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Abstract

In this work an SEIR epidemic model was proposed to understand the impact of
other efforts (such as inable envir [ policy, quar , health education,
etc) in wildition with vaceination in generating speedy transition to recovery even at
the ‘exposed stage'. The possibility of transition [rom the exposed class to the recovery
class was ml.-mg info consideration. The dynamics of the compartments were described
by a system of ordinary differential equations and all the equations were solved to
establish the diseiuse free equilibrium state and the epidemic equilibrium state of the
maodel. Stability analysis was also carried out on the disease free equilibrium state and
the epideniic equilibrium state using the concepts of the characteristic equation of the
Jacobian determinant and the Bellman and Cooke’s theorem. Numerical simulations
were carried out with the help of Mathematical Software (Maple) using parameter
values from published data as the base. It was Jound out that the disease free
equilibrium state and the epidemic equilibrium state of the model were stable.
; Stability of the equilibrium states of the model implied that the disease died out
e T Whenever there was an outbreak due to combination of vaccination and other factors.
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;lntroductihn

[ectious diseases have tremendous influence on human life. Every year, millions of human beings suffer or die of various
witious diseases. 11l 1971, 22,931 cases of cholera and 2,945 deaths with a case fatality rate (CFR) of 12.8% were recorded
ria [1].
¢ cisease reoccuried in 1991. 59,478cases and 7,654 deaths were reported. The CFR was 12.9% which remains the
dést rate reported by the country to date [1].
adittion, Nigeria recorded the outbreak of cerebrospinal meningitis in 2009 with 38,586 cases and 2,172 deaths with a case
rate of 5.6%. In 2002, the country also cxperienced a serious outbreak of Lassa fever which subsided with more than
0 ¢ases with 112 deaths and a case fatality rate of 6.6% [2].
coﬁitbreak and spread of disease has been questioned and studied for many years and controlling infectious diseases have
‘i aiincreasingly complex issue in recent years. The ability to make predictions about diseases could enable scientists to
- uilizle inoculation or isolation plans and may have a significant effect on the mortality of a particular epidemic [3]. The
ﬂ"m’;del{ng of infectious diseases is a tool which has been used to study the mechanism by which disease spread, to predict the
hiwre course of an outbreak and to evaluate strategies to control an epidemic [4]. Vaccination has been established as an
 wdipensable instrument to fight against the propagation of epidemic diseases and a good number of wars against epidemic
diwasts has been won through Vaccination [5]. ’
Efedéal [6] investigated the control of measles by vaccination in a particular part of Kenya and claimed that where there is
noubreak of the disease and there is an introduction of a mass vaccination programme which can cover about 97% of the
Fo _p(:pul:ﬂlion, not everybody will become immune because vaccine efficacy is usually not 100% which mean that part of the
. pyulition will be immune and others will be vaccinated but not immune. They however placed emphasis on education and

°§ Cormsbonding author: A.A. Ayoade, E-mail: ayoadeabbayomi@yahoo.com , Tel.: +2348077697136, 7038003294(M.0.I)

- Journal of the Nigerian Association of Mathematical Physics Volume 32, (November, 2015), 221 — 228
: ‘ 221

RN 2+ L

e

CILINES




On the Sta bility... Ayoade, Ibrahim, Edogbanya, Odetunde and Akinyemi J g 2

argued that more p

of the deadly meas]

To support the impact of other efforts

i | has to take into consideration not on]
J i factors (risk behavior) that may alter
1 lity

eople should be eduyc

ated in order to create awareness
es disease.

to the disease so that the community will

apart from vaccination in controll

Y vaccine-related Parameters such as coverage, effi

the expected theoretical predictions [7]. They maintaineqd that

reduce susceptibiljt 0 infection should be characterized by at least three parameters whj

it ) waning period. AJl these parameters, according to them, interact and determine to a certain de;
‘ f ! inati - Coverage and efficacy are relateq to cost either in terms of vaccinati

‘ > &.L.C., orin terms of intrifsic factors, €.g., quality
catered for and supplemented by other efforts apart from vaccination,

Most of the outbreaks especially in less developed countries
behavior [8]. For instance,

ed from environmental factors and
cholera s a very serious problem in many de i
drinking water supply, imp

ing infectious diseases

, the application

L i
om the environmenta] factors and negative human behavio,
stigating the effect of the combination of vaccinatio

qQuarantine, isolau’on,

N and other factors Jike sustainable environmen
personal hygiene, public enlightenment to mention but a few in fighting against the pro
epidemic diseases. i

tion, B is the transmission constant (with th
are the rates of movin
] . .
| the disease durmg the latent s
g i‘ {. population and a]] parameters
f
f
b

€ total number of infectiops Per unit of time at time
g from exposed stage to recovered class

tage is neglected. y is the recovery rate and o is the rate
are non-negative,

‘t’ h ) ng
and infectious class respectively though death

of losing immunity, N i

Fig. 1: Diagrammatical representation of the mode] b
Fig. 1 showed that those who were successfully vaccinated would receive immunity and moved straight to ¥
class though some of them would dje naturally. Besides, those who were not vaccinated or not successfully vaceinated
also die naturally. Those who were alive but not vaccinated
became exposed. As a resy]

Or not successfully vaceinated would contact the disease
t of the fact that certain Proportion of the exposed individuals was not ignoran; of their s
through other efforts on ground apart from vaccination, a £0.
the recovered clasg at a rate athough some of them would die naturally. The remaining individuals in the expased olass b
atus or not successfully cured of the disease would become inft i
would die naturally before bec of the infectious individuals would die either naturally or as
the infection while the remaining individuals would be cured vered class at a raf
while the remaining people would
the expiration of immunity and the flow would continue like that.
The model €quations are gjven as:
) -,uS+wR(t)—vN(t) ~ . Gy
== -\‘”;‘()[')m ~W+a+o)EQ)

od number of them would be cured of the diseasg and moved

were totally ignorant of theijr st ectious though some
oming infectious, Some

of the disease and moved to the reco ;
of those who recovereq from the disease would die naturally become susceptible agsin
L = an(e) — B5010) 3
dt

(2) £ 15
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0 =Gty +p)i(r) ©)
MO~ (@ + WR(E) + aB (1) + YI(t) )

el Equations b

(1)- (4) are feasible solutions and Positivity of solutions. The feasible solution
gion in which the solution of the equations is biologically

meaningful while the positivity of the solutions
€ equations (1) — (4) [6].

I Feasible Solution
i .ﬂé’ﬁu{p]é‘solution set which is positively invariant set of the model is given by
& C[SELR) € R: S<E+I+R =N < N(m—pu) }RY,

wn that all the variables in (he model equations (1) — (4) are non-negative. The total population of (1) — (4) is
i % P | 18 N B

which implies thatg? "-*i g + % + :—és(t’;%—%
W US + wR(t) ~ vN(t) + i

) —(u+a+a)1:‘(t)+
I @t R©) 1 aB () + i)

OE®) = (u+y +p)I(t) +

A
(i
671K+ 6RE ~ o) = 0

®)
ta+o)E(t) =0 )
+PI) =0 (7
WR(t) + aE O +yit)=0 (8)
on (6); —(u+a+o)E=0 since [=0
: vN(t) — (w + WR(t) =0 since I=E=0
R = 2N®)
W w+p
TN(t) — uS + WR(t) —vN(t) =0
T
\ b s #{nN(t)+v i
Hﬁ&@e isease Free Equilibrium State is given as
SEIR—N uv 0 vN(t)
£ = (G- ) 00 20
1) The Epidemic Equilibrium State ’
- S0SKE® =X, 10) =y, Rt) =
€ system of equations becomes:
' ﬂ‘-’:.-uk+wz—vN=0 ©9)
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B2 utata)=0
oxX—(u+y+p)y=0
vN—(w+u)z+ax+yy=0

From equation (11); x= @y
Putting equation (13) into (10) to obtain:

k +y+
Ty—(,u+a+cr)-(#+p)y=0

Bl ut+y+p)]
y[F (u+a+o)—T =0
k +v+p)
y=0 or %—(y+a+a)w=ﬂ.
Hence: = N(uta+o)(u+y+p)

ap
Using equation (13) in equation (12), we have:
+y+
vN—(cu+,u)z+a(# r+e)
1 a(uty+p)+oy
zZ= m (‘UN + \a y)
From equation (9);

y+yy=0

—%~uk+wz—v~=0

N(t)
z=ﬁ(%+uk—nN(t)+vN
Equating (15) and (16), we have:
1 au+y+p)+

oN 4+ -+ Y +p) +oy
W+ u o

alu+y+p)+ay gk o
( (0 + p)o _my—wk+w(v 1

N
vN
w+p
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(10)
(n
(12)
(13)

(14)

(15)

(16)

awN@ +y +p) + wNoy — o(w + p)pk
( owN(w + )

. (w+y)uk—N(m+y)(7r— v) — wuN

w(w + p)

y= awN(u +y + p) +wNoy - a(w + )k

Using the value of k as obtained in equation (14);
=N Ub‘(wﬂt)(v—n)+u(m+u)(ﬂ+a+a)(ﬂ+y+p)—wv{iv)

y B wlrrwa(ﬂ+y+p)]-(w+u)(u+a+n)(u+y+ﬂ) -

From equation (13); Xi= @

x = Nuty+p) (ﬂﬁ(wﬂt)(wN)+u(w+u)(p+a+a)(u+r+p)—wwfd)

aff w{w+n(u+r+p)l~(m+u)(ﬂ+a+a)(u+y+p)
UN + &(uty+p)toy

From equation (1 5);

=

gwN(w + ) (w+u)/1k—N(w+/1)(7t—v) —va)
( w(w + )

(17)

(18)

@+p wldy+a(ﬂ+y+ﬂ)]—(w+u)(ﬂ+v+a)(u+y+p)

8.0
8.1

Dynamical Behavior of The Model

N Hu vN(t)
Ey=(S,E,ILR) = —{ —‘}, e
1= & (u i w+p 00w+,u

LI £S

= kS 0 e odinds
' N # N @
Bl £S
: J=| = _(u+o+ £ 0
i N (u+o+a) N
| 0 o ~(u+y+p) 0
| 0 a ¥ —(u+w)
1
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Stability Analysis of the Disease Free Equilibrium State o
It has already been established that the System of equations (1) -

Again, the general variational matrix corresponding to the system is given as

(19)

D Stab

-« isease free equilibrium st 1L o) &
(4) has disease free equflr : e

; : lithe zeros of 1

“% H0)G!(0)= G

(20) ; fConverser, all
SRR )

B A

B i A

& Using the value
o forease of sim;
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ﬂ% i€ Wﬂb’i, we obtain;

b Stability...

isease free equilibrium

0 p‘ P ) @
s o+pu X 8
Giap TR D, @
: u  o+pu
~u+7+p) 0
. 4 —(,u+w)J
y is obtained from the Jacobian determinant with the values A.
, 0 B8 uimw
ip -' n w+u
(iro+a)-1 ﬁ(n—mﬂv—) 0 -0
. & H o+ pu
¥ o Sty p)-4 0
a y —(u+w)-2

‘i‘;_,,q,a-..,l By__p
2 (u+oto) ,u(” m#) -
R [ o (u+p+y)-A
0 eigéiivalues are:

ctetistic equation is given as:

3 gpr(w + p) — pv)
: p*r)l+(u+a+a)(u+p+r)—%z)—=
0 check for the roots of the characteristics equation above.

’ s of the characteristic equation of a quadratic equation
will all be negative, if and only if all the coefficients satisfy a, > 0.[10].
atic equation:
! of(n(w + p) — uv)
+PEA+uto+a)u+p+y)——C TR TR,
e Mok p ) ——— s

of(m(w + p) — uv)
> —_—
i u(w + )
nce of the disease (DFE), f3 is zero, it follows that the above inequality holds, and therefore the system of
;gdto be locally asymptotically stable.
ility Analysis of the Epidemic State
apply the approach of [11] to establish the stability of the endemic equilibrium state
v .

)= P(z, €%, z € R where P(z, ¢?) is a
and imaginary parts such that
iG(y)
H (2) has negative real parts, then the zeros of F(y) and G(y) are real, simple and alternate and
(0)F'(0)> 0 forally € R ~ (22)
, all zeros of H(z) will be in the left half plane provided that either of the following conditions is satisfied:
Il the zeros of F(y) and G(y) are real. Simple and alternate and the inequality (22) is satisfied for at least one y
All the zeros of F(y) are real and for each zero, the relation (22) is satisfied
Il zeros of G(y) are real and for each zero, the relation (22) is satisfied.

alues of both S from equation (14) and I from equation (17) in the Jacobian matrix (20) and leaving both y and k
lification, we have:

polynomial with principal term, and suppose that H(iy), y € R can be separated
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~y—=u-2 0

-K @
- - y —(;1+o'+a)—/l K 0 _
’J _AI,_ 0 o “(U+y+p)-2 0 .
0 a 7 “(u+w)-1
—(y+0'+a)—/1_ k
(—y—y—/l){—(y+w+/l)! -(/4+y+p)—/1'}

a
=0+ k(-0 + o +2) + o

(y+u+A)(y+w+l)[(y+a+a+/l)(n+y+
=(} ~

a'y+a(y+y+p+/1))}=0

p+l)—ak}—y{—ak(,u+w +) + wlad + (oy + au +
Hence,

p(/l)=zl‘+,13[y+4u+w+a+a+
m(y+p+a—a)+oy+a(y+p)+

+yQua +2,ucr+2py+pa+pa+2
+2you+ 3u%q + 3
+twya + wyo))

+[y(3/4+w+p+y+a+a)+y(3w-l_-6u+3

0+ wy) + 2payt + 2poy +

You + 2wua + 2wug + 2wpp + w,jq + wpo 4 Jup >

a+3a+3y+3p)+a)(y+p+a-¢r)+‘try
Hide
and imaginary part, |

That is,H(1) = F(2) + iG(A)

+[y(3u+w+p+y+rr+a)+;¢(3w+6u+3a+3a+3y+3p)+m(y+p+tz

+a(y+p)+pa-ak]

And ~

G(A) =—,13[y+4u+w+a+a+y+p]+l[(3wy2—k(2¢m+wa)
+y(2;¢a+2/.¢a'+2p,u+pa+pa+2yy+y

@+ Y0 +3u2 + o + WP A wy) + 2pap - 2pou + gy 2
+2you + 3u2a + 3uo + 3pu? + 3yu? + 443 4 2you + 2wuq + 2wua + 20pp + wpg + Wpa + 2y
+ wya + wya)] 3
Obtaining the derivatives of botly the re;

al part and the imaginary part
F1(2) = 423 —21[31(3;4+w+p+y+a+a)+y(3w+6/4

with respect (o A
/ +a(y+p)+po'—ak]
| And

+3a+30+3y+3;;):ka;(y+p+q—&

S

o

L f [ G‘(/I)=—312[y+4,u+w+¢1+a+y+p]+[(3mu2—k(2¢m+am) _
| +yQua + 2u0 + 2pu+ pa + PO+ 2yu + yq + Y0+ 312 + wo + wp + wy) + 2pap & 2poy
i + 2you + 3u2q + 3uo + 3pu? + 3yu? + 443 4 2you + 2wpa + 2wy 4 2wpp + wpq + wpg.
+ wya + wyo) 3 > ;
Setting A= 0 in F (0), G(0), F!(0) and G'(0), the expressions reduced to : - 450
F(0) = [y(3u+w+p+y+o'+a)+u(3w+6/1+3a+30'+3y+3p)+w(y+p+a—a)+a‘y+a(y;+‘1})
—ok]
G(0) =0
F10) = o

G'(0) = [Bwp?

~
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"élr-+p+y+a+a)+u(3w+6u+3a+30+3y+3p)+w(y+p+a—a)+
- 5Q(Zan+wa)+y(2ya+2,ua+2pu+pa+po+2y;¢+ya+ya+3;42 +wao +
2yau + 2yop + 3u’a + 3uo + 3pu® + 3yu? + 483 + 2ywp + 2wpa + 2wpo + 2wpp +
,Q')] >0 ™ (23)
of yand k. F(0)G'(0) — F'(0)G(0) becomes
1 )(v-u)+p(m+y)(p+a+u)(u+r+p)—muBa
e e )@+ w+p+y+o+a)+uGo+ 61+ 3a +
] +a@-ag)+oy+aly+p)+ po—ao ("”")00””" )] [(3(0;42 - ("M”)a(’”””) Qou+ wo) +
— m‘::::;p") Qua + 2u0 + 2pp + pa +p0+2yu+ya+yo+3u2 + Wo + wp + wy) +

@+ 2you + 3 a + 3u0 + 3pu® + 3yu? + 4+ 2y + 2wpa + 2wpo + 2wpp + wpa + wpa +
] (24)

a 'ﬁ.lafemic equilibrium is locally asymptotically stable.
R
ical Siniulation of The Epidemic Equilibrium

|+ pa - k] [(Bwu® ~ k(2ou + wa) + y(2ua + 2u0 + 2pp + pa +po+ 2y +ya +yo + 3u% + wo +

~F' )6(0)‘=[y(3u+w+p+y+a+a)+u(3w+6u+3a+3¢+3y+3p)+w(y+p+a—a)+ .l
il
pau + 2pan 'I‘Zyd1l+2y¢m+3uza+3ua+3puz+37uz+4u3+2ywu+2wua+2wua+2wpu+ '

+ 20y | aya + wyo)] v
urce of Initial Value of the Parameters f
_ | Inferpretation Value Source ;
oy Transiission constant 0.091 [6] i
| Latent period 0.125 [6] ; ‘
- Natural death rate ; 0.005 Hypothetical value ."
Recruitment jate 0.45 [7] !
Rate of osing immunity 0.36 [7] I
| Disease induced death 0.009 : [6] t
| Recovery rate 0.6 [7] f
it Rate of vaccination 0.7 [7]
3 Transition rate from latent to recovery 0.075 Hypothetical value
A) i I gives the source of initial value of each  parameter except natural death rate
st Jﬁﬁ.ls'}tign rate from latent period to recovery which cannot be quantified. The values of some parameters are then varied
R 7J and the result is presented in Table 2. :
M erical simulation of the Epidemic Equilibrium
0 I b3 ) p y v a J Remark
0.005 | 045 |0.36 [0.009 | 0.6 | 0.7 0.075 0.2238 Stable

0.005 | 045 |0.36 [0.005 | 0.6 | 0.55 0.045 0.3949 Stable
0.005 | 045 |0.36 [ 0.005 [ 0.6 | 065 0.045 0.2490 Stable
0.005 | 0.45 |0.36 [0.005 | 0.6 | 0.75 0.045 0.1446 Stable
0.005 | 045 036 [0.004 |06 |0.85 0.055 0.1117 Stable
0.005 | 045 [0.36 [0.003 |06 | 095 0.060 0.1078 Stable
0.005 | 045 |0.36 [0.005 | 0.6 | 1.05 0.025 0.8588 Stable
0.005 | 045 |0.36 | 0.006 | 0.6 | 1.05 0.010 1.0804 Stable
0.005 | 0.45 | 0.36 [ 0.009 |06 | 085 0.075 -0.0394 Unstable
0.005 | 045 |0.36 [0.009 [06 | 0.90 0.075 -0.1272 Unstable
0.005 | 045 |0.36 [ 0.009 |06 | 095 0.075 -0.2149 Unstable
0.005 ] 045 [0.36 [0.009 |06 | 1.00 0.075 -0.3027 Unstable

investigated stability analysis of infectious diseases with vaccination and other factors using an SEIR model as a
Ine. The positivity of solutions of the model equations was established and the disease free and epidemic equilibrium states

worked out. The Jacobian determinant was evaluated for the DFE state and the roots of the resulting equation were all
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negative which established the local asymptotic stability of the model. We used Bellman and Cooke’s theorem
parameter J and the numerical simulation was carried out by using published data as initial values. The resul
showed that the epidemic equilibrium is locally asymptotically stable. 3

From the simulation table, we deduce that the parameter J tends to an unstable state for the epidemic equilibri
for the disease eradication) as a result of increase in vaccination rate with constant rate of applying other efforts
vaccination and decreasing rate of disease transmission due to immunity from vaccination, Besides, increase in
rate together with increase in the rate of applying other efforts apart from vaccination tends to move the mo |
stable disease free equilibrium state because the values of the parameter J decreases which is as a result of decre;
on the transmission rate and disease induced death rate. Also, results from the table show that application of vac
poor emphasis on other social factors distorts the stability of the epidemic equilibrium state. 4

12.0  Conclusion '

In this work, we have provided via mathematical modeling another understanding of managing infectiofxs ‘
results obtained i i i

strategy that could lead to the eradication of infectious diseases.
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