BLOCK UNIFICATION AND BOUNDARY VALUE NUMERICAL
INTEGRATION SCHEMES FOR ORDINARY AND PARTIAL
DIFFERENTIAL EQUATIONS

MODEBEI, MARK IFEANYI
(15/68DR003)

FEBRUARY, 2020.



BLOCK UNIFICATION AND BOUNDARY VALUE NUMERICAL
INTEGRATION SCHEMES FOR ORDINARY AND PARTIAL
DIFFERENTIAL EQUATIONS

MODEBEI, MARK IFEANY!
(15/68DR003)
B.Sc. (FUNAAB) 2009, M.Sc. (IBADAN) 2013

BEING A THESIS SUBMITTED TO THE DEPARTMENT OF MATHEMATICS,
FACULTY OF PHYSICAL SCIENCES, UNIVERSITY OF ILORIN, ILORIN,
NIGERIA,

IN PARTIAL FULFILLMENT OF THE REQUIREMENTS FOR THE AWARD OF
DOCTOR OF PHILOSOPHY (Ph.D.) DEGREE IN MATHEMATICS.

FEBRUARY, 2020



CERTIFICATION

This is to certify that the research work reported in this thesis was done by MODEBEI,
Mark Ifeanyi with Matriculation number 15/68DR003 in the Department of Mathematics,

University of llorin, llorin, Nigeria, for the award of a Doctor of Philosophy Degree in

Mathematics.
Prof. R. B Adeniyi Date
(Supervisor)
Dr. CatherineN. Ejigji Date

(Postgraduate Coordinator)

Prof. K. Rauf Date
(Head of Department)

(External Examiner) Date



DEDICATION

This research work is dedicated to the Almighty God, the author and giver of wisdom.



DECLARATION

I, Mark Ifeanyi MODEBEI, a Ph.D. student in the Department of Mathematics, University
of llorin, llorin, hereby declare that this thesis entitled "Block Unification and Boundary
Value Numerical Integration Scheme for Ordinary and Partial Differential Equations”,
submitted by me is based on my actual and original work. Any materials obtained from
other sources or work done by any other persons or institutions have been duly acknowl-
edged. In addition, the research has been approved by the University of llorin Ethical

Review Committee.

Mark Ifeanyi MODEBEI Date
(15/68DR003)



ACKNOWLEDGMENTS

All thanks to the one and invisible God of all power and might, my source of strength,
wisdom, knowledge and understanding, for making my sojourn in the university a success
and for making this work a huge success. For | know that unless God build the house, the
labourers labour in vain.

With all sense of humility, my sincere appreciation goes to my supervisor, Prof. R. B.
Adeniyi, for his invaluable contributions, guidance, encouragement, refinement, and for
critically and patiently reading through this work, despite his enormous responsibilities
and tight schedules. His untiring efforts in going through this research work is highly
appreciated. May the Lord bless him and his family.

My appreciation goes to the Departmental Postgraduate Coordinator, Dr. Catherine
N. Ejieji, for her patience, advice, corrections and her motherly encouragements.

I wish to acknowledge the encouragement, useful and constructive criticism and ad-
vice from the Head of Department, Prof. K. Rauf and other lecturers in the Department
of Mathematics; Prof. O.M. Bamigbola; Prof. J. A. Gbadeyan, Prof. T. O. Opoola, Prof.
M. O. lbrahim, Prof. O.A. Taiwo, Dr. Olubunmi A. Fadipe-Joseph, Dr. A. S. Idowu, Dr.
E. O. Titiloye, Dr.K. O. Babalola, Dr. B. M. Yisa, Dr. K. A. Bello, Dr. O. Odetunde and
other lecturers and staff of the Department.

| appreciate Prof. S. N. Jator of the Department of Mathematics and Statistics, Austin
Peay University Tennessee USA for his availability, contributions, corrections and pro-
viding me with the needed tools to complete this work.

Similarly my appreciation goes to Prof. Higinio C. Ramos of Department of Applied
Mathematics, University of Salamanca, Salamanca, Spain, for his availability, contribu-

tions and corrections during the course of this research.

Vi



My infinite, unbounded and unquantifiable appreciation goes to my Lovely wife Mrs.
Anwuli Benedicta Modebei and my children Benedict, Raymond and Stephen for their
patience, love, sacrifices, supports and prayers throughout the course of thiswork.

My unreserved appreciation goes to my supportive parents Engr. and Mrs. A. E.
Modebei and my siblings for their prayers and encouragement.

| must not fail to appreciate my fellow colleagues in the Department; Akinyele Aki-

nola, Esther Taiwo, Collins Akpan, Abraham Ahiaba, Muyiwa Peter, and all well wishers.

MODEBEI, M. I.
February, 2020

vii



TABLE OF CONTENTS

TITLE PAGE ...ttt st i
CERTIFICATION ...ttt snsns i
DEDICATION ..ottt ettt e s iv
DECLARATION ..ottt %
ACKNOWLEDGMENTS. ..ottt ans Vi
TABLE OF CONTENTS ..ottt viil
LIST OF FIGURES ... ..ottt nae e e e nae e Xi
LIST OF TABLES ...ttt Xii
ABSTRA CT e a e e e e raeeanes Xiv
CHAPTER ONE: GENERAL INTRODUCTION 1
1.1 Background of the StUY ........c.coeiieiiiie e 1
1.2 AIM and ODJECHIVES ....c..ecieiieie ettt 2
1.3 Statement of the ProbIem ... s 3
1.4 Justification for the StUAY .........cccooieiiiieie e 3
1.5 SCOPE OF the SUAY......eoiiiiiie e 4
1.6 DEefiNItioN OF TEIMS.....cceeieieeieeeeeerese st 4
1.7  Chebyshev Polynomials ..o s 8
1.7.1  Properties of the Chebyshev polynomials Tn(x) ...ooeevvvniriirrrnniniinnnns 8

1.8 Organization Of the THESIS .....cc.ciiiiiiiiiee e 10
CHAPTER TWO: LITERATURE REVIEW 11
2.1 INEOTUCTION ...ttt ns 11



2.2 REVIEW OF LITBIAIUIE. ... et eeeeeeeeenenennneen 12

CHAPTER THREE: METHODOLOGY 17
3.1 INEFOAUCTION ...t 17
3.2 Derivation of the Methods...........ccoviiiiiiiie e 18

3.2.1 Development of Methods for g1 =4......cccccoiiiiiiiiiiiiiin e, 19
3.2.2 Development of the Block Unification Method (BUM) ...................... 21
3.2.3 Development of the Boundary Value Method (BVM).........cccocevveneenee. 25
3.2.4 Development of Methods for = 5....cccccciiiiiiiiiiii i, 28
3.2.5 Development of the Block Unification Method (BUM) ...................... 30
3.2.6 Development of the Boundary Value Method (BVM).........cccceueneee. 36
3.2.7  Method of LiNeS (MOLS).....cccciuiiiiiieiiesie e 40
3.3 Analysis of the MEthOds. ..........ccoiiiiiiiiiee e 47
3.3.1  Order and Error CONSLANTS ........ccccvrerieiiniirieieise e 47
3.3.2 Order, LTEs and Consistency of BUM and BVM for u=4............. 51
3.3.3 Consistency of the Main Method ..o 52
3.3.4  Order, LTEs and Consistency of BUM and BVM for u= 5............. 53
3.3.5 Consistency of the Main Method ..o 54
3.3.6  CONVErgence ANAIYSIS ......cuiiiiiieieie et 55

CHAPTER FOUR: APPLICATION, RESULTS AND DISCUSSION 95

4.1 Application of the Derived Methods ..o 95
4.1.1 Fourth order Boundary Value Problem in Ordinary Differential

412

4.1.3

414

EQUALION ... 95
Fifth order Boundary Value Problem in Ordinary Differential Equa-

Fourth order Initial-Boundary Value Problem in Partial Differen-
Al EQUALTTON ... s 97
Fifth order Initial-Boundary Value Problem in Partial Differential

EQUALION ... 100



415 Tables of Results......

4.2 Discussion of Results............

CHAPTER FIVE: CONCLUDING REMARKS

5.1 SuMmMary ......cccovevviiveiinnens
5.2 Conclusion.........cccceevvviennnnne
5.3 Contribution to Knowledge..
5.4 Recommendation.................

5.5 Suggestion for Further Work

References

Appendices

136

136
136
136
137
137

138

143



List of Figures

4.1.1 An efficiency graph of CPU time versus Errors for Problem 1...................... 104
4.1.2 An efficiency graph of CPU time versus Errors for Problem 2....................... 106
4.1.3 An efficiency graph of CPU time versus Errors for Problem 3....................... 108
4.1.4 An efficiency graph of CPU time versus Errors for Problem 4 ...................... 109
4.1.5 An efficiency graph of CPU time versus Errors for Problem 5...................... 111
4.1.6 An efficiency graph of CPU time versus Errors for Problem6...................... 112
4.1.7 An efficiency graph of CPU time versus Errors for Problem 7..................... 113
4.1.8 An efficiency graph of CPU time versus Errors for Problem 8..................... 114
4.1.9 An efficiency graph of CPU time versus Errors for Problem 9...................... 115
4.1.10An efficiency graph of CPU time versus Errors for Problem 10................... 116
4.1.11Surface plots for the numerical solution forProblem 11 ...........c.ccccovevviviiiicecenenen, 117
4.1.12Surface plots for the numerical solution forProblem 12 ............cccooreiiniicennnn 119
4.1.13Surface plots for the numerical solution forProblem 13 ...........ccccooviiiiiiiiiinnn 120
4.1.14Surface plots for the numerical solution forProblem 14 ..............ccccoevviveiiiceenennn, 121
4.1.15Surface plots for the numerical solution forProblem 15 ..........c.ccocooviiiiiiiiiicnnnns 122
4.1.16Surface plots for the numerical solution forProblem 16 ............c.ccoorvieniicinnn 124
4.1.17Surface plots for the numerical solution forProblem 17 ..........cccccovveivveivicinieinnns 125
4.1.18Surface plots for the numerical solution forProblem 18 ..........c.cccceceivveiviciniennnns 126
4.1.19Surface plots for the numerical solution forProblem 19 ...........ccccoovviiiniicennn 127
4.1.20Surface plots for the numerical solution forProblem 20 .........c.cccceeivveivicinicnnnns 130

Xi



List of Tables

3.1 Orderand error constants for 1 = 4 ....ovniviiiiiiiirere e e 52
3.2 Order and error constants for g1 = 5...cciieiiiiiiiii 54
4.1 Numerical Results for Problem1 ... ... ... ... ... 103
4.2 Error of Methods for Problem1. ... .. ... ... ... ... .. 103
4.3 Numerical Results for Problem2 ... ... ... ... . ... 104
4.4 Error of Methods for Problem2. ... ... ..o 105
4.5 Numerical Results for Problem3 ... ... .. ... L 106
4.6 Error of Methods for Problem3. ... ... ... .. ..l 107
4.7 Numerical Results for Problem4 ... ... ... ... L. 108
4.8 Error of Methods for Problem4. ... ... ... 108
4.9 Numerical Results for Problem5 ... ... ... ... ... 109
4.10 Error of Methods for Problem5. ... ... .. .. oL 110
4.11 Numerical Results for Problem6 ... .. ... ... ...... 111
4.12 Error Methods for Problem6.. ... ... .o 111
4.13 Numerical Results for Problem?7 ... ... ... ... . ... 112
4.14 Error of Methods for Problem 7. ... ... ... o 113
4.15 Numerical Results for Problem8 ... ... .. ... ... ... ... 113
4.16 Maximum Error for Problem 8. 114
4.17 Numerical Results for Problem 9 ... 114
4.18 Maximum Error for Problem ... 115
4.19 Numerical Results for Problem 10 .........cccccooiiiiiiiiiic e 115
4.20 Maximum Error for Problem 10.........cccooeiiiiiiiiiiieeeee s 116
4.21 Numerical Results for Problem 11 at t =0 ....ccoiiivniiiiininiii e, 116

Xii



4.22
4.23
4.24
4.25
4.26
4.27
4.28
4.29
4.30
431
4.32
4.33
4.34
4.35
4.36
4.37
4.38
4.39
4.40

Maximum Error for Problem L11. ... 117
Numerical Results for Problem 12 for ¢t = 0 ....oocvvuiiiieniiiiininicineceies 118
Maximum Error with for Problem 12...........cccoiiiiiiiiiiceece s 118
Numerical Results with ¢ = 0 forProblem 13 ... 119
Maximum Error with A = 0.05for Problem 13 ... 119
Numerical Results with ¢t = 0 forProblem 14 ... 120
Maximum error with h = 0.05for Problem 14 ... 120
Numerical Results with ¢t = 0 forProblem 15 ........c.ccoooiiiiiiiiees 121
Maximum Error for Problem 15.........ccooiiiii 121
Numerical Results with ¢ = 1 forProblem 16 ...........ccccooiiiiiiiiiiices 122
Maximum Error for Problem 16 at t =1 ....ovvviiiniiiiiniii e, 123
Numerical Results with ¢t = 1 forProblem 17 ..o 124
Maximum Error with ¢ = 0(0.1)0.5for Problem 17 .........cccoevviivviniininnns 125
Numerical Results with ¢ = 1 forProblem 18 ... 126
Maximum Error for Problem 18 at t =1 ....oivviiiniiiiinii e, 126
Numerical Results with ¢ = 1 forProblem 19 ... 127
Maximum Error for Problem 19 at t =1 ....ccuoiiiiiiiiiiiiiiiii e 127
Numerical Results with ¢ = 1 forProblem 20 ...........ccocoiiiiiiii, 128
Error of Methods for Problem 20 ... 129

Xiii



ABSTRACT

Many physical problems can be modelled as Differential Equations (DES). DEs require
solutions, either in closed form (analytic form) or in approximate form. Closed form
solutions are rare to obtain for some DEs of high order. Hence, the need for numeri-
cal methods/techniques. The difficulties in obtaining closed form solutions for higher
order Boundary Value Problems (BVPs) in Ordinary Differential Equation (ODEs) and
Initial-Boundary Value Problems (IBVPs) in Partial Differental Equations (PDES) are the
motivations for this study. This study was aimed at developing new classes of continuous
block integrators for solution of fourth and fifth order BVPs and IBVPs. The objectives
were to: (i) develop new classes of continuous block integrators for step number k = 5;
(ii) analyse the developed integrators for consistency and convergence; (iii) apply the de-
rived block integrators to solve the IBVPs; and (iv) compare the efficiency of the new

methods with some existing methods in literature.

The fourth and fifth order ODEs of the form:

ym = fley,y, ..., ym D), a<x<h) (1)

where m = 4, 5 with appropriate boundary conditions were considered. The assumed

trial solution is of the form

5
p(x) = N () = y(x) 2

where p;’s are real constants, y € C™(a, b), and T;*(x) is the ith degree shifted Chebyshev
polynomial of the first kind over the interval [0, k]. In order to determine the unknown

coefficients p;’s of (2) the process of collocation was adopted. This yielded the desired

Xiv



continuous block integrators. In order to extend the scope of application of the methods

to IBVPs, the Method of Lines was adopted to semi-discretize PDEs

The findings of this study were:

(i) two new classes of continuous implicit five-step methods namely: Block Unifi-
cation Method (BUM) and Boundary Value Method (BVM) for direct solution of

general fourth and fifth order BVPs were derived;
(i) the new classes of methods were proved to be consistent and convergent;

(iii) new class of continuous implicit five-step methods were extended to solve fourth
and fifth order IBVPs;

(iv) the efficiency of the BUM and BVM compare favourably with some existing meth-

odsin literature in terms of accuracy;

(v) the BUMs and BVMs are self starting, and admit easy change of step-size and

function evaluation at off-step points.

The study concluded that the proposed two new classes of methods are efficient, and when
compared with some existing methods in literature are accurate. The proposed methods

are therefore recommended for the solution of fourth and fifth order BVVPs and IBV/Ps.

XV



CHAPTER ONE: GENERAL INTRODUCTION
1.1 Background of the Study

In physical sciences, problems are translated to mathematical language and then into
mathematical models. These models aid understanding of the phenomenon. In all cases,
these models involve equations and in most cases too, these equations result into differen-
tial equations which could be ordinary, partial, delay, fractional and stochastic differential
equations to mention but few.

Differential equations find its applications in sciences, engineering, medicine and so-
cial science including, Economics, Operation Research.such application are but not lim-
ited to motions of objects and the planet at large as seen in Newton’s laws of motion,
Kepler’s law of planetary motions and gravitation force, Hooke’s law of elasticity, the sim-
ple pendulum, Ohm’s law in electrical circuits, problems in chemical kinetics, marginal
cost and values in economics, population growth (of people, bacterial, molecules etc.)
in mathematical biology, Cantilever beam construction and bridges in engineering, mag-
netohydrodynamic (MHD) flow of fluid in fluid mechanics and a host of others. In all
these, the models often results into equations that contain some derivatives of unknown
dependent function of one or several independent variables. If the model have derivatives
of unknown dependent variables of one independent variable, then such model is termed
an Ordinary Differential Equation (ODE). If the model have derivatives of unknown de-
pendent variables of two or several independent variables, then such model is termed a
Partial Differential Equation (PDE). This work concerns the computational study of the
numerical solutions of Ordinary and Partial differential equations.

The developed differential equations require solutions, either in closed form (analytic
form) or in numerical forms. In most cases, closed form of solutions are rare to come
by as there exists limited methods for solving such models in the form of differential
equations. This brings to light the use of numerical methods/techniques to solve the

modeled problem.



Numerical techniques are numerous and the types know no bounds. They include:
Euler method, Runge-Kutta methods, Linear multistep method, Shooting method, Finite
difference method, Finite element methods. Other methods are: Spectral method based on
the Fourier transformation, Method of lines which reduces the PDE to a large system of
ordinary differential equations, Boundary Element Method (BEM) based on transforming
a PDE to an integral equation on the boundary of the domain, Finite Volume Method
based on dividing the domain into many small domains and it is popular in computational

fluid dynamics, the list is endless.

1.2 Aim and Objectives

The aim of this study is to construct linear multistep methods to solve higher order differ-
ential equations with specified boundary conditions, and to achieve this aim, the objectives

were:

(i) use the Chebyshev polynomials as basis to develop a class of continuous implicit

k-step linear multistep methods by interpolation and collocation approach;
(ii) construct block methods of discrete linear multistep methods;

(iii) use the method of lines to reduce Partial differential equations to system of Ordinary

differential equations (i);

(iv) analyze the developed methods for its order, local truncation error, consistency and

convergence; and

(v) make comparison of the developed methods in terms of accuracy, flexibility in terms
of implementation and efficiency in terms of CPU time, with existing methods in

literature.



1.3 Statement of the Problem

Many differential equations (ordinary and partial) do not have analytic solutions and most
numerical methods for the solutions of such differential equations involve reducing higher
order differential equations into system of first order equations. This no doubt involves
many subroutines in programming and thereby increases computational cost. Further-
more, Linear Multistep Mehtods (LMMs) are extensively used for the numerical approxi-
mation of Initial Value Problems (IVVPs) in Ordinary Differential Equations (ODES). How-
ever, they are not commonly used to approximate continuous Boundary Value Problems
(BVPs), except in connection with the other methods that are continuous like the shoot-
ing method. Recently, Block unification and Boundary Value Methods (BVMs) have been
considered for the approximation of Initial-Boundary Value Problems (IBVPs) Biala, Ja-
tor and Adeniyi (2016). It would be shown that these methods can also be conveniently
used to approximate, with high accuracy, continuous IBVPs of both the ordinary and par-
tial differential equations. These methods have several advantages among which are the
fact that they do not require any staring value to kick-start their implementation, they are
self-starting. They also have the advantage of producing smaller global errors (at the end
of the range of integration) than those produced by the step-by-step methods due to the
presence of accumulated errors at each step in the step-by-step method. The development
of Block Unification Method (BUM) and Boundary Value Method (BVM) for solving 1B-

V/Ps in both ordinary and partial differential equations is the main concern of thisstudy.

1.4 Justification for the Study

Fourth and fifth order BVPs in ODEs and IBVPs in PDEs have numerous applications in
Engineering and Sciences. The need for solutions of these classes of problems is on the
increase. Available methods for their solution involve cumbersome computations which
are invariably time consuming and the maximum errors can be quite large (see Modebei,
Otaide, Olaiya and Ejiofor (2015), Mohanty and Kaur (2017), Pandy (2017). This re-



search is aimed at addressing these setbacks. The proposed methods are less expensive in
terms of the number of function evaluations per step, highly efficient in terms of accuracy;
easy to automate resulting in economy of computer time, and is also flexible in change of

step size.

1.5 Scope of the Study

Two new families of Linear Multistep Methods (LMMs) are derived by method of in-
terpolation and collocation, using the shifted Chebyshev polynomials as basis functions
in the trial solution. These methods are discussed as boundary value methods and block
unification methods for the numerical approximation of the general fourth and fifth order
initial-boundary value problems (IBVPs) in ordinary and partial differential equations.

The convergence of these families of methods is also established.

1.6 Definition of Terms

Definition 1.6.1 (Initial Value Problems). An n?* order scalar initial value problem in
ordinary differential equations consists of two parts: An ordinary differential equation

which can be written in the form

yn = flx,y, i, ..., ynD) (1.6.1)
and the initial conditions
y(a) = a0, y(a) = a1, ...,y (a) = an-1 (1.6.2)

where f is continuous in some open set Q = (a, b) inthe (x, y) plane, a, b, a;, i =
0, 1, ..., n are real constants. The order of an ODE is the order of the highest-order

derivative in the differential equation.

Definition 1.6.2 (Boundary Value Problems). A boundary value problem is a problem,



usually an ordinary differential equation or a partial differential equation, which has

values assigned on the physical boundary of the domain in which the problem is specified.

For example,
oln)
Y Au=finQ
Ox™
w0, x) = wi onoQ; (1.6.3)
ix (0, x) = w2 on 0Q
ox

where Q is the domain and 09 is its boundary.

Definition 1.6.3 (Collocation). This is a projection approach for solving differential equa-
tions in which the approximate solution is determined from the condition that the equation
be satisfied at some chosen given points. The points at which the differential equation is

satisfied are called collocation points.

Definition 1.6.4 (Interpolation). This is the approach where a trial solution of an equation

is evaluated as some selected points. These selected points are called interpolation points.

Definition 1.6.5 (Step-size). Given the sequence of points{x;} inthe interval I =[a, b]
definedbya=x <x1 <...<xny1<xyv =bsuchthath = x — xi-1,1=
0,1,2,..., N.Theparameter hiscalled the meshsize or step-size while Nis called the

number of subintervals.

Definition 1.6.6 (One-Step Method). Solutions of ordinary differential equations can be
derived numerically using the one step methods and the Multistep Methods. The one-step
methods use data at a single point x,, say, to predict the solution at point x,+1. For an

IVP, a one-step method ia described as;

Yn+l = Ynt hfn (164)

where h is the step-size, yn € y(xn), fn C flxn, Yn).



Remark 1.6.1. The method in (1.6.4) is termed an explicit form while an implicit form is
defined thus;

Yn+l = Yn + hf(xn, Yn, yn+1) (165)

This is because, unlike (1.6.4), the data x,+1 appears also on the right hand side of
(1.6.5). Examples of one-step methods include: the backward and forward Euler’s meth-

ods, the midpoint method, the trapezoid method and the Runge-Kutta methods.

On the other hand, LMMs require that two or more past values are known in order to

determine the value of yn+1.

Definition 1.6.7 (k-step Method). The most general k-step method takes the form

& &
Aiyn+i = W Bifn+i (1.6.6)
i=0 i=0

where

Ynti = Y(xn+i) = Y(xn + i), fari = f(xnri, Yn+i) = flxn + ih, y(xn + ih)),

and is of implicit type unless Bx = 0, when it becomes explicit. The coefficients have
been normalized so that the coefficient of yn+x IS ax = 1; u is the order of the differential

equation.

Remark 1.6.2. The k-step LMM (1.6.6) is called linear because it involves only linear

combinations of the yn+x and the fr+k.

Definition 1.6.8 (Characteristic polynomials of k-step method). The k-step method has

first and second characteristic polynomials

o(r) =+ a1t + - - - + ao,

(L6.7)
o(r) = Brrk + Br-ark-1+ - - + B

Definition 1.6.9. (Linear difference operator) The linear difference operator L associ-

ated with the LMM (1.6.6) is defined for an arbitrary continuously differentiable function



z(x) by

O
m (m) Ilk u (1)

Lifz(x)] = hy (x+jh)_ . ay(x+jh)—h By (x+jn.  (1.6.8)
=

where m = 0(1)k — 1, y™ = £, and u is the order of the differential equation.

Expanding (1.6.8) in Taylor series about the point h = 0, the following is obtained
Laly(x); h] = Coy(x)+ Cihyp(x) + C2h2yd(x) + - - + Cphay(P)(x) + O(hlr*D) (1.6.9)

where Co, Ci, Co, ... are linear combinations of the coefficients ao, ai, ..., arlar =

1),80,81,..., Bk

Definition 1.6.10. (Order and Local truncation error (LTE)) The LMM (1.6.6) is of order
pifCo=Ci=C ="+ = Cpyu=0,and Cp+u+1 f= 0 in which

La[y(x); h] = Corust B 1P (x) + O(RPH+2)) (1.6.10)

In this case, Cp+u+1 is the local truncation error or simply principal error constant.

Definition 1.6.11. (Consistency) A linear difference operator L is said to be consistent

of order p if it satisfies (1.6.10) with p > 0 for every smooth function y.

Remark 1.6.3. An LMM whose difference operator is consistent of order p for some p >0

is said to be consistent.

Definition 1.6.12 (Root Condition). A polynomial is said to satisfy the root condition if
all its roots lie within or on the boundary of a unit circle, with those on the boundary
being simple. In other words, all roots satisfy |r| < 1 and any that satisfy || = 1 are

simple.
Remark 1.6.4. We say that A is a simple root of p(r) if (A — ) is a factor of p(7).

Definition 1.6.13 (Zero Stability). An LMM is said to be zero-stable if its first character-

istic polynomial p(r) satisfies the root condition.

7



Definition 1.6.14 (Convergence). The LMM (1.6.6) is said to be convergent if, for all

IVPs that possess a unique solution y(x) for x € [xo, xn ],

holds for all x* € [x0, xn ]

Henrichi, (1962); Lambert, (1967).

1.7 Chebyshev Polynomials

Definition 1.7.1 (Chebyshev polynomials of the first kind). Chebyshev polynomials de-
fined by Tn(x) of the first kind defined on the interval [—1, 1] is given by

Tn(x) = cos(ncos tx), n=0 (1.7.1)
and satisfies the recurrence relation
To(x)=1; Ti(x) =x; Tnr1(x) = 2xT(x) — Tn-1(x); n=1 (1.7.2)

In particular, T»(x) is indeed an algebraic polynomial of degree nwith leading coefficient
2n-1

1.7.1 Properties of the Chebyshev polynomials Tx(x)

(@) Derivatives:

To(x) = T1(),

O
Ti(x) = 1 TY(x), . (1.7.3)
T,(x) =1 T Ty s 90 e [-1,1]




(1 - X)TUx) = n[xTn(x) — Tns1(x)] = n[Tn-1 — xTa(x)], x€[-1,1] (1.7.4)

(b) Multiplication:

2THx)Ty(x) = Trrg(x) + Tr—o(x), x€[-1,1] (1.7.5)
(c) Orthogonality:
0
E 0 rf=q
0 0
T () Ty(x)w(x)dx = mw/2 : r=qf=0 (1.7.6)
- S =qg=0
7 _1

where w(x) = (1 — x) 2is the weight function in the interval (—1, 1)

(d) Discrete orthogonality:

With the zeros of Tn+1(x) as node, n >0, r, g < nand x; = arccos(G="), Then

0 : rf=gq
) 0
1.7.7
j=0 Tr(Xj)Tq(Xj) = n/2 : r= q _f= 0 ( )
Yoon s or= qg=0

forl <r<n

Definition 1.7.2 (Shifted Chebyshev polynomial). The shifted Chebychev polynomial on

the interval [a, b], is given as

) >
+
T*(x)=T (y), y= 2 x— & 2 (1.7.8)
" " b—a 2
with leading coefficient 2712 " >
b—a

Amparo, Javier and Nico (2007).



This is important to the development of the proposed LMMs, since the solutionis sought
in the interval [ xn+a, Xn+b).

In this study, an approximate solution of an ordinary differential equation of theform

9
yx)= aTH(x), a<x=<bhb (1.7.9)
i=0
is sought, where T;*(x) denotes the shifted Chebyshev polynomials of the first kind of
degree i, a; are unknown coefficients to be determined and k is the step length.

1.8 Organization of the Thesis

The thesis is organized as follow:

Chapter 1 is concerned with the introductory aspects comprising of the background, ob-
jectives, statement, justification, definition and organization of the thesis.

Chapter 2 deals with review of related literature.

Chapter 3 focuses on the methodology which includes the development and analysis of
different schemes for BVPs in ODEs and IBVPs in PDEs.

Chapter 4 concerns the application of the derived schemes, results and discussion of the
results.

Chapter 5 concludes the work with some remarks.
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CHAPTER TWO: LITERATURE REVIEW
2.1 Introduction

Higher order ordinary differential equations of the form

y(,U) =ﬂx, Y, yJ’_._’y(,Ufl)) (211)

with appropriate boundary conditions find some of their applications in static deflection
of a uniform beam. The deflection curve of each set of boundary conditions is such that
beam with both ends embedded gives rise to Neumann and Dirichlet (first order) bound-
ary conditions. A simply supported beam gives rise to Neumann and Dirichlet (second
order) boundary conditions and cantilever beam left-end embedded, right-end free gives
rise to a different condition. (Krajcinivic (1972) and Tseng (2014)). For other notable
applications of ODEs, see Devakar, Sreenivasu and Shankar (2014).

Higher order boundary value problems occur, for example, in the modeling of induction
motors with two rotor circuits. The behavior of this kind of circuits is governed by a fifth-
order differential equation, (Richards and Sarma, 1994). Other applications of this type
of boundary value problems arise in the mathematical modeling of the viscoelastic flows

and other branches of mathematical, physical and engineering sciences.

The fourth order PDE of the form;

Yxoex = fX, 1, Yx, Yt, Yxox, Yt) (2.1.2)

and the fifth order PDE of the form;

Yueexx = G(X, &, Y, Y2, Y, Y, Y, Yty Yoex) (2.1.3)

with appropriate initial-boundary conditions defined on the domain Q = {(x, t) : a<

11



X < b, ¢ <t < d}, with the boundary oS is considered

The subscript notation denotes partial derivatives, y: = dy/0t, yx = dy/0ox, and so
on. For PDEs, a wide range of numerical methods have been used to solve higher or-
der PDEs with Dirichlet and Neumann boundary conditions that arise in Engineering,
Physics and Mathematics. Models formulated into PDEs of the type in (2.1.2) and (2.1.3)
arise in sciences, for example, fourth and fifth-order Kortewge-de Vries (KdV) type equa-
tions, which arise naturally in modeling many different wave phenomena such as gravity-
capillary waves, the propagation of shallow water waves over a flat surface and magneto-
sound propagation in plasmas, (Kazeminia (2010); Goswami, Singh and Kumar (2016);
Kumar et al., 2015). Examples are a fully nonlinear Korteweg-de Vries (KdV)-like equa-
tion, the "good" Boussinesq equation, the Kaup-Kupershmidt equation and an extended
KdV5 equation Goswami, Jagdev and Devendra (2017). These equations are used to
model nonlinear dispersive waves in a wide range of application areas, such as water
wave models, laser optics, and plasma physics, reaction diffusion systems, long waves on
the interface between two viscous fluids (Hooper and Grimshaw, 1985) and thin hydro-
dynamics films, Sivashinsky (1983). Generally, these are PDEs with higher order spatial
derivatives, Kakutani and Ono, (1969); Saucez, Vande, Schiesser and Zegeling (2014);
Goswami et al., (2017).

2.2 Review of Literature

In application, (1.6.1) is solved by reducing it to an equivalent system of first order ODEs
and appropriate numerical techniques are used to solve the resulting system. These meth-
ods require more human effort and consequently enormous computer Central Processing
Unit (CPU) time. This is even more involving if the programme code has subroutines
Adesanya, Momoh, Alkali and Tahir (2012). For these and other reasons, these techniques
are not efficient in general. Other methods of solutions to fourth order BVPs in literature
include variational iteration method for fourth order initial Value Problems (I\VVPs), Ade-
sanya et al., (2012), Hussain, Ismail and Senua (2015) and (2016), Collocation method,
Costabile and Napoli (2015), Sextic spline method for fourth order BVPs, Rashidinia and

12



Mohammadi (2010), just to mention but few.

For fifth order BVPs, several numerical methods including spectral Galerkin and col-
location, decomposition, sixth order B-spline have been developed for solving fifth-order
boundary value problems. Wazwaz (2001), developed a decomposition method for nu-
merical solution of fifth-order boundary value problems. Shen (2007) solved fifth-order
boundary value problems using the homotopy perturbation method. Ghazala and Hamood
(2013) developed Searching the Least Value method for the solution of fifth order bound-
ary value problems. Other authors who have worked on solution of fifth order BVPs
include Gamel (2007) where he analyzed Sinc-Galerkin method for the solution of fifth-
order boundary value problems with two-point boundary conditions; Taiwo, Adewumi
and Ogunlaran (2015) developed an efficient numerical methods for solution of nonlinear
higher-order boundary value problems. Other methods for handling fifth order BVPs, just
to mention few, are in Juan (2009); Zhao (2009); Nazreen and AbdulMajid (2016).

As earlier stated, a wide range of numerical methods have been used to solve higher
order PDEs with Dirichlet and Neumann boundary conditions that arise in engineering
and sciences. For example, the Euler-Bernoulli equation is an approximate equation for
a long and slender beam, whose solution is a transverse displacement of the beam from
an initially horizontal position. This forms a fourth order parabolic PDEs, and have been
solved with the use of Sextic spline method, Rashidinia and Mohammadi (2010). A typi-

cal fourth order parabolic PDE is described in Mittal and Jain, (2011), asfollows:

Yit + Yroox = G(x;, 1), (2.2.1)

subject to appropriate boundary conditions.

The method of line was used in Saucez,et al., (2014), to solve problems describing
nonlinear wave phenomena, like the fourth order "good" Boussinesq equation. Other
methods used include Quintic B-spline for the numerical solution of the "good™ Boussi-
nesq equation, B-splines methods with redefined basis functions for solving fourth order

parabolic partial differential equations, Numerov type variable mesh approximations for
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1D unsteady quasi-linear biharmonic problem, Mohanty and Kaur (2017), a Not-a-Knot
meshless method using radial basis functions and predictor-corrector scheme, Shokri and
Dehghan (2010), Quintic B-spline for the numerical solution of the "good" Boussinesq
equation, Siddigi and Arshed (2014), High accuracy implicit variable mesh methods for
numerical study of special types of fourth order nonlinear parabolic equations, Mohanty
and Kaur, (2016), and B-splines methods with redefined basis functions, Mittal and Jain
(2011) and many others in literature.

The standard form of the "good" Boussinesq equation was described in Shokri and
Dehghan (2010) as follows:

Y= Yux + QYoo + Yoy (2.2.2)

subject to appropriate boundary conditions, where g = 1 or —1. In El-Zoheiry (2003),
the "good" Boussinesq equation was studied numerically using an iterative implicit finite-
difference scheme.

Another class of important fourth order PDEs were considered in Mohanty and Kaur

(2017) and described as fourth-order quasi-linear PDEs are of the form

Q0% t, Y, Y Yoo + Yt = G(X, £, Y, Yx, Yx, Yroxx), (2.2.3)

subject to appropriate boundary conditions, where (x, t) € © = {(x, )la<x<b, t >
0}, a, bare real constants.
A different class of fourth order PDE is the Kuramoto-Sivashinsky equation (Sirajul

et al., 2010), of the form
Ut + Ul + Ul + Vlooc + N =0, a<x<b, t=0 (2.2.49)

where u, v and n are real constants. The numerical solution of the generalized Kuramoto-
Sivashinsky equation (2.2.4) was presented in Sirajul, Nagina, Tirmizi and Usman (2010)

using meshless Method of Lines (MOL). In this method, the spatial derivatives were ap-
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proximated by Radial Basis Functions (RBFs) where no mesh is required for discretiza-
tion of the problem domain. Only a set of scattered nodes is required to approximate the
solution. Similarly, in Marjan, Sirajul and Siraj-ul (2009), RBFs based mesh-free method

w implemented to find numerical solution of (2.2.4).

The fifth order KdV equation of the types

Ut — Uxoox = F(X, t, U, U, U, Us, Us), a<x=<b, t=0 (2.2.5)

was solved by the He’s Variational Iteration Method Miansari, Barari and Ganji (2009),
Homotopy analysis method Abbasbandy and Zakaria (2008), Group analysis method
was applied in Wang, Kara, Fakhar, Guzman and Biswas (2016), Dual-Petrov-Galerkin
method in Yuan, Shen and Wu (2008). Multiple-soliton solutions for the fifth-order
Caudrey-Dodd-Gibbonv (CDG) equation Wazwaz (2008); Modebei et al., (2015) of the

type

Ut + Usoooe + 30Utlooe + 30Uxtize + 180u2ux =0, xe[—1,1], t€[0,T] (2.2.6)

were obtained. The more general form of (2.2.6) is given as

Ut + aulux + buxlixx + Clllxer + Ao = 0 (2.2.7)

where a, b, cand d are constants. For a = 30, b = 30, c=10and d = 1, equation (2.2.7)
is called the Lax’s fifth-order KdV equation and for a =45, b = 15, ¢c=15and d =1,
(2.2.7) is the Sawada-Kotera equation, Wazwaz, (2006). Mohyud-Din, Negahdary and
Usman (2012) used meshless method for solution (2.2.7) by method of lines. This method
uses Multiquadric (MQ), Inverse Multiquadric (IMQ) and Gaussian (GA) as Radial basis
function (RBF) for spatial derivatives and Runge-Kutta method as a time integrator.
Homotopy Perturbation Transform Method (HPTM) was also used by Goswami et al.

(2017) for solving certain class of (2.2.7).
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Another fifth order PDE of the form

Ut +ﬂu)x + Ol = 0 (228)

called a time-dependent biharmonic equation was also solved by Cheng and Chi-Wang
(2008) using d Discontinous Galerkin method. All these equations are considered in the

numerical section of this thesis.
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CHAPTER THREE: METHODOLOGY
3.1 Introduction

This chapter describes the techniques employed in the development of continuous implicit
5-step methods for the solutions of BVPs of fourth and fifth order ODE as well as fourth
and fifth order PDEs. This basically involves approximating the exact solution y(x) of
(2.1.1) that is, in the partition my = [a = x0 < x1 < - + - < xy = b] of the integration
interval [ a, b] by trial solution of the form;

k

y(x) € p(x) = » piT*(x) (3.1.1)

where p € IR y € C>®(a, b) and T*(x) is the shifted Chebyshev polynomial of the first

kind. The fourth and fifth derivatives are;

k)
ywW(x) Cpd(x) = piT*w)(x), (u=4,5) (3.12)
i=4

The trial solution (3.1.1) is interpolated at some selected points while (3.1.2) is collocated
at some selected points according to Jator (2008), thereby resulting into a system of equa-
tions. This system is solved using a Computer Algebraic System (CAS) like Mathematica
and the values of the coefficients p;, i =0, 1, . . ., k. Then, the approximating polynomial
(3.1.1) adopts the required continuous implicit 5-step methods respectively for u = 4
and 5. These adopted continuous implicit methods are finally evaluated at some points to
obtain block methods which are called the block unification and boundary value methods
respectively. Finally, these methods are implemented in its block form by written codes
in Mathematica 10.0 to solve problems in literature.

In the sections that follow, the derivation of four different continuous implicit k-step

methods are outlined.
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3.2 Derivation of the Methods

The exact solution y(x) of (2.1.1) is approximated by seeking the continuous solution of

the form
k=fF3—1 \ _
p(x) = piT; (x) = y(x) 3.2.1)
i=0
with the uth derivative given as
r-l-[sfl
PO = () = () (3.22)

where x € [a, b], pi’s are constants to be determined. T;*(x), i = 0(1)(r + s + 1), are
shifted Chebyshev polynomials. The parameters r and s are respectively the number
of interpolation points that satisfies 4 < r < u and the number of collocation points
satisfying 0 < s < u+ 1, uis the order of the differential equation.

Interpolating (3.2.1) at the points xn+;; i =0, 1, 2, ..., r— 1 and collocating (3.2.2) at the

points xn+s; s=0,1,2,...,s— 1, the following system of equations are obtained:

2
r;r:(;l piTﬁ;(x) = Yn+i 0
(3.2.3)

Zue1 T (x) = frrs, x € [0, k] O
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where the approximate values are given by yn+i C y(xn+i) and g4 € furi = flxnti, Yntis - - . » YUe).

The interpolation and collocation are defined in a single matrix as follows

0 O O
To* (xn) Ti*(xn) o T () 0 Po 0 Yn 0O
0 To" () Ti* (1) 0 Trasalan) 5 ot o o Yt
0 oo e O O . 0O
O TO*(xn+r—1) T1*(xn+r—1) T Tr*+s_1(xn+r_1) 5B e 0O_ 0 Yntr-10
0 TO*(u)(xn) Tl*(u)(xn) e %) () P4 O 0O £ 0

r+s— n
0 To*(”)(xnﬂ) Tl*(#)(xn+1) Trt(élz 1(xnt1) 00 ps O 0O Sarr O
() - )y W e

Ty N(xn+sfl) T g (Xnts-1) -+« Tr+sﬂf 1(Xn+s-1) Pr+s—1 Jnts—1 O
(3.2.4)

for T, (xn+7) Where xn+j € [Xn, Xn+k).

3.2.1 Development of Methods for u = 4

The methods for 4 = 4, with the specifications k = 5, r = 4, s = 6, T,i(xn+j) for

Xn+j € [Xn, Xn+5]0 yield the system

g 0 DD o1 O
To* (o) Ty (%) o T0am) o oo O Yn
0 To* (1) N () - T'Cowt) o 2 U Yna U
To*(%n+2) T1*(Xn+2) coe To*(Xnr2) o 03 0 Yn+2 O
. 00 o4 Yn+3
:,?O:(%Z”)) ;1:((152”)) o 77:9:53)6(”*3; S
0 (X X)) e g X 5 H
% T;le)(x n+1) Tﬂi(]lv)(x ). - Tg*(iv)(xn+1 o E _ % (3.2.5)
S . y ) o P il
TO (lv)(xn+2) T (W)(xn+2) T T9 (W)(xn+2) O p7 O O fn+3 O
O T (x ,3) TP (xns) - TP (x043) o o o8 frta
*(iv) L () 73*(1‘1;) O O
0 T 0wa) T (xnea) - T (xa) O Ju+s
0 . : . 0 P9
TO*(w)(erS) Tl*(lv)(xn+5) T T9*(w)(xn+5)
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where
* _ * - _ 2x * =1 _ 8x4 82
T'() = L () = ~1 + 2, B*() = 1 - B4 57,

— 1 482 2.8
T3*(X) =-1 +5&ng§ +37

125
k() — 1 _ 32x4 32:¢  256x 4 128x
T*(x) = 1 — 22+ 125 T 6257
wON — _ 224x° 25654 | 512,
Ts*(x) = —1 + 10x — 162 +55 0% + 22
k() — 1 _ 72x 168  3584x 4 6912x  6144x5 4 2048x
Tg*(x) = 1 -2+ 125 T 625 31251 15625
*(v) = _ 98x _ 1568x2 o 9408x _ 5376x . 39424x5 _ 28672x L 8192x
T*(x) = =1 +; 35 T 7125 25 T 7 315 15625" 78175
Kl — 1 128x 4 2688x _ 21504x° 4 16896x _ 180224x , 212992x _ 131072x 32768
Tg"(x) = 1— 25+ 25 25 T 125 3125 T 15625 78125 T " 30065
K0\ — 14 162x _ 864x2 4 44352x¢ _ 228096x 4 658944x _ 1118208x¢ 4 221184x7 _ 589824
T* () = — L4+ e = O+ e — o+ s — iseos T —15635— ~ 390625t
131072
1953125,
*(iv) _ *(iv) _ *(iv) _ *(iv) _
o () =T1""(x)=T,""(x) = T377(x) =0,
*(iv) — 3072 *(iv) — _ 6144 4 12288
T, = 55% Ts (%) 25 T %625
*(iv) — 165888 _ 147456x 4 1474562
Ts™ () = 55 65 3125
#(i)( ) — _ 129024 4 946176x _ 2064384x2 4 13762565
(%) 15 T %65 3125 T 15625
#(iv)( ) — 405504 _ 4325376x 4 15335424x2 _ 22020096x¢ 4 11010048
Ty () = %5z 65 3138 15635 T 78125 °
T,¥()(x) = — 5474304 4 15B14656x _ 80510976:¢ 4 37158912 _ 198180864t { 396361728
9 625 625 3125 3125 78125 1953125

Solving the above system, the values of the coefficients p;, i = 0, 1, . . . 9 are then sub-
stituted into (3.2.1) and after some simplification, the approximate polynomial (3.2.1)

adopts the continuous form

3 5

1 L]
p(x)= ax)yn+ith*  Bix)fn+i (3.2.6)
i=0 i=0

where the a;’s, and j3;’s are continuous coefficients expressed as functions of ¢ and given

as:
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a = z(3+5t-752-125¢), a1 =-3(-1- t+25#+25¢)

O

a = —50-3+7t+ 352+ 258), a=313+23t+ 452+ 258) .
Bo = 18294560(36729 + 28779t — 10497002 — 6955008 + 3543750¢ D
—708750£ — 6562500 + 2812500¢ + 3515625 — 1953125¢) o

Bi = Sriteerd —430479 — 676299¢+ 109819804 +16840300£ — 5906250¢* [
+1968750¢ + 10237500£ — 7312500¢" — 21093758 + 1953125¢)

B = 1857945& 533547 — 1478277t+ 12637020+ 376505004 +17718750¢* U
—17718750£ — 4462500t + 9562500¢ + 703125# — 1953125¢) 0
B3 = 18579456 —=eie—(30933 — 129147t — 1474980+ + 2535100 + 17718750 0O
+17718750£ — 4462500¢ — 9562500¢ + 7031258 + 1953125¢) O
Ba= m(—27279 +15051¢t+901980# — 309100£ — 5906250 O
—1968750¢ + 10237500¢ + 7312500¢ — 2109375# — 1953125#) 0
Bs = 1geraesp(20601 — 1899¢ — 646500 + 23500£ + 3543750
+708750£ — 65625006 — 2812500¢’ + 3515625 + 1953125¢#) -
(3.2.7)
] z
where t =1 21
In what follows, the Block Unification Method (BUM) is derived.
3.2.2 Development of the Block Unification Method (BUM)
Evaluating p(x) in (3.2.6) at the points x = Xn+4, Xn+s, Which implies ¢t = 35, 1, the
following 5-step discrete LMMs are obtained
Yn+q = 4yn+3 - 6yn+2 + 4yn+1 Yn t h4 _lﬁl = Jn+1 t Eﬁl+2 0
5 720 180 120
180 720
+i n+3 — f;l+4 — T iRinng D
Yn+s5 = _4gn + 15yn+1 - Zoyn+2 +10yn+3 + h4 1 fn+ fn+1 + fn+2 -
+ 2 frez H & frara —3pfnes 180 16 36
O
(3.2.8)
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wheren=0,5,..., N— 5.

From the transformation x = 8#3) 2 gy = Rhdt, then the first derivatives of (3.2.7)

2 5
yields

a = 11 _ 5t 258 a11=l_l+&t+75t2 0

h 8 4 8 h 24 4 8

h 24 4 8 h 8 4 8
> O
_ 1-— - - 2 _ 1 - a

aJZ_ > aj?;_ §+1_5t+25t2

— 1548288 4096 16384 36864 73728

7 35t 75¢

ﬂ,(l) = 1 9593 3499¢ 6955 4 125¢ _ 125¢ __ 31256 4 3125¢ 0

4 1387878800 75, 733144
258048 — 2064384

O
, 86016 2064384
g 172020 387022 774144 2048 8192 18432 36864
: O
Bl = 87 _ 225433 4 6779t 4 842015¢ _ 3125¢ 4 156256 4 81256 _ 40625¢ 0
- + + + — — O
O
n %bes760 72 1548288 12288 147456 12288 73728
30965760 25804 ~ 1546288 ~ 12288 147456 + 1288 t 77
__ 1568357 390625¢ -
p= F 8600875F 206238617¢ | 1882525¢ 4 3125¢ _ 156256 _ 106256 4 53125¢
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258048 2064384
(3.2.9)

15625¢ 390625t

_ 129024 1032192
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17 _ 43049 24583t 126755¢ 31258 15625¢ 10625¢ 53125#

24



h

15482880

25



387072

26



774144

27



2048

28



8192

29



18432

30



36864

31



_le‘=

>
3 156357 4 500625¢

32



33



34



35



36
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b3
2155¢ 4 2358

+ 1256 4 125¢ _ 31256 _ 31258

37

oo



h 51609600 774144 154828838 4096 16384 36864 73728



z
+15625¢ 4 78125¢

39
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-1, —5, =5, 5, 5, 1, the following 5-step discrete LMMs are obtained:
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hyj —_ lyn +3y - yn+2 + Yn+3 _ 937 ﬁl f _ 599 ﬁl+2 0
n 100800 105 10080
hyJ +1 = —yn “fll?nﬂ rf-pf‘l—_l an'ksh“ -1 _fn + —2809ﬁ+1 + B f;z+2 &
229 11
N 302407;’”3 T 33600f n+5 60480 1008
6 5400 D
uher = TgSpg o it 8 f g, e,
yZ+3 = ?ﬁi + zyn+a.889 3yn+2 3 (yln+3 + }% 2400 50400ﬁ9080 2889ﬁ1+169|48 GQf;’H-Z O
+_1'6@éefn+3 +_1'9ég&fn+4 —33%vb€)fn+5 i O
hg= -8 7yn4-_+1 509 n+2 t ;3 E R 3600  Bp 4 WE0E L O
hy s = ‘Ifngynﬂ — 1999, F J.J':?"' ht _Lﬁl + @f;ﬁl + Mf;l+2 =
15120 60480 3600
240 5040 302400
n 330 2 2240 2160
6 5400
O
>
+ 60863 £ 23 +UBF 04 £ (3.2.10) O
Differentiating (§ 9) gives
171 5tz
) = 1 _ 1 __ ot
ajo T R o2 ¥ O
a) = 4 75 4 15t 5
5 0
aj = 1 - 7 15t
_ H
@ =""3% 52 .
8 R.2 1939360 387072 2048 2048 18432 6144 18432 12902
py= LT3 U914 75E 356 31256 4 6256 4 31256 15635¢
_ 1 " 6779 . 168403 _ 625F , 31257, SI25F— 81257 31257 781257 —
B = + + + + O
R 71680
387072 2048 18432 6144 6144 6144
129024
By = A 3068F 4 376505r 4 18756 _ 3125¢ _ 10625¢ 4 106256 4 3125¢ _ ohe 3 =
z ) +193536 +1024 + 1024 9216 3072 +9216 L6912 o
- = — 0
¥ =& 967680 193536 1024 1024 9216 3072
4 h 9216 64512
24583 25351t 18752  3125¢  10625# 106256  3125¢  78125¢
O
= b BER  GME R, am, s s 75102
f5 =i 3o+ 35is W ¥ e 3 oan > ©

Evaluatmg pJJ(x) in (3.2. 6_5_

-1,

-5,

42

—5, 5, 5, 1, the following 5-step discrete LMMs are obtained:

at the point x = xn+i, © = 0(1)5, which impli€3Z1%)



h?y)

2
h n+1

2
h Y2

2.
h n+3

2
h n+4

Ry, s

n

%J
ﬂ,UJ

0

ﬂJlJJ

By =

ﬂéJJ

= zyn - 5yn+1 + 4yn+2 — Yn+3 t+ hz ﬂﬁl + mﬁl+1 + 2831 n+2

O
2520 60480 6048 5 20160 4320 30240
143 1391 23
+ fn+ — 222 f 4 .|_4 fn+5f 1601fn+1 + 1 Jn+2 A
= 2yn+1 + Yn+2 +h -
4320 10080 60480
20160 7560
0
230240
_ 11 11
= yn+ff1+3 2yn+2f7‘i-'_ﬁyn+ f 6048 n-— 15120_ﬁ1+1 10080ﬁ1+2
_ n43 + 6(141805f O
_ 47 _ 10427 9901
Yn+t = SYn+2 + 2Yn+3 + H 720f" + soagoSnr1 T 1512070”+2 O
1120 7560 60480
4 " I —
F2DYf + 737 . 8yrmb2 BByfrz+ P o1
3780 —fh+3 1344T qy 6048 ﬁ-ﬁ% 60480fn + 310%%d‘;l+1 + 64320fn+2 E
+ 3821 f a4 12f L, -2 f - + 29689 + 499 0
= _3yn'},_ioyn+1 _"11yn+2 ¥ Etyn+3 +nt - 11 fn fn+1 fn+2 0
5 30240 60480 218.2.12) 0
+§ii 0 f +4 43261 fn+4 +4é§i fn+5
Differentiating (3 2 11) gives
_ —1. _ 3. _ -3. _ 1
=W @ BE=5E HT 0
- 2
— 1 °_ 1391 15t _ 158 _ 6257 4 625¢ 4 625F _ 31257 0
h3
- 967680 512 1024 2304 3072 1536 9216
—_ 1 — 2 0
= — + + - — +
168403  125¢ 6252 16258  8125¢ 6256 15625
375t _ 1875¢ _ 21256 4 10625¢ 4 6256 _ 156256 O
w é%)'" 256 512 1152 1536 768 4608 ¢ (3.213)
_ 1
n
512 3072 768 3072 512 9216
- >
— # 25351 4 375¢ 4 1875¢ _ 2125¢ _ 10625¢ 4 6256 4 156256
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483840 256 5 11 1536 768 46

5 h3 967680 512 1024 2304 3072 1536

08

oM

ﬂ,UJ:L

3091 125¢ 625¢ 16258 8125¢ 6256 15625

44



h3

45



967680

46



512

47



3072

48



768

49



3072

50



512

o1



9216

52



BY =1 47 4 15t 4 15e _ 625¢ _ 625¢ 4 6256 4 312946
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-1, —s5, =5, 5, 5, 1, the following 5-step discrete LMMs are obtained:
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h3yrrr — —yn + 3yn+1 _3yn+2 + yn+3 _ h3 ) _Mf — wﬁl+1 + 1261jn+2 .
7439 553 Fas® "
- +5
A " 60480 6048
5549 » 60480
" g
" 299 10453 O
14033
30240 60480
+ f 6%8}) f fn+1 fn+2
3y, =242 An+t = 3gnif i Unt 3jrhg s 4480 60480 30240 E]
11009
30240 60480 gouss’ 12721 O
ﬂ , 1517 211 fs For £
Wypio = ynf‘“?aynﬂ — 3yt F Ynes + farss 5120967 " 6048071 T 30240 n+2DD
T_127 1763
6048 60480 60480 for 2
+1+ frn+2
RyTs £ syng! 3ynes a2 * mA— 6Q80" " 12096°" 3483h'" %
14107 251 - 67 12049 22433
Ry s = —yn+ 3 -3 -+ T+ K nts 4 N
Urles = ~Yn DT = Syl s 512096 In goaso T+t + 300402 0
35569 4873 883
3004073 T 1209ef T 60480f s .
799 4783 O
R Yhs = —yn+ 3ynst — 3yni2 + ynis + h* g0as0’" " s0as0/ 6048f nt2 0
n+3 n+4 n+52
+3§§4@f +%ﬁ2§@f +é@@é@f (35214)

The formulae (3.2.10),(3.2.12) and (3.2.14) are the additional methods and are con-
sideredforn=10,5,..., N— 5.

Remark 3.2.1. The formulae (3.2.8),(3.2.10),(3.2.12) and (3.2.14) together form the Block
Unification Method (BUM) which is used to solve (2.1.1) for u = 4 numerically with ap-

propriate boundary conditions.

3.2.3 Development of the Boundary Value Method (BVM)

The development of the BVM differs from its counterpart (the BUM) in that (3.2.6) is

evaluated at different points.

Evaluating p(x), p'(x), p?(x) and pY(x) in (3.2.6) at the points x = Xn+4, Xn+5
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which implies ¢t = *—53 , 1, yields the following discrete 5-steps LMMs

Yn+4 = 4Yn+3 — OYn+2 T 4Yn+1 — yn+h4 lfn+ fn 1+_fn+2

>
+§é0fn+3 —_17ﬁl+4

11 101
Ynts5 = +%ﬁﬂ§yn1yfn+30ynlf +§0yn+3 TR Jnt T faer t Jn+2 g

180 16 36
hyr — . yn+2 3+ 671 m 1+ 12821 o 2 O
pta = 1%43 i/ 4 Fiesa it SRR
hyn+5 - ﬁL %TB h + f+1 + 5
%0240 5040 302%00 ) 6(1)%00 10080 2380 0
h? = —2yn+ 7 -8 +3 + h* -
yn+4 Yn Yn+1 Yn+2 Yn+3 fn+ 321'697n+1 + 64'2Tfn+2 0
3780 1344 6048 s
+ 3791fn+3 + 121fn+4 _ﬁfn+5 - - - 0
hzyg;+5 = —3Yyn + 10yn+1 — 11yn+2 + 4yn+3 + ht 1 f 1729689 fn fn+2 0
+ Mfrw + 4561f fn+ 30240 60480 210
30240 2 0
3y = —UYn + 3Yn+1 — 3Yn+2 + Yn+3 + R4
Invd dn "0 g2 n by fot P2 £ +2833f 0, O
35569 4873 883 12096 60480 30240
h3yf'rf' i_ %W fgy +112_095yf2"2'4+_y§p$§0fn71 799
n n
n+5 fn + 4783 fn+1 + 6511fn+2 O
30240 60480 60480
18811 84299 19067 2 (3.2.15)
+ fn+3+ fn+4+ fn+5 o

60480 60480
6048

where n=0,5, ..., N— 5. The formulae in (3.2.15) constitute the main method.

For the additional method, by evaluating p'(x) in (3.2.6) at the points x = x;, i = 0(1)3,

which implies t = —1, ——5, —15, 15 the following 5-step discrete LMM are obtained;
_ 1 3 5 _ 147 _ 937 599
hyp = =30 +3ys =+ L —ht B fo — 105/~ toos0 2 [
720 2240 53600 0
—Ap+3f-1f
2809 43
? N . 5{100f0+6048 1+ 0l
hyp= —y—"yr+yp—- "yp+h O
30240 432 33600 (3.2.16)
229 £ 1 O
hyy = Dyo - oo+ %yzﬁ hfS‘ 300 f, — 10880 f; — 353 f, .
135 2880 151200

hys = +Tyg3+ 2y1f4 3y21f5 By R -l o+ RSt
10080 10080 33600 5
+61ﬁ+ 17ﬁ_ 11ﬁ
Also by evaluating p?(x) in (3.2.6) at the points x = x;, i = 0(1)3, which implies

O™

t=-1, -2, 51, L, the following 5-step discrete LMMs are obtained:

57



thJ& =2y0_5y1+4y2_y3+h2-ﬂﬁ+ﬂﬁ+&ﬁ .

2520 60480 6048 5 20160 4320 30240
) + 143f _ 1391 23 E — — .
ot —yo—§y1+yz+h4 fo— 101 fi4 1 g .
320 0080 60480 302@ 20160 7560
: 1 $ 0 3.2.17
Ry =y Blp+ s —S - p | @217
15120 60480 5 15120 10080

+||

53 £ 4 11 £ o4 10427 9901 |
WY 2y P, T s e o1 B TTAIOS G
—2

1
I3 =5 0 720 60480 15120
O
Similarly, by evaluating p¥(x) in (3.2.6) at the points x = x;, ¢ = 0(1)3, which

implies t = —1, ——, - 5, 1, the following 5-step discrete LMMs are obtained:

_ 19151 73967 1261
3y = —yo + 3y1 — 3y2 + 3—h3
h*yg Y y Y Y 60480f 60480f 604 O

30240 60480 60480 s O
_ 7439f3 + 5549ﬁl 883 f5

h3 yirr

= —yo+3y1 —3y2 +ys+ht 72 fo — 14033 7 10453
6048070 ~ 60480 J1 T 30240 J2 [
3.2.18
JHR W 5 &9
— Yo+ 3UL — 32 + Us + h4 18996 60480 30240
Ry Yo +3y1 — 3y2 + y3 fo+ 12721 f; 4 17009 £

6048 60480 60480
547 1517 211
Ryyr = —yof 3Ly1 3@2 +y -Ifﬁ‘l 127

fo+ 1763f1 + 27851f2 B

30240 60480 60480

60480 12096 30240

The formula (3.2&@%@.@H§?§ﬁg&($2@18ﬁ09ether form the additional ‘/methods.

Remark 3.2.2. The formula (3.2.15), (3.2.16), (3.2.17), and (3.2.18) together form the
Boundary Value Method (BVM) which is used to solve (2.1.1) for u = 4 numerically with

appropriate boundary conditions.

Remark 3.2.3. For both Block Unification Method and the Boundary Value Method, If
IVP is to be solved, it would be applied sequentially on block of intervals of the form

[xn, xn+5], n=0,5,..., N— 5, where N, the number of subintervals, must be a multiple
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of 5 in order to reach the final point xy = b. In case of a BVP, all the formulae in each

case of the BUM and BVM respectively are considered forn =0, 5, ..., N— 5. This
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results in a system of 4N equations, which together with the four boundary conditions

leads to a system of 4V +4 equations in 4N +4 unknowns _yj, Y iy " for j = O(1)N.

3.2.4 Development of Methods for u = 5

The methods for 4 = 5, with the following specifications k = 5, r = 5, s = 6, lead to the

following system:

0 0
To*(xn) Ty (xn) -+ T%0x) oo por Yn O
O To* (xnt1) (%) -0 T o(xe) p1 Yn+1
TO*(xn+2) T1*(xn+2) T T1*0(xn+2) Oo0o P2 O Yn+2 O
0
3 Yn+3
To* (xn+3) Ty* (%n+3) ce T o(6w3) P i
00 0 0
0 To'Ooea)  Ti*(tnea) -0 Ti¥o(%nea) o4 Yr+d
*(v) *(v) T ) oo ps O=0 f, 9 (3219
5 Ty (x,) T(x,,) TBW)(x ) . . E E
0 T8 net) T otnr) - -+ Ti§nen) 00 pg fre1
0 T ) T - Ti$00) Onsz 7 O 0 fas2 O
(v) (v) (v)
0 T% (xn+3) The2(xne3) - Tdp (ne3) 0o P8 Jn+3
O 0 O rea) T (otea) - - - *(U)(xn+4)m r o0 U fara U
. X T10 ogd 0O 0
T3 (nrs) Tr(es) — T(xws)  puo Jnes
where
To*(x) = 1, Ty*(0) = =1 (2, Ty¥(x) = 1 8 +,87,
_ 18 48 32x _ 32 32 256 4 128
T3*(0) = =1+ —50 + 355, Ty* () = 1 — 38+ 35— 25+ 5
— 2243 256x* 4 512x°
_ 72 168x2 _ 3584 4 6912 6144x0 4 2048x
T6*(x) =1 _5_x+ 5 ol 125)C + 6% 31?5 15625
_ 98 1568 4 9408x¢ _ 5376x! 4 39424x° _ 28672x5 . 81924
T7*(x) =-1 +5_x 25 4 125x V1 + 3125 15625 7)§125
_ 128 2688 _ 21504x 4 16896x  180224x6 . 212992x¢ 131072 32768
TB*(X) =1- 5—x+ 25x - 125x T s 312§co + 5625 781365 390625
Tg*( =1+ % _ 864 4 44352x° _ 228096x' | 6589440 _ 1118208 4 221184x7 _ 589824 4
131072
1953125,

* (5) = 1— _ 16896 4 109824x' _ 2050048: 4 186368x _ 262144% 4 1114112 _
Ty*o(x) = 1-400c+264x% = 5570 + 5020 — SH00 4 500 — S00s™ + Jgy3s

524288x° 4 524288x10
390625 9765625
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To"(x) = T,"00 = ") = "(x) = 0,
TS*(”)(x) = 12288 TG*(”)(x) — —147456 4 294912x

625 625 3125
*(v) — 946176 _ 4128768x 4 4128768
L7(x) = %5 3125° ' is625
*(v) — —4325376 4 30670848x _ 66060288x2 4 44040192
Ty () 625 + 3125 15625 + 78125 '
T *(v)( x) = 15814656 _ 161021952x 4 111476736xc _ 792723456x° 4. 396361728
9 625 3125 3125 78125 390625 °
T. *(v)( x) = —49201152 4 26836992x _ 1321205762 4 1497366528x° _ 1585446912x' 4 3170893824
10 625 125 625 15625 78125 1953125

As illustrated earlier, solving the above system, the values of the coefficients p;, i =
0, 1, . .. 10 are obtained. The p/’s are afterward substituted into (3.2.1) and after some
simplification, the approximate polynomial (3.2.1) takes the continuous form
& £

p(x) = - a{xX)Yn+i+ h>  Bix)fu+i (3.2.20)
=0 =0

where the a;’s, and f3;’s are continuous coefficients expressed as function of t as follows

a = (9 — 2502 +625¢%) -

a1 = =33 — 2t — 80# + 50£ + 125¢%) 0

@ = 2(9—36t—702+ 100 + 125¢) -

as = —>{—9 — 54t — 20£ + 1508 + 125¢)

ar= 52,(—3—8t+ 702+ 200 + 125¢) O

Bo = —tigeeeeas(1—5¢)%(2079+ 9540t — 14154 — 45040 +35200¢*
+605006 — 38750# — 25000’ + 15625%8) =
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Bi = fgesees(166131 — 90774t — 4616055 + 2718600£ + 11452750 ¢ 0
—11812500¢ + 32812504 + 14625000¢" — 91406258 — 2343750# + 1953125¢0)
B = s755a(626913 + 475218t — 17774745¢ — 13287800£ + 53710250¢ 0
+35437500¢ — 29531250£ — 6375000¢' + 119531254 + 781250 — 1953125¢1)
B3 = s3i5e5a(171423 + 475218t — 4401255 — 13287800 + 1729750t u
+35437500¢ + 29531250# — 6375000¢” — 119531254 + 781250¢° + 1953125¢19)
B4 = frerseas(—20979 — 90774t + 584055¢ + 27186008 — 1372750¢* 0

—11812500¢ — 3281250 + 14625000¢ + 9140625# — 2343750¢ — 1953125¢1)

Bs = pameiees(1+56)2(2079 — 9540t — 141542 +450408 + 35200
~605006 — 38750 + 250007 + 15625£)

: (3.2.21)

wheret—1 g—— 11 .

In what follows, the BUM is derived.

3.2.5 Development of the Block Unification Method (BUM)

By evaluating p(x) in (3.2.20) at the point x = xn+5, which implies ¢ = 1, the following
5-step discrete LMM is obtained

Unt5= Yn—SYn+1+ 102yn+2 —10yn+3+ 5ynsa + A ;4—1fn+1 + 21_41fn+2+

(3.2.22)
%fn+3 +_%4fn+4

The formula (3.2.22) gives the main method.

From the transformation x = 822 2 gy = hdt the first derivatives of (3.2.21) yields
2 5

62



B,

2 (-t+58), o =-1(1+80t- 75— 250¢),
48h 24h

8 (-9 —35t+ 752 + 1256), o =227 +20t—225¢ - 250¢),
(—2+35t+150£ + 1258),

1857983600(5625 + 57579t — 502500 — 263500£ + 3543750¢*
—708750# — 6562500t° + 2812500¢ + 3515625# — 1953125¢F) ,

185794560h

+9843750¢ + 51187500£ — 36562500t — 10546875# + 97656

92897280h

—88593750¢ — 223125004 +47812500¢ + 35156258 — 9765625¢),

osgaTase—(237609 — 4401255¢— 19931700 + 3459500 £ + 88593750

+88593750¢ — 223125006 — 47812500¢’ + 35156258 + 9765625¢),

= | gmesa—(—45387 + 584055t + 4077900 — 2745500 — 29531250¢!

9843750£ + 511875006 + 365625007 — 10546875# — 9765625£) ,
k(5625 — 57579¢ — 502500 + 2635004 + 3543750¢
+7087508 — 65625004 — 2812500 + 35156258 + 1953125£)

e (—45387 — 4616055t + 4077900¢ + 229055006 — 29531250¢*

25¢) ,

aaa(237609 — 17774745t — 19931700¢ + 107420500 + 88593750t

O

oo o o O

O

(3.2.23)

By evaluating pl(x) in (3.2.20) at the point x = xn+i, @ = 0(1)5, which implies

= -1,

—5— ,»E 19 % 3,1 the following 5-step discrete LMMs are obtained:
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_25yn _ 4yn+1 _ 3yn+2 4+ 4Yni3 _ Yn+a 4+ h5 -ﬁ + 107 fon1 4+ 199fne2

ggo 10080 3360 s 3 4
+ n+3 + 192h+4 _ Zn+5
4 6 5 5 1 3360 1440 1680
— _— Yn _ SHrH-l + 3yn+22 Yn+3 + Yn+a —+ h5 4_& _ Jnv1 36]-Zn+2
— Joa _ Joes | foes 3360 84 10080

480 1680 10080

+2 -
hf Tl — B 20ha | 20hs _ e g5 O0R L 2BR | 28R
(3520 1080 z .
hyr 3= =+ nn_|t31@ n_+439n+2 4+ S5Yn+3 4 Ynwa _ h5 frr1 _ 341fnio
224 1120 1008
n 3 2 2. 2 6 4 280, 10080
n, n+4 Zn+5
hyr = gn— (253 + Yni2 — 4yn+3 + Mﬁ- h5 /n + 112n+1+ Sfas2
n+4 4 3 s 12 10080 1120 80
5040 672 3360
hy o = zsg’ng—iﬁéaym,%}g %45 107yns | 77una y 5 —fo 4 1491 9679
10080 180 3360
n+5 12 6 2 s 6 12 3360 1680 10080

L 10819fs | 29faus | fas

Differentiating (3.2.23) yields the following

e (-1+158), &l = ¢z (8- 15t—75A), &) = 5 (-7 +30t+
ez (2—45t—-758), af = 5 (7 +60t+758),

T (19193 — 335000t — 2635008 +4725000£

~1181250# — 13125000£ + 6562500 + 9375000¢ — 5859375£),
ssessearz (—307737 + 543720t + 45811004 — 7875000

+3281250# +20475000£ — 17062500£ — 5625000¢ + 58593758),
Tsasassorr (— 1184983 — 2657560t + 214841002 + 236250008
—29531250¢* — 89250006 + 223125006 + 1875000¢ — 5859375¢),
i (—293417 — 2657560¢+ 691900 + 236250004
+29531250¢ — 89250006 — 22312500 + 1875000¢ + 5859375 ),
osearan (38937 + 543720t — 549100 — 78750008

30965760k

—3281250¢* + 20475000 + 17062500¢ — 5625000¢’ — 58593758),

,(—19193 — 335000t + 2635002 + 47250008
1545280950 4 — 131250006 — 6562500 + 9375000¢ + 5859375 #)
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By evaluating pU(x) in (3.2.20) at the points x = xn+i, © = 0(1)5, which implies

= -1, —5—, < 19 % 3, 1 the following 5-step discrete LMMs are obtained:

200 = 35yn _ 26un+1 4 19 _4HL _11/L4 5 —887fn _ 2181lfh.q
hey, V) 3 T SYne2 + + 1 Foos00 60480
30240 1440 60480 43@0
_ o }13079 _;4_1 ;3+2_+209 i 23 + hs _2332613]‘“ + 73fn+1 + 779 ni2 8
n2y! .
a1 12 3 576 302400
7560 b
_ 13Zn+3 + Zn+4 — 791n+5 \:‘
n+2 12 3 2 3 3(;2400 3694
2 — i 4yn+1 . 5yn+2 4yn+3 _ n+4 5 f0+1 _ n+2
h yJJ + 2 + 3 +h 100800 8640 108 0
864 8640 100800 %
+2fnes _ Ufnea 4 17fnes 0
thJ’}+3 = _UYn 4 Yn+1 4 Yn+2 _ 5yn+3 + 1lynta + h5 ) —17fn _ 19fn+1 _ 5fn+2 .
630 60480 302490
— 23fws  127fwes _ 79fws
O
n+4 2 3 2 2 302400 %
thJ_] — lil/n _ 14yn+1 _|_ 19yn+2 . 2éyn-ﬁ _|_ 3§yn+4 _|_ h5 égfh _|_ %+1 _|_ 12 %’1+2 0

30240 20160 43289
thJJ+5 - @g%%#& i__laéﬁnﬂz %ﬁg@yn+3 + 7lyn+a + h5 T -23f + 7559 fn+1 + 983 fn+2 @]

n 12 9% 3 60480, 100800 43200 60480 220
3 12
U
z
1672fns 4 29161f5es 4 887fis (3.2.26)
Differentiating (3.2.25) yields the following
ap= G o= ap =BG ap= S ap=zE
BY = 357735 (—335+527t— 141752 + 47256 + 65625 -
—3937565 - 6562515 +46875¢) 8
BY = fozsteers (13593 +229055¢ — 590625 + 328125 + 2559375¢*

—2559375¢ — 9843756 + 1171875¢) 0

BY = geres(—66439 +1074205¢+ 17718758 — 29531258 — 1115625
+33468756 + 3281256 — 1171875¢)

O
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BY = ek (—66439 + 34595¢ + 17718752 + 29531256 — 1115625¢*

O
—33468756+3281256+1171875¢) 0
BY = gsebe (—13593 +27455¢ + 5906252 + 3281256 — 25593754 [

—2559375¢6 + 9843756 + 1171875¢)
BY = g (—335+527t+ 141752+ 47258 — 65625t 0
C

—39375¢ + 656256 + 46875¢')
(3.2.27)

By evaluating pJJJ(x) in (3.2.20) at the points x = xn+i, ¢ = 0(1)5, which implies

= -1, —5—, —519 % 3,1 the following 5-step discrete LMMs are obtained:

RByd = =3 49y, — 12040 + Typsz — Sdned 4 g5 Z7fn 4 A081fne 4 19433/ne2
n 51260 60480 6048 2
b3 4032 4320 30240
+ 137fws _ 1061fis 4 17fns
= T 17 31fne 3251 fne
Ry = =32 4 5y,,1 — 6Ynio +§yn+3 — n2% 4 p> fo 4 3o o 325102
+ 493 + 41 fora 41 frss 6048 1344 15120
h3 1 _ 4320 10080 60480 . " 41 419f., 3957,
Y = —W4y,q— yn+3_|_1:L+h5 fo _ A19fna _ 395fmo
15120 60480
n+2 2 2 60480 15120 2016

a9y a1pe”

3yn-+ 1301 fns 1523 v
h3yJ#+3 = B —3yn+1 + 6yni2 — 5yn+3 + S 4 w fas1 4 fr2
-|— —h 3Zn+4+ 1Zn+ 60480 7560
3y 34,2016 1890 60480 . at o1/ o107
= 7yn+1 + 12yn+2 9yn+3 + 2Yn+4 h5 fn + n+l N2
7560 1344 6048
n+d 2 60480 10080 4320

2
4 6823fia 4 115f 17>
Ry, o n 11yn+1+18yn+2 13yns3 + L4 4 pS T1fn 4 5239fne1 4 6323fnen

+ 549830 4 45310 4 277&50?2 6048 60480 5040
Finally, differentiating (3.2.27) yield (3.2.28)
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aéiv) — h4, agiv) — -4 aéiv) —_6 agiv) — %, agiv) =n

ht ht U

B = gerdge(—527 —28350t+ 141758 +262500£ — 196875¢* 0

—393750£ +328125£) 0

B = ogrdsom(45811—236250¢+ 196875+ 20475008 — 2559375¢ 1

—11812508 + 1640625£) 0

B = ks (214841 + 708750t — 17718756 — 8925006 + 3346875¢4

+3937506 — 1640625 ) .

B9 = sasdion(6919+708750t+ 17718752 —892500£ — 3346875 ©

4 $£3937508 + 16406256) E
B =1 (-5491+236250¢+ 19687582 — 20475008 — 2559375

+11812508 + 1640625£6) .

B = gerdeors (527 +28350¢+ 14175 — 2625008 — 196875¢ 0

+3937506 +3281256)
(3.2.29)

By evaluating p()(x) in (3.2.20) at the points x = xn+;, i = 0(1)5, which implies

t=-1,-2, <1, 4 3, 1 the following 5-step discrete LMMs are obtained:
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V) — " —19097 81629 fn+
Wy = yn — 4Yne1 + 6Yns2 — 4Yns3 + Ynsa + 1 fo _ 8162801
n 5 60480 60480
30240 30240 60480 60480
@) — 37992 _ 8391fs  5399fps _ 853fus 60480 12096 B
4 () _ {155 853fn _ 4339
hyn+1 = yn_4yn+1+6yn+2_4yn+3 FyYnt 5 n— it
- + - * 60480

208840, 198490, 188989,  281f. . ,
= Yn— 4ns1+ 62 — Y3+ Yea+ B 2RS0T

h4y(1 2 60480 60480
1%60ge: — 380han 4 LIO%0ae0 16LIB0480 5T 1g1s, | 1153 O
3 = Jl-’l - 3'%Jr&l +0yni2 —AYn+3 + Ynra + h° SARER el 0

n+
h4y(iv) 30240 6048 60480 60480 60480 60480
= 5 =281 4387 e

A Yn LB 126G = 203903 + BBMs+ W° o B

Tt 60480 60480

30240 30240 12096 60

+ 12329fﬂﬁ+ 34417 fss + 4843fi+a _ 853fiss

: g, O
h4y(iv) = Yn— 4yn+1 + 6yn+2 - 4yn+3 + Yn+4a + hS 853 _ 2 %?ﬂ -

n+5

60480 0
30240 30240 60480 60480
422451 o0 | 17659fas |y 84149fn 4 19097 s 0
(3.2.30)

where n =0,5,..., N — 5. The formulae in (3.2.24), (3.2.26), (3.2.28) and (3.2.30) are

the additional methods.

Remark 3.2.4. The formulae (3.2.22), (3.2.24), (3.2.26), (3.2.28) and (3.2.30) together
form the Block Unification Method which is used to solve (2.1.1) for u = 5 numerically

with appropriate boundary conditions.

3.2.6 Development of the Boundary Value Method (BVM)

Similar to the derivation of BVM for u = 4, (3.2.20) is evaluated at different points.
By evaluating p(x), p(x), p’(x), p¥(x) and pli)(x), in (3.2.20) at the points xn+s5

which implies ¢ = 1, the following discrete 5-step LMMs are obtained:
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Ynss = —Ynt 5yn+1 - 10yn+2 + ]-Oyn+3 - 5yn+4 +ﬁ h5 (fn+1 0

n ﬁ}lfn+2 6+ 11fn+% + fn+4) g
s = B o S g B sy Tt - K (3804
6 12 10080 0

161f — 37795
95702 MBS J62mg < Sg) O

R = A 5060t 535040105 —t 1458055 20 2661 £ 5) S
Ryl = S 11y,41 +18ynss — 1B3ynes + Z5TF " (170f, + 5239t E
+75876fs2 + 10816643 + 63434fnrq + 4155f45)
h4y,(lf)5 =Y n —4Yn+1 +6Yn+2 —4Yn+3 + Ynsa + 60}51580 (853fn — 2879fn+1 S
+44902f+2 + 353181043 + 84149f44 + 19097 fr+5) -
(3.2.31)

wheren=0,5,..., N- 5.

For the additional method, by evaluating pl(x) in (3.2.20) at the points x = Xx;,
i = 0(1)4, which implies t = —1, ——,——5,55 , the following 5-step discrete LMMs
are obtained:

hyhy = — B4 4y — 3y + 3wy B (3fo+749/1+ 1194/, + 545 O

12 3 4 10080
+19f2 — 3f5) .
4 6 2 2 12 710080 _120f — 3616 — 21
hy{=_w_iw+lw_w+yi+h5 (3fo 011 — 361f> f %
—6f2 + f5)
hh o w_ 2wy 2w w w2506 -4+ f)
12 3. 3 12 10080 0
hy'_!g=_y0+yl_iyz+ilﬁ+%—h5 5
(36f1 + 3415 + 135 — 9fa + f5)
4 3 12 10080 O
122 2 6 4 10080
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hyy = W— W4 3y, — 4y + DUt

(fo + 9911 + 1134f> + 794f3
L

(3.2.32)

—15f +3f)
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By evaluating p”(x) in (3.2.20) at the points x = x;, ¢ = 0(1)4, which implies t =

71
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-1, —s5, —5, 5, 5, the following 5-step discrete LMMs are also obtained:
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Ry = B 2wy low w4 e (26611 + 109055£ + 130790
O

+8610f; + 1045f — 161f5)
Ry= w_5u4wpm_w_ K (161f; — 9855fi — 1558012 + 5203

2 3 2 3 12 30200 5
— 5104 + 245013
Ry = —B25Rut T9B) J2+ 24507
—385£3+ 51%) 302400
Ry = - iy 5wy e ®o(516 4 665f + 1400054 + 110407 O
12 3 2 3 12 302400 0
— (7910 + 11025£ + 127570
Ry = _635f‘}‘+ ?i;z) 26y 4 3oy, 4 305‘200( ” 5 * H
1= 1147 +16 54+16Tﬁ)
(3.2.33)
By3eva|1u{31t3ing pPY(x) in (3.2.20) at the points x = x;, i = 0(1)4, which impliest =
-1, —_5, —_5_,_5 , 5, the following 5-step discrete LMMs are also obtained:
Byl = -3 49y — 12yp 4+ 7y3 — 2 + 1 (415575 + 5713471 + 38866/
2 2 66480
+6576/3 — 1061f3 + 170fs)
By = -3 45y — 6y +3y3— % — 2 (17075 — 1395£ — 13004f5 — 6865 O
—246f1+41f) 0
3= k4 + B 4 500 gy 7 50/ — 16765 + 41
%ly@= i—3y1+6%j32—5~lj3+21(Jf@5 (11 8“6’1 %18722+2 6 4) 0
2 2 60480
—416f2+41fs) 0
By = 30 — 7y + 12y, — Qyz + 2 — o (41fs — 4026f1 — 42266f — 54584f; [
—5175f2 + 170f) =
(3.2.34)

Finally, by evaluating p(i’)(x) in (3.2.20) at the point x = x; i = 0(1)4, which implies

= -1, -2, <1, 3, the following 5-step discrete LMMs are obtained:
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h4y(()i”) = yo— 4yt + 612 — 43 + ys — 62489 (1909715 + 8162975 + 7598/ (1

+17182f; — 5399f3 + 853f3) 0
KA = yo — dys + 6ya — 4ys + ya + B (853f — 216957 — 41114

+3062f — 1867f: +281%) ___ (281f — 5059 — 18105
i) = yo — 4y + 6y — dys + ya —
2 60480

+7774f; — 1367f1 + 181f5)
60480
R = yo— Ay + 6y —dys + ya+ - (181 + 1153f + 35494

+25910f — 2539f; + 281f5)  (P8L6 —4387f1 = 2465872
h4y(l“) =y -4y +6y —4ys+ys—"
60480
—68834f; — 24215f3 + 853f5) |
(3.2.35)

O

Ood oM

The formulae in (3.2.32)-(3.2.35) together form additional methods

Remark 3.2.5. The formulae (3.2.31)-(3.2.35) together form the Boundary Value Method
(BVM) which is used to solve (2.1.1) for u = 5 numerically with appropriate boundary

conditions.

Remark 3.2.6. For both Block Unification Method and the Boundary Value Method, If
IVP is to be solved with these methods, it would be applied sequentially on block of
intervals of the form [xn, xn4s5], n =0, 5, ..., N — 5, where IV, the number of subin-
tervals, must be a multiple of 5 in order to reach the final point xy = b. In case of a
BVP, all the formulae in each case of the BUM and BVM respectively are considered for
n=0,5, ..., N— 5. Thisresults in a system of 5N equations, which together with the

five boundary conditions leads to a system of 5N + 5 equations in 5N + 5 unknowns
U gyl Yy for j = 0(1)N.

Remark 3.2.7. The BUM and BVM are classes of methods which are equally weighted

for the numerical integration of both initial and boundary value problems.
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3.2.7 Method of Lines (MOLS)

In order to apply BUM and the BVM to PDEs, a problem is first converted to system
of ODEs via the method of lines. The method of lines approach is traditionally used
for solving PDEs, whereby the a PDE is converted into a system of ODEs, by replac-
ing the derivatives with their finite difference approximations (Ramos and Vigo-Aguiar,
2007; Brugnano and Trigiante, 1998). Following Jator (2015) and Biala et al. (2015), we
demonstrate the process of converting (2.1.2) and (2.1.3), respectively, into a system of
ODEs and then solve by the BUM and the BVM. Thus, for real numbers L1, Ly, L3, L4,
solution y(x, t) of (2.1.2), where (x, t) is in the rectangle [ L1, L2] X [Ls, L4]. The t vari-
able is discretised with mesh spacing At = L=k ¢, = I3+ mAt, m=0,1,..., M,

M

Ax =520 x,= L1+ nAx, n=0,1,..., Nwith the vector

y= [y1,1, Y12, Y2,1, - - - » yn71,m71]T
and
G=[Gi1, G2, Gty - - -5 Guotmo11”

where ym = y(x, tn) and Gm = G(x, tn);

3.2.7.1 Central Difference Approximations

If a function u(x) can be evaluated at values that lie to the left and right of x on the real
line, then the best two-point formulae will involve abscissae that are chosen symmetrically

on both sides of x.

Theorem 3.2.1 (Centered Formula of Order O(h2))). [John and Kurtis (2004)] Assume
that u € C?[a, b] andthat x — h, x, x + h € [a, b]. Then

W(x) ~ ”*12;}1”‘1 (3.2.36)
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Furthermore, there exists a number { = §x) € [a, b]such that

w(x) = T, p), (3.2.37)
‘h
where R §) ,
T(u,h) = ——— = O(h). (3.2.38)

The term T (u, h) is called the truncation error, un+1 = u(xn + h), un-1 = u(xn — h).
By similar derivation of (3.2.36), w!(x) has the formulae

— 22U, + Uy_q
h?

W(x) ~ Lot (3.2.39)

For PDE, where u = un,m = u(xn, tm), and by discretising the space variable t, the

central difference method becomes

aa—? = w(x, t,) ® u(x, tm+1)2—hu(x, tm_l), (3.2.40)
2 m -2 m) + > tm—
g‘t‘z = U, )~ L fmrt) ”(z’zt )+ uX, tn-1) (3.2.41)

The formulae (3.2.40) and (3.2.41) are called semi-discretisation of the dependent
variable u.
Using the central difference approximation (3.2.41)

L/()C, tm+1)_ — ZU(X, tm) + LI()C, tm—l)_
Yulx, tm) ~ — (AD)?

then (2.1.2) has the following semidiscretized form

dy’ ) 2y + z

Ym+i Yn T Ym-1—
-2 = — Gn 2.
oA (B0 4 (3:2.42)
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which can be written in the form

Y = flx,y) (3.2.43)

subject to the appropriate initial and boundary conditions, where f(x, y) = Ay + g, and
Aisan M — 1 X M — 1 matrix arising from the semi-discretized system (3.2.42).

Similarly (2.1.3) has the semidiscretized form

- b3
dy’ Am 1 Ym+1 —2Ym+ UYm-1
T + Gom
T g tb (A9? (3.2.44)
Aaxsm b nm
where ] : .

dyn,m ym+1;um—1 dyn,m dyi,m
dx > (M0 Al dd

and bp,m f=0forn=0,1,...,Nand m=0,1, ..., M. This forms a fifth-order problem
in ODE of the type:

— 2
Gn,m =  Xn, tm) Yn,m, Y n,m’

y(U) =f(x’ Y, yJ’ yJJ, yJJJ’ y(iv))’ a<x<b (3245)

subject to the boundary conditions:

y(@)=w, ¥(@=w, () =uy,
y(b) = yh e P(0) = ¥2

where flx, y, ¥, W, Y, y(i)) = AY +gand Ais a kx k matrix (k = (N—1)(M—1)) aris-
ing from the semidiscretized system (2.1.3) and which is expressed in the form (3.2.45).
Here g is a vector of constants. Note that 7 in 7, for j = 1,2, are only index notation

for different yn,m.

The equivalent form of the BUM (3.2.7), (3.2.9), (3.2.11) and (3.2.13) for the direct

numerical integration of problem (2.1.2) is given as
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yn+4,m =

yn+5,m =

han,m =

hyjn+1,m

hyjn+2,m

hyjn+3,m

hyjn+4,m

hyjn+5,m

4yn+3,m - 6yn+2,m + 4yn+1,m - yn,m + h4 __1fn,m +ﬁfn+1,m
s 720 180

120 fn+2 m 180_fn+3 m 712 n+4,m )
_4yn,m + 15yn+1,m - 20yn+2,m + 10yn+3,m + h4 - llso,fn,m + 1116ﬂ1+1,m

101 97 1 1
+ s?fn+2,m +72_fn+3,m +6_fn+4,m 7 n+5m

11 3yn+ 4 "
_ lynm +3yn+1,m_ Yn+2.m + Yn+3a.m __ h4 _ 9370](‘ o %Sﬁl+l,m

6 2 3 10080
599 1
- + - -+ - +
10080 Jrvzm 720f" 3m* 224of” M 600 e
1 4 1
_ynm__yn+1m+yn+2m yn+3m+h _540 nm s
2809 229 1 11
+ 20 f )+ +3,m o Jneam = [
60480 Jrttm 1008 ? 2, 30240 20 J+3m 43T adhe™ ™
47 169
- - +1, + “Yn+2, + + + h
6yn,m Yn+i,m yn m yn 3,m 30240 nm s
53
—311 1, —-323 2,mt—= +4, _5f+ )
10080 ot 6048 > fos M35 o~ 2880 TR T dfse ™
47 41
__ynm _yn+1m_ 3yn+2m+ _yn+3m+ h*t — nm
5040 5
173 11
+ 1B f ot L o+ s +4, +5
2880 f” 60 L "™ 0080 f” m+ 10080 A ™
47 _ 671
_zynm+7yn+1m_ _yn+2m+ _yn+3,m+ h* — 30240 n,m s
169 4 12821 447
+ +1 +2,m " fnt3 +4, +
540 a1 m10080 Jnr2 45120 Jrrzm ¥ 60480 o Jrram 36 on >m

_ynm + %yrﬁl m = 19yn+2 m + _Zyn+3 m + h4 _%

4 1663 4 6847 60863 4 2473 41
+ +
224of n+l,m 2160f n+2,m 30240f n+3,m 5040f n+4,m 302400f n+3,m
(3.2.46)

2
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Ry m

hzyjrjwl,m
hzyjrjl+2,m
hzy]rjl+3,m
R Yham =
hzy]rjl+5,m
Wy,

h3 TJLJ+1 m
Ry m
ny) n+3m
R ea m

3
h n+5m

— " 1411 3091
- Zyn m = 5er+1 m + 4yn+2 m ~ Yn+t3,m + hZ 2016 n,gL + 432 n+l,m

2831 143 1391 23
T2 [ +3,m — +4,m T2 Tnas
30240 Jrram ¥, 2520 520 JH3m 60480f TR gogg" O™

— 4 _73 1601
- yn m 2yn+1 m + yn+2 m + h* - 3024 n,m _Z 2016 n+l,m

+— 1 n+2 m = zf'ﬁ+3 m fn+4 fn+5 6n80

7560 toos0™

— 4 _11
- yn+1,m - 2yn+2,m + yn+3,m + R _f;z ﬁz+1,m
60480 15120

_ 773 = — S

53 11
/5 K] +-11
10080 2 T y5h5g3m e )
= _yn m + 4'yn+1,m - 5yn+2,m + 2yn+3,m + h4 - ZIZOf;L’m + 10427 n+lm

6048
9901 4107 37 11 _
+ — - Jn+3 __Sf +4,m T Jnt
151zof” 1120 > gl ™ je%hs%rm
4 3469
—2Un.m + 7Yn 8Yn+2,m,F 3Yns3m +, h4 g rm T Jogse /nrLm
6427 5%{‘ LMy pInESm
4320 n+2, m 3780 n+3,m 1344 n+4,m — 6048 n+5,m
_ 4" 11 + 29689
= _3yn,m + ]-Oyn+1 m = 11yn+2 m+ 4yn+3,m + R _§0240fn m 60480 fn+1 m
4499 4 58271 4 4561 427 S
210 Jre2.m 30240 Jre3.m 4320 Jrvam 4032f nt3.m
_ 37 _ 19151 73967
= —Ynm + 3yn+1 m = 3yn+2 m + Yn+3,m — h - 6048 nzm - 6048 n+lm
1261 7439 45549
dods Jnr2m Sgag Sn+3m Fogug Sram = 6048 n+S,m
_ 4" 799 14033
= —Ynm T 3yn+1 m = 3yn+2 mt Ynt3m+ h 50480 nmz_ 6048/ +1.m
10453 2683 1717
— — +-251
30240 Ir2m Spq0 I3 m “goage Snram 6048 n+s,m

— _67 12721
= —Ynm + 3yn+1 m 3yn+2 m + Yn+3,m + h T 1209¢6 r%Zm + 6048 n+lm

11009 1517 211
a0 Jrrem g Jrsm Hggeq Frovam = 60488/ +>>m

— 4 127 1763
= —Unm + 3yn+1 m 3yn+2 mt Yn+t3,m + R 6048 n,m; 1200¢ nH1.m

27851 14107 2389 251
a00a0 Jnr2,m Ho2a0 Jnt3m 760480 Jrram +60480f n+5,m

_ 4 _ 67 12049

= —Ynm + 3yn+1 m = 3yn+2 m + Yn+3,m + ht - 12096/ n, r£ + 6048 n+lm

22433 35569 4873 883
+
30240 Jrr2,m 30240 Jnr3m 12096 Jnram 6048 n+5,m

799

_yn m + 3yn+1 m 3yn+2 m + yn+3 m + h4 48(lﬁl mzi' nt+l,m
6511 18811 84299 1902 6048

+ fn + fn + fn + fn+5,m

6048 30240 60480 60480

(3.2.47)

Similarly, the equivalent form of the BUM (3.2.22), (3.2.24), (3.2.26), (3.2.28) and

(3.2.30) for the direct numerical integration of problem (2.1.3) is given as
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yn+5,m = yn,m,m - 5yn+1,m + 1Oyn+2,m - 10yn+%m + 5yn+4,m +21;"5 -_1fn+1,m

11 35 11 3,5 115
+2: h fn+2,m +24_ h fn+3,m +2_4 h fn+4,m

— _ 25!1n m _ 4yn+3,m _ Yn+am 5 ) /n.m 107Zn+1 m
" m = 12 4Yn+1,m = 3Yn+a,m + 3 s 4 + hosee™ + T
+ 199fn2.m + 3fn+a.m + 19fn+am _ fre5m
1680 560 10080 3360
— _ Ynm __ Syn+1.m 3Yn+2.m _ Yn+d.m Yn+a.m 5° Jnm _ Jn+tim
hyjn"‘l,m 4 6 + 2 2 -; 12 + h 3360 84
J— 361ﬁ‘1+2 m __ ﬁ1+3 m __ ﬁ1+4 m 4 ﬁ’l+5 m
10080 480 1680 10080
— Ynm __ 2Yni1.m 2Yn+3.m __ Yn+am 5 . —fnm 11fniim
hy1n+2,m 12 3 + 3 2 +h 10080+ 2520
25ﬁ|+2,m 11ﬁ1+3,m — ﬁ1+4,m
+ 1008 + 2520 10080
— _ Ynm Yn+lm 3Yn+2.m SyYn+3.m Yn+am 5 . fn+1.m
hy]n"‘?),m 12 + 2 2 + 6 +z 4 h 280
J— 341ﬁ‘1+2 m __ 3ﬁ’1+3 m 4 ﬁ1+4 m __ ﬁ’l+5 m
10080 224 1120 1008
_ Yy _ 4ynn _ 25yn+a 5 f 11fhn
NYpram = 5" T+ 3Yntzm — AYnezm F [0 H R st + e
9ﬁ1+2,m 397ﬁ1+3,m _ ﬁ1+4,m ﬁ1+5,m
+ 80 A 5040 672 . 3360

—_ 25yn.m _ 61yn+1,m 39yn+2,m _ 107yn+3,m 77yn+4,m 5 ) —fo.m 149ﬁ1+1,m
hfrss,m = =4 e Tt 3 + T R gt +

3 1680
96790 10819 29fi.4 5
+ 25052 + 1050y + 2fgn + gz

(3.2.48)
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2.)
h nm

R Yit,m

hzerJ1+2,m

hzerJl+3,m

h2

)
n+4,m

hzerJl+5,m

3,0
hn,m

h3

h3

h3

h3

h3

1))
n+l,m

1}
n+2,m

1}
n+3,m

)
n+4,m

)
n+5m

35ynm _ 26Yn+im + 19 _ 1l4ynim + 11lyn+am + h5 " —887fnm 21811fnim

12 3 2 Ynt2,m 3 12 100800 60480
_ 13079fn2m _ 4lfaism _ 209fniam + 23fri5m
30240 1440 60480 43200
11lynm _ SYn+1.m Yn+2.m Yn+3m __ Yn+4m 5 T - 3h3ln m | 73Zn+1 m
12 3 + 2 + 3 122+ h 43200 2240
+ 779%fne2m _ 13faiam + Jotam _ 79fnism
15120 7560 576 302400
__ Ynm 4Yynim _ SYniom 4ynsam _ Yn+am 5 "79fnm __ 337faiim
12 + 3 2 + 3 12+ h 302400 60480
— 17fn+2,m + 7fn+3,m _ 11ﬁ|+4,m + 17ﬁ1+5,m
10080 864 8640 100800
_ Ynm Yn+l.m Yn2am SYn+3.m 11yn+am 5 ) —17fm _ 19fh+1.m
12 + 3 + 2 3 + 1 + R 100800 8640
__ Sfarom _ 23faeam + 127fham _ 79fn+s5m
108 630 60480 302400
1lynm _ 14yni1m 19yniom _ 26Yyn+3.m 35yn+a.m 5 ) 7_9_&,m ZM
12 3 + 2 3 + 12 + h 302400 +192
12757 fnio.m 11147 fri3.m 113fhiam 23fn+5.m
+ 30240 + 30240 + 20160 + 43200

35upm _ Hygeim 4 4unom _ 5unom 4 71yn+l42mz+ RS =23 4 7559

(3.2.49)

5 Syn+ " 277 4081 fh+
__yzﬂ'm + 9yn+1,m - 12yn+2,m + 7yn+3,m — Fntm + h54032 ik + 4320fn L

19433 fni2.m 137fn3m _ 1061fniam 4 17fn+5.m
+ 30240 + 1260 60480 + 6048

3nm n+4. m -_17nm 31n+m
__y_2'_+ 5yn+1,m_ 6yn+2,m+ 3yn+3,m_ y_4'_+ h5 ek + Tt

2 6048 1344
3251fn+2 m 49fn+3 m 41ﬁ1+4 m __ 41ﬁ1+5 m
+ 15120 + 4320 + 10080 60480

_yﬂ?_k Yn+im — yn+3,m+ ynTﬂ‘m'F h5 Hinm _ Hfniim

60480 15120
__395fniom __ 419fnam 4lfnram
2016 15120 60480 3 “ 1301
i — 3yn+1,m+6yn+2,m_ 5yn+3,m+ hem 4 > S
2 60480
1523fn+2m 67fn+3m _ 13fn+4m 41ﬁ1+5m
+ 7560 + 2016 1890 + 60480
3y _ . S5yn+4 5 —41f 671fha
an 7yn+1,m + 12yn+2,m 9yn+3,m+ m 4 h 60480 oL +10080 L
3019fn+2m 6823fn+3m 115fn+4m — 17ﬁ1+5m
+ 4320 + 7560 + 1344 6048

5 7 Yn+ "17 5239f.
_yzﬂ'm - llyn+1,m + 18yn+2,m - 13yn+3,m +2 netm + h56048 fom +60480fn Lo

6323fn+2 m 54083fn+3 m 4531fn+4 m 277fn+5 m
+ “T5oa0 -+ T 30040 0 t 4300 T a0

(3.2.50)
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h4 y( i) =

n,m

T

Ky

PY

Y

W y( )

n+5m

—19097fnm __ 81629fri1m

yn,m - 4yn+1,m + 6yn+2,m - 4yn+3,m + yn+4,m + h5

60480 60480
_ 3799fn+2 m ___ 8591fn+3 m 5399ﬁ1+4 m __ 853ﬁ1+5 m
30240 30240 60480 60480 5 " 853f 4339f
) 1,
yn,m - 4yn+1,m + 6yn+2,m - 4yn+3,m + yn+4,m + h m— e
60480 12096

_ 20557fn+2,m+ 1531fn+3,m_ 1867fn+4,m+281fn+5,m

30240 30240 60480 60480 T _281f 50595,

yn,m - 4yn+1,m + 6yn+2,m - 4yn+3,m + yn+4,m + h i nebm
60480 60480

+ 181fn+2 m __ 3887ﬁ1+3 m + 1367fn+4 m __ 181fn+5 m
6048 30240 60480 60480

yn,m - 4yn+1 + 6yn+2,m - 4yn+3,m+ yn+4,m
+ 17747fn+2‘m+ 2591fn+3‘m _ 2539fn+4,m+281ﬁ1+5,m

30240 6048 60480 60480 " _281f 4387,
yn,m - 4yn+1,m + 6yn+2,m - 4yn+3,m + yn+4,m + h5 e nebm

s 60480 60480
+ 12329f12m + 34417 frs3.m + 4843firam _ 853fsm ]
Yn,m ?&24ayn+1,m _ﬁog(yn+2,m _12&9!3n+3,m +6Oﬁr(1)+4,m + h5 853/ _ 28791
5 60480 60480
22451fpom + 17659f:3.m + 84149 fi+am + 19097 fo+s5.m
30240 30240 60480 60480

+ p5 18Lam . 1153fum
60480 60480

(3.2.51)

wheren=0,5,...,N—5.

3.3 Analysis of the Methods

Numerical methods for solution of ODEs have underlined basic properties viz-a-viz the

order and error constant of the method, consistency and convergence. These properties

are analyzed herein.

3.3.1 Order and Error Constants

3.3.1.1 Order of a Method

The formulae

ki e

] (
y) = afX)yn+j+ - BLX)fre (3.3.1)
j=0 j=0

is associated with the linear difference operator L[y(x); h] defined by
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Uk

[ ) [k .
L[y(x); h] =y(x+jh) -0  ay(x+jh)+h By (x+ jh)o (3.3.2)
=0 J=0

where k=5 for u = 4, 5.

Expanding (3.3.6) in Taylor series, the following linear combinations of C; are obtained
L[y(x); h] = Coy(x) + Cihy(x) + C:R2Y(x) + - + Cohay®)(x) + O(hr*!) (3.3.3)

where the constants

k]
G = a;
j=0
k)
G =  Ja
o =
— 2
© Z!FIJ aj =UBJ
J

Definition 3.3.1. The LMM (3.3.1)isoforderpif Co = C1 = Co =+ + + = Cptu =

0,and Cp+u+1 0 inwhich
L[y(x); Al = Cprurt AP 1Y (x) + O(RPHH*2) (3.34)

3.3.1.2 Order of the Block

Let the implicit block method formed by (3.2.7), (3.2.11) and (3.2.12) be defined by
ki ko

— ] _ ] —
Ynij= _ AiYnsj+ H_ Bifny; (3.3.5)
= j=
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where u is the degree of the derivative, Aj and B; are constant coefficients, ki, k2 are 3, 5

foru =4 and ki, k2 are 4, 5 for u = 5, where

0
. . 00 00 0,0 .
Yntu a 2 Ay,
11 11 1,1
O hyy, g oa a " Qg O
21 21 2,1
0 Ayt 0 0 a 2 A O
0 0 0 .U
a a wl
hyJ"+H .l w1l T Oy 0 0
- 0 h2 0 12 12
hzyifn 0 a @ a’ o O
O O s 2 +1
i S et g g 0 = 7"
!
Y o= a : Yn+j
. L . 3
hey . O 0 u,2
ntu w2 _p2 D Ynrke |
O E] B ai a Ay
1 O
. a a M
U h,u—ly(,u—l) %,,Ll 3.u e ak]
(u-1) 0at 2.1u
—1, (u— Vs
0 Ryl o ! Qg
0 0 0
H
0 ntu ot a Cee o qlbH
hy—ly(ﬂfl) a* Pu k1
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o BT B Be o
G BB e B o
0 0O
wl ol “Bffl 0 0
ﬁ ﬁ 1,2 0 n
12 712 A 0 fan O
2 ke =
gt g B2 0,
fn+j
B= 0 g
g ’ u,2 A
0B B L : T,
ﬁﬂ,u Ly ’1@“
0 f’” 22M Zlu 0
o B
: S ﬂ;sz
W, U
B g ’
phu
The linear difference operator L[y(x); h] is defined by
_ O O
1 ko . .
L[g(x); h]=Y(x+jh) -0 ' Ajy(x+jh)+ Bif(x+jh)V (3.3.6)

7=0 7=0

Expanding (3.3.6) in Taylor series, the following linear combinations of C; are obtained

L[5(x); h] = Coy(x) + Cihy(x) + CaR2yd(x) + - - - + Cphay®(x) + O(h#*1) (3.3.7)

where the constants C;’s are vectors.

Definition 3.3.2. The block method (3.3.5) isof order pif Co=C1 = Co =+ - -
Cp+u = 0, and Cp+u+1 f= 0 in which

L[G(x); h] = Cprurr AP P (x) + O(RPH*2) (3.3.8)

In this case, Cp++1 IS Vector of error constants.
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Remark 3.3.1. Itis remarked here that the formulae for the BUM and BVM are weighted
equally; hence the local truncation error and order for either case are the same for each

of u=4and u =5.
Definition 3.3.3. The implicit method (3.3.1) is said to be consistent if the order p > 1.

Theorem 3.3.1. (Henrichi (1962)) The implicit method (3.3.1) is said to be consistent if

it satisfies the following conditions:
f jkzo a=0
2. p(1) =p(1)=0and
3. p)(1) = plo(1)
where u is the order od the differential equation.

Remark 3.3.2. Definition 3.3.3 is a sufficient condition for the block method (3.3.5) to be
consistent, p > 1, Jator (2007).

3.3.2 Order, LTEs and Consistency of BUM and BVM for u = 4

Since the BUM and the BVM are equally weighted, the orders and LTEs of the formulae
constituting the BUM is equivalent for the BVM as well.

Expanding each of the formulae in (3.2.8),(3.2.10),(3.2.12) and (3.2.14), LTE, as defined
in Definition 3.3.1 and in (3.3.8), is given as;

L[y(x); h] = C1oh!%y(10(x) + O(h1V); with p=6 (3.3.9)

where Co = Ci=Co= -+ - =Ci =0, and C f= 0, and Cio = Cp+4. Here p is
the order and tn+j = Cp+4, j = 0(1)5 is the error constant. The following table shows
the order and error constants of each formulae in (3.2.8),(3.2.10),(3.2.12) and (3.2.14).
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Table 3.1: Order and error constants for u = 4

Formulae | Cp+4 | Formulae | Cpra | Formulae | Cpi4

In+4 36214 - - -

In+5 36254 - - - -

1:?+1 03 tﬁﬂ 60| o Tt

The2 The2 g3300 | T 5760

043 sgady | Tn+3 100890 T 5 5

Toed vasty | Thea 30 | Ty 120560

Tt T2 | Tns 00 | TV 50¢:
181440 151200 | Tn+5 8064

where the formulae t{(m), represent each LMM y(m m =0,...,3; j=0,...,5.

n+j n+j
From (3.3.9), it follows that for all the formulae, the order p = 6

3.3.3 Consistency of the Main Method

The first and second characteristic polynomials of the first formulae in (3.2.8) are:
o(z)=2—422+ 622 —4z+ 1

and
)3

_L'_4 3 2 _
o= 720 7'+ 1242° + 474z + 124z — 1

By Definition 3.3.3 and Theorem 3.3.1, the first formulae in (3.2.8) is consistent since

it satisfies the following:

1. Theorderisp =6 > 1;

E ;=Oaj=0,(ao=1, a=-4 @w=6a=-4 a=1)

3.0(1) =0
0(1) =423 — 1222 + 12z — 4
P(1)=0

Therefore, p(1) = /(1) =0
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4. ofi)(1) = 24: o(1) = 1,
Therefore, pli)(1) = 4l0(1)

The first and second characteristic polynomials of the second formulae in (3.2.8) are;
o(z) = 22 — 1023 + 202> — 15z + 4

and

. >
o= 7_;0 72+ 120z* — 97023 — 202022 — 495z + 4

By Definition 3.3.3 and Theorem 3.3.1, the second formulae in (3.2.8) is consistent

since it satisfies the following:

1. Theorderisp=6 > 1;

E ?=Oaj=0,(ao=4, ar=-15 a2 =20,a3=—- - 10, s =0, a5 =1)
3. o(1) =0

(1) = 5z* — 3022 + 40z — 15

P(1)=0

Therefore, p(1) = p(1) =0

4. p)(1) = 120; o1) = 1,
Therefore, pli)(1) = 5!0(1)

By Definition 3.3.3, the block method which constitutes (3.2.8),(3.2.10),(3.2.12) and

(3.2.14) is consistent.

3.3.4 Order, LTEs and Consistency of BUM and BVM for u = 5

Similarly, the order, LTE and Consistency of BUM for u = 5 suffice for that of the BVM
for u = 5 as well, since both are equally weighted. Expanding each of the formulae in
(3.2.22), (3.2.24), (3.2.26), (3.2.28) and (3.2.30), the LTE, as defined in Definition 3.3.1
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and in (3.3.8), is given as;
L[y(x); h] = C1oA %19 (x) + O(K'); with p=6 (3.3.10)

where Co=Ci=Cy ="+ - =Cp =0, and Ci1 f=0,and Ci1 = Cp+s. Here pis the
order and tn+j = Cp+s, j = 0(1)5 is the error constant. The following table shows the

order and error constants of formulae (3.2.22), (3.2.24), (3.2.26), (3.2.28) and (3.2.30).

Table 3.2: Order and error constants for u = 5

formulae | Cp+s | formulae | Cp+s | formulae | Cp+s | formulae | Cp+s
Tn+s 2470 | - - - - - -

L8 %88 | o 507550 | T Tl i) 6048
Tprt s | T+t weko0 | T 753600 tfzﬂ 170960
T2 %80 Thi2 ﬁo o, ﬁo tr(zl-l:% %o
Tne3 1330560 | Tn+3 507200 | T3 29600 t,(jf% 49550
Tnts o0 | Dnes 78 Tnks 13900 Tnes S5

where the formulae = (m), represent each LMM y(m m=0,...,4;;=0,...,5.
n+j n+j

From (3.3.10), it follows that for all the formulae the order p = 6

3.3.5 Consistency of the Main Method

The first and second characteristic polynomials of formula (3.2.22) are;
o(z) = 2° — 52+ 1022 — 1022+ 5z -1

and
)3

- = A 34,2
o 2 2 +11z22+ 22+ z+ 11

By Definition 3.3.3 and Theorem 3.3.1, the formulae (3.2.22) is consistent since it

satisfies the following:

l.orderisp =6 >1;
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5 Sea=0(am=-1,a=5a=-10,a =10, a = -5, as = 1)

3.0(1) =0
0(z) = 5z* — 2023 + 302> — 20z + 5
P(1) =0

Therefore, p(1) = p/(1) =0

4. oW(1) = 120; o(1) = 1,
Therefore, p()(1) = 5!0(1)

By Definition 3.3.3, the block method which constitute (3.2.22), (3.2.24), (3.2.26),
(3.2.28) and (3.2.30) is consistent.

3.3.6 Convergence Analysis

In this section, the convergence of the BUM and BVM are discussed. Since the BUMs
and the BVMs for u = 4 and u = 5, respectively, are equally weighted their convergence
are established in a similar way, with some changes in the coefficients of the matrices.
Their LTEs are also the same. The following theorem is used to establish the convergence

for the methodes.

Theorem 3.3.2. (Jator and Manathunga, 2018) Let Y be an approximation of the solution

vector Y for the system obtained on a partition ty = {a=x <x1 <x <+ <

xn-1 <xy = b}, and E = Y — Y. Define e; = |y(xai) — yil, het = |hy(x:i) — hyd,. ..,
u (1) (1) (u) (1) (u)

he =1lh y (x)—h y; |fori=1,..., N,wherethe exact solution y(x) €
Cr[a, b]. Then the block method (3.3.5) is a sixth-order convergent method. That is

[1Elle = O(R).

3.3.6.1 Proof of Convergence of the BUM for u =4

In order to show that the Block Unification Method (3.3.5) for u = 4 converges, the main

methods and additional methods can be compactly written as

GY — h*HF(Y) + C+ t(h) = 0 (3.3.11)
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where G isa4N X 4N matrix defined by

0 |
g tt11 tto thz  tha 0
G= tthy thy ttz tta 0
tt ottt tt
O 31 32 33 34 []
ttyy thy thz  tlg
and the entries of G are N X N matrices given as
-3 3/2 —-1/3 0 0 0 0 0 0 0 0
0
G5 4 0 0 0 0 0 0 0 0
-3 3 —1 0 0 0 0 0 0 0 0
5 —4 1 0 0 0 0 0 0 0
g-15 20 —10 0 1 0 0 0 0 00
0 o 0 0o 11/6 -3 3/2 —-1/3 0 0 0 0
-0 0 0 0 -2 5 —4 1 0 0 0 0
Gi1 0
0 0 0 1 =3 3 —1 0 0 0 0
O 0 o 0 1 -4 ¢ —4 1 0 0 0
0 0 0 —-15 20 —10 0 1 0 0 0
D ..' D
- 0 0 0 0 0 0o 11/6 =3 3/2 —-1/3 0 .
0 0 0 0 0 0 -2 5 —4 10
0 o 0 0 0 0 0 1 -3 3 -1 0
0 0 0 0 0 0- 1- 4 6 4 1
0 0
0 0 0 0 0 0 —-15 20 —-10 0 1

1

*tt11 is the matrix of repeated coefficients of yn+i for i = 1(1)4, in (3.2.8) and (3.2.10). tt21 is the
matrix of repeated coefficients of hy}, ., fori = 1(1)4, in (3.2.10). ¢t is the matrix of repeated
coefficients of h2y!l, ;, for i = 1(1)4, in (3.2.12) and tts1 is the matrix of repeated coefficients of A3y, ;,
for i = 1(1)4, in (3.2.14).
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-3 3 -1 0 0 0 0 0
0 0
-3 3 -1 0 0 0 0 0 .
-3 3 -1 0 0 0 0 0
0 O
-3 3 -1 0 0 0 0 0
0 0
. -3 3 -1 0 0 0 0 0 .
0o 0 1 -3 3 -1 0 0
0 0
0 0 1 =3 3 -1 0 0
0 0
0o 0 1 -3 3 -1 0 0
Gap = U 0
0o 0 1 -3 3 -1 0 0
0
oo 0 1 -3 3 —1 0 0
0
0O 0 0 0o 1 -3 3 -1
0 0 0 0o 1 -3 3 -1
0o o0 o0 o 1 =3 3 -1
0O 0 0 0-1 3 3 1
0 0
o 0 0 -+~ 0 1 =3 3 -1

G22 = G33 = Gaa = I, where I'is an IV X N identity matrice, Gy = 0, are zero
matrices for i = 1(1)4,j = 2(1)4, i <.
Similarly, let H be a 4N X 4N matrix defined by

O
s Hy; Hi Hiz Hig

H= Hx H Hy3 Hy
H H H H
0 31 32 33 34

Hyy Hyip Hiz Hyg

O 0o .

and the entries of B are N X NN matrices given as
2

“Hi1 is the matrix of repeated coefficients of fn+; for i = 0(1)4, in (3.2.8) and (3.2.10). H>z1 is the
matrix of repeated coefficients of frn+:, Z = 0(1)5, for all hy},,; in (3.2.10). H3: is the matrix of repeated
coefficients of fr+i, 2 = 0(1)5, for all h?y'", ;, in (3.2.12) and Ha is the matrix of repeated coefficients of
Sri, 1= 0(1)5, for all K3y, ;(3.2.14).
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Hsy

_14033 _10453 2683 _1717 251
U 6480 30240 30240 60480 60480 0 0 0 0 0 0
12721 11009 _547 1517 _211
60480 30240 6048 60480 50480 0 0 0 0 0 0 0
1763 27851 14107 _2389 251
U 12096 30240 30240 60480 60480 0 0 0 0 0 0 0
12049 22433 35569 4873  _ 883
60480 30240 30240 12096 50480 0 0 0 0 0 0 0
4783 6511 18811 84299 19067
Y 60480 6048 30240 60480 60480 0 0 0 0 0 0 0
0 0 0 799  -14033 -10453 2683 —1717 251 0 0
60480 60480 30240 30240 60480 60480
—67 12721 11009  -547 1517  —211
0 0 0 0% 60480 30240 ©048 60980 0 0
127 1763 27851 14107 2389 251
o 0 0 0 60480 12096 30240 30240 60480 60480 0 0
S 67 12049 22433 35569 4873  _883 0 0
] 19096 60480 30240 30240 12096 50480
0 0 0 799 4783 6511 18811 84299 19067 0 0
0 60480 60480 6048 30240 60480 60480
D . .
0 0 0 0 0 0 62480 _ _
-67 b 30ME 53433 604Bd
o 0 0 0 0 0 0 12096 12721 11009 _547 1517  _211
12y 60480 30240 G048 60480 60480
0 0 0 0 0 0 0 ghg 1763 27851 14107 2389 251
12096 30240 30240 60480 60480
0 0 0 0 0 0 —67 12049 22433 35569 4873 883
. 12096 60480 30240 30240 12096 60480
0 0 0 0 0 0 799 4783 6511 18811 84299 19067
60480 60480 6048 30240 60480 60480

O oo o 4«



Hy = Onxwy, i = 1(1)4, j = 2(1)4, i < j.

Y = (y(a), ..., yOw), iy (a), - .., iy (), Ry (xa), . .., B2y (en), Py (), BBy (oav))”

F(Y)=(, ..., fn)"

11
C = (=hgh,—=20...,0,—n2yl,2,0...,0,— K&, yo, o, o,
1 1

611 T

6yo,’3yw6 Yoy Yo, —Yo, Yo, —Yo, —Yo, —yo, Yo, 0 ..., 0)

t(h)=(u...,wv, ht..., hoy, 2t ..., 2o, BB ..., i3 o)T
where t (h) is the local truncation error. We also define E as

E=Y —Y =(ei,...,en, hel,..., hey, h2el, ... h2el, e, ..., h3el)T

where
Y =y, ...,yn, hh, ..., hyy, PPy, ... Ry, A3 fJ,...h3y’]{J,)T

3.3.6.2 Proof of Theorem 3.3.2

. The proof follows from Jator and Manathunga (2018). Let the exact form of the system
(3.3.5) formed from (3.2.7),(3.2.9),(3.2.11) and (3.2.13) be as given in (3.3.11), while the

approximate form is defined by the block

GY — WH AY)+C=0 (3.3.12)
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subtracting (3.3.11) from (3.3.12), gives

G(Y - Y) - *H(AY - AY)) = t(h) (3.3.13)

Using e = v — Y, we can write (3.3.13) as
Ge- WH(AY) - AY)) = t(h) (3.3.14)

Using Jacobian matrix, we can approximate

AY) = AY)+ Y)Y - Y) +ol|Y - Y]] (3.3.15)

where Jr as the approximate value f(?y)_—f” = Jr(Y'). Without lost of generality, the

first derivative term can be used so that

SAY)=AY)=J(YNY - Y)=J(Y)e=Jre (3.3.16)
where
0 Jia Jia
J =
7T 0
0 u
Ja1 Jaq
ofi ofi
0oy oy U
whose entries Jjj are N X N matrices written as Ji1 = : . D;
ofn N
& &
0 0
ofi ofi
ooy e
Jigpr= , Hforj =1,2,3
5 ar0 aor® -
oy oyd
Jiw1=h0 . pforj=0,...,3.andfori=2,...,4
- oy o -
oy e oy®
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Substituting (3.3.16) in (3.3.14), we get

Ge— h*HJs e = 1(h) (3.3.17)

(G — h*H(Jy))e = t(h)

Now, consider the matrix

v= G- hH Js (3.3.18)

we claim that v is invertible for sufficiently small h. First, we claim that G is invertible.
To see this, since Gi; = I, fori=3,4and G; =0fori=1,2,3,4;j=3,4; if=j, we

thus write P as
0 \

1Gut 0 0 0

0a Gp G 0 00 (3.3.19)

%631 0 Gs3 0%

G 0 0 Gua

Observe that G11 contains nonzero diagonal submatrices which are identical, so its deter-
minant exists, hence its non singular. This is true for G21, G31 and Gs1. Note also that
Gi, i = 2, 3, 4 are identity matrices. Therefore G has nonzero for all diagonal elements.

It is known that a matrix with nonzero main diagonal is invertible.

Thus, G is a matrix with nonzero diagonal, and so G-! exists. Now, (3.3.18) can be
written as

lv| = |G- h*H Jf| = |Gl|I- C| (3.3.20)

where C = h*H UrG-1, then |AI — C| = 0 is a characteristic polynomial of C, so that

AT— Cl=QA—- A1) - - (A — Aaw)
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where A; are eigenvalues of the matrix C. When A = 1, we have
I-Cl=1—-24) -1 — An)

for |I— C| = 0, then each A; f= 0. If ii is an eigenvalue of C, so is h*A;, thus we need

WA; f= 1. So we choose h such that k* fe ~ Anil—.AAi are nonzero eigenvector of HJr G-~
For such h, |I — C| = 0, so that

lv| = |GIII-ARHJ|=0 (3.3.21)

Hence v is invertible. Then

ve = t(h)

v-11(h)

llell = [lv-tr(h)|]
< vz (h)!]
< O(h-*)O(h')
< O(h?¥

e

This shows that the Block Unification Method for u = 4 is 67 order convergent.

3.3.6.3 Proof of Convergence of the BVM for u =4

The proof for the convergence of the Boundary Value Method (3.3.5) for u = 4 follows
the same way as that of the block unification method. The difference is the change in the

coefficients of the matrices Gand H. In what follows, the matrices G and H are defined:

tt11  ttio itz ttia
tty thy thz tha

tt tt tt tt
b "1 "2 "33 m QO

tlar tlaz thaz  tlag

G|
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where the elements of G are NV X N matrices given as

G =
O

1/2
0 1
—-3/2
0 /
-7
O

13/3
0 /

0
O

0
O

0
O
0 0
0

0

0

-1
-1/2
3
19/2
-31/2
11/6
13/3
0
0

3/2 —=1/3 0
—4 1 0
3 -1 0
6 —4 1

1/6
-1/3
-11/6
-13/3
19
-7
-31/2
11/6
13/3

0
0
0
0
—47/6
19/2
19
~7
~31/2

o o o O

o o o O

0
—13/3
—47/6
19/2
19
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SO O o o O

—_
- o O O o o O

1 —15 20

0
0
0
0
0
0

0
-13/3
—47/6

S o o o O o o O

—_

oSO O o o o o o o o

11/6
13/3

—10

=7
—31/2

S O O o o o o
oSO O O o o o o o o

O o 0o o 4d

oSO o o o O

19/2
19

0
0
0
|
0
0
0
0
0
0
O
0
0
O
0
0
O
0
~13/3
—47/6 1



2 -1 0 0O 0 0 0 0 0
-1 2 =1 0 0 0 0 0 0
0 0
-4 5 =2 0 0 0 0 0 0
-7 8 =3 0 0 0 0 0 0
0 0
-0 11 -4 0 0 0 0 0 0
0 0
0o 2 -7 8 =3 0 0 0 0
Gz =1 1
0 3 —10 11 —4 0 0 0 0
50 0 2 -7 8 =30 0 0
0
0 3 —10 11 —4 0 0
0 0
. 0 0 0 0 2 -7 8 -3 .
0 0 0 0 0 3 —10 11 -
0_4 -4 0
O 3 1.0 0 0 0 0
0
0
-3 3 -1 0 0 0 0 0 0
-3 3 -1 0 0 0 0 0 0
-3 3 -1 0 0 0 0 0 0
1 =3 3 -1 0 0 0 0 0
1 =3 3 =1 0 0 0 0 0
0 0
Ga1 = 0 1 -3 3 —-1 0 0 0 0
0o 1 -3 3 —-1 0 0 0 0
0 0
0o 0 1 -3 3 —=10 0 0
70 0 1 =3 3 =10 0 0
0 - 0
o 0 0 0 -+~ 0 1 =3 3 -1
o o o o0 +«-+ 0 1 =3 3 —1U

G22 = G33 = Gas = I, where T'is an N X N identity matrices, Gijj = Onxw,
i=1(1)4,j=2(1)4, i<

Similarly, let H be a4N X 4N matrix defined by

0O
. Hyy Hi; Hiz Hig

H= Hxy H H3 Hy

H H H H
0o 31 32 33 34

Hy1 Hi; Hyz Hyg
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where the elements of b are N X NN matrices given as

0
19 509 1 -3 1
105 1000 720 240 3600 O O 0O 0 0 0
3091 2831 143 —1391 23
4320 30240 2520 6040 048 O O 0 0 0 0
73967 —1261 7439 —5549 _883
60450 6048 30240 60480 0480 O O 0 0 0 00
31 79 31 =1
180 120 180 720 0 o 0 0 0 0 0
11 101 97 1 =1
U 16 36 72 3 70 0 0 0 0 0 00
=1 31 79 31 =1
o o o 720 180 120 i 720 0 0O 0 0 0 0 0
11 = — 1 101 7 1 -1
0 T 36 9 § 70 O 0 0 0 0
1 31 79 31 -1 .
o o 0 180 i0 @ 720 0 0 0 0 00
1 _
o o 0 N R 0 0 0 00
Bo 5 w0 o & o
O : T 0
-1 31 79 31 -1
Al 3 8 3 0 = ®m fm oW 0 U
80 16 36 72 6 720
. 2809 43 229 1 1
60450 1008 30240 432 33600 0 0 0 0 0 0
311 -353 1 _7 3
10080 6048 135 3880 151200 0 0 0 0 0 0
173 11 61 17 -1
0 880 60 10080 10080 33600 0 0 0 0 0 0
169 12821 7447 509 -1
540 10080 15120 60480 3800 0 0 0 0 0 0
1663 6847 60863 2473 2041
U 2240 2160 30240 5040 302400 0 0 0 0 0 0
= - 0 0 0 0
= 0 036 368 1388 &b o308  36do
0 —31 1663 6847 60863 2473 2041 0 0 0 0
5400 2240 2160 30240 5040 302400
0 0 = 169 12821 7447 509 =1 0 0 0
06 530 10os0 o130 60480 3600
0o o 0 31 1663 6847 60863 2473 2041 0 0 0
Sf00 2243 210 5040 367400
O
=671 169 12821 7447 509 —1
0 0 0 0 0 302400 540 10080 15120 60480 3600
_31 6 60863 2473 2041
0 0 0 0 0 5400 %% 596 30240 5040 302400

68



Hs3y

O o o o 0o oo

=11
60480

._.

w-b@
o £

= o~ &

w
N
(o]
o

w
o
N
N
o

69

SO O o o <

|
N
(8}

o
=]
a
)

0 0
0 0
0 0
0 0
0 0
0 0
0 0
0 0
0 0
210 30240
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0L

_14033 _10453 2683 _1717 251 0 0 0
60480 30240 30240 60480 60480
o lzz21 11009 _sa7 1517 U 0 0 0
60480 30240 6048 60480 60480
1763 27851 14107 _2389 251 O 0 0
0 12096 30240 30240 60480 60480
12049 22433 35569 4873 883
60480 30240 30240 12096 60480 () 0 0
. 4783 6511 18811 84299 19067 0 0
6 6048 30240 60480 60480
Hay = 0 -12096 %%%3 %5%%8 %33%3 143307936 60%%% 0
0 4783 6511 18811 84299 19067 ()
O 60480 50480 6048 30240 60480 60480
0 —67 12049 22433 35569 4873 —
0 1209% 60480 30240 30240 1209 383
- 0 799 4783 6511 18811 84299 19067
60480 60480 6048 30240 60480 60430
0 -
. 0 0 0 0 0 0 1209
799
0 0 0 0 0 0 50480

Hij=0nxn,i=1(1)4,j=2(1)4, i <j.

0 0 0
0 0 0 0
0 0 0 0
0 0
0 0 0
0 0 0
0 0 0

0 0
0 0 0
12049 22433 35569 4873 883
60480 30240 30240 12096 60480
4783 6511 18811 84299 19067
60480 6048 30240 60480 60480

O 0Oooo

O



Where the column matric C is same as in the proof of the BUM.

3.3.6.4 Proof of Convergence of the BUM for u =5

In order to show that the Block Unification Method (3.3.5) for u = 5 converges, the main

methods and additional methods can be compactly written as

GY — HF(Y)+ C+1t(h)=0

where G isa 5N X 5N matrix defined by

0
tt11  ttio

tty tt

G= ttz1 tt3o
0 ttay ttan

tts1  tts2

where Gy are N X N matrices given as
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tt13
ttr3
tt33

ttas
tts3

tt1a
ttra
tt34

ttaq
ttsa

tt1s
ttrs 0
tt3s

ttas 0
ttss

(3.3.22)
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3 -4/3 1/4 0

—4
-35/12 26/3 -19/2 14/3 -11/12 0 _

25/12

0
0

0
0

3/2

12

5/2

O

10

-10



5/6  3/2 /2 —1/12 0 0 0 0 0 0 0
0 2/3 0 -2/3 —-1/12 0 0 0 0 0 0 0
. -1/2  3/2  -=5/6 —1/4 0 0 0 0 0 0 0

4/3 -3 4 25/12 0 0 0 0 0 0 0
. 61/6 —39/2 107/6 77/12 0O 0 0 0 0 0 0

0 0 0 /4  5/6  3/2 /2 —1/12 0 0 0
g 0 0 0 -1/12  2/3 0 -2/3 —1/12 0 0 0

0 0 0 /12 -1/2  3/2  -=5/6 —1/4 0 0 0

ttor = U

g 0 0 0 —1/4  4/3 -3 4 25/12 0 0 0
o o 0 0 -1 61/6 —=39/2 107/6 77/12 0 0 0
o - : :

0 0 0 0 0 0 /4  5/6  3/2 /2 —-1/12
. 0 0 0 0 0 0 -1/12  2/3 0 -2/3 —1/12
o o 0 0 0 0 0 /12 -1/2  3/2 —=5/6 —1/4
q 0 0 0 0 0 0 —1/4  4/3 -3 4 25/12

0 0 0 0 0 0 -1 61/6 —=39/2 107/6 77/12

°tt11 1s the matrix of repeated coefficients of yn+i for i = 1(1)5, in (3.2.22). tt21 is the matrix of
repeated coefficients of hy}, ., for i = 1(1)5, in (3.2.24). tts1 is the matrix of repeated coefficients of
Ry, for i =1(1)5, in (3.2.26). tts1 is the matrix of repeated coefficients of A3y[l', ; for i = 1(1)5, in
(??). Finally, tts1 is the matrix of repeated coefficients of h*y(d,, for i = 1(1)5, in (??).
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172

53 -1/2 -1/3 1/12 0 0 0 0 0 0 0 -
-4/3 5/2 -4/3 1/12 0 0 0 0 0 0 0 .
-1/3 -1/2 -5/3 -11/12 0 0 0 0 0 0 0
14/3 -19/2 26/3 -35/12 0 0 0 0 0 0 0
41/3 -49/2 59/3 71/12 0 0 0 0 0 0 0o
0 0 0 -11/12 5/3 -1/2 -1/3 1/12 0 0 0
0 0 0 1/12 -4/3 5/2 -4/3 1/12 0 0 0 )
0 0 0 1/12 -1/3 -1/2 -5/3 -11/12 0 0 0
0 0 0 -11/12 14/3 -19/2 26/3 -35/12 0 0 0
0 0 0 -35/12 41/3 -49/2 59/3 71/12 0 0 0o .
a
0 0 0 0 0 0 -11/12 5/3 -1/2 -1/3 1/12 |
0 0 0 0 0 0 1/12 -4/3 5/2 -4/3 1/12 _
0 0 0 0 0 0 1/12 -1/3 -1/2 -5/3 -11/12 _
0 0 0 0 0 0 11/12 14/3 -19/2 2%6/3 -35/12
0 0 0 0 0 0 -35/12 41/3 —49/2 59/3 71/12



0

0

-1/2
-3/2
-5/2
~7/2

1

0

0

=5

-6

0

9

—12

0

13

—18

11

0

-1/2
-3/2
-5/2
-7/2

1

0
0

-1/2 3 -6 -5
9

-3/2
—5/2

0
0

ttar = U

—12

7

—-18 13 0

11

0

O

1/2
-1/2
-3/2

1

-1/2 3 -6 =5
0— /32— 7

0

52

12/ 9

-7/2

13

—18

11

-5/2

0

O oo o o o o o oo O

o

jen)

o

jen]

o O O o o o o o

jen)

-6 4 -1

4
4

-1

—6 4

o

Onxn ,

I, where I'is an IV X N identity matrices, Gy =

G22 = G33 = Gasa = Gss

1(1)5, j = 2(1)5, i < j.

i
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Similarly, let H be a 5NV X 5N matrix defined by

H = H31
Hyy
Hsy

O

Hi;
Hy;
Hs)
Hy;
Hs;

where H; are N X N matrices given as
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Hij

Hyy
Hzy
Hyq
Hsy



LL

0 O
107 199 3 19 -1 e

1440 1680 560 10080 3360 0 0 0 0 0 0 0 0 0
21811  —13079 —41 —209 _23
760480 30240 1440 60480 43200 0 0 0 0 0 0 0 0 0 O
4081 19433 137 —1061 17
0 2320 30240 1260 760480 6048 0 0 0 0 0 0 0 0 0 O
—81629  —3799 —8591 —1061  —853
U 50480 30240 30240 60480 60480 0 0 0 0 0 0 0 0 U
0 2 e 4 0 0 0 0 0 0 0 0 0 0 0
- 0 0 0 0
0 0 0 0 sde0 Mo 49  sko 1o 336h
0 0 0 887 —21811  —13079 —41 =209 _23 0 0 0 0
100800 60480 30240 1440 60480 43200 O
277 4081 19433 137 -1061 _17
i = 0 0 0 0 4032 4320 3024C 1260 60480 6048 0 0 0 0
- _ _ — - —853
o o 0 0 0 503807 o0 30240 IOMU- G040 60480 0 0 0 0 O
1 11 11 1
0 0 0 0 0 % 4 % L 0 0 0 0 0
O O
0 0 0 0 0 0 0 0 33'60 307 199 e
S N O A
277 4081 19433 137 —1061 =1
0 0 0 0 0 0 0 0 2032 4320 30240 1260  go4go 3360 [
—19097  —81629 —3799 —8591 —_1061 L7
o © 0 0 0 0 0 0 0 60480 60480 30240 30240 60480 6048
0 0 0 0 0 0 0 0 0 60480 [J
0
=) 3 ED S 2
4

4 Hi1 is the matrix of repeated coefficients of fn+: for i = 0(1)5, in (3.2.22). Ho: is the matrix of repeated coefficients of fn+:, 7 = 0(1)5, for all hy},, ; in
(3.2.24). Hsi is the matrix of repeated coefficients of frn+i, i = 0(1)5, for all K2y, ;, in (3.2.26). Ha1 is the Tatrix of repeated coefficients of fn+i, 1 = 0(1)5,

for all PR3y, ; in (3.2.28). Finally, Hs: is the matrix of repeated coefficients of fn+i, i = 0(1)5, forall k*y . in (3.2.30).
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6.

73
[ 2240
_337
60480
_19
U 8640
7
192
7559
60480
0
0
H31 =0 0
o0
O
o0 0
O
0
o 0
g 0
0
C
0

779 _13 1
15120 7560 576
- 17 i 11
10080 864 8640
5 .23 127
108 630 60480
12757 11147 113
30240 30240 20160
983 1672 29161
720 945 60480
0 0 0
0 0 0
0 0 0
0 0 0
0 0 0
0 0 0
0 0 0

887
100800

0
43289
79

302400
17
1060800
79
302400

23
200

o O O o o

o O O o o

o O o o o

o O O o o

- 17
10080
108

12757
30240

983
720

o O o o o

o O o o o

o O o o o

o O o o o

302489
17
100800

_-79
100800

23
43200

100800
79
302400
—23
43200

o O o o o

o o o o o

2248
_337
60480
_19
8640
7
192
7559
60480

o O O o o

o o o o o

720

o O o o o

o o o o o

7558
7
864
-23
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11147

30240

1672
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_11
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60480
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O O og Oag

T 1344
—419
15120

1301
60480

671
10080
5239

o O O O o

o -

49
4320

—419
15120
67
2016

6823
7560

54083
30240

o O O o

o -

o o C;ED

41
10080

41
60480

—13
1890

o

o O C;ED

—41
60480

0

41
60480

- 17
60480
277
4032
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41
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277
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Hsy

_4339 _20557 1531  _1867 281
0 12096 30240 30240 60480 60480 0 0 0 0 0
5059 181 _3887 1367  _181
60480 6048 30240 60480 60480 0 0 0 0 0
1153 17747 2591 2539 281
U 60480 30240 6048 60480 60480 0 0 0 0 0
4387 12329 34417 4843  _853
60480 30240 30240 12096 50480 0 0 0 0 0
_2879 22481 17659 84149 19097
U 50480 30240 30240 60480 60480 0 0 0 0 0
0 0 0 0 853  -4339 -20557 1531 —1867 281
60480 12096 30240 30240 60480 60480
_281 5059 181 3887 1367  —181
00 0 0 0 60480 60480 6048 30240 60480 60480
0 0 0 0 181 1153 17747 2591  _2539 281
o 60480 60480 30240 6048 60480 60480
0o 281 4387 12329 34417 4843  _853
. 480 60480 30240 30240 12096 60480
0 0 0 0 853 2879 22481 17659 84149 19097
0 60480 60480 30240 30240 60480 60480
0 0 0 0 0 0 0 0 &b
o 0 0 0 0 0 0 0 0 6’0‘2}%
7 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 2
0
0 0 0 0 0 0 0 0 6%)

0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
4339 08 1531 _1g¢ 281
TR A 30940 o980 50480
5059 181  -3887 1367  —181
60480 6048 30240 60480 60480
181 1153 17747 2591  _2539
60480 60480 30240 6048 60430
4387 12329 34417 4843 853
30350 30740 109  604%0
2879 22481 17659 84149 19097
0480 30240 30240 60480 60480

O oo o O



Hj = Onxn, i = 1(1)5, 7= 2(1)5, i <.

Y =(y(x1)’ AR ] y(xN), hyJ(xl), AR ) hyJ(xN)’ hzyu(xl)’ LR ) thJJ(xN))
RBy(xi), By (xn), h*yli)(xa), . . ., Aty (xw))?

F(Y)=(f,..., )"
—_ _ 25 5 32,0 35 5-887/6 _ 1,3, _5 5277f _ 14 (%) 5 —19097f
C= hyé, Tkzm)hi%)’ hyH,—lyzﬁ,h 10080%’ hyg, J/Zo’h 40302’ R'Yo,Yah™ goag0 »

y0,0,---;0, _%)hs:;ﬁ)]l:{zq) _%)%g)hsfﬁg)éfi@:hs:%‘g%)o:---;051%2”‘0) h5%2£079 )_%:

—hS 17f ho 79fo 35w h5723t0 0 0 _ 3w _hsm —Ww RS 416 y 3y .y 41f
100800 302400 12 4320077 "2 72 2 6048 2 60480 ’2 2 60480 b

5yo 5171 5853fy 5-281f; 5181f 5-281f; 5853fy
_g_’ h %L%’ 0,...,0,y0, h 60480 > Y0 h 60480 > Y05 h 60450 * Y0> h 6040 > Y0 h60480 ,0,...,0

t(h)=(u...,tv,ht! ..., ht , 20 ... 2, B ... B, i@ | pig@nT
1 N 1 N 1 N 1 N

where t (h)is the LTE. We also define E as

YV _V — J J 2 21 3 3w .44 4 (\T
E=Y Y—(ﬂ,---,eN,hel,...,heN,hel,...,heN,hel,...,heN,hel,...,heN)

where
Y =(y,...,un, hy, ..., PR3y, ... h2y , 3y, .. k3w, iy pty(enT
1 N 1 N 1 N 1 N

3.3.6.5 Proof of Theorem 3.3.2

. The proof follows from Jator and Manathunga (2018), let the exact form of the sys-
tem (3.3.5) formed from (3.2.21), (3.2.23), (3.2.25), (3.2.27) and (3.2.29) be as given in
(3.3.22), while the approximate form be defined by the block

GY - WH AY)+C=0 (3.3.23)
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Subtracting (3.3.22) from (3.3.23), gives
G(Y - Y) - BSH(AY - fAAY)) = t(h) (3.3.24)
Using the fact that e = v — Y, (3.3.24) can be written as
Ge- WH(A(Y) - AY)) = =(h) (3.3.25)
Using Jacobian matrix, we can approximate
AY)= AY) +JAYXY = V) +ol|Y - Y]] (3.3.26)

where Jr as the approximate value f(?y)_‘;‘(” = Jr(Y'). Without lost of generality, the

first derivative term can be used so that

AY)=AY)=J(Y)Y - Y)=J(Y)e=Jre (3.3.27)
where
0 Jit Jis O
J =
770 0
0 O
Jst o Jss
ofi ofi
0 ooy oyw U
whose entries J; are N X N matrices written as Ji1 = . . D;
% .. o
0 0
ofi ofi
oo ey
Jijgpr= _ Hforj =1,2,3,4
oyd gD
S or0 U
oyd oyd
Jiw1 =h0 . pforj=0,...,4andfori=2,...,5
] % 5f,§,i) U
ayﬁj) By(Nj)
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Substituting (3.3.27) in (3.3.25) gives
Ge— WWHJr e = t(h) (3.3.28)

(G — R2H(Jy))e = t(h)

Now, consider the matrix
v=G-hHJs (3.3.29)

we claim that Pis invertible for sufficiently small h. First, we claim that Gis invertible.
Tosee this, since G = I, for i = 2(1)5 and Gy = Onxw for i = 1(1)5; 7 = 2(1)5;

i f= j, we thus write G as

0 [
DG‘ll O 0 0 0

0Ga1 G O 0 00

G=1Gs1 0 Gz O 0 (3.3.30)
Gaa O 0 G O .

] ]
Gi 0 0 0 Gss

Observe that Gi11 contains non-zero diagonal matrices which are identical, so its determi-
nant exists, hence its non singular. This is true for Gz1, Gz1, Ga1 and Gsi. Note also that

Gy, i = 2(1)5 are identity matrices. Therefore Ghas all its diagonal elements non-zero.

Thus G is a matrix with nonzero diagonal, and so G-! exists. Now, (3.3.29) can be
written as
vl = |G- WHJf| =|Gl||I- C| (3.3.31)

where C = WH JrG-1, then |AT — C| = 0 is a characteristic polynomial of C, so that

IAT— Cl=QA—-A1) - - - (A — Aspy)
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where A; are eigenvalues of the matrix C. When A = 1, we have
II-Cl=(1—-4) - (1- An)

for |I— C| = 0, then each A; f= 0. If /ii is an eigenvalue of C, so is h>A;, thus we need

KA 1. Sowe choose h such that kS fe i;.ii are nonzero eigenvector of HJpG-1~
For such h, |I — C| = 0, so that

lv| = |GIII-RHJ|=0 (3.3.32)

Hence v is invertible. Then

ve = t(h)

v-1z(h)

llell = [lv-tz(h)]]
< vz (h)!]
< O(h=>)O(h)
< O(h?¥

e

This shows that the Block Unification Method for 1 = 5 is 67 order convergent.

3.3.6.6 Proof of Convergence of the BVM for u =5

The proof for the convergence of the Boundary Value Method (3.3.5) for u = 5 follows
the same way as that of the block unification method. The difference is the change in the
coefficients of the matrices G and H. In what follows, the matrices G and H are defined,

where G isan 5N X 5N matrix defined by
O \
tt11 tho thz tha ths

. tty thy ths tha tis 0
A= ttz31 ttzp ttzz ttzq tt3s

Uty tax Mz tag tas
tts1 ttsyp ttsz  tts4  Utss
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with Gy an N X NN matrices given as
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0

ttr = U

5/6
2/3
-1/2
4/3
61/6

o

e}

-19/2

3/2

3/2

—39/2
61/6
0
0

1/2
-2/3
-5/6

107/6
—39/2
61/6
0

—10

-1/12
-1/12
-1/4
25/12
77/12
107/6
—39/2
61/6

o

o o o O

0
77/12
107/6
—39/2

o O o O

77/12
107/6 77/12
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o o o o O

0

o

o O O O o

e

SO O o©O O O o

SO O O O O O

0

61/6

0

e

S O O O O o

o

o O o O O o

0
0
0
0
0
0
0
0

~39/2

61/6

oS O

o O o©O o o o

5

107/6

—-39/2

o o o o o o oo

oo o oo oo g O

0 Ce 0
0 0
0 0
0 0
0 0
0 0
0
6 5 "
-10 10 =5
0 0
0 0
0 0
0 0
0 0
0 0
0 0
0 0
720

107/6  77/12

Oa



5/3  —-1/2  —-1/3  1/12 0 0 0 0 0 0 0
G430 5/2 —4/3 1/12 0 0 0 0 0 0 0
q-1/3 -1/2 =5/3 —11/12 0 0 0 0 0 0 0
0 1473 —19/2 26/3 —=35/12 0 0 0 0 0 0 0
oy 2 O 41/3  —49/2  39/3  T1/12 0 0 0 0 0 0 0
G0 43 —49/2 593 T1/12 0 0 0 0 0 0
50 0 41/3  —49/2  59/3  71/12 0 0 0 0 0
g 0 0 0 41/3  —49/2 59/3 T1/12 0 0 0 0
0o 0 0 0 0 0 41/3 —49/2 59/3  71/12 0
0 0 0 0 0 o 0 0 41/3 —49/2 59/3 71/12

-5 6 =3 1/2 0 0 0 0 0 0 0
it B 1 —=1/2 0 0 0 0 0 0 0
-3 -6 -5 =3/2 0 0 0 0 0 0 0
57 129 =5/2 0 0 0 0 0 0 0
11 -18 13 -7/2 0 0 0 0 0 0 0
thi=, 0 11 -18 13 -=7/2 0 0 0 0 0 0 g

0o 11 —-18 13 =7/2 0 0 0 0 0
0 0 0 0 11 —18 13 —7/2 0 0 0 0
O rr e e e
. 0 0 0 0 0 0 11 —-18 13 -7/2 0
0
0 0 0 0 0 0 0o 11 -18 13 -7/2
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4 -6 4 -1 0O 0 0 0 0 0 .
e 4 _
4 6 1 .
G4 —6 4 -1 0 0 0 0 0 0 0 g
U4 -6 4 -1 0 0 0 0 0 0 0
4 -6 4 -1 0 0 0 0 O 0 0
tts1 = 0 0
50 4 -6 4 -1 0 0 0 0 0 0 g
50 0 4 -6 4 -1 0 0 0 0 0 g
50 0 0 4 -6 4 -1 0 0 0 0 g
S 00 0 0 o0 04 Ce T L oY
0
0O 0 0 0 0 0 0 4 -6 4 -1

tt22 = tt3z = ttaa = ttss = I, where I'is an N X N identity matrices and tt;j = Onxn, i = 1(1)5, j = 2(1)5,
<]
Similarly, Hisa 5N X 5N matrix defined by

O |
Hyy Hip Hiz Hisa His

. My Hy Hy Haa Hys
H= H3 Hs; Hs3 Hiq Hss
U Hq1 Ha2 Hiz Haq Hgs 0
Hsiy Hsp; Hsz3 Hssa Hss

with H; an IV X N matrices given as

107 199 3 19

_19 =1
1440 1680 560 10080 3360 0 0 0 0 0 0 0 0 0
21811 13079 —41 —209 _23
[] 60480 30240 1440 0480 43200 U 0 0 0 0 0 0 0 0 0
4081 19433 137 —=1061 17
4320 30240 260 60480 6048 U 0 0 0 0 0 0 0 0
-81629  -3799 8591 1061 —853
[] 60480 30240 30240 60480 60480 0 0 0 0 0 0 0 0 0 0
1 11 11 1
0 24 %4 >4 >4 0 0 0 0 0 0 0 0 0 0 0
0
Hii = 0 0 0 0 0 0 0 0 0 0O
: SR SR - SR s St
g5 0 0 24 24 24 24 0 0 0 0 0 0 0 0 g
0 0 0 24 o 0o o o0 0 0 - 00
d 33 7 S |
0 IR
O 24 0 0
ua u o1
2 2 2
00 0 0 0 0 0 0 0o - B # A
11 11 1
- = O
0 0 0 0 0 0 o -+ 0 0 24 24 24
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1 31 -1 -1 1
84 10080 480 i680 0 0 0 0 0
°% 10080
Dokl @B 2k sl o 0 0 0 00
b b 21 ko w0 0000
11 9 397 ) 1
0 1120 8 5040 62 3360 U 0 o 0 0
149 9679 10819 29
(] 1680 10080 10080 180 3360 0 0 o 0 0
by =" 0 149 96/9 10819 29 1
0 1680 10080 10080 180 3360 O 0 0 0
n n 149 9679 10819 9 1
0 1680 10080 10080 180 3360 vV VY
149 96/9 10819 29 1
g 0 0 0 680 710080 10080 180 3360 O O
0
0 1680
149 0 0 0 0 0 0 0 0 -
0 0 0 0 0 0 0 0 0
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O o og O

o o o 4O

73
2240
337
60480
—19
8640
192

7559
60480

o O

779
15120

- 17
10080
108
12757
30240

983
720

o O

—13
7560

864
=23

630
11147
30240

1672
945

60480

o O

1
576

8640
127

60480
113
20160

29161
60480

=79
302400
17
100800
=79
100800
23
43200

887
100800

o O

o o o o O

il

60480

1672
945

o O

0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
887
100800 0 0 0
29161 887 0 0 0
60480 100800
60480
7559
8 8 7§£9 0480
983

o o o o O

S O O O O

o

o O o O O
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6

31 3251 49 41 —41
0 1344 15120 4320 10080 60480 U 0 U 0 0 0
ez 0 o 0 0 0 0 0 0
0o 8% o ko
60480 7560 2016 1890 60480 0 0 0 0 0 0 0
671 3019 6823 115 =17
] 10080 4320 7560 1344 60480 U 0 0 0 0 0 0
5239 6323 54083 4531 277
(] 60480 5040 30240 4320 4032 0 0 U 0 0 0
Hay = 0 5239 6323 54083 4531 277
0 60480 5040 30240 4320 4032 0 0 0 0 0 0
5239 6323 54083 4531 277
g O 0 8480 5040 30240 4320 a0z O 0 0 0 0
0 0 0 5239 6323 54083 4531 277 0 0 0
0 60480 5040 30240 4320 4032 )
O
0 60480
5239 6323
0 0 0 0 0 0 0 O O 50480 5040
b o 0 0 0 0 0 0 0 —=e22

5040 30240

o O o O
S o O o

o
o

O o o o o 4

N
N

N
N



€6

—4339  —20557 1531 —1867 281

12096 30240 30240 60480 60480 0 0 0 0 0 0 0 0 0
181 —3887 1367 =181
[] 60480 6048 30240 60480 60480 0 0 0 0 0 0 0 0 0
1153 17747 2591 -2539 281
60480 30240 6048 60480 60480 0 0 0 0 0 0 0 0 0
4387 12329 34417 4843 -853
[ 60480 30240 30240 12096 60480 0 0 0 0 0 0 0 0 0
—2879 22481 17659 84149 19097
60480 30240 30240 60480 60480 0 0 0 0 0 0 0 0 0
H51=D 0 —2879 22481 17659 84149 19097 0 0 0 0 0 0 0 0
2879 22481 17659 84149 19097
0 0 0480 30240 30240 60480 60480 0 0 0 0 0 0 0
2879 22481 17659 84149 19097
0 0 0480 30240 30240 60480 60480 O 0 0 0 0 0
O
60480 0
22481 17659 84149 19097
,g79 60480 30240 30240 60480 60480
o o 0 0 0 0 0 0 0 =2

22481 17659 84149 19097
60480

0 0 0 0 0 0 0 e 0 0 I 30240 60480

o o o 4



where Hjj = Onxn, T = 1(1)5,j = 2(1)5, i <j

C = _hy6: — 25U p5 fo  _p2 T, 3-’1}120,;15 —8871%

12 7 3360° 100800 *

—h517%6 K579 35uo !15;23.@ 0. — 3t _pK517f
100800 302400 71 43200° © " "2 7 27 6048’

St |5 17f
2 6048

94

—h3 y6rr’ _

Yo,0,...,0, =4, 0> Lo, 0 —%0 w h_ Lo BE, Y 50,

5 277 f; 4 —19097f
Ayzgihs 403(2);_}149(0), Yo, h5 0

60480
11 5 79 _ Yo
-0, %2 h 00 12

— Y pSALh w 3t p54Lh
2 > 7"60480° 27 27 60480 s
T

853 —-281 181 —-281 853
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CHAPTER FOUR: APPLICATION, RESULTS AND DIS-
CUSSION

In this chapter, the application of all the methods derived using numerical examples shall be considered. The

results obtained will be presented in tables and discussed appropriately.

4.1 Application of the Derived Methods

4.1.1 Fourth order Boundary Value Problem in Ordinary Differential
Equation

In this section, the implementation of the BVM is illustrated with examples. The absolute errors are computed
thus Abs er = |Yapp — Yex|. Maximum absolute errors are used for comparison where appropriate with other

methods in literature, to show the efficiency of the method derived in this work, in terms of accuracy. In all the
examples considered, the methods derived in this work, shows great deal of accuracy in comparison with other

methods in the literature.

Problem 1. Consider the nonlinear two-point boundary value problem as (Costabile and Napoli, 2015):

Y9 = sin(o +sin’ (9 — ¥"(9)% x€ 0,1 Y 411)
y0) =0, Yy©O) = 1, y(1) = sin(1), y'(1) = cos(l)

with exact solution y(x) = sin(x).

Problem 2. Consider the linear boundary value problem (Costabile and Napoli, 2015):

Y0 = (1+9y" (0 — ey + e —1,x€ [0,1] - 412)
y(0) =0, y(0) =0, y(1) = 1.5 + sinh (1), y'(1) =1 + cos (1)

with exact solution y(x) = 1 +5 X2+ sinh(x).

Problem 3. Consider the nonlinear boundary value problem (Xu, 2016):

Y () — Yoy — 4x — 24 =0,x€ [0,1] U (4.13)
y(0) = 0, y(0.25) = 6, Y"(0.5 =3, y(1) =1
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with exact solution y(x) = x*.

Problem 4. Consider the linear BVP (Costabile and Napoli, 2015):

YW () = y(o) + y" (%) + ex(x— 3), x € [0,1] 0

(4.1.4)
yo =0, y©0)=0, y»)=3, y(1) =—e "
with exact solution y(x) = (1 — x)ex.
Problem 5. Consider the following nonlinear BVP (Xu, 2016):
() 4 e~ =0, x€[0,4—e _
Y : - — (4.15)

YO =1, yd—e=h@), y"0)=— Ly ¢4 - 9=~ "

with exactsolution y(x) = In(x+ e).

4.1.2 Fifth order Boundary Value Problem in Ordinary Differential Equa-
tion
In this section, the implementation of this method is demonstrated using examples in literature. The absolute

errors are computed thus: Abs er = | app sol — ex sol|. Absolute errors are compared with those of other methods

in literature. To show the efficiency of the method derived in this work, in terms of accuracy, maximum absolute

errors are compared where applicable, with others in literature.

Problem 6. We consider the nonlinear fifth order boundary value problem (Ghazala and Hamood, 2013;
Taiwo et al., 2015):

L ywog + y® g + e 22 =2er+1,0< x < 1
. yreg +yre Y (4.16)
yO =1Ly =eyO) =1,y =e y" 0 =1

The analytic solution is given by y(x) = ex.

Problem 7. Consider the fifth-order boundary value problem (Ghazala and Hamood, 2013; Gamel, 2007):

0 YW + 2475y = ﬁs, 0<x<1

2y =0, y) =1n 2,
YO =1,y =05,
yo) = 1

4.1.7)
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Its analytic solution is y(x) = 1n (1 + x)

Problem 8. Consider the fifth-order boundary value problem, (Pandey,2017).

0 YV -4y (9 =0,0<x<1
Uy =0, y0) =1,

Yy7(0) =2, y(1) = exp (1) sin (1),
Y1) = exp ()(sin(1) + cos(1)

(4.1.8)

Its analytic solution is y(x) = exp () sin(x).

Problem 9. Consider the fifth-order boundary value problem (Pandey,2017):

r 2
% y(y)(x) - (%5(7)-%))‘* = (52.3)()5; 0<x<]
a =

YQ0y = —S5 y(1) = In (6) sin (1),

Sym=t

Its analytic solution is y(x) = In(x + 5).

Problem 10. Consider the fifth-order boundary value problem (Doha et al., 2015):

0 YW (x) = y(x) — 15e¥—10xe*, 0 <x<1
Hyoy =0, y»=1

yO) =1, y1) = —e,
2y =o.

(4.1.10)

Its analytic solution is y(x) = x(1 — x)ex.

4.1.3 Fourth order Initial-Boundary Value Problem in Partial Differen-

tial Equation

In this section, some numerical examples are presented and error comparisons are made between the method de-
rived above and those in existing literatures. The code used was based on Newton’s method which uses the feature

FindRoot or NSolve for linear problems in Mathematica. In all examples, a uniform stepsize was used and the

maximum absolute errors were computed as max| (yi — y(xi, t))I, 0 < i < M, 0 < j < N. where yj; is the
numerical approximation of the exact solution y(x;, t) at the mesh point (x;, t).
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Problem 11. Consider the linear fourth-order parabolic equation with constant coefficients (Rashidinia and

Mohamnadi, 2010):

Yit + Yoo = (T — 1) sinmxcost, 0 < x <1, t=0 .
y(x, 0) = sin x, y«x, 0) =0 (4.1.11)
Y0, 9 =y, § = y(0, ) = Yxx(1, § = 0 -

with the exact solution y(x, ) = sin mx cos t

Here, following Ngwane and Jator (2017), the problem on discretizing the time variable, becomes

Ymt1 = 2Um*+ Yme1  AYym _ 1 =1 1 (4.1.12)
(AB2 ad  9m =x=,m s .. M—

where At = (La — L3)/M, tm = L3 + mAt, m=0,1,..., M, y = [y1(X), . .., yu(¥)]7, ym() = y(x, tm),

g =191, ...,gm(9]T and gm(xX) =~ g(x, tm) = (T* — 1) sin X cos tm, Which is expressed in the form
YW = fooy, ¥y Y™ = Ay +g (4.1.13)

Aisan (M — 1) X (M — 1) matrix arising from the discretized system, and g is a vector of constants.

Problem 12. Consider the homogenous fourth-order parabolic equation (Rashidinia and Mohamnadi, 2010):

120xye + (120 + ) Yo =0, 3 <x<1, t20

. ¢ E’ 1 . (4.1.14)
— (3841 . — 121
Y5 Oy =HgLy G D gl = [ sin ¢, .
yxx(% ) :Tlssin t, Yl * = 1 sin t
. 2
The exact solution for this problemis y(x, § = 1+ ;% sin t.
Upon discretization of the time variable, we have
Ymtl = 2Ym + Ym=1 (120 + x°) d*ym _ 1 1 =1 1 (4.1.15)
ap? 1200 ad I ,sx=.m oo M-

where At tm, m=0,1, ..., M, y, ym( = y(x tm), g and gn are as expressed in example 1, which is put in
the form
Y =floy ¥,y Y™ = Ay+g (4.1.16)

A is as expressed in Problem (4.1.11) and gm = 0.
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Problem 13. Consider the homogenous fourth-order parabolic equation (Rashidinia and Mohamnadi, 2010):

(sinX)yu + (X = sin YYroor =0, F<x<1, t20

(]
y(x, 0) = x — sin X, yux, 0) = —(x — sin X) O 4117)
y@0,H=0, yd,H =e {1 —sinl)
Yec(0, ) = 0, yoxe(1, ) = e tsin 1 a
The exact solution for this problem is y(x, § = (x — sin x)e™t.
Upon discretization of the time variable, we have
Ym+1l — 2Ym + Um-—-1 N (x — sin x) d*ym _ 1 1 =1 1 (4.1.18)
(AD)>2 sinx a9 ,=x=.m yo o M-

where At, tm, m=0,1, ..., M, y, ym(¥) = y(x tm), g and gm are as expressed in example 1 which is put in

the form

Y = fooy, ¥, y", Y™ = Ay + g (4.1.19)

A is as expressed in Problem (4.1.11) and gm = 0

Problem 14. Consider the nonhomogenous fourth-order parabolic equation (Rashidinia and Mohamnadi,
2010): 5
Y+ (1 + QYoo = 3 + 2 ——6)7c!7 cos t,
y(x, 0) =5,x7, yux, 0) =0
Yo, =0, y(, ) =S¢os t
Yurl0, § =0, yux(l, ) = gos ¢

(4.1.20)

The exact solution for this problem is y(x, ?) :—§!x7cos t.

Upon discretization of the time variable, we have

C{‘ym

-2 + _
Ymel = 2Ym = Ym=l 4 (4 U —gn, 0=x<1, m=1,...M~1 (4.1.21)

(At

where At tm, m=0,1, ..., M, y, ym(¥) = y(x, tm), g and gm are as expressed in example 1, gm =

. 2
x +x* =87 cos tm, which is expressed in the form

Yy = iy, 4, YT, Y™ = Ay + g (4.1.22)

A is as expressed in Problem (4.1.11).
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Problem 15. Consider the "good" Boussinesq equation from Mohanty & Kaur (2016) and Siddigi & Arshed
(2014):

Ytt = Yox + Yo~ Yoo, 0<x<1, t=0

Y0, =0, y(, § =0, - (4.1.23)
Yex(0,9 =0, yxx(1,9 =0,£>0 O
- X 5
The exact solution for this problem is y(x, t) = — A sec h? Bx—ct+w) — b+ 1.

Here c is the velocity, A is amplitude of the pulse, b is an arbitrary parameter and vo is the initial position.
Using the same theoretical parameters as in Mohanty and Kaur (2016): A = 0.369, b = —1/2 and ¢ = 0.868.

Here, the problem on discretizing the time variable becomes

4
Ym+1 2Ym+ Ym-1 d4ym 62y$n 0 ym _ _
(At)z - M_ axz +ngm, OSxSl, mfl,M—l (4124)

where A, tm, m=0,1, ..., M, y, ym(x) = y(x, tm), g and gm are as expressed in example 1, which is
expressed in the form
YW = fooy, ¥y Y™ = Ay +g (4.1.25)

A is as expressed in problem (4.1.11) and gm = 0.

4.1.4 Fifth order Initial-Boundary Value Problem in Partial Differential
Equation

Problem 16. Consider a time dependent biharmonic fifth order equation (Cheng and Shu, 2008):

Yt + Yx + Yoo = 0, 0<x=2m t=0

g
Y(x,0) = sin (x), (4.1.26)
yo,p=yemt -
The analytic solution for this problem is y(x, f) = sin(x — 2¢).
Upon discretization of the time variable, we obtain,
Ymt1 = Yme1 | AYm  PYm _ 1 =1 1 (4.1.27)
(ZAO dx dx® gm, =x=,m o.M —

where At, tm, m=0,1, ..., M, y, yn(¥) = y(x, tm), g and gm are expressed in the form

y(v) :f(x) y) yr) yrry yrrr’ y(w)) = Ay + g (4128)

Aisak X kmatrix (k= (N — 1)(M — 1)) and gm = 0.
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Problem 17. Consider the nonlinear fifth order KdV equation (Goswami et al., 2017):

Yt + YYx —YlYoox + Yooox =0, 0=<x<1, t=0

O (4.1.29)
Yy 0) = e,
The exact solution for this problem is y(x, § = ex"t.
Upon discretization of the time variable, we obtain,
d 3 d°
Ym+1-Ym-1 aym d Ym ym _ _
where At, tm, m=0,1, ..., M, y, ym(¥) = y(x, tm), g and gm are expressed in the form

Y =fey v,y Yy y) = Ay + g (4.1.31)

A is as expressed in Problem (4.1.26) and gm = 0.

Problem 18. Consider the nonlinear fifth order KdV equation called Lax’s cases of generalized KdV equa-
tions (Mohyud-Din et al., 2012):

a
+30y%Yx + Yl + 10YYrcx + Yooox =0, 0<x=<1, t=0
Yt Y Yt Ysy yy Y (4.1.32)
y(x, 0) = 2k2(2 — 3tanh (k(x — x0)) U
The exact solution for this problem is y(x, ) = 2k?(2 — 3 tanh (k(x — 56k4t — x0))
Upon discretization of the time variable, we obtain,
Ym+1—"Ym-—1 + % + dym dzym + 10 dsym + dSym —
(24¢) Y 4 dx “dx dx2 Y o o I om (4.1.33)
0<x<1,m=1,... M—1
where At, tm, m=0,1, ..., M, y, ym(¥) = y(x, tm), g and gm are expressed in the form
Yy =fooy YLy YT Y W) = Ay + g (4.1.34)

A is as expressed in Problem (4.1.26) and gm = 0.

Problem 19. Consider the nonlinear fifth order KdV equation called Lax’s cases of generalized KdV equa-
tions (Mohyud-Din et al., 2012):

yt+45y2yx+15yxyxx+15yym+ym=(), 0<x=<1, t=0
(4.1.35)
y(x, 0) = 2k? sec h2(k(x — x0)) U

The exact solution for this problem is y(x, &) = 2k? sec h?(k(x — 16k4t — x0))
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Upon discretization of the time variable, we obtain,

2 3 5
Ym-+1—Ym—1 +45ymgnddym+ 15 dym d°ym 15y mtjixysm_F dYm — g s
x

(2At) dx dx? dx® (4136)
0<x<1l,m=1,...M—1
where At, tm, m=0,1, ..., M, y, ym(¥) = y(x, tm), g and gm are expressed in the form
Yy = fooy, YLy YT Y W) = Ay + g (4.1.37)

A is as expressed in Problem (4.1.26) and gm = 0.

Problem 20. Consider the nonlinear fifth order KdV equation called Caudrey-Dodd-Gibbon (CDG) cases of
generalized KdV equations (Modebei et al., 2015).

Yt + 180y%Yx + 30yxlsx + 30YYroox + Yoo = 0, 0=x=<1, t=0 (4.1.38)
1290 2'392 0
yx, 0) = = sec h* %
. 2. .. 2333
The exact solution for this problem is y(x, & = 41 — 3sec h? 37000010

Upon discretization of the time variable, we obtain,

2 3 5
Myw+180ymyndﬁm+3odymdym+3oy dym+dym:g,m
x

(209 dx d@ mad d® (4.1.39)
0<x<1l,m=1,... M—1
where At tm, m=0,1, ..., M, y, ym(X) = y(x, tm), g and gm are expressed in the form
Y =fey v, Yy Y = Ay +g (4.1.40)

A is as expressed in Problem (4.1.26) and gm = 0.
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4.1.5 Tables of Results

4.15.1 Table of results for fourth order BVPs

Table 4.1: Numerical Results for Problem 1

X

Exact

BUM

BVM

0.0
0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9
1.0

0.0
0.099833416646828
0.198669330795061
0.295520206661339
0.389418342308650
0.479425538604203
0.564642473395035
0.644217687237691
0.71735609089952?2
0.783326909627483
0.841470984807896

0.0
0.099833416646856
0.198669330795143
0.295520206661478
0.389418342308834
0.479425538604405
0.564642473395226
0.644217687237838
0.717356090899609
0.783326909627508
0.841470984807896

0.0
0.0998334166468286
0.1986693307950645
0.2955202066613464
0.3894183423086605
0.4794255386042147
0.5646424733950469
0.6442176872377005
0.7173560908995287
0.7833269096274855
0.8414709848078965

Table 4.2: Error of Methods for Problem 1

x ErrorBUM ErrorBVM Er¥MD in Ref A ErHBV Pin RefB

0.0
0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9
1.0

0.0
2.85x 10714
8.18x 107
1.38x10° 13
1.83x10° 1
2.02x10°13
1.90x 10713
1.47x10°13
8.67x10°
2.54x 10714

0.0

0.0
5.36 x 10716
3.31 x 10710
6.88 x 10715
1.00 x 10~ 14
1.17 x 1071
1.15 x 10~
948 x 107
5.97 x 1071
2.20 x 10715

0.0

0.0
7.78 x 1078
2.72 x 1077
5.24 x 1077
7.77 x 1077
9.71 x 1077
1.05 x 10°°
9.63 x 10~/
6.84 x 10~/
2.71 x 1077

0.0

0.0
4.45 x 10710
5.54 x 10710
8.95 x 1011
2.03 x 10710
3.32 x 10711
1.53 x 10710
9.48 x 10711
5.18 x 10710
4.15 x 10710

0.0

Ref A is Noor and Mohyud-Din (2007); Ref B is Costabile and Napoli (2015).
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Figure 4.1.1: An efficiency graph of CPU time versus Errors for Problem 1

Table 4.3: Numerical Results for Problem 2

Exact

BUM

BVM

0.0
0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9
1.0

1.0
1.105166750019843
1.221336002541094
1.349520293447142
1.490752325802815
1.646095305493747
1.816653582148241
2.003583701839533
2.208105982187623
2.431516725708175
2.675201193643801

1.0
1.105166750019825
1.221336002541019
1.349520293447001
1.490752325802615
1.646095305493516
1.816653582148013
2.003583701839346
2.208105982187505
2.431516725708131
2.675201193643801

1.0
1.105166750019843
1.221336002541092
1.349520293447140
1.490752325802812
1.646095305493745
1.816653582148239
2.003583701839532
2.208105982187623
2.431516725708175
2.675201193643801
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Table 4.4: Error of Methods for Problem 2

X

Er1B0M

ErlBV M

ET].HBV P

Er2BUM

Er2BV M

ETZHBV P

Er3B0M

Er3BV M

Er3HBV P

0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9

2.36% 10 ™
9.08, 10~
173510713
24710713
2.875 10713
2.87, 10713
2.35, 10713
1.495 10-13
5.315 1013

117510 %
3.774 10714
6.92, 10~
9.45, 10~
1.065 10-13
9.81, 1014
7.42, 1071
421, 1071
135, 10~

5.44% 101
6.71, 10710
9.72, 10-1t
2.49,, 10710
1.85, 1011
2.03, 10710
1.655 10710
7.515 10710
5.90% 10-10

123,10 ™
5.115 10~
9.96, 10~
1.445, 10713
171510713
1.765 10713
1.495 10713
9.87, 1071
3.80% 101

211510 ™
6.79, 10~
1.205 10-13
1.615 10-13
1.805 10-13
1.735 10-13
1395 1013
8.29, 10~
2.515 10

1.845 10
6.43, 10710
2.39,, 107
3.67 107
3.785 10~°
3.185 10~°
2.60, 107
2.04, 107
9.495 1010

1365 10 ™
5.51, 10~
1.045 10713
1.475, 10713
1.715 10-13
1.715 10-13
1.435 10713
9.60, 1014
3.49, 101

1.465 10
4.885 1014
9.04, 10~
1.265 1013
1.465 1013
1.435 10713
1.15, 1013
7.05, 10~
2.385 10714

3.185 10°°
1.285 1078
2.54, 1078
3.55, 1078
3.89, 108
3.49, 1078
256, 1078
1.425 1078
4315107

S0T

HBVP is the method in Costabile and Napoli (2015).



Error

w0eREp T

109 |

10-14 |

10 | \
|
|

—O0—BUM

—X%—BVM

20 25 30

CPU time

|
35

Figure 4.1.2: An efficiency graph of CPU time versus Errors for Problem 2

Table 4.5: Numerical Results for Problem 3

Exact

BUM

BVM

0.0
0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9
1.0

0
0.000010000000025
0.001600000000025
0.008100000000025
0.025600000000025
0.062500000000025
0.129600000000025
0.240100000000025
0.409600000000025
0.656100000000025
1.000000000000025

0
0.000099999999999
0.001599999999999
0.008099999999999
0.025599999999999
0.062499999999999
0.129599999999999
0.240099999999999
0.409599999999999
0.656099999999999
1.000000000000000

0
0.000099999999999
0.001599999999999
0.008099999999999
0.025599999999999
0.062499999999999
0.129599999999999
0.240099999999999
0.409599999999999
0.656099999999999
1.000000000000000
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Table 4.6: Error of Methods for Problem 3
Tatari and Dehghan (2006) Duan and Rach (2011) Xu, et al (2016) BUM BVM
method 1: 1= 1T metho

method 2: 1.3x 10° k1 =2:7.1x107 method2 5.6 x 10-13 N=10: 1.56 x 10-%° N=10:1.47 x 10~
method 3: 1.0x 101  ky=3:54x10"° method3 2.2 x 10~ N=15:3.99 x 10-3° N=15:9.07x 10~
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Figure 4.1.3: An efficiency graph of CPU time versus Errors for Problem 3

In the above efficiency curve, N =5, 10, 15, 20.

Table 4.7: Numerical Results for Problem 4

HBVP is the method in Costabile and Napoli (2015); NMD is the method in Noor & Mohyud-Din (2007).

X Exact BUM BVM
0.1 0.9946538262680831 0.9946538262688414 0.9946538262681055
0.2 0.9771222065281362 0.9771222065307122 0.9771222065281914
0.3 0.9449011653032021 0.9449011653077824 0.9449011653032872
0.4 0.8950948185847621 0.8950948185909482 0.8950948185848665
0.5 0.8243606353500641 0.8243606353569659 0.8243606353501718
0.6 0.7288475201562036 0.7288475201627945 0.7288475201562975
0.7 0.6041258122411429 0.6041258122463661 0.6041258122412079
0.8 0.4451081856984936 0.4451081857017012 0.4451081856985219
0.9 0.2459603111156955 0.2459603111167922 0.2459603111156944
1.0 0.0 0.0 0.0
Table 4.8: Error of Methods for Problem 4
X NMD HBVPm=12 HBVPm=5 BUMh=0.1 BVMh=0.1
0.1 2.00% 10710 1,97 « 10713 633 x107°  1.61 x 1071%  1.99 « 10714
02 7.00 x10710  1.56 10713 7.50 « 1072  5.98 « 1071%  4.97 10714
03 1.35%107° 1.83 % 10713 312 10710 1.06 « 10713 7.44 10714
0.4 2.00%1072  2.06 %1073 391 w1072 1.43 « 10713  8.58 w 10714
05 251 %1072 2.02% 10713 9.89 10710 148 10713  8.25 w 10714
06 272%x1072 225510713 175 1072  1.24 « 10713 .53 w 10714
0.7 221 %1072 2,04 %1073 291 1072 851 % 1071  3.91 y« 10714
08 1.80 1072 1.98 % 10713  1.01 « 1078  4.46 « 1071 1.18 w 10714
09 7.25%10710 218 % 10713 780 %1079 1.26 x1071% 6.11 x 1071°
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Figure 4.1.4: An efficiency graph of CPU time versus Errors for Problem 4

In the above efficiency curve, N = 20, 40, 60, 80.

Table 4.9: Numerical Results for Problem 5

X

Exact

BUM

BVM

0.
0.10680
0.21361
0.32042
0.42723
0.53404
0.64085
0.74766
0.85447
0.96128
1.06809

1.0
1.038540815784233
1.075651196733165
1.111433534545771
1.145979605823886
1.179371990501769
1.211685260994502
1.242986985150365
1.273338576932799
1.302796021757989
1.331410498017874

1.0
1.03854081614349
1.07565119743670
1.11143353554372
1.14597960703201
1.17937199181936
1.21168526232984
1.24298698641722
1.27333857805063
1.30279602265718
1.33141049864677

1.0
1.038540815729688
1.075651196641132
1.111433534430435
1.145979605697057
1.179371990373226
1.211685260872236
1.242986985040755
1.273338576840734
1.302796021686963
1.331410497970051
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Table 4.10: Error of Methods for Problem 5

ADM in Duan & Rach (2011)

Method in Xu et al. (2016) BUM BVM
ki=4 3.5X107% k=3,n=6 1.0xX10™> N = 7.7X1078 7.7x1078
ki=5 95X 107> k=23 n=31 40%x1077 N=10 1.2x1078 1.8x107°
ki=6 23%x107° k=3,n=281 58%X107% N=15 1.3x1079 1.2x10710




Error

O~ BUM

—X%— BVM -

CPU time

Figure 4.1.5: An efficiency graph of CPU time versus Errors for Problem 5

In the above efficiency curve, N = 20, 40, 60, 80,

4.1.5.2 Table of results for fifth order BVVPs

Table 4.11: Numerical Results for Problem 6

Exact

BUM

BVM

0.0
0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9
1.0

1.0
1.105170918075647
1.221402758160169
1.349858807576003
1.491824697641270
1.648721270700128
1.822118800390508
2.013752707470476
2.225540928492468
2.459603111156954
2.718281828459045

1.0
1.105170918075685
1.221402758160418
1.349858807576687
1.491824697642543
1.648721270701961
1.822118800392602
2.013752707472340
2.225540928493671
2.459603111157359
2.718281828459045

1.0
1.105170918075647
1.221402758160159
1.349858807575971
1.491824697641206
1.648721270700027
1.822118800390379
2.013752707470345
2.225540928492369
2.459603111156910
2.718281828459045

Table 4.12: Error Methods for Problem 6

Methods Maximum Absolute error (h=0.1)
BUM 2.098 x 107 %2

BVM 1.311x 10713

RKSM 1.018 x 10°%
EPCICM 1.121x 107%
EPBICM 3.049 x 1070
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BUM=Block Unification Method
BVM=Boundary Value Method

RKSM=Reproducing Kernel Space Method in Ghazala & Hamood (2013)

EPCICM=Embedded Perturbed Chebyshev Integral Collocation Method in Taiwo et al. (2015).
EPBICM=Embedded Perturbed Bernstein Integral Collocation Method in Taiwo et al. (2015).
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Figure 4.1.6: An efficiency graph of CPU time versus Errors for Problem 6

In the above efficiency curve, N = 10, 20, 30, 40.

Table 4.13: Numerical Results for Problem 7

Exact

BUM

BVM

0.0
0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9
1.0

0.0
0.095310179804324
0.182321556793954
0.262364264467491
0.336472236621212
0.405465108108164
0.470003629245735
0.530628251062170
0.587786664902119
0.641853886172394
0.693147180559945

0.0
0.095310179947166
0.182321557689514
0.262364266679648
0.336472240166730
0.405465112502574
0.470003633696629
0.530628254717318
0.587786667142482
0.641853886912650
0.693147180559945

0.0
0.095310179804324
0.182321556793954
0.262364264467491
0.336472236621212
0.405465108108164
0.470003629245735
0.530628251062170
0.587786664902119
0.641853886172394
0.693147180559945
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Table 4.14: Error of Methods for Problem 7

Methods Maximum Absolute error (h=0.1)
Method Maximum Absolute Error
BUM (h=0.05) 45 x107°
BVM (h=0.05) 1.1 x10°1
RKSM; Ghazala and Hamood (2013) (n=10) 9.2x10°%
Method in Gamel (2007) 5.0x107°
107 —G\\ — o BUM E
\\\ X— BVM
N T —
g S T
i N T ’
100 \\ \ i
S ~o

L | L
0.15

CPU time

In the above efficiency curve, N = 10, 20, 30, 40.

Figure 4.1.7: An efficiency graph of CPU time versus Errors for Problem 7

Table 4.15: Numerical Results for Problem 8

Exact

BUM

BVM

0.0
0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9
1.0

0.0
0.11033298873020
0.24265526859492
0.39891055377848
0.58094390077056
0.79043908321361
1.02884566627209
1.29729511187526
1.59650534060025
1.92667330397271
2.28735528717884

0.0
0.110332988730615
0.242655268597562
0.398910553785825
0.580943900784372
0.790439083233675
1.028845666295080
1.297295111895870
1.596505340613688
1.926673303977363
2.287355287178842

0.0
0.110332988730252
0.242655268595079
0.398910553778852
0.580943900771183
0.790439083214438
1.028845666272985
1.297295111876047
1.596505340600749
1.926673303972886
2.287355287178842
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Table 4.16: Maximum Error for Problem 8

N BUM BVM N  Method in Pandey (2017)
15 5.50429x 101 8.71485x 10 * 16 6.25133 x 107*

30 7.96047x 10713 1.39603x 107> 32 1.62243x 1074

60 1.21794x10°'* 1.00045x 10°'¢ 64 4.45842 x 107>

120 2.30832x1071® 1.01163x 1071 128 1.14440x 10~

—06— BUM E|

—X%— BVM

CPU time

Figure 4.1.8: An efficiency graph of CPU time versus Errors for Problem 8

In the above efficiency curve, N = 10, 20, 30, 40.

Table 4.17: Numerical Results for Problem 9

Exact

BUM

BVM

0.0
0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9
1.0

1.609437912434100
1.629240539730274
1.648658625587381
1.667706820558076
1.686398953570228
1.704748092238425
1.722766597741103
1.740466174840504
1.757857917552373
1.774952350911673
1.791759469228055

1.609437912434100
1.629240539730279
1.648658625587382
1.667706820558081
1.686398953570243
1.704748092238449
1.722766597741131
1.740466174840534
1.757857917552391
1.774952350911685
1.791759469228053

1.609437912434100
1.629240539730279
1.648658625587380
1.667706820558074
1.686398953570227
1.704748092238423
1.722766597741102
1.740466174840503
1.757857917552373
1.774952350911673
1.791759469228055
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Table 4.18: Maximum Error for Problem 9

N BUM BVM N  Method in Pandey (2017)
15 9.35911x10°* 4.80735x 10 16 1.97529 x 10~*

30 1.42133x10°% 1.43704x10°1® 32 4.38690 x 107>

60 2.20392x10°Y 4.08621x 107 64 1.14440x 107>

120 4.16899x 107 3.58311x10% 128 2.50339x10°°

10-14 |-

10-16 |-

107 |

P
0.0

S T S S EOE S
05 10 15

CPU time

Figure 4.1.9: An efficiency graph of CPU time versus Errors for Problem 9

In the above efficiency curve, N = 10, 20, 30, 40.

Table 4.19: Numerical Results for Problem 10

Exact

BUM

BVM

0.0
0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9
1.0

0.0
0.099465382626808
0.195424441305627
0.283470349590960
0.358037927433904
0.412180317675032
0.437308512093722
0.422888068568800
0.356086548558794
0.221364280004125

0.0

0.0
0.099465382622882
0.195424441279433
0.283470349517462
0.358037927294443
0.412180317470109
0.437308511854703
0.422888068351518
0.356086548415590
0.221364279954324

0.0

0.0
0.099465382626553
0.195424441304642
0.283470349588504
0.358037927429534
0.412180317668941
0.437308512086833
0.422888068562571
0.356086548554708
0.221364280002820

0.0
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Table 4.20: Maximum Error for Problem 10

Method Maximum Absolute error
BVM (h=0.001) 1.66 x 10720
GJPGM 6.35x 107V
\\\\ \\&\\
N \\\ \\\\
,_% 1012 AN \\\\
\\\ \\\\
\\\ \\\\
\\\ \N\\
10-13 \x \
)
\

I L L L L I
0.10 0.15

CPU time

Figure 4.1.10: An efficiency graph of CPU time versus Errors for Problem 10

In the above efficiency curve, N = 10, 20, 30, 40.

4.15.3 Table of results for fourth order IBVPs in PDEs

Table 4.21: Numerical Results for Problem 11 att= 0

X Exact Approximate Error

0 0 0 0
0.1 0.309016955747823 0.309016955724881  2.29424812481227x 101!
0.2 0.587785178819318 0.587785178848605  2.92873503227042x 101!
0.3 0.809016893247825 0.809016893187767  6.00578475840052x 101!
0.4 0.951056397413091 0.951056397460469  4.73778793974588x 101!
0.5 0.999999875000002 0.999999874925779  7.42231831551976x 1011
0.6 0.951056397413091 0.951056397460456  4.73647787657682x 1011
0.7  0.809016893247825 0.809016893187787  6.00379745918644x 101!
0.8 0.587785178819318 0.587785178848585  2.92672552859585% 101!
0.9 0.309016955747824 0.309016955724894  2.29297136833395x 1011
1.0 1.22464664606x1071° 1.22464664606x101° 0
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Table 4.22: Maximum Error for Problem 11
Method k x=01 x=02 x=03 x=04 x=05

BUM 10 4.88E-10 8.56E-10 1.28E-9 1.39E-9 1.58E-9

16 8.28E-10 1.50E-9 2.17E-9 2.43E-9 2.48E-9

Method in Rashidinia & 10 2.91E-6 1.73E-6 1.60E-6 2.23E-6 2.60E-7
Mohammadi, (2010) 16 4.47E-7 2.66E-7 1.37E-7 1.55E-7 1.57E-7

BUM -Numerical Solution

Analytic Solution

Figure 4.1.11: Surface plots for the numerical solution for Problem 11

Figure 4.1.11 shows the graphical representation with surface plot for the numerical solution (shaded region),

analytical solution (shaded region) and residue or error (shaded region), for Problem 11.
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Table 4.23: Numerical Results for Problem 12 for t =0

X

Exact

Approximate

Error

0.50
0.55
0.60
0.65
0.70
0.75
0.80
0.85
0.90
0.95

1.0

0.010002437457430
0.010004027300724
0.010006313226167
0.010009502261557
0.010013838934070
0.010019608395203
0.010027139545724
0.010036808160620
0.010049040014045
0.010064314004267
0.010083165278618

0.010002437711499
0.010004027519762
0.010006313409349
0.010009502410985
0.010013839053561
0.010019608489015
0.010027139617538
0.010036808213003
0.010049040048435
0.010064314021325
0.010083165278618

2.54068989805067E-10
2.19037874643612E-10
1.83182259291814E-10
1.49428013365704E-10
1.19490759301066E-10
9.38117639126545E-11
7.18140980709991E-11
5.23828064258324E-11
3.43898243215792E-11
1.70572948127167E-11
0.

Table 4.24: Maximum Error with for Problem 12

h=0.05t=0.01

Method Maximum absolute error
BUM 1.09E-10
Method in Rashidinia 3.51E-8
& Mohammadi, 2010. [1lex]
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BUM —Nurmerical Solution Analytic Solution

Figure 4.1.12: Surface plots for the numerical solution for Problem 12

Table 4.25: Numerical Results with ¢ = 0 forProblem 13
X Exact Approximate Error

1 0.000165752515231 0.000165752515231 .

0.2 0.001324032463350 0.001324032464591 1.241245387723077E-12
0.3 0.004457450271551 0.004457450276171 4.619966735563974E-12
0.4 0.010528881468554 0.010528881453437 1.511686088806474E-11
0.5 0.020471845842386 0.020471845841486 9.004741396978488E-13
0.6 0.035181180199037 0.035181180205327 6.289448128971031E-12
0.7 0.055504097333941 0.055504097316726 1.721497250306569E-11
0.9 0.116091180938549 0.116091180906629 3.191993891427103E-11
1 0.157738348440023 0.157738348430269 9.754003160722391E-12

Table 4.26: Maximum Error with A = 0.05 for Problem 13
Method k x=01 x=02 x=03 x=04 x=0.5

BUM 10 0 1.24E-12 4.62E-12 1.51E-11 9.00E-13

16 0 6.86E-12 1.68E-11 2.35E-12 8.30E-12

Method in Rashidinia 10 8.35E-8 4.51E-8 8.25E-8 2.33E-8 4.52E-8
and Mohammadi (2010) 16 8.42E-8 8.42E-8 5.32E-8 1.95E-8 2.89E-8
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BUM —Nurerical Solution

Analytic Solution

Figure 4.1.13: Surface plots for the numerical solution for Problem 13

Table 4.27: Numerical Results with ¢t = 0 for Problem 14

X Exact Approximate Error
0.1 1.190461309554812E-10 1.190461309554812E-10 0.
0.2  1.523790476230159E-8  1.523783265627949E-8 7.21060220980205E-14
0.3  2.6035388839963755E-7 2.603537652865388E-7 1.23113098773458E-13
0.4  1.950451809574604E-6  1.950451687610447E-6 1.21964157184599E-13
0.5  9.300478980896965E-6  9.300478934800345E-6 4.60966205798833E-14
0.6 0.000033325297715 0.000033325297799 8.44373060512014E-14
0.7 0.000098039607825 0.000098039608024 1.98767177305055E-13
0.9 0.000569393953930 0.000569393954078 1.48861717223780E-13
1 0.001190461309554 0.001190461309607 5.22316564999236E-14

Table 4.28: Maximum error with h = 0.05 for Problem 14

Method

kx=01x=02x=03x=04x= 05

Method in Rashidinia 10 7.19E-10

BUM
16

4.40E-13

100 7.21E-14 1.23E-13 1.22E-13 4.61 E-14
2.35E-13
2.26E-10 7.32E-10 6.91E-10 7.31E-10

4.34E-14  9.57E-14

and Mohammadi (2010) 16 6.25E-10 2.22E-10 4.53E-10 4.41E-10 5.03E-10
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BUM —_I:Iumen'zal Solution

Amalytic Solution

Figure 4.1.14: Surface plots for the numerical solution for Problem 14

Table 4.29: Numerical Results with ¢ = 0 for Problem 15

Exact

Approximate

Error

0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9

1.708877984414899E-13
1.626187988650137E-13
1.547499235491294E-13
1.472618110919623E-13
1.401360369603024E-13
1.333550681559634E-13
1.269022200757641E-13
1.201641402394919E-13
1.149181453213176E-13
1.093574317791106E-13

1.708877984414899E-13
1.626187047633017E-13
1.547497428773273E-13
1.472615595514091E-13
1.401357378286697E-13
1.333547504007699E-13
1.269019154383749E-13
1.201638856826609E-13
1.149179555268320E-13
1.093573319480806E-13

0
9.4101711984771855E-20
1.8067180204290156E-19
2.5154055317655437E-19
2.9913163271624644E-19
3.1775519349533615E-19
3.0463738915634386E-19
2.5455683100524915E-19
1.897944856324631E5-19
9.9831030002443655E-20

Table 4.30: Maximum Error for Problem 15

Parameter
y U0 =

N ==

0 h=1/60,10=40 1.7531(-12)
5 h=1/80, =50 2.2691(-14)
0 h=1/100,00=60 1.6471(-16)

BUM

Method in Ref A Method in Ref B

7.5071(-09) 7.3326(-09)
5.7588(-11) 5.7588(-11)
2.9068(-13) 2.9068(-13)

Ref A: Mohanty and Kaur (2016); Ref B: Siddiqi and Arshed (2014).
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Figure 4.1.15: Surface plots for the numerical solution for Problem 15

Table 4.31: Numerical Results with ¢ = 1 forProblem 16

X Exact Approximate Error

0 -0.004999979166692 -0.004999979166692 0
0.15707 0.15149408848733  0.15149408870146 2.141388177889780E-10
0.23561 0.22858061645062 0.22858061751793 1.0673012751372113E-9
0.31415 0.30425786890274  0.30425787222302  3.3202844362811845E-9
0.47123  0.44952981081179  0.44952982708671 1.6274922243209033E-8
0.54977  0.51822885043904  0.51822888009699 2.9657957423268044E-8
0.62831 0.58373283687475  0.58373288662894 4.9754188879980185E-8
0.70685 0.64563791626026  0.64563799460913  7.8348871834776952E-8
0.86393  0.75714923383376  0.75714940263082 1.6879706343786438E-7
0.94247 0.80606796766763  0.80606820242075 2.3475312216358955E-7
1.02101 0.85001702443603  0.85001734178116  3.1734512684344907E-7
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Table 4.32: Maximum Error for Problem 16 at t =1
Method N 1 I? L
DGFEM 10 0.11E-1 0.12E-1  0.17

20 0.39E-2 0.43E-2 0.61E-2
40 0.12E-3 0.14E-3 0.19E-3
80 0.36E-5 0.40E-5 0.57E-5
BUM 10 1.09E-5 4.76E-6 2.74E-6
20 2.22E-6 6.74E-7 2.74E-7
40 4.46E-7 9.53E-8 2.74E-8
80 8.94E-8 1.34E-9 2.74E-9
DGFEM is Discontinuous Galerkin Finite Element Method developed by Cheng and Shu
(2008).

where the p-norm is given as

- z

fnf
Lr=|lyi—yxi)llp = lyi — y@o)|?
=1

1
p

L* = ||lyi — y(xi)|le ::{l’;ai)éyyi — Yy}
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Figure 4.1.16: Surface plots for the numerical solution for Problem 16

Table 4.33: Numerical Results with ¢ = 1 forProblem 17

0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9

Exact

1.209249597657251
1.336427488025472
1.476980793882642
1.632316219955379
1.803988415397857
1.993715533243082
2.203396426255936
2.435129651289874
2.691234472349262

Approximate

1.209249597640725
1.336427487787514
1.476980792811009
1.632316217000374
1.803988409268527
1.993715522862050
2.203396411511466
2.435129634128278
2.691234458263646

Error

1.652589176615E-11
2.379574315369E-10
1.0716332266014E-9
2.9550042413006E-9
6.1293292663577E-9
1.0381031589901E-8
1.4744470533401E-8
1.7161596144177E-8
1.4085616228953E-8
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Table 4.34: Maximum Error with ¢t = 0(0.1)0.5 for Problem 17
t EeinGoswamietal. (2017)  Es for BUM

0 0.00000000 000000000
0.1 2.00000000E-12 1.01100000E-14
0.2 8.00000000E-12 3.32110000E-14
0.3 1.03000000E-10 1.01111200E-14
0.4 7.66000000E-10 7.01254000E-14
0.5 3.61500000E-9 3.33210000E-14
BUM —Nuraerical Solution Exact Solution
P o

Figure 4.1.17: Surface plots for the numerical solution for Problem 17
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Table 4.35: Numerical Results with £t = 1 forProblem 18

X

Exact

Approximate

Error

0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9
1

3.999994000000001E-10
3.999988000000001E-10
3.999982000000000E-10
3.999976000000001E-10
3.999970000000001E-10
3.999964000000001E-10
3.999958000000001E-10
3.999952000000001E-10
3.999946000000002E-10
3.999940000000002E-10

3.999994000000001E-10
3.999988000000001E-10
3.999982000000005E-10
3.999976000000010E-10
3.999970000000019E-10
3.999964000000029E-10
3.999958000000034E-10
3.999952000000035E-10
3.999946000000030E-10
3.999940000000019E-10

0.
5.169878828456423E-26
4.135903062765138E-25
9.822769774067204E-25
1.809457589959748E-24
2.791734567366468E-24
3.308722450212111E-24
3.412120026781239E-24
2.843433355651032E-24
1.654361225106055E-24

3.99993 x 10~ 10
3.99996 % 10710

Table 4.36: Maximum Error for Problem 18 at ¢t =1

Method GA with RK MQ with RK

IMQ with RK CHB with BUM

Iz 1.5962E-20  5.0851E-11  1.5962E-20 5.18459E-24
L~ 8.4703E-21 4.1421E-11  8.4703E-21 2.48154E-24

BUM flzl_umerical Solution

39909410710}

0.0

Eo@ct Solution

Figure 4.1.18: Surface plots for the numerical solution for Problem 18

126



Table 4.37: Numerical Results with £ = 1 forProblem 19

Exact

Approximate

Error

0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9
1.0

1.999999999998E-10
1.999999999992E-10
1.999999999982E-10
1.999999999968E-10
1.999999999950E-10
1.999999999928E-10
1.999999999902E-10
1.999999999872E-10
1.999999999838E-10
1.999999999800E-10

1.999999999998E-10
1.999999999991E-10
1.999999999981E-10
1.999999999967E-10
1.999999999949E-10
1.999999999927E-10
1.999999999901E-10
1.999999999871E-10
1.999999999837E-10
1.999999999799E-10

0.000000000000000
1.292469707114105E-25
3.618915179919496E-25
6.720842476993354E-25
1.214921524687259E-24
1.757758801675183E-24
2.429843049374518E-24
2.998529720504725E-24
3.127776691216136E-24
2.403993655232236E-24

Table 4.38: Maximum Error for Problem 19 at ¢t =1

Method GA with RK  MQ with RK

IMQ with RK  CHB with BUM

Iz 1.9774E-21 5.9692E-12  1.9774E-21 5.96847E-24
L> 1.2705E-21  3.2896E-12  1.2705E-21 3.12778E-24

BUM Tt:lumerinal Solution

3.99998 x 10710
3.99996 x 10710
3.99994 1010 A
0.0

10 3 09906 x 10710

0.0

» Enor

3909941010} 7

E.xax:t Solution

Figure 4.1.19: Surface plots for the numerical solution for Problem 19
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Table 4.39: Numerical Results with ¢t = 1 forProblem 20

X

Exact

Approximate

Error

0

0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9

1

0.001666666666666666
0.001666604167708631
0.001666416683333014
0.001666104251031847
0.001665666933274151
0.001665104817479392
0.001664418015980362
0.001663606665975485
0.001662670929470605
0.001661610993210292
0.001660427068598700

0.001666666666666666
0.001666604167708752
0.001666416683334928
0.001666104251041182
0.001665666933301932
0.001665104817541298
0.001664418016092191
0.001663606666143033
0.001662670929673168
0.001661610993379641
0.001660427068598700

0.
1.216474837528736E-16
1.914701036609401E-15
9.335414385969187E-15
2.778094594646507E-14
6.190577564457733E-14
1.118293825597138E-13
1.675480500867854E-13
2.025632266089427E-13
1.693491267357183E-13

0.
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Table 4.40: Error of Methods for Problem 20

t=10" DTM (x=-05) BUM (x=-05) DTM (x=1) BUM (x=1) DTM (x=2.5) BUM (x=2.5)

0.0 1.0E-07 2.2E-12 2.0E-08 3.4E-14 1.0E-08 3.2E-14
1.0 3.0E-08 1.7E-12 2.0E-08 1.9E-14 2.0E-08 5.5E-14
2.0 5.0E-08 2.6E-12 7.0E-08 8.8E-14 3.0E-08 3.1E-14
3.0 5.0E-08 5.0E-12 1.0E-08 9.1E-14 1.0E-07 3.0E-14
4.0 1.0E-07 6.5E-12 1.0E-08 8.2E-14 3.0E-08 8.5E-14
5.0 3.0E-08 2.0E-12 2.0E-08 1.1E-14 4.0E-07 9.4E-14

6¢1

DTM=Differential Transform Method developed in Modebeli et al., (2015).
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Figure 4.1.20: Surface plots for the numerical solution for Problem 20

4.2 Discussion of Results

Table 4.1 shows the comparison of the exact solution and the numerical solutions obtained using BUM and BVM
for Problem 1 for N=10, at the points x = 0(0.1)1.0.

Table 4.2 shows the errors obtained for applying the BUM and BVM compared to the errors obtained in Noor and
Mohyud-Din (2007), and Costabile and Napoli (2015). It can be seen that the BVM performed better than the
BUM. Overall, the BVM and BUM performed better compared to methods of Noor and Mohyud-Din (2007), and
Costabile and Napoli (2015).

The efficiency graph in Figure 4.1.1 shows the CPU time versus the the error for the BVM and the BUM for
Problem 1. The CPU time is the time needed for the method (BVM or BUM) to solve an underlining problem.
The BUM and BVM curves are inter-twined, showing that they both almost have the same CPU time at three
points. The BVM line appears extended to the right showing that it took more time to arrive at the last point. This
shows clearly that, despite the superiority of the BVM over the BUM, the BVM is more costly in terms of CPU

time while the BUM is less time consuming.

Table 4.3 shows the comparison of the exact solution and the numerical solutions obtained using BUM and
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BVM at the points x = 0(0.1)1.0 for Problem 2. Table 4.4 shows the errors obtained for applying the BUM and
BVM compared to the errors obtained in Costabile and Napoli (2015).

Erimethod - promethod and Eramethod are different errors obtained for ¢ = —1/2, 5 and 20 respectively. It can
be seen that the BVM performed better than the BUM. Overall, the BVM and BUM performed better compared
to the method of Costabile and Napoli (2015). The efficiency graph in Figure 4.1.2 shows the CPU time versus
the the error for the BVM and the BUM for c= —1/2. The BUM and BVM curves are inter twined showing that
they both almost have the same CPU time at three points. The BVM curve appears extended to the right showing
that it took more time to arrive at the last point. This shows clearly that, despite the superiority of the BVM over

the BUM, the BVM is more costly in terms of CPU time while the BUM is less time consuming.

Table 4.5 shows the comparison of the exact solution and the numerical solutions obtained using BUM and
BVM at the points x = 0(0.1)1.0 for Problem 3. Table 4.6 shows the maximum errors obtained for applying the
BUM and BVM compared to the errors obtained with different methods in Tatari and Dehghan (2006), Duan and
Rach (2011) and Xu, et al (2016). The BVM and BUM were implemented for IV divisible by k = 5, where N is
the number of subintervals in the interval of integration [a, b], while k is the step length. It can be seen that the
BVM performed better than the BUM. Overall, the BVM and BUM performed better compared to the methods
in the above cited literature. On the other hand, the efficiency graph in Fig 4.1.3 shows the CPU time versus the
the error for the BVM and the BUM. As seen earlier, the BVM curve appears extended to the right showing that
it took more time to arrive at the last point. This shows clearly that, despite the superiority of the BVM over the

BUM, The BVM is more costly in terms of CPU time while the BUM is less time consuming.

Table 4.7 shows the comparison of the exact solution and the numerical solutions obtained using BUM
and BVM at the points x = 0(0.1)1.0 for Problem 4. Table 4.8 show the errors obtained in Problem 4 with
Er = |Yapp — Yex|, for h = 0.1, as compared with methods in Costabile and Napoli (2015) and Noor & Mohyud-
Din (2007). This shows the superiority of the BVM developed over the methods in the cited literatures. The
efficiency graph in Figure 4.1.4 shows the CPU time versus the the error for the BVM and the BUM. The BUM
and BVM curves are inter twined showing that they both almost have the same CPU time at three points. The
BVM curve appears below (showing it has minimal error compared to BUM), extended to the right showing that
it took more time to arrive at the third and last points. This shows clearly that, despite the superiority of the BVM

over the BUM, the BVM is more costly in terms of CPU time while the BUM is less time consuming.

Table 4.9 shows the comparison of the exact solution and the numerical solutions obtained using BUM and
BVM at different points of x for Problem 5. Table 4.10 shows the errors obtained for applying the BUM and
BVM compared to the errors obtained in Duan & Rach (2011) and Xu et al. (2016). It can be seen that the BVM
performed slightly better than the BUM. Overall, the BVM and BUM performed better compared to methods in
Duan & Rach (2011) and Xu et al. (2016). The efficiency graph in Figure 4.1.5 shows the CPU time versus the
the error for the BVM and the BUM. The BVM curve appears below the BUM (showing its superiority in terms of
the errors) and extended to the right showing that it took more time to arrive at the last point. This shows clearly

that, despite the superiority of the BVM over the BUM, the BVM is more costly in terms of CPU time while the
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BUM is less time consuming.

Table 4.11 shows the comparison of the exact solution and the numerical solutions obtained using BUM and
BVM at the points x = 0(0.1)1.0 for Problem 6. Table 4.12 presents the maximum error obtained using the BUM
and BVM, method in Ghazala and Hamood (2013) and methods in Taiwo et al. (2015). The BVM performed bet-
ter than the BUM but in general, both methods performed better are more accurate in terms of the errors obtained
when compared with the other methods mention in the cited literature. The efficiency graph in Figure 4.1.5 shows
the CPU time versus the the error for the BVM and the BUM. The BVM curve appears below the BUM (showing
its superiority in terms of the errors) and extended to the right showing that it took more time to arrive at the last
point. This shows clearly that, despite the superiority of the BVM over the BUM, the BVM is more costly in terms

of CPU time while the BUM is less time consuming.

Table 4.13 shows the comparison of the exact solution and the numerical solutions obtained using BUM and
BVM at the points x = 0(0.1)1.0 for Problem 7. Table 4.14 presents the maximum absolute error obtained using
the BUM, BVM and methods in Ghazala and Hamood (2013) and Gamel (2007). The errors obtained show that
the BVM, apart from being superior to BUM, both methods are superior compared to the those in Ghazala and
Hamood (2013) and Gamel (2007). The efficiency graph in Figure 4.1.7 shows the CPU time versus the the error
for the BVM and the BUM. The BVM curve appears below the BUM (showing its superiority in terms of the
errors) and both show almost the same CPU time with the BUM a little more costly than the BVM.

Table 4.15 shows the comparison of the exact solution and the numerical solutions obtained using BUM and
BVM at the points x = 0(0.1)1.0 for Problem 8. Unlike the method in Pandey (2017), we recall that the Block
Unification Method (BUM) and Boundary Value Method (BVM), are applied on block of intervals of the form
[Xn, Xn+5]. Heren =0, 5, ..., N — 5, where N, is the number of subintervals and must be a multiple of 5 in order
to reach the final point xy = b. This can be seen in Table 4.16. The BVM is more superior than the BUM but
both methods are superior to the method in Pandey (2017) in terms of the errors obtained. The efficiency graph in
Figure 4.1.8 shows the CPU time versus the the error for the BVM and the BUM. The BVM curve appears below
the BUM (showing its superiority in terms of the errors) and both show almost the same CPU time with the BUM

a little costly than the BVM.

Table 4.17 shows the comparison of the exact solution and the numerical solutions obtained using BUM and
BVM at the points x = 0(0.1)1.0 for Problem 9. Similarly as in Problem 8, Table 4.17 shows the solution obtained
for Problem 9. In Table 4.18, at different values of IV as above, it shows the maximum absolute errors obtained,
in comparison with the BUM, BVM and the method of Pandey (2017). Again, this shows the superiority of the
BUM and the BVM to method Pandey (2017), in in terms of the errors obtained. The efficiency graph in Figure
4.1.9 shows the CPU time versus the the error for the BVM and the BUM. The BVM curve appears below the
BUM (showing its superiority in terms of the errors) and extended to the right showing that it took more time to
arrive at the last point. This shows clearly that, despite the superiority of the BVM over the BUM, the BVM is

costly in terms of CPU time while the BUM is less time consuming.
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Table 4.19 shows the comparison of the exact solution and the numerical solutions obtained using BUM and
BVM at the points x = 0(0.1)1.0 for Problem 10. The method used by Doha et al. (2015) is a Nonsymmetric
Generalized Jacobi Petrov-Galerkin method (GJPGM) uses Px , which is the space of all polynomials of degree
less than or equal to N. The result was obtained for N = 15. It can be seen that the BUM and BVM performed
well for very small values of h in Table 4.20. The efficiency graph in Figure 4.1.10 shows the CPU time versus the
the error for the BVM and the BUM. The BVM curve appears below the BUM (showing its superiority in terms of
the errors) and extended to the right showing that it took more time to arrive at the last point. This shows clearly
that, despite the superiority of the BVM over the BUM, the BVM is costly in terms of CPU time while the BUM

is less time consuming.

Table 4.21 shows the comparison of the exact solution, the numerical solutions obtained using BUM and the
error at the points x = 0(0.1)1.0 for Problem 11. Table 4.22, at different values of k and points of x, shows the
maximum absolute errors obtained, in comparison with the BUM and the method in Rashidinia and Mohammadi,
2010. This shows the superiority of the BUM. Figure 4.1.11 shows the graphical representation with surface plot
for the numerical solution (shaded region), analytical solution (shaded region) and residue or error (shaded re-

gion), for Problem 11.

Table 4.23 shows the comparison of the exact solution, the numerical solutions obtained using BUM and the
error at the points x = 0(0.1)1.0 for Problem 12. Table 4.24, at ¢t = 0.01 and a step-size h = 0.01, shows the
maximum absolute errors obtained, in comparison with the BUM and the method in Rashidinia and Mohammadi,
(2010). This shows the superiority of the BUM. Figure 4.1.12 shows the graphical representation with surface
plot for the numerical solution (shaded region), analytical solution (shaded region) and residue or error (shaded

region), for Problem 12.

Table 4.25 shows the comparison of the exact solution, the numerical solutions obtained using BUM and the
error at the points x = 0(0.1)1.0 for Problem 13. Table 4.26, for different values of k and at x=0.1(0.1)0.5, shows
the maximum absolute errors obtained, in comparison with the BUM and the method in Rashidinia and Moham-
madi, 2010. This shows the superiority of the BUM. Figure 4.1.13 shows the graphical representation with surface
plot for the numerical solution (shaded region), analytical solution (shaded region) and residue or error (shaded

region), for Problem 13.

Table 4.27 shows the comparison of the exact solution, the numerical solutions obtained using BUM and the
error at the points x = 0(0.1)1.0 for Problem 14. Table 4.28, for different values of k and at x = 0.1(0.1)0.5,
shows the maximum absolute errors obtained, in comparison with the BUM and the method in Rashidinia and
Mohammadi, 2010. This shows the superiority of the BUM. Figure 4.1.14 shows the graphical representation
with surface plot for the numerical solution (shaded region), analytical solution (shaded region) and residue or

error (shaded region), for Problem 14.
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Table 4.29 shows the comparison of the exact solution, the numerical solutions obtained using BUM and the
error at the points x = 0(0.1)1.0 for Problem 15. Table 4.30, for different values of ¢ and h, shows the maximum
absolute errors obtained, in comparison with the BUM and the method in Mohanty & Kaur (2016) and Siddiqi
& Arshed (2014). This shows the superiority of the BUM over both methods. Figure 4.1.15 shows the graphical
representation with surface plot for the numerical solution (shaded region), analytical solution (shaded region) and

residue or error (shaded region), for Problem 15.

Table 4.31 shows the comparison of the exact solution, the numerical solutions obtained using BUM and the
error at different the points of x for Problem 16. Table 4.32, for different subinterval IV, shows the maximum
errors L® and the Lr with p = 1, 2 — norm obtained, in comparison with the BUM and the method in Cheng
and Shu (2008). This shows the superiority of the BUM. Figure 4.1.16 shows the graphical representation with
surface plot for the numerical solution (shaded region), analytical solution (shaded region) and residue or error

(shaded region), for Problem 16.

Table 4.33 shows the comparison of the exact solution, the numerical solutions obtained using BUM and the
error at different the points of x for Problem 17. Table 4.33, for different values of ¢ and E(6), shows the maxi-
mum absolute errors obtained, in comparison with the BUM and the method in Goswami et al. (2017). This shows
the superiority of the BUM. Here E(n) = 2;1 |yi— y(x)|. Figure 4.1.17 shows the graphical representation
with surface plot for the numerical solution (shaded region), analytical solution (shaded region) and residue or

error (shaded region), for Problem 17.

Table 4.35 shows the comparison of the exact solution, the numerical solutions obtained using BUM and the
error at different the points of x for Problem 18.
Figure 4.1.18 shows the graphical representation with surface plot for the numerical solution (shaded region),
analytical solution (shaded region) and residue or error (shaded region), for Problem 18.
Table 4.37 shows the comparison of the exact solution, the numerical solutions obtained using BUM and the error
at different the points of x for Problem 19.
Figure 4.1.19 shows the graphical representation with surface plot for the numerical solution (shaded region),

analytical solution (shaded region) and residue or error (shaded region), for Problem 19.

Mohyud-Din et al (2012) presented a numerical solution of Problems 18 and 19 using a meshless method of
lines. This method uses Meshless, Multiquadric (MQ), Inverse multiquadric (IMQ) and Gaussian (GA) as Radial
basis function (RBF) for spatial derivatives and Runge-Kutta method as a time integrator.

In this work, a constant mesh method of line was applied. the Block Unification Method (BUM) derived in this
work was used as the space derivative integrator with the Chebyshev (CHB) polynomials as basis function while
the time variable was discretized using the central difference approximation. The constant step-size used for Table

4.35,4.36,4.37 and 4.38is h = 0.1.

Table 4.39 shows the comparison of the exact solution, the numerical solutions obtained using BUM and the
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error at different the points of x for Problem 20. Table 4.40, for different values of ¢ and at x = —0.5, 1, 2.5,
shows the maximum absolute errors obtained, in comparison with the BUM and the method in Modebei et al.,
(2015). This shows the superiority of the BUM over the DTM. Figure 4.1.20 shows the graphical representation
with surface plot for the numerical solution (shaded region), analytical solution (shaded region) and residue or
error (shaded region), for Problem 20.

The proposed methods BVM and BUM performed well in terms of accuracy than the existing methods cited
in the literature. On the other hand, comparing the BVM and the BUM, the BVM is preferable to the BUM if only
the errors are to be considered. Suppose the CPU time is considered here, then the BUM is preferred to the BVM
since the BVM is costly in terms of implementation and execution for the problems under consideration. This can

be seen in Figures 4.1.1-4.1.10. The BVM was not discussed for Problems (4.1.11)-(4.1.38).
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CHAPTER FIVE: CONCLUDING REMARKS

5.1 Summary

In this thesis, two new classes of continuous block schemes for solving fourth and fifth order Initial-Boundary
Value Problems (IBVPs) in differential equations were developed. These methods were constructed via the inter-
polation/collocation approach. The Shifted Chebyshev polynomial was used as basis function for the trial solution
over the interval [xn, xn+x], Where k is the step-number. The derived schemes do not need any other external
methods to give or guess the starting values.In othe words, the derived block methods are self-starting and hence
have no need for predictors. From the types of problems discussed and the table of results seen in the previous
section, it can be clearly seen that the proposed methods are robhust as they have wide scope of application viz-a-

viz linear and nonlinear in ODEs and PDEs.

Application problems such as Cantilever beam construction and bridges in engineering, magnetohydrody-
namic (MHD) problems, models arising from the propagation of shallow water waves over a flat surface, fully
nonlinear Korteweg-de Vries (KdV)-like equation, the good Boussinesq equations, the Kaup-Kupershmidt equa-
tions and an extended KdV5 equation which models nonlinear dispersive waves, just to mention few. The tables
of results show that the developed methods can be adopted for solving fourth and fifth order IBVP in differential

equations.

5.2 Conclusion

Two classes of methods namely, the Block Unification Method (BUM) and the Boundary Value Method (BVM)
have been developed. These methods consist of continuous linear multistep schemes assembled in block fashion
to solve fourth and fifth order BVPs in ODEs and fourth and fifth order IBVPs in PDEs. The problems were
solved without first reducing ODEs to an equivalent first order system. It is noteworthy that the PDEs were first
semi-discretized into system of ODEs of equivalent order by the approach of the Method of Lines (MOLSs). The
categories of problems solved using these methods showed their robustness. The derived methods were shown
to satisfy all necessary and sufficient properties of numerical methods for solution of ODEs. These properties
include (for BVPs); consistency and convergence. The Proof of convergence was also explicitly shown.

All computations were carried out by computer programs written in Wolfram Mathematica 8.0, on the Win-
dows 7 operating system; 2.10 GHz Processor speed and 3.00 GB internal memory (RAM). The computer pro-

grams contain no subroutines written in other files, which means the general computing time is less.

5.3 Contribution to Knowledge

The following contributions are made to the body of knowledge;
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1. anew class of continuous implicit five-step methods for the direct solution of general fourth order and fifth
order BVPs of ODE were developed;

2. anew class of continuous implicit five step methods for the solution of general fourth and fifth IBVPs of

PDE were developed;
3. the derived schemes performed favourably well when compared to other methods in the literature.
4. very accurate and highly efficient computer codes were written for the implementation of the new methods;

5. the new class methods have a wide scope of application viz-a-viz linear, nonlinear, singular, nonsingular,

homogenuous, nonhomogenous, constant coefficients, variable coefficients, oscillatory problems.

5.4 Recommendation

The proposed methods reported in this thesis have been confirmed to perform better in terms of accuracy than
existing methods in literature. Hence, they are recommended for solution of problems arising from physical
phenomena leading to fourth and fifth order BVPs in ordinary differential equations and also fourth and fifth order

IBVPs in partial differential equations.

5.5 Suggestion for Further Work

Methods derived in this thesis are for fourth and fifth order boundary Value problems in ordinary differential
equations and fourth and fifth order initial-boundary value problems in partial differential equations. Furthermore,
the Chebyshev polynomials have been used as basis function for the trial solution. It is therefore suggested that
other orthogonal polynomials (conventional or constructed) may be used as basis functions for the trial solution.
This may further improve the results obtained.

It can also be seen that the BVM was not used for any of the PDEs; it is also suggested that appropriate BVM may
be derived which satisfies all numerical properties including stability and convergence for PDEs.

Finally, Hybrid methods can also be derived for the aforementioned problems. This may as well improve the

results obtained in this thesis.
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Appendices

Appendix | Computer Program for BUM for solving 4t order

ODEs

Inf4]:

Solvey™ - f (x, ¥y, ¥'. ¥''.¥''"), apsx<b,,

In[7]=

In{9];
ey

a=agp; b=Dbp; N= Interger Modulok; (*input integration intervals [ag,Dbo].
N: number of integration subintervals; k: step-numbersx)

h= (by-3ap) /N; (xcalculate h: step-sizex)

Xo = staring value;

Yo =Y-1initial;

Y 'w = Finalyprime; y''y = YprimeprimeInitial;

Y''y = YprimeprimeFinal;

(xthe above are the boundary conditions (for fourth order problem) x)

x[n ] :=Xp=Xp+n+h (*points of intergration and evaluationx)
Y[n ] := Yvectorl; (xgenerate all vectors for yx)

Yp[n_] := Yvector2; (xgenerate all vectors for y'sx)

Ypp[n ] := Yvector3; (xgenerate all vectors for y''=x)
Yppp[n_] := Yvector4; (xgenerate all vectors for y'''sx)

f :=(*Problem to be solved in the form yV=f(x,y,y'.y''.¥"''"')*);

This the Derived Block Method

BlockDerived = {};

= Equations = Table[BloclDerived, {1, 0, N- 4, 4}] // Flatten;

(*BlockDerived for 1=0, step of 4 to N-4x)

Variables

YInitVectorSolution = Join[YVectorl, YVector2, YVector3, YVector4];

MakeGuessPair[p ] := {p, 1}
InitialRootGuesses = Map[MakeGuessPair, YInitVectorSolution];

time = Timing[sol = FindRoot [Equations, InitialRootGuesses, WorkingPrecision - 30]];

Output of solutions in the table form

g0 = Table[y; /. sol, {1, 0, N}];

ql = Table[yp, /. sol, {1, 0, N}];
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Exact Solution

in20;= YExact[x_] := Exact Solution (*1f knowns) ;
In213= UVectors = Table[YExact[x[1]] , {1, 0, N}];

in22= ye = Table[YExact([1], {1, ap, by, h}];

Numerical Results

In27= Error = Abs[UVectors-qo0];

In24}= time[[1]] (*return CPU time for finding solutionx)

In25)= NormInf = Max[Error] (*return maximum error also known as L% )

in26i= Norml = Norm[UVectorsl- g0, 1] (*return maximum error also known as L% )

In27= Norm2 = Norm[UVectorsl- g0, 2] (#return maximum error also known as L? &)

2= RESULT = Table[ {N[x[1-1]], q0[[1]], N[ye[[1]1]], qO[[1]] -ye[[1]1]}., {1, 1, N+1}];
in2e)= Prepend [RESULT, {"x", "yapprox", "yExact", "yError"}] // MatrixForm

Prepend [RESULT, {"x", "yapprox", "yExact", "yError"}]

Appendix 11 Computer Program for BVM for solving 47 or-
der ODEs

Computer programme for implementation of the BVM is similar to the above code for BUM but the input lines

In[12] and In[13] are replaced with the code below;

Main Methods

In1z1= EquationMainO = {};
EquationMainl = Table [EquationMain0O, {i, 0, N-4}] // Flatten;
(*BlockDerived for 1=0, step of 4 to N-4x)

Additional methods

in14}= EquationAdditional2 = {};

5= EquationBlock = Join[EquationMainl, EquationAdditional2];
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Appendix 111 Computer Program for BUM for solving 4t or-
der PDEs

= Code for solving PDE using the BUM

Input Variables

infll= N=10; M= 10;
2= Ly =0; Ly=1;L;=0; Ly=1; h=Ax= (L;-L;) /N; d=At = (Lg-L3) /M; Xo=0.1; t53=0.0;
nE= t[n_] := (Eah=tp+n=xd);
(*This assigns a vector x to the expression on the rights)
SystemOfEgs = Map[t, Range[0, M]];
= Generating the mesh on the y-axis
ingl= X[n_] := (X, =Xg+n+h);
(#*This assigns a vector x to the expression on the rights)
SystemOfEgs = Map[x, Range[0, N]] ;

= Exact solution of the problem

7= UB[t_, x ] := Exact Solution;

= Boundary conditions of the PDEs

nei= Table[uy,o = UB[t[1], Xp], {1, 0, M}];
ing= Table[uy,x = UB[t[1i], Xn], {1, O, M}];
ini0p= Table[up, o = D[UB[t[1], x], {x, 1}] /. x> Xq, {1, 0, M}];

1= Table[upps,o = D[UB[t[1], x], {x, 2}] /. X X0, {1, 0, M}];

= Generating system of fourth order ODEs

If12}= Y = Uy,5; YVector = {y;,n,, 1, 1, M, n, 1, N} // Flatten;
inz= Yp = up, ,; YpVector = {yp, ,, 1, 1, M, n, 1, N} // Flatten;
4= Ypp = ud, ,; YppVector = {ypp; ,, i, 1, M, n, 1, N} // Flatten;

inisi= Yppp = uty n; YpppVector = {yppp; ., 1, 1, M, n, 1, N} // Flatten;
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= Problem to be solved in the form f, , = (x,,, Vs Y wns Y an )

In[16]:=

fz,n = [Problem, {m, 1, M}, {n, 0, N}];

Generate the Block and boundary conditions in a single matrix

BlockMethod {};
Equatiuons = Table[BlockMethod, {m, 1, M}, {n, 0, N- 4, 4}] // Flatten;
Solution = Join[YVector, YpVector, YppVector, YpppVector] ;

MakeGuessPair[p ] := {p, 1}
InitialRootGuesses = Map[MakeGuessPair, Solution];

Solve Linear problem with NSolve

Inf21):=

In[22)=

sol = FindRoot [Equations, InitialRootGuesses];

q0 = Table[u, 4 /. sol, {j, 0, m}] // Flatten;

Output and numerical results

Inf23}:=

Inf23}=

Inf24]=

In[25):=

In[26]=

Inf28]):=

In{20}=

Exact[t_, x ] =; (*exact solution if knownx)

Vec = Table[Exact[t,, x[]]] , {]J, 0, m}] // Flatten;

Error = Abs[Vec-qg0];

L™ = Max[Error];

L' = Norml = Norm[Vec - g0, 1];

L? = Norm2 = Norm[Vec - g0, 2];

RESULT = Table[ {x[1-1], q0[[1]], Vec[[1]], qO[[1]] -Vec[[1]]}, {1, 1, m+1}];

Prepend [RESULT, {"x", "approxl", "exactl", "errorl®"}] // MatrixForm

Visual Representation of the solutions (3D-surface plot)

In[20}=

In[31}=

Inf32)=

Inf33}=

Inf34)=

L

XTAX = Partition[XandT, 2];

XTUPoints = Partition[Flatten[Riffle[XTAX, q0G]], 3];
XTUExact = Partition[Flatten[Riffle[XTAX, UVec]], 3];
XTError = Partition[Flatten[Riffle[XTAX, Error]], 3];

ListPlot3D[XTUPoints, MaxPlotPoints -» 50, AxesLabel -> {"t", "x"},
PlotTheme -» "Detailed", PlotLabel -> "BUM-Numerical Solution"]

In25)= ListPlot3D[XTUExact, MaxPlotPoints -» 50, AxesLabel -> {"t", "x"},
PlotTheme - "Detailed", PlotLabel -> "Exact Solution"]

In26)= ListPlot3D[XTError, MaxPlotPoints - 50,

AxesLabel -> {"t", "x"}, PlotTheme -» "Detailed", PlotLabel -> "Error"]
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