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ABSTRACT

A mathematical modal of one-dimensicnal chemicslly rem:
LR

i2 presented. The effects of wall friction, hest tes
area change are included in &ddition to the effects of &

on the composition and specific hesats of the gas.

& numerical mathod of characteristics. The equations for
dary conditions are also presented.

The model was appliad to & shock tube in which 1o chemical
took place. The pressure at the closed lefr end of the
dicted with rthe model was in very good agreement with the
ed hy Rudinger using a graphical method of characteristics.

The model was also applied to a simple qwur-nvou’giﬂ_ =
pipe pulsed combustor, The combustion process was modelled us
simple oversll reaction rate equation. The model predicted

litudes that are in good qualitative agreement with expe
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1.  INTRODUCTION

Unsteady chemically reacting one-dimensionsl flows'oteur in pulsed
combustors, exhaust system of internal combustion ®ngines, shock tubes
and propulsive nozzles. If the fuel-slr ratio 13 small, the assump-
tion of simple heating In which no notice is given to the changes In
chemical composition, molecular weight and specific heats may be made.
But in some cases, nog..lgancc of. chemical reaction effects on composi-
tion and specific heats may yleld inaccurare results. For fnstance,
Cline [1] in his three-dimensional steady flow analysis of a rocker
propulsive nozzle reported that the predicced thrust may differ bet-
ween frozen and equilibrium flov by as much ss 15%.

In their mathematical model, Clarke and Craigen [2] treated the N
combustion process in & simple organ-pipe pulsed combustor as heat ad- :
ditfon to air. Thay hed to use an unrealistically high Ras l.-bltvtty
to obtaln reasonable temperature in the combustor, The work reported i
in this paper 1e &n extension of their work t¢ include the effect of
chemical reaction on composition and specific heats in madalling

- unsteady cne-dimensional flows such as occur in pulsed combustors.

2., MATHEMATICAL MODEL
Assuming the flow to he one~dimensional and neglecting molecular
diffusion, longitudinal viscous and conductive effects, the conserva-

tion equacions for masrs, momentum, energy and species are '

:
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where @ is the densicy, t 18 time, u iz the velocity, x is the s
coordinate, a 15 the cross-sectional atea, p 15 rthe pressure, w is
the frictional force per unic mass, h iz the enthaipy, q is the heat
transfer rate to the fludd per unit mass, and C, 15 the mass fraccion
of the i-th species.

The chemical source functton for each of the N species,

By ™ g (psp Cpio vee Cut? (5)

can be determined from the chemica) resctions vccuring in the flov..

The specific enchalpy 18 given by

h = hip,o., Cyv ses Gy pd (6)

Using equation (6) ro eliminate enthalpy from (3) and substituting

from (4),
h
2
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The specific entropy
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can be introduced into equation (7) to obtain
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where another expression for the frozen speed of sound
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@ - @b, ¢, (10)
~ bas been used.
The gas mixture is assumed to be thermally perfect
P = RoT (11)
N
where R = I CR, (12)
i=]

and l‘ is the specific gas constant of tha i-th specles.
Assuning the gas mixture o be calorically perfect,
h = c,('r - r,) + H:t h,‘ ayn

where c’ i the spacific heat at constant pressure for the ges mixcure,
T ds the temperature, T, Iis the raference temperature for the defini-
tion of enthalpy and entropy, and h“ is the anthalpy of fovmation of
the i-th species

N

. & “rUere : (14)
» o) * Py '

The specific heat st constant volume for the gas mixture

¥
¢c, = L c¢ um)
v =1 Y

and the racio of wpecific heats

v = %, (16

There are twe possible ways to define the enthalpy of the mixture. 144
‘one is going to ues the enthalpy of combustion to caleculate combustion
heat relesse Chen ths lamt term in sguation (13) i unnecesssry. Hut
£f one defines h &s in equetion (13) then the combuscion hest release
is taken care of with the enthalpy of formatiom. The specific entropy
of the mixturs is

s = ¢ tnVr-nnlm N r s Sl an
-Rin"/P,* 0 + I ] !
» R i o 5. Oy S

wvhere l" {8 the reference pressure for definition of change in entropy,

£, 45 the mols fractien of che t=th species and s,  in the entropy of
)
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forpation of the t-th species.
The relationship p = plps s) called the entropic equation of

atate 18
= (o) :
= xp
il ;

Equations (11}, (13) and (18) can be used TO deu'n the expressions

:c N C /Cy
37 1&, o (18)

for the parcial derivatives in equations (7), (8) and (9)., Substitu-
ting for the partial derivatives and also for the substantial deriva-
tive of density f£rom (1) im equation (7},
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where h1 - C’ (T - !‘) - hlt n '(20)
Substituting for the partial derivatives in equation (9)
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Choosing & characteristic leagth !o. the velocity of sound L
preasure p , and specific gas constant of the ambient air l . as
reference parameters, the non-dimensional forms of equations (19}, (2).

{21) and ($). respactively, are
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he ratio of spacific heats for the ambient air

3. NUMERTCAL METHOD

dons (22) - (25) constitute a set of quasi-linear hyperbolic
‘differential aquations which can be solved using the method of
iristics. A numerical scheme, the Hartree's hybrid scneme which
d by some earlier workers {3, 4| is also used in this work.
s method, & rectangular grid is imposed on the integration domain
. e equations are integrated along the characteristic directions.

nt variables used are P, U, §, C‘. C C

20+ ¢ e By
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Following the procedure given by Courant and Hilbert [5] the cha-
racteristic curves of eguations (22) - (25) can be shown to be

dx
-d—i = U+ A (26)
4x
2 - UeA (27)
% =) A (28)

Fquations (26) and (27) give the downstreanm and upstrean propagstion
directions in the X - Z plane, of 3 pressure wave travelling at the
frozen speed of sound relative to the fluid. Fquation (28) represents
N (the number of species) coincidant charactaristics vhich is the par-
ticle path line.

The compatibility equations along the characteristics of eguations
(26) and (27), respectively, are

e FLN R 3

WT*..&‘A”“'Y"N.O (2¢%)

and
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4

where 6—; is the differentiation following s characteristic having
‘-

reciprocal slope (U4A) while 7= is the differentfation following a

characteristic having reciprocal slope (U-A).

The cempstidbility equations aleong the characteristic of equa-
tion (28) are identically the same as equations (24) and (25).

The charactaristics reaching a grid point for different flow ve-
locities are shown in figure |, The characteristics having slopes
(U+A), (U<A) and U are labelled OV, TV and HV respectively. The
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te difference approximation of the compatibility equations are
‘

- o, vz
o, - Uy + ;‘: (:.‘A-)w (Pv- o)"(”””i?a"ov"z (31)

L - - -
Uy oY - T, (e ey R e AR U w'r?w%"w A2 §32)
S, = Sy (H¥ Yy a2 (33)
c'v = c’n + Giuv Az (34)

(t=1,2, iesy B=1),

For the N-th spacies,
N =t

cu""c. (35}

The double subscripts on a term indicates that the term is taken Lo be

the mean of its value at the end points indicated by the twe subscripts

-
.

(see Fig.l).

4. PBOUNDARY CONDITIONS

The characteristics reaching the right boundary which communicates
With the ambient sre shown in Fig.Z, The flow at the buundary is assu-
med Lo be gquasi-steady. 1

4.1 Inflow

The inflow is assumed to be isentropic.

Sv = SA (36)

vhere subscript V denotes value at grid point V and A denotes
wvalua of the parameter at ambient condition. 1
The mass fractions of the species ara the same as those of the

‘species in the ambient air
c, = ¢ on

oy W

(‘ - ,. e .""
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For quasi-steady inflow, the anergy oqut?on can be expressed as
C

S N CeRe /T
(38)

Y

o
¢ =%
Equations (29) and (38) were solved to obtain P“ and U by Newten's

mathod in 2-dimension [6].

4.2 Sonic Inflow

The velocity at the grid point equals the sonic velocity

Uv - lv (39)
fak B = rRT (40)
¥
o
e &'c ;
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221
Substituting from (3%) - (41) in equation (38),
C‘ T; YHY=1)
o = Pa :
TR W GRre/C, —1?*. s
+ CTexRIGCR T, i YWY e 1 poli=r)/y
5 j=1 1 ( U )T' L. (42}

| Supersonic inflow case is not considered since such a flow velecity is
not attainable at an inlet plane in quasi-steady inflow unless a flow

which is already supersonic is supplied to the intake.

4.3 Subsenic ‘Dutilow

For quasi-steady outflow, the static pressure at the exit plane
equals the anbienl pressure -

- -

e A (43

[his equat ton and the compatibility relations along OV and HV are
~ulved to obrain the values of dependant variables at the boundary.

hob &!:[&rm!c Outfliow
All the charscteristics are washed downstream. Equations (3)) -
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are solved as for an internal grid point to obtain the valuas of

"
variables at the boundary.
i.
: Closed End
- U, = 0.0 (54)

Equation (44) is solved along with the compatibility relations along OV
‘and HV to obtain the values of dependent wvariables.

i‘ft d t Variablas
The values of pressure, temperature, velocity, and mass fractions
59

as functions of time, obtained from axperiments, may be prescribed at
~ the boundary.

- A.7  Laft Boundary

The equations for the left boundary are of the sams form as those

| of tha right. The only differsnce is that the compatibility ‘relation
%;w characteristic is replaced with that along TV characteristic,

5. COMBUSTION MODEL

Complete oxidation of the fuel is assumed. Thus the products are

Nznnd Hy0, 8nd it i3 9ecAs3ary . to take only S species into sccount:

%I}- fual vspour and the products.

Tha following overall reaction equation which was used earlier by
and Craigen [2] is also used in this work

3
H

Soom i eh8: oS -E
mg ¥ cc:i A Co.~ o* expl IR“T ] (45)

: . E is the activarion energy and subscripts c,a! and Oz Tep~
i }ropm and oxygen raspectively.

—in practice, complete oxidation does not eccur and unburned hydro-
Fbons, CO and NO_ may be found in tha exhsust gases. However, the
')werall kinetic Approach |5 inevitadle at this stage since with the
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i

present knowledge of chemical kinetics Ona can not prasent a reliable
detailed kinetic scheme for the reaction of propané with air in unsteady
chemically-reacting flow like in pulsed combustor.

By stoichiometry, the species generation rates Per unit nass are

‘Coz - 2.9%941 i;'/o (46)
302 - -3.628 i;"/p (57)
‘Cgﬂg = -8 /p (48)
'“z° = 16341 d7p (49)

vhere subscripts coz and !20 represent carbon-dioxide and water raes-

pectively.

An activation energy of E = 35,000 and a reaction rate. constant of

Ke=3.0zx10°

were used in equation (45). These values are within the
ranges of literature values of E and K which vary from 21,000 to 168,000

kJ/kmol and from 3.0 x 10% - 4.8 x 108 =°/kg.s respectively [2].

6. HEAT TRANSFER AND WALL FRICTION
The rate of heat transfer by convection and radiation from the wall

to a grid node is

& 1 4
Vobe . o (O - 1) =5 oca (1) - 1) (50)

vwhere hc is the convective heat transfer coefficient at the inmer
in

surface of the duct, is the inner lateral surface area of the duct

%in
saction around the grid, ‘l" is the wall temparature, 'r' is the gas

temperature, ¢, is the emissivity of the wall, € is the emissivity

of gas and o 1is the Stefan-Boltzmann constant. The friction factor

C' and the inner surface convective heat transfer coefficient h. are
in

obtained using equations of the forms reiating friction factor and Nuss-

olt nmbar to local flow parameters in steady flow as suggested hy
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e [71.
-0.25
Cp = 0.25 Rej (s1)
h, d/k = 0.023 Nag Rpe 3 (52)
ia

where d is the duct dismeter, k 1s the tharmal conductivity of the
g3s, RBe iz Beynolds number sand Pr is Prandcl number. The frictional

~ force per unit mass on the fluid element at the grid is

4Cf
L ad uiul. (53)

7. APPLICATION TO A SHOCK TUBE
The calculations ware carried out on the CDC CYBER 175 computer,
To test the model, it vas spplied to predict the pressure at the lafe-
end of a uniform diameter shock tube vhich vas closed. The shock tube wh-
ieh was Initially filled with compressed sir at a nondimensicnal pre-
ssure of 2.83 and temperature of 1,348 discharged ns-_cmcm;‘ isentropi-
"',iiu'y to tha atmosphere through the right end vhich vas fully open. The
‘alr vas taken as a mixture of 76.7% nitrogen and 23.3X oxygen by mass.
The result of the computation |s comparad with that cobtained by
Rudingar [#] using a graphical method of characteristics in Fig.3.
 Figura 4 shows the results predicted with the model using 41 and 501
 grid points,
The Lime step for & certain grid £ize was chosen in accordance with

the Coursnt-Friedrichs-Lewy stability criterion (3] which requires that
ax
aZ < xR+ (54)

B. APPLICATION TO A PULSED COMBUSTOR
Tha modal was applied to predict the operation of a propane-fuelled
r-wavelength, organ pipe pulsed cambustor of the type used by
[9] and Clarke and Craigen [2]. This combustor is closed at tha

.‘, end wxcept for 4 Little opening through vhich fuel and air is admi-
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ttad. The right end iz fully open to the atmosphere. The combustor is
of length 1.985 m and diameter 51 mm.

For the computation, pressure-timé variation at the left end is ass-
uned to be sinusoidal and the amplitude peasured experimentally by Clarke
and Craigen [2] are used as data input. The mean gas tanperature af the
loft end (X = 0) 1s taken to be 600 K. The fnitial pressure and tempera-
ture distribution in the pulsed combustor st time £ = 0 are taken to be
atmospharic pressure and 4,5 times the absolute anbient temparsture.

Cyclic operation is caused by the effect of the laft and right end
boundary conditions and the intarmittent combustion. Conbustion was all-
oved to take place in any grid having fued and oxygen vhile the pressure
in that grid is rising from the meay value towsrds the maxinum according
to Rayleigh's eriterion (10!, The frequancy of the cyclic operation of
the pulsad combustor was taken to be 90 Ez. The computation converged to
cyclic oparation before the 12th cycla.

Pigure 5 shows the comparison of the computed pressure amplitudes
in th.; oombustor with the exparimental results of Clarke and Craigen [2?
for a fuel flow rvate of 0.56 kg/h and air/fuel ratio of 18.9. The pre-
gsure anplitude and mesn temperature distribution in the combustor for
the case when the mass flow rate of the fuel is 0.93kg/h and the aief
fuel ratio is 16.0 are shown in Figure 6.

Heat transfer from the extarnal surface of the pipa to the ambient
air is by natural coovection and radiation. Natural convection hest
transfer coefficient hc is calculftod fron the empirical relation

ex
for free convection from horizental pipe {11].

b dfk = 0.53(cr p)% B (55)
ex
where hc is tha convective heat transfer coefficient at the external

ex
furtsce of the duct and Gr is Grashoff number.
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The time-maan tempersture of the wall element around each grid node
was calculated using

l‘7:; (‘u * 1) o P
oo 4% N,
ey - T e (T, = Tlay, £ ey £56)

where (M:)l is time intervsl of the i-th step,

T {5 the stagnastion temparature in the |-th step
N is number of time steps in the cyclic period,

Newton-Raphson method was used to s¢lve for T  in eguation (56). The
gas emissivity e‘ used in the computation was 0,04 which is one quar-
ter of the value used by Clarke and Craigen [2].

9, DISCUSSION OF RESULTS . -

The agreement between the result pradicted with the model sad the
results of the graphical mathods in Fig.3, is guite good when one remam=-
bars that the numerical method involves a lot of interpolations. The
results in Fig.4 illustrate tha well known advantage of numarical method
of charactaristics that reasonable results can be obtained even with coa-
rse grid slze.

In figure 5, there is only a quaslitative agreement betwean results
predicted with the nmodel and the experimentsl result. Only such agree-
ment can be expected in this work because of the assumptions made in the
data input. The assumed sinusoidal pressure-tine variation at the left
end and Lhe constant gas temperature there are not accurate. Alsc the
assumad constant mass flow rate at the left end is much simpler than the
actual mass flow rate which varies with pressure at the laft end. These

crude data input had to be used in the absence of better valuas.
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The peaking of the mean gas temperature at a distance of about
X = 0.1 agrees well with the experimental result of Clarke and Craigen [2].
It should be noted that the value of the mean 8as temparature of 1.01 at
the right end is not the average efiflux gas temperature. The mean gas
temperature towards the right end is that lov because of the reverse flow
from the smbient that occurs during part of the cycle in addition to the
fact that an apprecisble percentage of the combuation heat ralesse is
lost through the wall to the ambient. Such a low temperature towards the
right end of the combustor was observed by Clarke and Craigen [2].

10. CONCLUSION

An algorithm for computing one-space dimensional unsteady chemically
reacting flow has been presented. Its validity has been proved by rasults
obtained from its applications to a shock tube and a pulsed combustor,

To obtain ressonable gas tamperature in a chemically reacting flow
such as occurs .in.: pulsed combustor, without resorting to using aexcessi-
vely high gas emissivity, one needs to consider tha effect of chemical
reaction on the gas composition.
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FIGURE 2: THE CHARACTERISTCS REACHING THE RIGMT BOUNDARY
GRID POINT.
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