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Abstract

In this paper we determine the radii of starlikeness and convexity of functions of the class 7,%(B)
introduced in [3] by Opoola. It is well known that for n= 0, this class consists largely of analytic
functions, which are not necessarily univalent in the unit disk. For this case # = 0, the radius of
univalence is indicated by the sufficiency of starlikeness.
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1. Introduction
Let A denote the class of functions:
f2)=z+ay?+-- (1.1)
which are analytic in the unit disk £ = {z : |z| < 1}. Also let P be the class of functions:
pz) =1+pr1z4ps® +--- (1.2)

which are analytic in £ and have positive real part.
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In [3] Opoola introduced the subclass 7,%(B) consisting of functions /'€ 7 which satisfy
the inequality:
Dn 7 o
o D)

an Z(X

>B (1.3)

where o0 > 0 isreal, 0 < B < 1, D" (ne Ny ={0,1,2,...}) is the Salagean derivative
operator defined as

D'f(z)=D(D""' f(z)) = (D" f(2)] (14)
with D°f(z) = f(z) and powers in (1.3) meaning principal values only. The geometric
condition (1.3) slightly modifies the one given originally in [3] (see [1]).

It is well-known that for /" € 4 the condition that

o L)

—=>0, zl<r (1.5)
1) |
is necessary and sufficient for starlikeness (and univalence) in the disk |z| < r, that is the
function f(z) maps the disk |z| < r onto a starlike domain. Also a necessary and sufficient
condition for f € 4 to be convex in the disk |z| < r is that

(1+ f;g;) >0, |zg|l<r (1.6)

If we know that a function maps the unit disk onto a domain having some nice geomet-
ric properties such as above, then we have the means of a more penetrating study of the
function. These classes of functions were generalized by G.S. Salagean in [4]. Salagean
stated that a function f € 4 belongs to the class S,(A), 0 <A < 1 if and only if

D" f(z)
D f(z)

where for n = A = 0 we have (1.5) and n = 1, A = 0 gives (1.6).

In the present paper we solve the conventional two radius problems for the class 7,%(p).
Our approach is to determine, for functions of this class, the radius of the largest disk
Eo = {z:|z| <ro(o,B)} in which the conditions (1.7) holds for A = 0. Thus the radii of
starlikeness and convexity of functions in 7,*() follows as simple corollaries. The class
T%(B) is a generalization of many known classes of function (see [3]). Thus the result of
this work will naturally lead to those known about such classes. In particular, our main
result generalizes those of Macgregor [2], Tuan and Anh [5] and Yamaguchi [6].

The main result of our paper is the following:

Re > A, lz| <r (1.7)

Theorem 1.1. Let € T*(B). Then f € S,(0) for |z| < ro(a,B) where

R |
(et U TOR Bl i 0 < B < By()
1

ro(o, B) = (ﬂam(nmﬁ—1(1—a2)<1—p)+4am) Bl <B<1 B (9

14+02)(1-B)+20(1-3B) 1+60+02

i l+(x
(HiL(l) ¥ f B l+6a+a2

The results are the best possible.
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Corollary 1.2. Each function f € T5*(B) maps the disk |z| < ro(o., B) onto a starlike domain,
where ro(o, B) is defined by (1.8).
The results are the best possible.

Corollary 1.3. Each function f € TIY*(B) maps the disk |z| < ro(ot, B) onto a convex domain,
where ro(a., B) is defined by (1.8).

The results are the best possible.

In Section 2., we state some preliminary lemmas, which we will depend on in the proof
of our result in Section 3..

2. Preliminary Lemmas

We shall need the following lemmas:

Lemma 2.1 ([5]). Let p € P. Then for 0 < B<landlz|=r<],

—2(1-B)r
Red 2@ | _ | mesy Jor By <y, i
eq ——— 3 > R i
25 +p(2) ]—‘_%+IT‘B[2RI—%K} for Ry <R,
where 1
s — 12\ 2 14+(2B8—
Ry = %—B B(2p b and R = 2P 1p (2.2)
1—r2 147
The functions given by
= for Ri<R,
pa)=4 (2.3)
1= for Ry <Ry,

show that the inequalities are sharp.

For a given r < 1, the transition from the first case Ry < R, to the second case R, < R,
takes place when B = B, € (0, 1), where By is determined by the equation R, = R,.

Lemma 2.2. Let f € A, and o. > 0 be real. If D" f(2)*/D" f(2)* takes a value which is
independent of n, then
D D)
Df(2)* 7 Df(z)

Proof. Let D" f(2)*/D" f (z)* assume the same value for all » € Np. For n = 0, the asser-
tion is easy to verify. Let # = 1. Then

(2.4)

DS | o i DG (. 1\ D)
Difee T e ‘le(z)*(1 a) DY /()5
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But D! f(2)*/D° f(2)* = D?f(z)*/D" f(z)* so that

D) _ DA(2)
D/ DG

Next assume that (2.4) is true for some integer k. Then

DR DR | DR
e Ve o)

and

D2 f(2) - <1 B l) PHI f)® +Dk+2f(z) 2.5)

Dk f(z)* o) Df(z)* ~ DMIf(z)
But DXt £(2)*/D f(z)® has the same value for each & so that (2.5) can be written as

DA <1 ! ) D2 f(z)*  DM2f(z)

DFfEE o) DR T DA

that is, -
+2 £ N0 k+2 £(
D f(z)* DA ()
Hence the lemma follows by induction. O
We now turn to the proof of our main result.
3. Proof of the Main Result
Let f € TX(B), then there exists p € P such that
D" f(z)* = o"z*[B+ (1 —B)p(2)]. (3.1)
Logarithmic differentiation of (3.1) yields
Dn+l Z)& !
DS, PE) (3.2)
D' f(z) 25 +2(2)
Since the right hand of (3.2) is independent of #, it follows by Lemma 2.2 that
D f(z) zp'(2)
" =0+ ——. (3.3)
D f(z) 25+ 1)
Now let R, and R, be as in Lemma 2.1 and suppose R; < R,. Then applying the lemma
we have o
R ) 5 g ikl Vs (3.4)

Prf(z) — (1+r(1+2B—-1)r)
It is easy to deduce from (3.4) that
D (2)

R D7)

>0, (3.5)
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provided |z| = r < ro(c, B), where ro (o, B) is the smallest positive root of the equation
a(2B—1)r* +2(0B+P—1)r+0 =0, (3.6)

which is the first part of (1.8).

Evidently ro(a, ), in this case, is not real except B < (1 +0?)/(1 + o)?. Furthermore
since ro(a, B) < 1, we must have B < 1/(1 4 2at).

Next we suppose R; < R; then using Lemma 2.1 again, we have

D f(z) B ! 1-(2p-1)7
Re > — 2R ————— |,

D) TR TR T T R
which implies that the condition (3.5) is satisfied if |z| = r < ro(ot, B), where ro(c, B) is the
smallest positive root of the equation

o 3.7)

ar* +br* +¢ =0, (3.8)

where

a=(1-B)*(1+0?)+2a(1 —B)(1-3p),
b=2(1-PB)*(1—0o?) +8aB(1 -B),
c=of(aB+2B—20) + (1 —B)* + o —20.

IfB# (14a)?/(1+60.+ o), the solution of (3.8) is the second part of (1.8), otherwise
we have the last segment of (1.8).

From equation (2.3) we deduce that the functions are given by

2 if 0< B < Byl(o),

D" o 14z
af: (i) s (3.9)
2 B
S i By(@ <B<l,
show that the results are the best possible.
For any o, the number B (ar) € (0, 1) is the solution of the equation:
o1 2 %
4loB(1—B)J2 — [(1 —a®)(1 - B) +40p)]
(1+02)(1—-B)+2a(1 —3p)
_m+wm—MLowm—Mﬁwu+w—l(“m
n o1 —2B) P
For instance, if o0 = 1, we have By(1) = 1—10 as in [5, Theorem 3.1]. This completes the
proof. O

Remark 3.1. We note here that several cases of the parameters n, o. and B lead to many
known results. For instance, as indicated earlier, if we take oo = 1 in Corollaries 1.2 and 1.3,
we have the results of Tuan and Anh [5, Theorems 3.1 and 4.1]. Also for B = 0, Corollary
1.2 gives a similar result to that of Yamaguchi [6, Theorem 1] while Corollary 1.3 similarly
leads to a result of Macgregor [2, Theorem 2].
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