MHD non-Newtonian nanofluid over an
inclined plate embedded in a porous medium (see figure 3.3). A variable viscosity
and thermal conductivity is considered in the problem. Similarity variables were
used to reduce the governing partial differential equations into coupled ordinary
differential equations.

All the problems solved in this study were found to be useful in many industrial
applications such as geophysics, drying process and in the design of many
advanced energy conversion system operating at higher temperature.

5.2 Conclusion

This study utilized SRM to solve the coupled third order PDEs that governs the
thermo-physical contributions on MHD heat and mass transport of a viscoelastic
liquid past a half-infinte vertical plate. The broad explanation on SRM was
extensively explored in the previous section. Validation of the present outcomes
was obtained with published works and was in good correlation. The present
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outcomes will be useful in understanding problems of complex nature of thermo-
physical effects on MHD viscoelastic liquid past a half-infinite vertical plate. The
SRM was found accurate and efficient as compared to other numerical techniques
used in the discussed literature.

Dynamics of varying viscosity alongside thermal conductivity on a
characterized Walters-B and Casson liquid (concentrated fruit juice and jelly). In
figure 3.1, both fluids moves into the three layers from the vertical penetrable
plate. In the boundary layer, the viscosity as well as thermal conductivity varies as
the free stream vicinity is considered to be hot. The outcomes in the present study
deduced that by varying viscosity and thermal conductivity accelerate the
temperature and velocity plots for a higher Casson term and Walters-B viscoelastic
term.

Owing to the hotness at the ambient environment, increment in radiation
parameter degenerates the velocity existing in the free stream vicinity. As depicted
in figure 3.1, the imposed magnetism strength (Bo) originate Lorentz force which
causes opposition to the direction of flow and thereby degenerates the fluid
velocity. A higher permeability term allows the entrance of more Casson and
Walters-B liquid flow. The intensity of fluid flow increases the moment the
permeability term is raised. Owing to this, more heat is generated at the boundary
layer because of heat at the free stream which keeps increasing because of the
hotness.

The outcomes of this research can be found significant in bioengineering, food
processing and drilling operations. The practical usefulness are mainly in cooling
system, oil-pipeline friction reduction and surfactant applications converted to
large-scale heating. It is also found significant in the application of higher-polymer
additives to enhance motion in petroleum pipe-lines that are useful for commercial
purposes. Soret-Dufour contributions on the liquid flow is significant and hereby
finds application in engineering such as separation of isotope. The present
exploration acts a predominant role in the field of science and technology. The
examples of Walters-B liquid considered in this research are industrial polymers
namely ceramic processing liquid, chromatography liquid and polymethly
methacrylate. These type of fluid are mainly used in bio-medical applications,
communication, hardware appliances and agricultural activities. Also, jelly and
concentrated fruit juice are the type of Casson fluid considered in this research.
Hence, the present outcomes is of great interest in polymer engineering,
manufacturing of ceramics, polymer production, particle deposition onto wafers in
the microelectronics industry, metallurgy, magnetically controlled metal welding,
magnetically monitored coating of metals.

From our numerical computations, we deduced the following:
e When Dufour parameter is increased, the velocity profile as well as the temperature
profiles increases.

e Increasing the Soret parameter increases both the velocity and concentration
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profiles.

¢ Itis found out that the Soret term alters the concentration profile while Dufour term
alters the temperature profile.

It is found out that as the viscoelastic parameter increases, the velocity profile close
to the plate decreases while far away from the plate, it increases slightly.

e The thermal Grashof number increases the hydrodynamic boundary layer thickness
when it is increased.

5.3 Contribution to knowledge

This study explains the concept of non-Newtonian fluid flow with both constant
and variable viscosity and thermal conductivity on mixed convective heat and
mass transfer through a vertical plate which will guide scientists and
experimentalists on the physics of pertinent flow parameters such as thermal
Grashof number, permeability parameter, radiation parameter, heat generation
parameter, Eckert number, Soret parameter, Dufour parameter, Casson and
viscoelastic non-Newtonian parameter in food processing, drilling operations and
bioengineering. The outcome of study will be useful in high-polymer additives to
enhance flow in pipe-lines which is very useful for commercial purposes. The
numerical methods used in this study is a useful tools for scientists and engineers
in solving highly nonlinear differential equations.

5.4 Recommendations

Real life problems in sciences and engineering generally involve nonlinear
differential equations. Also, problems on non-Newtonian fluids are generally
complex due to their constitutive equations. The momentum boundary layer
becomes coupled and highly nonlinear. SRM and SHAM are very good solution
technique in solving governing equations of high complexity and nonlinearity. The
methods of solution in this study is hereby recommended for the solutions of non-
Newtonian fluids. Also, the results of this study is recommended for use in polymer
industry for a perfect flow of fluid parameters such as heat generation parameter,
radiation parameter, Eckert number, variable viscosity and thermal conductivity.
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5.5 Suggestions for further studies

The study of MHD heat and mass transfer non-Newtonian fluids flow is of practical
importance in real life situations. Thus, the following are suggestions for further

studies:

(i) Analyzing the problem of MHD heat and mass transfer non-Newtonian fluids
through a stretching sheet.

(ii) Examining the problem of MHD heat and mass transfer non-Newtonian fluids
through porous media flow in fuel cells.

(iii) Chaotic mixing in air filtration devices.

(iv) The use of spectral methods in solving more complex non-Newtonian fluids. (v)
Examining a Newtonian model by setting the Casson and Walters’-B viscoelastic parameter
to be zero.

References

Adeniyan, A. (2016). Soret-Dufour and Stress work Effects on Hydromagnetic Free
Convection of a Chemically Reactive Stagnation Slip-flow and Heat Transfer
towards a Stretching Vertical Surface with Heat Generation and Variable

Thermal Conductivity. Asian Journal of Mathematics and Applications, 1,

1-23.

Agbaje T.M,, S. S. Motsa (2015). Comparison between Spectral perturbation and
Spectral relaxation approach for unsteady heat and mass transfer by MHD
mixed convection flow over an impulsively stretched vertical surface with
chemical reaction effect, Journal of Interpolation and Approximation in
Scientific Computing, 1, 48-83.

Ahmad, N. (2011). Visco-elastic Boundary Layer Flow Past a Stretching Plate and
Heat Transfer with Variable Thermal Conductivity. World Journal of
Mechanics, 1, 15-20.

Ahmed N., H. Kalita and D. P. Barua (2010). Unsteady MHD free convective flow
past a vertical porous plate immersed in a porous medium with Hall current,
thermal diffusion and heat source, International Journal of Engineering,
Science and Technology, 2(6) 59-74.

Alam M.S,, Ali M., Alim M.A., and Saha A. (2014). Steady MHD Boundary Free

186



Convective Heat and Mass Transfer Flow Over an Inclined Porous Plate with

Variable Suction and Soret Effect in Presence of Hall Current. Bangladesh Journal of
Scientific and Industrial Research, 49(3), 155-164.

Alam M.S., Rahman M.M,, Sattar M.A. (2008). Transient magnetohydrodynamic free convective
heat and mass transfer flow with thermophoresis past a radiate inclined permeable plate
dependent viscosity. Nonlinear Analysis: Modelling and Control, 14(1), 3-20.

Alao F.I, Fagbade A.IL, and Falodun B.O. (2016). Effects of Thermal Radiation,
Soret and Dufour on an Unsteady Heat and Mass Transfer Flow of a

Chemically Reacting Fluid Past a Semi-infinite Vertical Plate with Viscous Dissipation.
Journal of the Nigerian Mathematical Society, 35, 142-158.

Anand Rao, S. Shivaiah and S.K. Nuslin (2012). Radiation effect on an unsteady

MHD free convective flow past a vertical porous plate in the presence of Soret.
Advances in Applied Science Research 3(3) 1663-1676.

Animasaun LL. and [. Pop (2017) Numerical exploration of a non-Newtonian
Carreau fluid flow driven by catalytic surface reactions on an upper
horizontal surface of a paraboloid of revolution, buoyancy and stretching at
the free stream, Alexandria Engineering Journal (2017) 56, 647658

Animasaun L.L., Adebile E.A., Fagbade A.l. (2016). Casson fluid flow with variable
thermo-physical property along exponentially decaying internal heat
generation using the homotopy analysis method. Journal of the Nigerian
Mathematical Society, 35, 1-17.

Anyakoha, M.W. (2010). New School Physics Third Edition, Africana First

Publisher Plc., 36-51.

Arifuzzaman S.M, Khan M.S. Mehedi M.F.U., Rana B.M.J,, Ahmmeda S.F. (2018).
Chemically reactive and naturally convective high speed MHD fluid flow
through an oscillatory vertical porous plate with heat and radiation absorp-
tion effect, Engineering Science and Technology, an International Journal 21, 215-228

187



Ashish, P. (2017). Transient Free Convective MHD flow Past an Exponentially
Accelerated Vertical Porous Plate with Variable Temperature through a
Porous Medium. International Journal of Engineering Mathematics, 1, 1-8.

Awad F.G., Ahamed S.M.S,, Sibanda P., Khumalo M. (2015). The effect of

thermophoresis on unsteady Oldroyd-B nanofluid flow over stretching surface.
PLoS ONE 10(8): e0135914.d0i.10.1371 /journal.pone. 0135914.

Barik R.N., Dash G.C., Rath P.K. (2017). Steady laminar MHD flow of visco-elastic
fluid through a porous pipe embedded in a porous medium. Alexandria
Engineering Journal, http://dx.doi.org/10.1016/j.aej.2017.01.025.

Bilal S., Khalil, Ur R., Hamayun, ]., Malik M.Y. and Salahuddin (2016). Dissipative
Slip Flow Along Heat and Mass Transfer Over a Vertically Rotating Cone by
Way of Chemical Reaction with Dufour and Soret Effects. AIP Advances, 6,

1-17.

Bird, R. B., Stewart, W. E. and Lightfoot, E. N. (1960). Transport Phenomena,

First Edition, John Wiley and Sons.

Canuto C., Hussaini M.Y., Quarteroni A., Zang T.A. (1988). Spectral methods in fluid
dynamics, Springer-Verlag Berlin.

Chamkha A.J. (2003). MHD flow of a uniformly stretched vertical permeable surface in the
presence of heat generation/absorption and a chemical reaction,

International Communication heat and mass transfer, 30(3), 413-422.
Chandra RP, Raju MC and Raju GSS (2015). Thermal and Solutal Buoyancy

Effect on MHD Boundary Layer Flow of a Visco-Elastic Fluid Past a Porous
Plate with Varying Suction and Heat Source in the Presence of Thermal
Diffusion, Journal of Applied Computatational Mathematics, 45
http://dx.doi.org/10.4172/2168-9679.1000249.

Cussler E.I (1988). Diffusion Mass Transfer in Fluid systems, Cambridge University
Press, London

188



Choudhury Mira, Hazarika Gopal Chandra (2008). The effects of variable viscosity
and thermal conductivity on MHD flow due to a point sink. Matematicas

Ensenanza Universitaria, 16(2), 21-28.

Devi R.L.V,, Poornima T., Reddy, B. N. and Venkataramana (2014). Radiation and Mass
Transfer Effects on MHD Boundary Layer Flow Due to an Exponentially

Stretching Sheet with Heat Source. International Journal of Engineering and Innovative

Technology, 3(8), 33-39.

Douglas John F., Gasiorek Janusz M., Swaffield John A., Jack Lynne B. (2005). Fluid
Mechanics, Fifth Edition.

Eckert E.R.G and Drake R.M (1972). Analysis of Heat and Mass Transfer. McGrawHill,

New York

Eswaramoorthi S., M. Bhuvaneswari, S. Sivasankaran and S. Rajan (2015). Effect of
radiation on MHD convective flow and heat transfer of a viscoelastic fluid

over a stretching surface, Procedia Engineering, 127 916-923.

Fagbade A.L, Falodun B.O., Omowaye A.]J. (2018). MHD natural convection flow of viscoelastic
fluid over an accelerating permeable surface with thermal radiation and heat source or sink:

Spectral homotopy analysis approach. Ain Shams Engineering
Journal http://dx.doi.org/10.1016/j.asej.2016.04.021.

Fredrickson A.G. (1964). Principles and applications of rheology. NJ. USA:

Prentice-Hall Englewood Cliffs.

Fung Y.C. (1984). Biodynamics Circulation. New York Inc: Springer-Verlag.

Frank M.W. (1990). Fluid Mechanics Fourth Edition McGraw Hill

Fourier (1822). Theorie Analytique de la Chaleurin

Gangadhar K. and Suneetha S. (2015). Soret and Dufour Effects on MHD Free
Convection Flow of a Chemically Reacting Fluid Past Over a Stretching Sheet

189



with Heat Source/sink. Open Science Journal of Mathematics and Application,
3(5), 136-146.

Gbadeyan J.A,, Idowu A.S., Ogunsola A.W. Agboola 0.0., and Olanrewaju

P.0. (2011). Heat and Mass Transfer for Soret and Dufour Effect on Mixed
Convection Boundary Layer Flow Over a Stretching Vertical Surface in a
Porous Medium Filled with a Viscoelastic Fluid in the Presence of Magnetic
Field. Global Journal of Science Frontier Research, 11(8), 96-114.

Gebhart B. (1962). Effects of Viscous Dissipation in Natural Convection. Journal of
Fluid Mechanics, 14, 225-232.

Gireesha B.]., K. Ganesh Kumara, G.K. Rameshb, B.C. Prasannakumara (2018)
Nonlinear convective heat and mass transfer of Oldroyd-B nanofluid over a
stretching sheet in the presence of uniform heat source/sink, Results in

Physics 9 (2018) 15551563

Greesha B.]., Ramesh G.K. and Bagewadi (2012): Heat transfer in MHD flow of a
dusty fluid over a stretching sheet with viscous dissipation. Advances in
Applied Science Research, 3, 2392-2410.

Gundagani, M., Sivaiah S., Babu NVN, and Reddy M.C.K. (2012). Finite Element
Solution of Thermal Radiation Effect on Unsteady MHD Flow Past a Vertical

Porous Plate with Variable Suction. American Academic and Scholarly Research

Journal, 4(3), 1-21.

Hari R. Kataria, Harshad R. Patel (2016) Radiation and chemical reaction effects on
MHD Casson fluid flow past an oscillating vertical plate embedded in porous
medium, Alexandria Engineering Journal (2016) 55, 583595

Hazarika Gopal Chandra and Konch jadav (2016). Effects of variable viscosity and
thermal conductivity on magnetohydrodynamic free convection dusty fluid
along a vertical porous plate with heat generation. Turkish Journal of Physics,
40, 52-68.

Hazarika G.C., Phukon Kabita (2014). Effects of variable viscosity and thermal
conductivity on MHD free convection and mass transfer flow past a flat plate.

190



International Journal of Scientific and Innovative Mathematical Research,
2(9), 742-749.

Hady, F.M., Ibrahim, F.S., Abdel-Gaied S.M. and Eid M.R. (2008). Influence of

Chemical Reaction on Mixed Convection of Non-Newtonian Fluids Along Non-Isothermal
Horizontal Surface in Porous Media. Proceedings of the World

Progress on Engineering, 3, 1-7.

Haritha B. B. Bhuvana Vijaya, Dr. D.R.\V. Prasad Rao (2015). Effect of
thermodiffusion, thermal radiation, radiation absorption on convective flow
of past-strecthing sheet in a rotating fluid. Procedia Engineering 127

Hayat, T., Hina, Z., Anum, T., Ahmad, A. (2017). Soret and dufour effects on MHD
peristaltic transport of Jeffrey fluid in a curved channel with convective
boundary conditions. PLOS ONE 12(2)
e0164854.d0i:10.1371/journal.pone.0164854.

Hemalatha E. and N. Bhaskar Reddy (2015). Effects of thermal radiation and
chemical reaction on MHD free convection flow past a moving vertical plate
with heat source and convective surface boundary condition, Advances in
Applied Science Research, 6(9), 128-143.

Hiranmoy Mondal, Dulal Pal, Sewli Chatterjee, Precious Sibanda (2018)
Thermophoresis and Soret-Dufour on MHD mixed convection mass transfer
over an inclined plate with non-uniform heat source/sink and chemical
reaction, Ain Shams Engineering Journal 9 (2018) 21112121

Ibrahim M.S. and Sunneth K. (2015). Chemical Reaction and Soret Effects on Unsteady MHD
Flow of a Viscoelastic Fluid Past an Impulsively Started

Infinite Vertical Plate with Heat Source/sink. International Journal of Mathematics and

Computational Science, 1(1), 5-14.

Ibrahim M. S. (2014). Effects of Chemical Reaction on Dissipative Radiative MHD

Flow through a Porous Medium Over a Non-Isothermal Stretching Sheet. Journal of
Industrial Mathematics, 2, 1-10.

Idowu A. S,, Jimoh A., Oyelami H. F. (2016). Finite Element Analysis on MHD

191



Jeffry Fluid Flow with Radiative Heat Transfer Past a Vertical Porous Plate Moving
through a Binary Mixture. Daffodil International University Journal of Science and
Technology, 11(1),9-17.

Idowu A.S. and Falodun B.O. (2018). Soret-Dufour effects on MHD heat and mass
transfer of Walter's-B viscoelastic fluid over a semi-infinite vertical
plate:spectral relaxation analysis. Journal of Taibah University for Science,
10.1080/16583655.2018.1523527.

Islam A.K.M.S., M. A. Alim, MD. Rezaul Karim and ATM. M. Rahman (2016).

Effects of Conduction Variation on MHD Natural Convection Flow Along a

Vertical Flat Plate with Thermal Conductivity, Journal of Scientific Research, 8(3)

237-248.

Jain P. (2014). Combined Influence of Hall Current and Soret Effect on Chemically

Reacting Magnetomicropolar Fluid Flow from Radiative Rotating Vertical
Surface with Variable Suction in Slip-Flow Regime, International Scholarly
Research Notices http://dx.doi.org/10.1155/2014/102413.

Jana S, and Das K. (2015). Influence of Variable Fluid Properties, Thermal
Radiation and Chemical Reaction on MHD Slip Flow Over a Flat Plate, Italian
Journal of Pure and Applied Mathematics, 34, 29-44.

Javaherdeh K., Mehrzad Mirzaei Nejad, M. Moslemi (2015). Natural convection heat
and mass transfer in MHD fluid flow past a moving vertical plate with
variable surface temperature and concentration in a porous medium,
Engineering Science and Technology, an International Journal, 18, 423-431.

Jimoh A. Dada M.S., Idowu A.S., and Agunbiade S.A. (2015). Numerical Study of
Unsteady Free Convective Heat Transfer in Walters-B Viscoelastic Flow

Over an Inclined Stretching Sheet with Heat Source and Magnetic Field. The Pacific

Journal of Science and Technology, 16(1), 60-76.

Jimoh A., Idowu A.S., and Titiloye E.O. (2014). Influence of Soret on Unsteady

MHD of Kuvshinshiki Fluid Flow with Heat and Mass Transfer Past a Vertical
Porous Plate with Variable Suction. International Journal on Recent and
Innovation Trends in Computing and Communication, 2(9), 2599-2611.

192



Jimoh A, Dada M.S, Idowu A.S., and Agunbiade S.A. (2015). Numerical Study of
Unsteady Free Convective Heat Transfer in Walters-B Viscoelastic Flow

Over an Inclined Stretching Sheet with Heat Source and Magnetic Field. The Pacific
Journal of Science and Technology, 16(1), 60-76.

Jayachandra Babu M., N. Sandeep, S. Saleem (2017) Free convective MHD Cattaneo-
Christov flow over three different geometries with thermophoresis and
Brownian motion, Alexandria Engineering Journal (2017) 56, 659669

Kalyana C., Chenna Krishna Reddy M., Kishan N. (2015). MHD mixed convection
flow past a vertical porous plate in a porous medium with heat source/sink
and Soret effects. American Chemical Science Journal, 7(3), 15-159.

Kala S.B. and Rawat M.S. (2015). Effect of Chemical Reaction and Oscillatory

Suction on MHD Flow through Porous Media in the Presence of Pressure. International
Journal of Mathematical Archive, 6(1), 189-199.

Kameswaran P.K,, P. Sibanda and S. S Motsa (2013). A spec-

tral relaxation method for thermal dispersion and radiation effects in a nanofluid
flow, Boundary Value Problems, 1, 242

http://www.boundaryvalueproblems.com/content/2013/1/242

Kishore P.M.,, Vijayakumar V.S., Masthan R.S. and Bala M.K.S. (2014). The effect of
chemical reaction on MHD free convection flow of dissipative fluid past an
exponentially accelerated vertical plate. International Journal of
Computational Engineering Research, 4(1), 11-26.

Kumar P. and Singh M. (2007). Instability of Two Rotating Viscoelastic (WaltersB)
Superposed Fluids with Suspended Particles in Porous Medium. Thermal

Science, 11(1),93-102.

Kumar BR, Sivaraj. (2013): Heat and mass transfer in MHD viscoelastic fluid flow
over a vertical cone and flat plate with variable viscosity. International
Journal of Heat and Mass Transfer ;56(1):370379.

Layek G.C., Mukhopadhyay S., Samad SKA. (2005). Study of MHD boundary

193



layer flow over a heated stretching sheet with variable viscosity. International
Journal of heat and mass transfer, 48, 4460-6.

Liao S.J. (1992). The proposed homotopy analysis technique for the solution of nonlinear
problems. PhD thesis Shanghai Jiao Tong University.

Liaquat A.L, Zurni O., Khan L. (2019). Analysis of dual solution for MHD flow of
Williamson fluid with Shippage, Heliyon, 5,

€01345.doi:10.1016/j.heliyon.2019.e01345.

Mahanthesh B., Gireesha B.]., Rama Subba Reddy Gorla (2016). Heat and mass
transfer effects on the mixed convective flow of chemically reacting

nanofluid past a moving/stationary vertical plate, Alexandria Engineering
Journal, 55,

569-581.

Manjunatha S. and Gireesha B.]. (2016). Effects of variable viscosity and thermal
conductivity on MHD flow and heat transfer of a dusty fluid. Ain Shams
Engineering Journal, 7, 505-515.

Magagula V.M., Sandile S. Motsa, Precious Sibanda and Phumlani G. Dlamini (2016).
On a bivariate spectral relaxation method for unsteady magneto
hydrodynamic ow in porous media, SpringerPlus, 5, 455.

Manglesh A. and Gorla (2012). The Effects of Thermal Radiation, Chemical
Reaction and Rotation on Unsteady MHD Viscoelastic Slip Flow. Global

Journal of Science Frontier Research Mathematics and Decision Sciences,
12(14), 1-15.

Mehmood A, Ali A, Shah T. (2008). Heat transfer analysis of unsteady boundary

layer flow by homotopy analysis method. Commun Nonlinear Science
Numerical Simulation, 13(5), 902-12.

Merle C.P., and David C.W. (2008). Fluid Mechanics Schaum’s Outline series. McGraw Hill

Mukhopadhyay S., Prativa Ranyan De, Krishnendu Bhattacharyya, Layek G.C.

194



(2013). Casson fluid flow over an unsteady stretching surface. Ain Shams Engineering
Journal, 4,933-938.

Mondal H., Dulal Pal, Sewli Chatterijee, Sibanda Precious (2018). Thermophoresis
and Soret-Dufour on MHD mixed convection mass transfer over an inclined
plate with non-uniform heat source/sink and chemical reaction. Ain Shams

Engineering Journal, http://dx.doi.org/10.1016/j.asej.2016.10.015, 2111-2121.
Motsa S.S. (2012). New iterative methods for solving nonlinear boundary value

problems. Fifth annual workshop on computational applied mathematics and

mathematical modelling in fluid flow. School of Mathematics, statistics and
computer science, Pietermaritzburg Campus, 9-13.

Muthuraj R., K. Nirmala, S. Srinivas (2016) Influences of chemical reaction and wall

properties on MHD Peristaltic transport of a Dusty fluid with Heat and Mass
transfer, Alexandria Engineering Journal (2016) 55, 597611

Motsa S.S., Z.G. Makukula (2013). On Spectral relaxation method approach for
steady von Karman flow of a Reiner-Rivlin fluid with Joule heating viscous
dissipation and suction/injection, Central European Journal of Physics, 11(3),
362-374.

Motsa S.S., P. Sibanda, S. Shateyi (2010) A new spectral-homotopy analysis method

for solving a nonlinear second order BVP, Commun Nonlinear Science
Numerical Simulation 15 (2010) 22932302.

Mohammed Ibrahim S. (2014): Unsteady MHD convective heat and mass transfer
past an infinite vertical plate embedded in a porous medium with radiation

and chemical reaction under the influence of Dufour and Soret effects.
Chemical Process Eng Res 2014;19:2538.

Motsa S.S., P.G. Dlamini, M. Khumalo (2014). Spectral relaxation method and
spectral quasilinearization method for solving unsteady boundary layer flow
problems, Advances in Mathematical Physics,

http://dx.doi.org/10.1155/2014/341964.

Motsa S.S., P. Sibanda, T.M. Ngnotchouye, G.T. Marewo (2014). Spectral relaxation approach
for unsteady boundary-layer flow and heat transfer of a nanofluid over a permeable

195



stretching/shrinking sheet, Advances in Mathematical
http://dx.doi.org/10.1155/2014/564942.

Motsa S.S. (2012). New Iterative Methods for Solving Nonlinear Boundary Value
Problems. Fifth Annual Workshop on Computational Applied Mathematics and
Mathematical Modeling in Fluid Flow. School of methematics, statistics and

computer science, Pietermaritzburg Campus 9-13.

Mahanthesh B., B.J. Gireesha, Rama Subba Reddy Gorla (2016) Heat and mass
transfer effects on the mixed convective flow of chemically reacting
nanofluid past a moving/stationary vertical plate, Alexandria Engineering
Journal (2016) 55, 569581

Mahbub Md A. Al, Nasrin J.N., Shomi A., Zillur R. (2013). Soret-dufour Effects on the
MHD Flow and Heat Transfer of Microrotation Fluid over a Nonlinear
Stretching Plate in the Presence of Suction. Applied Mathematics, 4, 864-875.

Mishra S.R,, Dash G.C., Acharya M. (2013). Mass and heat transfer effect on MHD
flow of a visco-elastic fluid through porous medium with oscillatory suction
and heat source. International Journal of heat and mass transfer 57 433-438.

Nageeb A.H. Haroun, Sabyasachi Mondal, Precious Sibanda (2015). Unsteady
natural convective boundary-layer flow of MHD nanofluid over a stretching
surfaces with chemical reaction using the spectral relaxation method: A
revised model, Procedia Engineering, 127, 18-24.

Physics

Olanrewaju P.0O. (2012). Similarity solution for natural convection from a moving vertical
plate with heat generation and a convective boundary condition in the presence of

thermal radiation and viscous dissipation, Report and Opinion, 4(8), 68-76.

Olarewaju P.O. (2012) Similarity solution for natural convection from a moving
vertical plate with internal heat generation and a convective boundary
condition in the presence of thermal radiation and viscous dissipation.
Report and Opinion. http://www.Sciencepub.net/report, 4(8), 68-76.

Pattnaik P.K., and Biswal T. (2015). Analytical Solution of MHD Free Convective Flow

through Porous Media with Time Dependent Temper-ature and

196



Concentration. Walailak Journal Engineering and Physical Sciences, 12(9) , 749-762.

Prakash J., A. G. Vijaya Kumar, M. Madhavi, and S. V. K. Varma (2014). Effects of
Chemical Reaction and Radiation Absorption on MHD Flow of Dusty
Viscoelastic Fluid, Applications and Applied Mathematics, 9(1), 141-156.

Prasad V.R., Buddakkagari V., Osman A.B., and Rana P. (2011). Unsteady Free
Convection Heat and Mass Transfer in a Walters-B Viscoelastic Flow Past a
Semi-infinite Vertical Plate: A Numerical Study. Thermal Science, 15(2)S291-
S305.

Prakash J., Prasad D.P., Kiran Kumar R.V.M.S.S. and Varma S.V.K. (2016).
Diffusion-thermo Effects of MHD Free Convective Radiative and Chemical

Reactive Boundary Layer Flow through a Porous Medium Over a Vertical
Plate. Journal of Computational and Applied Research in Mechanical
Engineering, 5(2), 111-126.

Pushpalatha K., Ramana Reddy ].V., Sugunamma V., Sandeep N. (2017). Numerical study of
chemically reacting unsteady Casson fluid flow past a stretching surface with cross diffusion
and thermal radiiation. DE GRUYTER OPEN, 7, 69-76.

Rana G.C., Thakur R.C., Kango S.K. (2013). On the Onset of Thermo-solutal

Instability in a Layer of an Elastico-viscous Nano-fluid in Porous Medium. FME
Transactions, 42(1), 1-9.

Ramana Reddy ].V., K. Anantha Kumar, V. Sugunamma, N. Sandeep (2018) Effect of
cross diffusion on MHD non-Newtonian fluids flow past a stretching sheet
with non-uniform heat source/sink: A comparative study, Alexandria
Engineering Journal (2018) 57, 18291838

Ramana Reddy ].V., Anantha Kumar K., Sugunamma V., Sandeep N. (2017). Effect of
cross diffusion on MHD non-Newtonian fluids flow past a stretching sheet
with non-uniform heat source/sink: A comparative study. Alexandria
Engineering Journal, http://dx.doi.org/10.1016/j.aej.2017/303908.

Ramamohan Reddy L., M.C. Raju and G.S.S. Raju (2016). Unsteady MHD free

197



convection flow characteristics of a viscoelastic fluid past a vertical porous
plate.International Journal of Applied Science and Engineering 14(2)

Ramana Reddy ].V. , V. Sugunamma, N. Sandeep (2017): Thermophoresis and
Brownian motion effects on unsteady MHD nanofluid flow over a slandering
stretching surface with slip effects, Alexandria Engineering Journal (2017)
(Article in Press)

Ram N., Ashok K., Kapoor S., Bansal R, Dabral V., Alam P. (2015). Oscillatory

Instability of Chemical Reacting Thermo-solutal Convective Flow of Viscoelastic Maxwell
Fluid through Porous Medium with Linear Heat Source Effect. International Journal of
Mathematics Trends and Technology, 20(1), 55-61.

Ram N, Ashok K., Kapoor S. Bansal R., Dabral V., Alam P. (2015). Oscillatory
Instability of Chemical Reacting Thermo-solutal Convective Flow of
Viscoelastic Maxwell Fluid through Porous Medium with Linear Heat Source
Effect. International Journal of Mathematics Trends and Technology, 20(1), 55-
61.

Raju C.S.K,, N. Sandeep, V. Sugunamma c, M. Jayachandra Babu, ].V. Ramana Reddy
(2016) Heat and mass transfer in magnetohydrodynamic Casson fluid over
an exponentially permeable stretching surface, Engineering Science and
Technology, an International Journal 19 (2016) 4552

Rajput R.K. (2000). A Textbook of Fluid Mechanics in SI Units. S. Chand and

Company LTD.

Rao V.S, Baba L.A,, Raju R.S. (2013). Finite element analysis of radiation and mass
transfer flow past semi-infinite moving vertical plate with viscous
dissipation. Journal of Applied Fluid mechanics, 6 321-9.

Reddy S., Reddy R.G.V.,, and Reddy J.K. (2012). Radiation and Chemical Reaction
Effects on Free Convection MHD Flow through a Porous Medium Bounded by
Vertical Surface. Advances in Applied Science Research, 3(3), 1603-1610.

Renuka R.L.V.D,, A. Neeraja, N. Bhaskar Reddy (2015). Radiation Effect on MHD Slip Flow
past a Stretching Sheet with Variable Viscosity and Heat

198



Source/Sink, International Journal of Scientific and Innovative Mathematical Research,
3(5), 8-17.

Robert W., and Murray, R.S. (2002). Theory and Problems of Advanced Calculus. Second
Edition, Schaums outline Series, McGraw-Hill, New York

Salawu S.0., M.S. Dada (2016): Radiative heat transfer of variable viscosity and
thermal conductivity effects on inclined magnetic field with dissipation in a
non-Darcy medium, Journal of the Nigerian Mathematical Society 35 (2016)
93106.

Sarma S.G., and Govardhan K. (2016). Thermo-diffusion and Diffusion-thermo
Effects on Free Convection Heat and Mass Transfer From Vertical Surface in a
Porous Medium with Viscous Dissipation in the Presence of Thermal
Radiation. Archives of Current Research International, 3(1), 1-11.

Sarada K., B. Shanker (2013). The effect of chemical reaction on an unsteady MHD
free convection flow past an infinite vertical porous plate with variable
suction, International Journal of Modern Engineering Research ( IMER ) 3(2),
725-735.

Salem A.M., Fathy Rania (2012). Effects of variable properties on MHD heat and
mass transfer flow near a stagnation point towards a stretching sheet in a
porous medium with thermal radiation. Chinese Physics B, 21(5) ,
http://dx.doi.org/10.1088/1674-1056/21/5/054701.

Seigel R. and Howell JR (1971). Thermal Radiation Heat Transfer. Student ed. Macgraw-Hill.

Sugunamma V., Sandeep N., Mohan K.P.,, Ramana B. (2013). Inclined Magnetic Field and
Chemical Reaction Effects on Flow Over a Semi Infinite Vertical

Porous Plate through Porous Medium. Communications in Applied Sciences, 1(1),
1-24.

Sreenivasulu P., Poornima T. and Bhaskar R.N. (2016). Thermal Radiation Effects
on MHD Boundary Layer Slip Flow Past a Permeable Exponential Stretching
Sheet in the Presence of Joule Heating and Viscous Dissipation. Journal of
Applied Fluid Mechanics, 9(1), 267-278.

199



Sreenivasa R.P. (2016). Effect of Thermal Radiation Dissipation and Chemical
Reaction on Mixed Convective Heat and Mass Transfer Flow Past a Stretching
Sheet with Hall Effects in Slip Flow Regime. Chemical and Process Engineering
Research, 40, 13-25.

Srinivasa R.G., Ramana B., Rami R.B. and Vidyasagar G. (2014). Soret and Dufour
effects on MHD boundary layer flow over a moving vertical porous plate with
suction. International Journal of Emerging Trends in Engineering and
Development,Vol.2.

Srinivasacharyan D., P.VijayKumar (2018): Effect of thermal radiationon mixed convection of
a nanofluid from an inclined wavy surface embedded in a non-

Darcy porous medium with wall heat flux, Propulsion and Power Research

;7(2):147157.

Srinivasacharyan D., Ch. RamReddy, P. Naveen (2018) Double dispersion effect on
nonlinear convective flow over an inclined plate in a micropolar fluid
saturated non-Darcy porous medium, Engineering Science and Technology,
an International Journal 21 (2018) 984995

Shateyi S., Motsa, S.S. and Precious S. (2010). The effects of thermal radiation, hall
currents, soret and dufour on MHD flow by mixed convection over a vertical
surface in porous media. Mathematical problems in Engineering, Hindawi, 1,
1-20.

Sharma B.R. and Aich A. (2016). Soret and Dufour Effects on Steady MHD Flow in
Presence of Heat Source through a Porous Medium Over a Non-isothermal
Stretching Sheet. IOSR Journal of Mathematics, 12(1), 53-60.

Shepley L.R. (1984). Differential Equations, John Wiley and Sons.

Shah Z., Abdullah D., Khan I., Saeed Islam, Dennis Ling Chaun Ching, Aurang Zeb

Khan (2019). Cattaneo-Christove model for electrical magnetic micropolar
Casson ferrofluid over a stretching/shrinking sheet using effective thermal
conductivity model, Case studies in Thermal Engineering, 13, 100-352.

Sudhakar C., Bhaskar R.N., Vasu B., Ramachandra P.V. (2012). Thermophoresis

Effect on Unsteady Free Convection Heat and Mass Transfer in a Walters-B

200



Fluid Past a Semi Infinite Plate. International Journal of Engineering Research and

Applications, 2(5), 2080-2095.

Sulochana C., G. P. Ashwinkumar and N. Sandeep (2016). Numerical Investigation
of Chemically Reacting MHD Flow Due to a Rotating Cone with
Thermophoresis and Brownian Motion, International Journal of Advanced
Science and Technology, 8661-74
http://dx.doi.org/10.14257 /ijast.2016.86.06.

Swapna Y., S.V.K. Varma, M.C. Raju and N. Ananda Reddy (2017). Chemical Reaction and
Thermal Radiation Effects on MHD Mixed Convective Oscillatory

Flow Through a Porous Medium Bounded by Two Vertical Porous Plates, American-
Eurasian Journal of Scientific Research, 12, 2, 84-93.

Tonekaboni Seyed Ali Madana, Ramin Abkar Reza Khoeilar (2012). On the study of
viscoelastic Walters’-B fluid in boundary layer flows. Mathematical problems in
Engineering, Volume 2012, Article ID 861508, 1-18, doi:10.1155/2012/861508.

Trefethen L.N. (2000). Spectral methods in MATLAB, SIAM.

Vedavathi N., Ramakrishna K., and Jayarami R.K. (2015). Radiation and Mass
Transfer Effects on Unsteady MHD Convective Flow Past an Infinite Vertical
Plate with Dufour and Soret Effects. Ain Shams Engineering Journal, 6,

363-371.

Vijayakumar K. and E. Keshava Reddy (2017). MHD Boundary Layer Flow of a
Visco Elastic Fluid Past a Porous Plate with Varying Suction and Heat
Source/Sink in the Presence of Thermal Radiation and Diffusion, Global
Journal of Pure and Applied Mathematics, 13, 6, 2717-2733.

Walters K. (1962). Non-Newtonian effects in some elastico-viscous liquids whose
behaviour at small rates of shear is characterized by a general linear
equations of state. Quart. J. Mech. Applied Math, 15, 63-76.

201



Wikipedia Retrieved 4th March 2019.

202



